CHAPTER III

Zariski-decomposition Problem

We introduce the notion of o-decomposition in §1/and that of v-decomposition
in §3|for pseudo-effective R-divisors on non-singular projective varieties. We con-
sider the Zariski-decomposition problem for pseudo-effective R-divisors by studying
properties on o- and v-decompositions. The invariant o along subvarieties is studied
in §2| In we extend the study of these decompositions to the case of relatively
pseudo-effective R-divisors on varieties projective over a fixed base space. In
we consider the pullback of pseudo-effective R-divisors by a projective surjective
morphism and compare the o-decomposition of the pullback with the original o-
decomposition.

81. o-decomposition

81.a. Invariants or and 7. Let X be a non-singular projective variety of
dimension n and let B be a big R-divisor of X. The linear system |B| is the set of
effective R-divisors linearly equivalent to B. Similarly, we define |B|g and |B|yum
to be the sets of effective R-divisors A satisfying A ~g B and A & B, respectively.
By definition, we may write |B| = | B,| + (B) and

1
Blo=J,_, ~ImBl.

There is a positive integer mq such that [mB| # ) for m > mg, by TL/3.17.

1.1. Definition For a prime divisor I, we define:

inf{multr A | A € (B[}, i |B| #0,
B)z :=
or(B)z {+oo, it |B| = 0;

or(B)g = inf{multr A | A € |B|g};
or(B) := inf{multr A | A € |B|yum}-

Then these three functions or(-). (x = Z, Q, and ) satisfy the triangle inequality:

or(B1 + B2)« < or(Bi1)« + or(B2)x.
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1.2. Definition Similarly to the above, we define:
ro(B)g m {S_ll:o{’multp A|A€|BJ}, 11; ; i g
T (B)g := sup{multr A | A € |B|g};
1r(B) := sup{multr A | A € |B|pum}-
Then these three functions 71 (-), satisfy the triangle inequality:
T (B1 + B2)s > r(B1)s + 1r(B2).
The function 71 () is expressed also by
m(B) = max{t € R>o | B —tI' € PE(X)}.

In particular, B — 70 (B)T" is pseudo-effective but not big. For ¢ < 7(B), we have
(B — tI') = 7r(B) — t. The inequality (B — 70(B)T') - A»~1 > 0 holds for any
ample divisor A. In particular,

B- Anfl
(III—l) TF(B) S W < +00.

The following equalities and inequalities hold for the functions or(-). and 7r(+).:

or(B) < or(B)g < ~or(mB)s,  (B) > m(B)g > ~re(mB)s,

or(¢B)g = qor(B)g, m(¢B)g = qr(B)q,
O'F(tB) = tO’F(B), TF(tB) = tTF(B),

for m € N, ¢ € Qs¢, and t € Ryg. Moreover, we have the following equalities by
[1.3! below:

1 1

(I11-2) or(B)g = Nalj@rioo Ecrp(mB)Z = Nslgznioo Eop(mB)Z,
— 1 . 1

(III—3) TF(B)Q = Nalnlwrgoo %Tp(mB)Z = NBE@IEOO ETF(mB)Z.

1.3. Lemma Let d be a positive integer and let f be a function N>4 — R such
that

fk1 + ko) < f(k1) + f(k2)
for any k1, ko > d. Furthermore, suppose that the sequence {f(k)/k} for k > d is
bounded below. Then the limit limy_.o f(k)/k exists.

PRrROOF. For integers k > 1 and ! > d, we have f(kl) < kf(l). Thus f(kl)/(kl) <
f(1)/1. In particular, the limit

fro=limg_ o IR F(1F)

exists for any [ > 1 by the assumption of boundedness. Let a and b be mutually
coprime integers greater than d. Then there is an integer e = e(a,b) > d such that
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any integer m > e is written as m = kja + kob for some integers ki, ko > 0. Then
f(m) < k1 f(a) + k2 f(b). Thus

) BI@) k) @) SO

)

m kia + kob a b
In particular, f; < max{f,, f»} for any [ > 1. Hence f, = f; is independent of the
choice of I. Thus fo = limy e f(k)/E. O

The following simpler proof is due to S. Mori:

ANOTHER PROOF OF [1.3. Let us fix an integer [ > d. An integer m > [ has an
expression m =ql+r for 0 < g€ Zandl <r <2l —1. Thus f(m) < qf({)+ f(r).

Hence Fom) _ af @) + 46) < gl )f(l) +< r )M

m ql+r - ql +r ql +r r

l

By taking m — oo, we have:

i 207 < SO
m T 1

Thus the limit exists. O

1.4. Lemma Let B be a big R-divisor and T' a prime divisor.

(1) or(A)g =0 for any ample R-divisor A.

(2) limejgor(B+¢eA) = or(B) and lime o 70 (B +¢eA) = 10 (B) for any ample
R-divisor A.

(3) O’F(B)Q = O’F(B) and TF(B)Q = TF(B).

(4) The R-divisor B° := B — op(B)I' satisfies or(B°) = 0 and or/(B°) =
or/ (B) for any other prime divisor I'. Furthermore, B® is also big.

(5) Let T'1,Ta,..., T be mutually distinct prime divisors with or,(B) =0 for
all i. Then, for any € > 0, there is an effective R-divisor A € |B|g such
that multp, A < e for any i.

Proor. (1) By [IIl5.2, it suffices to show op(tA)g = 0 for any ¢t € Ry and
for a very ample effective divisor A. The equality holds for ¢ € Q. Hence even for
t € Q, we have

O'F(tA)Q < lim@aq”(t - q) multr A = 0.

(2) (B 4+ €A) > 7(B) and or(B + €A) < op(B) for any £ € Ry, since
or(eA) = 0. There exist a number § € R and an effective R-divisor A satisfying
B ~g dA+ A by I1/3.16! The inequalities

(14+¢e)or(B) < or(B+ €dA) + e multr A,
(1+e)m(B) = (B +&dA) + emultr A,

follow from (1 +¢)B & B +edA + eA. Thus we have (2) by taking ¢ | 0.
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(3) Let A be a very ample divisor. Then (B + eA)g > m(B)g and op(B +
eA)g < op(B)q for any € € Qs¢ (cf. (1)). There exists an effective R-divisor A
such that B ~g 6A + A for some § € Q¢ by[IL:3.16. The inequalities

(14 ¢)or(B)g < or(B + edA)g + e multp A,
(1 + E)TF(B)Q > TF(B + €5A)Q + emultr A,

follow from (1 +¢)B ~g B + edA + ¢A. Thus we have
(I11-4) O'F(B)Q = Qlailsrio or(B + EA)Q, and TF(B)Q = ngirerio (B + EA)Q.

The inequalities or(B)g > or(B) and m(B)g < mr(B) follow from |B|g C | B|num-
For an effective R-divisor A € |B|yum, B + A — A is ample for any € € Q. Here
or(B+eA—A)g =0by (1) and lim o 7(B+cA— A)g = 0 by (III-1). Therefore,
by (III-4), we have orp(B)g < multr A < 70(B)g. Thus the equalities in (3] hold.

(4) If A € |mB| for some m € N, then multr A > or(mB)z > mor(B).
Hence A — mop(B)I' € |mB°|. In particular, |B°|g + or(B)[' = |B|g, which
implies the first half assertion of (4). The bigness follows from the isomorphisms
H(X, mB,) ~HY(X, mB°,) (cf. T1/5.4).

(5) There exist a number m € N and effective R-divisors A; € |mB| for 1 <
i < I such that multp; A; < me. For an R-divisor A € |mB|, the condition:
multr, A < me, is a Zariski-open condition in the projective space [mB|. Thus we
can find an R-divisor A € |mB| satisfying multp, A < me for any i. O

1.5. Lemma Let D be a pseudo-effective R-divisor of X.
(1) For any ample R-divisor A,

D. A1

(2) The limits lim, g op(D +¢€A) and lim. o 70 (D +¢cA) do not depend on the

choice of ample divisors A.

PRrROOF. (1) This is a consequence of (III-1).
(2) Let A’ be another ample R-divisor. Then there are an effective R-divisor
A and a positive number § such that A’ & 64 + A. Hence we have

lim g op(D +€A) <lim. o (D +cA) < < 4o0.

or(D +¢edA) + emultr A > op(D +cA'),
(D + e§A) + emultr A < 70(D + €A').

They induce inequalities lim. g op(D+¢eA) > lim,. o op(D+eA’) and lime o (D +
eA) <limg o (D +eA’). Changing A with A’, we have the equalities. O

1.6. Definition For a pseudo-effective R-divisor D and a prime divisor I, we
define

or(D) :=lim.gor(D +€4), and (D) :=lim. o (D +ecA).
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Note that if D & D’ then or(D) = or(D’) and (D) = 7(D’). In particular, op
and 71 are functions on the closed convex cone PE(X). Here, or is lower convex
and 7 is upper convex. We have another expression of 7r:

(D) = max{t € R>¢ | D —tI' € PE(X)}.
1.7. Lemma

(1) or: PE(X) — Rx¢ is lower semi-continuous and mr: PE(X) — Rxg is
upper semi-continuous. Both functions are continuous on Big(X).

(2) limgjgor(D + €E) = orp(D) and lim; o0 (D + ¢E) = (D) for any
pseudo-effective R-divisor E.

(3) Let T'y,To,..., T be mutually distinct prime divisors such that or,(D) =
0. Then, for any ample R-divisor A, there exists an effective R-divisor A
such that A ~g D+ A and T'; ¢ Supp(A) for any i.

PRrOOF. (1) Let {D,}nen be a sequence of pseudo-effective R-divisors whose
Chern classes ¢1(D,,) are convergent to ¢1 (D). Let us take a norm || - || for the finite-
dimensional real vector space N*(X) and let U, be the open ball {z € N'(X); ||| <
r} for r € Ryo. We fix an ample R-divisor A on X. Then, for any r > 0, there is a
number ng such that ¢;(D — D,,) € U, for n > ng. For any € > 0, there is an r > 0
such that U, + €A is contained in the ample cone Amp(X). Applying the triangle
inequalities to D +e¢A = (D — D,, + €A) + D,,, we have

or(D) = lelﬁ)l or(D +¢A) < lim or(D,),

n—oo

n—00

(D) = laiflolTF(D +eA) > lim 7r(D,).

Next assume that D is big. Then there is a positive number ¢ such that D —J§A
is still big. We can take r; > 0 such that D — §A + U,., C Big(X). For any € > 0,
there is a real number r € (0,71) such that U, + A C Amp(X). Applying the
triangle inequalities to Dy, + (¢ —§)A = (D, — D +¢cA)+ D —0A for € < §, we have

lim or(D,) <op(D —64), and lim m(D,,) > (D — dA).

n— oo n— 00
Hence it is enough to show
HmtloUF(D—tA) :U[‘(D), and limtloTF(D—tA) ZTF(D).
Since D — § A is big, there exists an effective R-divisor A with D —§A & A. Hence
D —t0AR (1 —1t)D + tA for any ¢t > 0, which induce
or(D —tdA) < (1 —t)or(D) + tmultr A,
(D —t6A) > (1 — t)10(D) + t multr A.
By taking t | 0, we are done. L
(2) By (1), we have lim_| g or(D+eE) > or(D) and lim. o 7r(D+¢E) < 71(D).

On the other hand, or(D+¢FE) < or(D)+eor(E) and 7o (D+eE) > (D) +emr(E)
for any € > 0. Thus we have the equalities by taking ¢ | 0.



84 III. ZARISKI-DECOMPOSITION PROBLEM

(3) Let us take m € N such that mA+T; is ample for any i. By [1.4-(5), for any
small € > 0, there exist positive rational numbers A, §;, and an effective R-divisor B
such that B+ 2221 0,y ~g D+ XA, T'; ¢ Supp B for any ¢, and m(D_, 6;) + A < e.
Then

l l
Thus we can find an expected effective R-divisor. O

Remark In (1), the function or: PE(X) — R is not necessarily continuous.
An example is given in [TVJ2.8. However, or is continuous if dim X = 2 by [1.19!
The property (3) is generalized to[V1.3|

1.8. Lemma Let D be a pseudo-effective R-divisor, T'1,T's,... Ty mutually
distinct prime divisors, and let $1, 2, ..., s be real numbers with 0 < s; < or, (D).
Then or,(D — 2321 s;T) = or,(D) — s; for any i.

PrROOF. If D is big, this is proved by [1.4-(4). Let € > 0 be a real number
satisfying s; > ¢ for any ¢ with s; > 0. We define s;(g) to be the following number:

si—e if s; > 0;
si(e) == )
0 if S; = 0.

Let us consider R-divisors £ := D — 22:1 s;I'; and E(g) := D — 22:1 si(e)T;.
There exist an ample R-divisor A and a real number § > 0 satisfying op,(D+0A) >
si(e) for all i. Then E(e) 4+ dA is also big and or, (E(e) + 0A) = op,(D + §A) —
si(€). Thus or,(E(e)) = lims|g or, (E(e) + dA) = op, (D) — si(e) by [1.7-(2). Then
or,(E) < or,(D) — s; by the semi-continuity shown in [1.7-(I). On the other hand,
or,(D) < or,(E) + s; follows from D = E + Zé’:l s;I'; by the lower convexity of
or, . [l

i

1.9. Corollary Let D be a pseudo-effective R-divisor and let T'y, I's, ..., I}
be mutually distinct prime divisors with op, (D) > 0 for any i. Then, for s; € R>g,

or, (D +Y Sij) = or,(D) + si.

PRrROOF. Let E be the R-divisor D+ s,I'; and let 0; = op, (D). For0 < ¢ < 1,
we have

(1—-2¢) (D - ZUJ)) +cE=D+ Z(f(l —c)o; +cs;)L.

Let ¢ be a number with 0 < ¢ < ¢;/(s;+0;) for any i. Then —o; < —(1—c)o;+cs; <
0. By[1.8] we infer that or,(E) > 0; + s;. The other inequality is derived from the
lower convexity of or,. (]

1.10. Proposition Let D be a pseudo-effective R-divisor and let I'1, 'y, ... T}
be mutually distinct prime divisors of X with op,(D) > 0 for any i. Then

l
(5 m) -
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for any x1, x2, ..., 1 € R>o. In particular, c1(T'1),c1(T2),...,c1(Ty) are linearly
independent in N*(X).

PROOF. Let us take oo € R with or, (D) > ax; for any i. Then

or,(D) < or, (D - aijFj) + aor, (Z xjfj) .

Thus the equality or, (> «;I';) = x; follows from[1.8. Suppose that there is a linear

relation .
S
ali M bl
Zi:l e j=s+1 777

for some a;, b; € R>g and for some 1 < s <. Then

s l
@k = 0Ty (Zizl airi) =k (Zj—erl bjrj) =0
for kK <'s. Hence a; = b; =0 for all 4, j. O

1.11. Corollary For any pseudo-effective R-divisor D, the number of prime
divisors T' satisfying or (D) > 0 is less than the Picard number p(X).

81.b. Zariski-decomposition problem.

1.12. Definition Let D be a pseudo-effective R-divisor of a non-singular pro-
jective variety X. We define

No(D):=Y or(D)I', and P,(D):=D — Ny(D).

The decomposition D = P,(D) 4+ N,(D) is called the o-decomposition of D.
Here, P,(D) and N, (D) are called the positive and the negative parts of the o-
decomposition of D, respectively.

1.13. Definition Let Mv’(X) be the convex cone in N*(X) generated by the
first Chern classes ¢1(L) of all the fixed part free divisors L (i.e., |L|gx = 0). We
denote its closure by Mv(X) and the interior of Mv(X) by Mv(X). The cones
Mv(X) and Mv(X) are called the movable cone and the strictly movable cone,
respectively. An R-divisor D is called movable if ¢1(D) € Mv(X).

The movable cone was introduced by Kawamata in [58]. There are inclusions
Nef(X) ¢ Mv(X) C PE(X) and Amp(X) C Mv(X) C Big(X).

1.14. Proposition Let D be a pseudo-effective R-divisor.

(1) No(D) =0 if and only if D is movable.
(2) If D — A is movable for an effective R-divisor A, then A > Ny (D).

Proor. (1) Assume that N,(D) = 0. Then, by the proof of 1.7-(3), we infer
that ¢ (D + A) € Mv'(X) for any ample R-divisor A. Therefore ¢1(D) € Mv(X).
The converse is derived from [1.7+H(1).

(2) By (1), Ny(D — A) =0. Thus op(D) < op(D — A) + op(A) < multpr A for
any prime divisor I. Therefore N, (D) < A. O
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1.15. Lemma Let D be a pseudo-effective R-divisor, I' a prime divisor, and
A an effective R-divisor with A < N,(D). Then

(D) = (D — A) + multr A.
In particular, v(D) = 7 (P,(D)) + or(D).

PrOOF. We know (D) > orp(D) > multr A. If D — tT' is pseudo-effective
for some ¢t € Rxq, then op/ (D —tI') > op/(D) > multpr A for any prime divisor
I #T. Thus D — A — (7p(D) — multpr A)T is pseudo-effective. In particular,
(D — A) > 7p(D) — multr A. On the other hand,

D—A-— TF(D — A)F < D — (TF(D — A) + multp A)F
Thus we have the equality. O

1.16. Definition The o-decomposition D = P, (D) + N, (D) for a pseudo-
effective R-divisor is called a Zariski-decomposition if P, (D) is nef.

1.17. Remark

(1) If X is a surface, then the movable cone Mv(X) coincides with the nef
cone Nef(X). Therefore[1.14 implies that the o-decomposition is nothing
but the usual Zariski-decomposition (cf. [151], [20]).

(2) If P,(D) is nef, then the decomposition D = P,(D)+ N, (D) is a Zariski-
decomposition in the sense of Fujita [25]. It is not clear that a Zariski-
decomposition in the sense of Fujita is a Zariski-decomposition in our
sense.

(3) If D is a big R-divisor, then the definitions of Zariski-decomposition D =
P + N given in [8], [67], [91], and in [25] coincide with the definition of
ours. This is derived from that

. 1
Na(B) = n}gnoo E| \_mB_t |ﬁx

for any big R-divisor B, which follows from (ITI-2) and [1.4-(3).

(4) If D is a big R-divisor, then R(X, D) := @_,H°(X, imD,) is a finitely
generated C-algebra if and only if there exists a birational morphism
f:Y — X from a non-singular projective variety such that P,(u*D) is a
semi-ample Q-divisor. This is derived from [IT{3.1 applied to the algebraic

case.

Problem (Existence of Zariski-decomposition) For a given pseudo-effective
R-divisor D of X, does there exist a birational morphism p: ¥ — X from a non-
singular projective variety with P,(u*D) being nef?

The author tried to show the existence, but finally found a counterexample for
a big R-divisor ([103], [104]). The counterexample is explained in IVI2.10 below
by the notion of toric bundles.
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1.18. Lemma Let f: X — Y be a generically finite surjective morphism of
non-singular projective varieties, D a pseudo-effective R-divisor of X, and T a
prime divisor of Y. Suppose that o (D) = 0 for any prime divisor T of X sat-
isfying T' = f(I'7). Then or(f«D) = 0. In particular, if D is movable, then so is
f«D.

PROOF. For any ample divisor H of X, for any positive real number ¢, and for
any prime divisor IV with I' = f(I"), there is an effective R-divisor A € |D +eH]|g
with multpr A = 0, by [1.7-(3). Then f.A € |f.D + c¢f.H|g and multr f,A = 0.
Hence or(f«D +ef.H) = 0. Taking € | 0, we have or(f.D) = 0. O

Remark The push-forward f,D for a nef divisor D is not necessarily nef.
We shall show the following continuity mentioned before:

1.19. Proposition The function or: PE(X) — R for a prime divisor T on
a non-singular projective surface X is continuous.

The proof of is given after the following:

1.20. Lemma Let D be a nef R-divisor on a non-singular projective surface
X with D* = 0. Then there exist at most finitely many irreducible curves C with
C? < 0 such that D — eC' is pseudo-effective for some £ > 0.

PrOOF. We may assume that D % 0. Let S = Sp be the set of such curves
C. For C € S, let a > 0 be a number with D — aC being pseudo-effective. Then
0=D?>(D-aC)-D>0. Hence D-C =0 and (D — aC)? < 0. Let N be the
negative part of the Zariski-decomposition of D — aC and let F := aC' + N. Then
L:=D — F is nef and

0=D?=D-F+D-L>F-L+L?*>L?>0.

Any prime component I" of F' is an element of S. Further, D-I'=L-T'=F -T = 0.
Let C' be a curve belonging to S but not contained in Supp F. Similarly let o/ > 0
be a number with D — o’C’ being pseudo-effective, N’ the negative part of the
Zariski-decomposition of D — o’C’, and let F' the R-divisor o/C’ + N’. Then we
infer that Supp F N Supp F’ = () from the usual construction (cf. [151], [20]) of
the negative part N’. In particular, the prime components of Supp N U Supp N’
are linearly independent in N*'(X). Since the Picard number p(X) = dim N*(X) is
bounded, there exist only finitely many such negative parts V. Hence S is finite. O

PROOF OF [1.19. We may assume that D is not big by [1.7-(1). Let {D,,}nen
be a sequence of pseudo-effective R-divisors such that ¢1(D) = lim,,—,o ¢1(Dy,). If
T is an irreducible curve with op (D) > 0, then op(D) < op(D,,) except for finitely
many n by [L.7:-(1). In particular D,, —or(D)T is pseudo-effective for n > 0. Hence
we may assume that op(D) = 0 and moreover that D is nef. Thus D? = 0. We
set N,, := N,(D,). Then N, := lim N,, exists by Here, D — N, is nef. If
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N # 0, then N2, < 0, since Supp Noo C Supp N, for some n. However, N2, = 0
follows from

0=D?> (D~ Nyx)D > (D~ N,)?>0.

Therefore, No, = 0 and or is continuous. O

§2. Invariant ¢ along subvarieties

In order to analyze the behavior of N, under a blowing-up, we need to generalize
the function op. Let W C X be a subvariety. For a prime divisor I'; we denote
the multiplicity of I' along W by multy I'. For an R-divisor D, we define the
multiplicity multy D of D along W by > (multp D)(multy I'), where we take all
the prime components I' of D.

2.1. Definition Let f: Y — X be a birational morphism from a non-singular
projective variety such that f*Zy /(tor) is an invertible sheaf for the defining ideal
sheaf Ty of W. Then f*Zy /(tor) = Oy (—FE) C Oy for an effective divisor E of Y.
We define Eyy to be the prime component of E such that, over a dense Zariski-open
subset U C X with W NU being non-singular, Ey|s-1y is the proper transform of
the exceptional divisor of the blowing-up along the ideal Zyy, .

Let T be a prime divisor of X. Then multy I' is the maximal number m with
f'T' > mEw. Hence multyy A = multg,, f*A for any R-divisor A. Let A be an
ample R-divisor of X. Then the following equalities hold by [1.7-(2):

ogy (f*D) = hH)laEW(f*(D +ed)) = hﬁ} inf{multyy A | A € |D + €A|num};
TEw (f*D) = li%lTEW(f*(D +eA)) = li%l sup{multyy A | A € |D + cA|pum}-

2.2. Definition Let W C X be a subvariety of codim W > 2. For a pseudo-
effective R-divisor D, we define ow (D) := og,, (f*D) and 7w (D) := g, (f*D).

2.3. Lemma

(1) ow (D) < 04(D) and Tw (D) < 74,(D) for any point x € W.

(2) There is a countable union S of proper closed analytic subsets of W such
that ow (D) = 0,(D) for any x € W\ S.

(3) The function X > x +— o0,(B) is upper semi-continuous if B is big.

ProOF. (1) and (2) Let A = > r;T'; be the prime decomposition of an effective
R-divisor A. By definition, multyy A = > r; multy I';. Hence mult, A > multyy A
holds and there exists a Zariski-open dense subset U of W such that mult, A =
multy A for z € U. For an ample divisor A, ¢ € Qsg, and m € N, we write
A(m,e) = |m(D +€A)|. Then the inequalities

(I11-5) inf{mult, A | A € A(m,e)} > inf{multyy A | A € A(m,e)},
sup{mult; A | A € A(m,e)} > sup{multyy A | A € A(m,e)}
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hold, which imply (1). Since A(m,e) = | m(D 4 cA), |+ {(m(D + €A)), we can find
a Zariski-open dense subset U(m,e) C W such that the equality holds in (III-5) for
any x € U(m,e). Thus (2) holds for W~ 8§ = NU(m,e).

(3) We have 0,(B) = inf{mult; A | A € |B|oum}, since B is big. Therefore the
result follows from the upper semi-continuity of the function = +— mult, A. O

Question Does the property (3) hold also for a pseudo-effective R-divisor?

2.4. Lemma Let f: Y — X be a birational morphism of non-singular projec-
tive varieties.

(1) Suppose that f is the blowing-up at a point x € X. Let A be an effective
divisor of X and let A’ be the proper transform in'Y. Then mult, A’ <
mult, A for any y € f~1(z).

(2) Lety € Y and xz € X be points with x = f(y). Then there exist positive
integers k1 and ko such that

ki mult, A < mult, f*A < ko mult, A
for any effective divisor A of X.

PRrROOF. (1) The fiber E := f~!(z) is isomorphic to a projective space. We
have mult, A’ < mult, A’|g. Since A’|g is an effective divisor of degree mult, A,
we have multy A’|p < mult, A.

(2) Let m, and m, be the maximal ideal sheaves at  and y, respectively. Let k;
be the maximum positive integer satisfying f*m, /(tor) C m’;l. Let A be an effective
divisor of X. Then mult, f*A > k; mult, A. In order to obtain the other inequality,
we may assume that f is a succession of blowups along non-singular centers since
we can apply the inequality of the left hand side. Further we may assume that f is
only the blowing-up along a non-singular center C' 3 . Assume first that C = {«x}.
Then mult, f*A = mult, A’ + mult; A < 2mult, A by (I). We can take ks =2 in
this case. Next assume that C' # {z}. Then there is the intersection W of general
very ample divisors such that W > z, W ¢ A, W intersects C' transversely at z,
and mult, A = mult, Alw. Then mult, f*A < mult, f*Als-1y. By applying the
case above to W, we have mult, f*A < 2mult, Al = 2mult, A. Thus we are
done. a

2.5. Lemma Let D be a pseudo-effective R-divisor of X.
(1) If f: Y — X is a birational morphism from a non-singular projective
variety Y, then N, (f*D) > f*Ny(D) and f.P,(f*D) = P,(D). If further
P, (D) is nef, then P,(f*D) = f*P,(D).
(2) For any subvariety W C X, there are equalities
ow (D) = ow (Py(D)) + multy N, (D),
Tw (D) = 7w (Py(D)) + multy N, (D).
(3) Let py: Qu(X) — X be the blowing-up at a point x € X and let y be a
point of py (). Then oy (Py(piD)) < 04(P,(D)).
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(4) Let f: Y — X be a birational morphism from a non-singular projective
variety. If o.(D) =0, then ,(f*D) =0 for any y € f~'(z).

PROOF. (1) Let A be an ample divisor of X. If A is an effective R-divisor of YV’
such that A & f*(D+eA) for some ¢ € Ryg, then A = f*(f.A) and f,A R D+cA.
Therefore N (f*(D +€A)) > f*Ny(D + €A). The first inequality is obtained by
e | 0 (cf. 1.7-(2)). Since the difference of two R-divisors lies on the exceptional
locus, we have the equality of f.P,. In case P,(D) is nef, the equality for f*P,
follows from [1.14-(2).

(2) In case codimW > 2, let f: Y — X and Ew be as in 2.1. In case
codimW =1, let f=id: Y = X and Ey = W. Then

UEW(f*D) = O0Ew (f*PU(D)) + mUItEW f*Ng(D),
Tew (f* D) = Tpy (f* Ps (D)) + multg,, f*No(D),

by (1),[1.8, and[1.15. Thus we are done by [2.1,
(3) and We may assume that ¢;(D) € Mv(X) by and [1.7. Then
and (4) are derived from 2.4-(1) and [2.4}(2), respectively. O

Remark The assertion (4) above is proved directly from [VI1.5.

2.6. Definition ([77]) For a pseudo-effective R-divisor D of X, the numerical
base locus of D is defined by

NBs(D) :={z € X | 0.(D) > 0}.

If © ¢ NBs(D), i.e., 0,(D) = 0, then D is called nef at = (cf. 2.8 below). If
W NNBs(D) = ) for a subset W C X, then D is called nef along W.

2.7. Lemma Let D be a pseudo-effective R-divisor and let W be a subvariety
such that D|w is not pseudo-effective in the sense of [ILI5.8. Then ow (D) > 0.

PrOOF. Let f: Y — X be a birational morphism of [2.1/for W. Then f*D|g,,
is not pseudo-effective by TIl5.6-(2). Hence ow (D) = og,, (f*D) > 0. O

2.8. Remark If D is nef at a point z, i.e., 0,(D) = 0, then D -C > 0 for
any irreducible curve C passing through x. However, the converse does not hold in
general. For example, there is a pseudo-effective divisor D on some non-singular
projective surface such that D -T' > 0 for some irreducible component I' of the
negative part IV of the Zariski-decomposition of D. For a general point z € I'; we
infer that D-C > 0 for any irreducible curve C passing through 2 while o, (D) > 0.

2.9. Lemma If D is strictly movable, i.e., c1(D) € Mv(X), then there exist at
most a finite number of subvarieties W of X with ow (D) > 0 and codim W = 2.

PROOF. Let Z be the intersection of all the supports of the members of | D|yum-
Then codim Z > 2 by 1.7-(3). If ow (D) > 0, then W is an irreducible component
of Z. a
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2.10. Lemma Let I" be a prime divisor and let A be an effective divisor of X
with T ¢ Supp A. Let Wy, Wa, ..., Wi be irreducible components of Alr. Then

> (multw, A)W; < Alp
as cycles of codimension two.

PRrROOF. It suffices to show that multyy A < multy Alp for any W = W;. Let
f:Y — X be a birational morphism of 2.1 for W and let Ey, be the divisor over
W. Then multy A = multg,, f*A and multy Alr = multg,, A (f*Alr) for the
proper transform IV of T". Here

(f*A — (multw A)Ew)hv
is an effective divisor, since I is not a prime component of f*A — (multy A)Ey .

Thus multyy A < multy Alr. ]

2.11. Proposition (Moriwaki (cf. [93] 4.1])) For a movable big R-divisor B,

the formal cycle
Zcodim w=2 UW(B) w

of codimension two is uniformly convergent in the real vector space N* (X).

PROOF. Let F,, be the fixed divisor [mBlgx = | mB,|ax+ (mB) for m € N(B).
There exist an integer my € N and a reduced divisor F' such that Supp F,,, = F for
any m > mg. Let W be a subvariety of codim W = 2 with ow (B) > 0. f W ¢ F|
then W C Bs| mB,| for any m > mg. Thus the number of W with W ¢ F' is
finite. Let A be a general member of | mB,|;eq. Then

ZWCF,Codim W:Q(multW AW < Alp

for any prime component I' of F, by Since
1 1 1
0 <ow(B) < —ow(mB)z = —multyy A + — multy F,,
m m m

the formal cycle B - F — >y, - p ow (B)W is pseudo-effective in N?(X). O

2.12. Proposition For a movable R-divisor D, the formal cycle

2
ZCodim W=2 UW(D) w

of codimension two is uniformly convergent in the real vector space N> (X).

PRrROOF. Let Wi, Wy, ..., Wi be finitely many subvarieties of codimension two
in X. There exist a birational morphism f: Y — X and prime divisors E1, Fs,
..., By of Y satisfying the following conditions (cf.[2.1):

(1) Y is non-singular and projective;

(2) f(E:) = Wi for any i;

(3) there is a Zariski-open subset U C X with codim(Z \ U) > 3 such that f
restricted to f~U is the blowing-up along the smooth center U N [ J W;.
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Then N,(f*D) = > ow,(D)E; + N’ for an effective f-exceptional R-divisor N’
with codim f(Supp N’) > 3. Hence

f«(No ZUW ) fu(E}) = Zawz Wi.

Moreover, the equahty

D? + f.(No(f*D)?) = fu(Ps(fD)?)

follows from
f*D?*+ N, (f*D)* = P,(f*D)? +2f*D - N,(f*D).
Hence
f(Po(f*D)?) = D* = ow,(D)*W;

is a pseudo-effective R-cycle of codlmenblon two. O

2.13. Corollary Let D be a pseudo-effective R-divisor of X. Then, for any
€ > 0, there exists a birational morphism h: Z — X from a non-singular projective

variety such that ow (Py(h*D)) < e for any the subvariety W of codimension two
with h,W # 0.

PrOOF. We may assume that D is movable. The number of subvarieties W'
of codimension two of X with ow/ (D) > € is finite. Let W7, W3, ..., W/ be all
of such subvarieties. Let h: Z — X be a birational morphism from a non-singular
projective variety. Then D? + h,(N,(h*D)?) = h.(P,(h*D)?) is pseudo-effective.
Suppose that v: Z' — Z is a birational morphism from a non-singular projective
variety satisfying the following condition similar to that in the proof There
exist a finite number of subvarieties W; C Z of codimension two such that v is the
blowing-up along | J W; over a Zariski-open subset U C Z with codim(Z \ U) > 3.
Then

BL(Py(R" D)) < ho(Py (" D)2)
for the composite h': Z/ — Z — X by the same argument as in[2.12. We set
t;(h) := max{t € Rsq | h«(P,(h*D)?) — tW/ is pseudo-effective}.

We may assume that the birational morphism h: Z — X satisfies t;(h) < t;(h’) +¢&>
for any such birational morphism Z’ — Z above and for any <.

Let W be a subvariety of Z of codimension two with h,W # 0. If h(W) # W/
for any 4, then ow (P,(h*D)) < € by[2.5}(3). Thus we may assume that h(W) = W/
for some i. There is a birational morphism p: Y — Z from a non-singular projective
variety such that p is isomorphic to the blowing-up along W over a Zariski-open
subset U C Z with codim(Z \ U) > 3. Let f be the composite h o u. Then

P,(f*D) = P,(* P,(h* D)) and

F(Po(f*D)?) = hu(Py(K*D)?) — ow (Ps(h*D))*h W
by the same argument as in[2.12] Hence
deg(W — h(W)) - ow (P, (h*D))? < t;(h) — t;(f) < 2. O
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Remark Let 8 be a pseudo-effective algebraic R-cycle of codimension ¢ of X.
Suppose that cl(3) is contained in the interior Int PEY(X) of PEY(X) in N?(X).
Then there is an effective R-cycle ¢ such that cl(§) = cl(3). For a subvariety W of
codimension ¢, we define

ow (B) := inf{multy § | § > 0, cl(d) = cl(B3)},
Tw (B) :=sup{t € R>( | B —tW is pseudo-effective}.

As in the same argument as before, oy, and T can be defined also for pseudo-
effective R-cycles. The following properties hold:

(1) ow: PEY(X) — Rxq is lower semi-continuous and 7y : PE?Y(E) — Rxg
is upper semi-continuous. Both are continuous on Int PEY(X);

(2) limejoow (C+en) = ow (€) and lim, o 7w ((+en) = 7w (¢) for any pseudo-
effective R-cycle n;

(3) Let Wy, Wa, ..., W; be mutually distinct subvarieties of codimension ¢
and let s1, S2, ..., $ be real numbers with 0 < s; < ow,(¢). Then
ow, (¢ =22 s;W;) = ow,(¢) — si3

(4) It Wh, Wy, ..., W, are mutually distinct subvarieties of codimension ¢ with
ow,(¢) > 0, then their cohomology classes cl(W;) are linearly independent.

In particular, we can define the o-decomposition ¢ = P,(¢) + N, (¢) by
No(O) =D ey W (OW-

Remark Let X be a compact Kéhler manifold of dimension n. For an integer
k> 0, let PC*(X) ¢ H**(X,R) := H**(X,R) N H**(X) be the closed convex
cone of the cohomology classes of d-closed positive real currents of type (k,k).
Instead of the multiplicity, we consider the Lelong number py (T') of such current
T along a subvariety W. The previous argument works well and we can define the
o-decomposition for the currents. This is an extension of the o-decomposition for
algebraic cycles.

§3. v-decomposition

Let X be a non-singular projective variety and let D be a pseudo-effective
R-divisor of X. Then, for a prime divisor I', the restriction P,(D)|r is pseudo-
effective in the sense of II\5.8! Let S(D) be the set of effective R-divisors A such
that (D — A)|r is pseudo-effective for any prime divisor I'. Then N, (D) € S(D).
We set

N,(D) := ZF: orime divisor inf{multr A | A € S(D)}T.

Then this is an R-divisor and N, (D) < N, (D). In particular, P,(D) := D—N,(D)
is also pseudo-effective.

3.1. Lemma N, (D) € S§(D).
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PrOOF. For any prime divisor I' and for any positive number ¢, there is an
effective R-divisor A € §(D) such that ¢ := multr A — multyr N, (D) < e. Thus

(D = N,(D))lr = 0T|r = (D = A)|r + (A" = N, (D)")|r

is pseudo-effective for R-divisors A’ = A — (multr A)T" and N, (D)’ = N, (D) —
(multyr N, (D))T'. Therefore N, (D) € S(D). O

3.2. Definition The decomposition D = P,(D) + N,(D) is called the v-
decomposition of D. The R-divisors P, (D) and N, (D) are called the positive and
the negative parts of the v-decomposition of D, respectively.

3.3. Lemma Let D = P,(D) + N,(D) be the v-decomposition of a pseudo-
effective R-divisor and let T be a prime component of N, (D). Then P,(D)|r is not
big.

PrOOF. Assume the contrary. Then there is a positive number ¢ such that

(P,(D) + el)|r is still big. If I is another prime divisor, then (P, (D) + l')|r is
pseudo-effective. It contradicts the definition of N, (D). O

3.4. Question If D|r is pseudo-effective for any prime divisor T', then is D
pseudo-effective?

3.5. Lemma Let B be a big R-divisor with N,(B) =0 and let F =3 a;T'; be
the prime decomposition of an effective R-divisor F' such that B|r, is not big for
any i. Then N,(B+ F)=F.

PRrROOF. By the definition of N,, it is enough to show that (B + F)|p, is not
pseudo-effective for some i. There is an effective R-divisor A such that B — A is
ample. Then Alr, is not pseudo-effective for any i. Moreover, (B + rA)|r, is not
pseudo-effective for any r > 0 by the equality

1 r
B=—(B A
r-i—l( T )+7"+1

Let 7 be the maximum of {a;/(multr; A)} and let i be an index attaining the

maximum. Then (B + F)|r, is not pseudo-effective, since (rA — F)|r, is effective
and B+rA=B+F+ (rA—F). O

(B - A).

3.6. Corollary (cf. [26, Lemma 1], [76, Theorem 2|) Let H be a nef and big
R-divisor and let E, G, and A be effective R-divisors. Suppose that

(1) E and G have no common prime component,
(2) H"'E =0, where n = dim X,
(3) ARH+E-G.

Then E < A.

ProOF. Apply[3.5/to B:= H and F := E. Then N,(A+G)=E < A+G. O

3.7. Proposition Let B be a big R-divisor and let N be an effective R-divisor
such that P = B — N is nef and big. Then the following conditions are equivalent:
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(1) P|r is not big for any prime component of N;
(2) N =N, (B);
(3) B= P+ N is a Zariski-decomposition.

PrOOF. (1) = (2) follows from 3.5. = (3) is trivial.

(3) = (I): We may assume that Supp N USupp(P) is a simple normal crossing
divisor, by taking a suitable blowing-up. For a prime component I' of N, let us
consider the exact sequence

0— Ox(mP,) = Ox(mP,+T)— Op(mP,+T)—0.
By [IIl5.13, we have

. 1 , 1
Jim h!'(X, mP,)=0, and Jim h(T, Op(,mP, +T)) =0.
Thus P|r are not big. O

3.8. Corollary Let P be a nef and big R-divisor and let I' be a prime divisor
such that P|r is big. Then, for any ample divisor A, there exists an effective R-
divisor E such that I' ¢ Supp E and aP ~ A+ E for some a € N.

PROOF. Suppose that op(P+¢€I") > 0 for any € > 0. Then P is the positive part
of the Zariski-decomposition of P+T'. This contradicts(3.7l Hence or(P+46T") =0
for some 6 > 0. We may assume that there is an effective R-divisor G such that
I' ¢ Supp G and G ~g P+ 0I'. There is an effective R-divisor A such that P —eA
is ample for any 0 < e < 1. Here

or(mP + A) < op(mP + (multr A)T') =0

for m > 0. Thus there is an effective R-divisor £y ~g bP + A with I' ¢ Supp E;
for some b € N. Further mP — Ey ~qg (m — b)P — A is ample for m > b+ 1. Thus
c((b+2)P — E1) — A ~ E, for an effective R-divisor Ey with I' ¢ Supp E> and for
some ¢ € N. Thus a = ¢(b+ 2) and E = cE; + E3 satisty the condition. O

3.9. Definition A pseudo-effective R-divisor D of a non-singular projective
variety X is called numerically movable if D|r is pseudo-effective for any prime
divisor I". We denote by NMv(X) the set of the first Chern classes of numerically
movable pseudo-effective R-divisors of X, which is a closed convex cone contained
in PE(X).

3.10. Remark (cf.[1.14) For a pseudo-effective R-divisor D, we have:

(1) ai(P,(D)) € NMv(X)
(2) if ¢1(D — A) € NMv(X) for an effective R-divisor A, then A > N, (D).

3.11. Lemma Let D be a numerically movable R-divisor such that | D|yum # 0.
Then there exist at most finitely many subvarieties W of codimension two such that
D|w is not pseudo-effective.



96 III. ZARISKI-DECOMPOSITION PROBLEM

PROOF. Let A be a member of |D|yum. If D|w is not pseudo-effective, then
W C T for a component I' of A. Let pi: Z — T be a birational morphism from a non-
singular projective variety and let W’ be the proper transform of W. Then p*D|y-
is not pseudo-effective. Hence W' is a prime component of N, (u*D). In particular,
I" contains at most finitely many irreducible subvarieties W of codimension two in
X with D|w being not pseudo-effective. O

3.12. Remark The v-decomposition of a given pseudo-effective R-divisor D
is calculated as follows: In step 1, let Dy = {T'1,Ta,...,'y, } be the set of prime
divisors T" such that D|r is not pseudo-effective. If D; is empty, then D = P, (D),
and we stop here. Otherwise, the set 77 defined as

{07 € ®o0)™

is not empty. For 1 < 5 < mq, we set

(D - Zj:l riFi) ’1‘_,- is pseudo-effective for 1 < j < ml}

tg»l) =1inf{t > 0| t = r; for some (r;) € T1}.

Then (t(l)) € 71 by the same argument as in the proof of [3.1. We consider the

7
pseudo-effective R-divisor

DW= p 3" AT,

In step 2, let Dy = {T'sn 41, Tmyt2s-- -5 I'my} be the set of prime divisors I' such
that DM |1 is not pseudo-effective. If Dy is empty, then D) = P, (D), and we stop
here. Otherwise, then the set 75 defined as

{(n)?fl € (Rxo)™

is not empty. For 1 < j < mo, we set

(D(l) — ani ril"i) ‘F‘ is pseudo-effective for 1 < j < mg}
1= J

t;z) = inf{t > 0 | ¢ = r; for some (r;) € To}.

Then (tl@)) € 7T, and we have the pseudo-effective R-divisor
2)._ p M2 (2)
D®=p® % " ;.
In step 3, we consider the set D3 of prime divisors I' such that D) Ir is not pseudo-
effective. In this way, we obtain the sets Dy, 7, and the pseudo-effective R-divisors
D®) " Since the prime divisors contained in some Dy are components of N, (D),

this process terminates in a suitable step. The last R-divisor D(*) is the positive
part P, (D).

Remark

(1) The construction of Zariski-decomposition on surfaces ([151], [20]) is
1) 4(2)
7t :

given by the same way as[3.12. In the case, t; /¢,
linear equations.
(2) If P,(D) € Mv(X), then the v-decomposition is the o-decomposition by

and [3.10.

-+, are calculated by
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(3) In general, N,(D) # N, (D). For example, for the blowing-up f: ¥V — X
at a point € X, we have N, (f*D) = f*N,(D). However N,(f*D) #
F*N,(D) if 0,(D) > 0.

84. Relative version

84.a. Relative c-decomposition. Let 7: X — S be a proper surjective mor-
phism of complex analytic varieties. Assume that X is non-singular. Let B be a
m-big R-divisor with 7,Ox( B,) # 0 and I" a prime divisor of X. Let mp be the
maximum non-negative integer m such that the natural injection

mOx( B, —ml) — m.0x(/B,)

is isomorphic. Note that if the injection is isomorphic over an open subset U C S
with U N 7(T') # O, then it is isomorphic over S. In fact, for ¢ < mp, the cokernel
of

m.O0x( B, — (i+ 1)) — 7.0x( B, —il)
is contained in the torsion-free sheaf 7,.Or( B, —iI') of w(T").

For an open subset 4 C S and for an R-divisor D of X, we write Xy = 7~ 'U
and Dy = D|,-1y. Let |B/S,U| be the set of effective R-divisors A defined on Xz,
such that A ~ By. If U is a Stein space with 7#(T) NU # § and if 7,.0x( B,) # 0,
then |B/S,U| # () and

mp + multp(B) = max{t € R>o | A > tI'y for any A € |B/S,U|}.
The following numbers are defined similarly to
or(B; X/S)z = {:r_:;o; multr(B), ftzgr(zv)i{s(el;_BJ) -
or(B; X/8S) :=lim,,—oo(1/m)or(mB; X/S)z.
4.1. Lemma IfU C S is a connected open subset with U N7(T') # O, then
or(Bu; Xu/U) = or(B; X/5)
for an irreducible component IV of T'y.

PRrROOF. This is derived from the property: if A is an effective R-divisor of X
and if Al > mI” for some m > 0, then A > mT. O

If S is Stein and if A is a m-ample divisor of X, then o (B; X/S) = lim. ¢ o (B+
€A; X/S) by the same argument as in [1.4-(2), -(3). If A is an effective R-divisor
of X such that B — A is m-numerically trivial over an open subset U C S with
UNm(T) # 0, then op(B; X/S) < multr A by the same argument as in [1.4:(3).
Moreover, op(B;X/S) is the infimum of multr A for such A provided that S is
Stein.

Suppose that 7: X — §'is a locally projective morphism. Let D be a w-pseudo-
effective R-divisor of X. Let & C S be a Stein open subset with & N7 (") # @ such
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that there is a relatively ample divisor A of Xy over U. Let T'yy = [JT'; be the
irreducible decomposition. By the previous argument, we infer that the limit

O’F(D; X/S) = lim, o or; (Du + eA; XM/U)

does not depend on the choices of the Stein open subsets U, the relatively ample
divisor A of Xy, and the irreducible component I'; of I' N X3,. It is not clear that
or(D; X/S) < +00. By the same argument as in[1.8 and [1.10, we have:

4.2. Lemma Let D be a m-pseudo-effective R-divisor and let 'y, o, ,T'; be
mutually distinct prime divisors of X.

(1) If s; are real numbers with 0 < s; < or,(D; X/S), then, for any i,

l
op, (D — ijl 5,1 X/S | = or,(D; X/8) — si.
(2) Suppose that or,(D; X/S) > 0 for any i. Then, for any x; > 0,

l
UF,i <Zj_l .T?ij;X/S> = Z;.

In particular, 22:1 x;I'; is m-numerically trivial over an open subset U C
S if and only if z; = 0 for all i with w(T;) NU # 0.

4.3. Lemma or(D; X/S) < 400 provided that one of the following conditions
is satisfied:
(1) (1) = 5,
(2) There exists an effective R-divisor A such that D — A is relatively numer-
ically trivial over an open subset U with U N7 (T') # 0;
(3) Supp D does not dominate S;
(4) codimn(T) = 1.

PRrOOF. Case (1) It follows from [1.5-(1) applied to the restriction of D to a
‘general’ fiber of .

Case (2) Trivial.

Case (3) Since m.Ox( D,) # 0, there is an effective R-divisor A such that
A ~ D, locally on S. Thus it is reduced to Case (2).

Case (4) We may assume that 7 has connected fibers and a relatively ample
divisor A and that S is normal. Let I'g :=T',T'1, T2, ..., I'; be all the prime divisors
of X with n(I';) = 7(T"). Then there exist positive integers a;, a reflexive sheaf
L of rank one of S, and a Zariski-open subset U of S such that L]y is invertible,
codim(S \U) > 2, and

ﬂ*(ﬁ‘U) ~ Ox <Zli_0 a,Fz> ‘XU .

By taking a blowing-up of X, we may assume that the image of the evaluation

mapping
l l
7T*7T*OX (Zi—o aiFi) — OX <Zi_0 aiFi>



4. RELATIVE VERSION 99

is an invertible subsheaf. Then the image is written by O X(Zi:o a;I'; — E) for an
effective divisor E with codimn(E) > 2. Since Y.'_,a;T; — E is 7-nef, we have
apj(Zizo a;l';; X/S) < or,(E; X/S) = 0. Thus or,(D; X/S) = 0 for some I';. For
any € > 0,

D+cA : D+eA; X/S)T

+e —Zizoari( +eA; X/S)T; j
is (m|r,)-pseudo-effective. Hence if 7(I'y, NT;) = 7(I), then or, (D; X/S) < +oo0.
Since 7 has connected fibers, we have or(D; X/S) < +00. O

Question Is there an example in which op(D; X/S) = +00?
Let us consider the formal sum

NG (D’ X/S) o Z1": prime divisor OT(D7 X/S)F

Let us fix a point P € S and recall the real vector space N'(X/S; P) (|98], Chap-
ter I, §5.d). By [4.2 and by dimN'(X/S;P) < oo, there exist only a finite
number of prime divisors I' such that op(D; X/S) > 0 and #n(I') > P. Therefore,
if op(D; X/S) < 400 for all prime divisors I', then N,(D; X/S) is an effective R-
divisor. In this case, we can define the relative o-decomposition D = P,(D; X/S) +
Ny(D; X/S). Also we can define the relative v-decomposition as in §3. Suppose
that P,(D; X/S) is w-nef over the point P. Then P,(D; X/S)+¢eA is m-ample over
P for any m-ample divisor A and for any € > 0. Thus o, (P,(D;X/S); X/S) =0
for any x € 7=1(P) and P,(D;X/S) is m-nef over a ‘general’ point s € S. Let
v:Y — X be a bimeromorphic morphism from a non-singular variety Y locally
projective over S. Then P,(v*D;Y/S) < v*P,(D; X/S) by [2.5-(1), and the dif-
ference does not lie over P. Thus the relative o-decomposition is called a relative
Zariski-decomposition over P. We have the following problem:

Problem Let 7: X — C be a projective surjective morphism from a non-
singular variety into a non-singular curve, P € C a point, and D a divisor of X
such that D is m-nef over P. Then does there exist an open neighborhood U of P
such that D is m-nef over U?

The set of points of C' over which D is not m-nef, is countable. The problem asks
whether the set is discrete or not. The divisor D is m-pseudo-effective. If D admits
a relative Zariski-decomposition over C, then {z € X | 0,(D;X/S) > 0} is a
Zariski-closed subset of X away from 7~ !(P) and the answer of the problem is yes.
If dim X = 2, the answer is yes. If D is m-numerically trivial over P, then the
answer is also yes by |[I15.15. If there is an effective R-divisor A such that D — A
is m-numerically trivial over P, then the problem is reduced to a lower-dimensional
case. In particular, for the case dim X = 3, the the answer is unknown only in the
case: D|r-1(;) is not numerically trivial and not big for general ¢ € C.
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84.b. Threefolds. We note some special properties on threefolds. Let X be
a complex analytic manifold of dimension three and let D be an R-divisor.

4.4. Proposition Suppose that X is projective and D is numerically movable.
Let C1, Cy, ..., C) be irreducible curves with D-C; < 0 for any i. Then there exists
a bimeromorphic morphism w: X — Z into a normal compact complex analytic

threefold such that w(C;) is a point for any i and that w induces an isomorphism
XNUC; ~Z~Ur(Cy).

PROOF. We may assume that D is big. Thus, for any 4, there is a prime divisor
T'; such that I'; - C; < 0. Note that (¢D + A)|r, is big for any ¢ > 0 and for any
ample divisor A of X. Thus there exists an effective Cartier divisor E; of I'; such
that the intersection number (E; - C;)r, in T'; is negative. Let J; be the defining
ideal of F; on X. From the exact sequence

0— Ox(-T3) ® O¢, = J; ® O¢; — Or,(—E;) ® O¢, — 0,

we infer that J; ® O¢, is an ample vector bundle. There is an ideal J C Ox such
that >°J; € J, SuppOx/J = |JCj, and that Supp(J/ > J;) does not contain
any C;. Then the torsion-free part v}J/(tor) is also ample for the normalization
v C~'l — (; € X. We can contract the curves C; by the contraction criterion in
[2], [17] (cf. [102, 1.4]). O

Remark For an R-divisor of a non-singular projective threefold, the condition
of numerically movable is close to that of nef. If D is a numerically movable and
big R-divisor, then there is at most a finite number of irreducible curves C' with
D-C <0by These curves are all contractible by

Let f: X — Z be a bimeromorphic morphism onto a normal variety such that
the f-exceptional locus is a non-singular projective curve C. This morphism f is
called the contraction of C, and C' is called an exceptional curve in X (cf. [102]).
Let P be the point f(C). We shall consider the relative Zariski-decomposition
problem over P for a divisor on X. Since N*(X/Z; P) is one-dimensional, we treat
a line bundle £ of X with £-C < 0. Under the situation, we have N,(L; X/Z) = 0.
In order to obtain a relative Zariski-decomposition of £, we need to blow up along
C. We follow the notation in [102] §2]. Let u;: X; — X be the blowing-up along
C and let E; be the exceptional divisor p;'(C) ~ Pc(Zc/I2), where T is the
defining ideal of C' in X.

4.5. Lemma If the conormal bundle Zc:/T% is semi-stable, then
-2(L£-0)
deg(Zo/T2)"

and the positive part P, (uiL; X1/Z) is relatively nef over P. In particular, £ admits
a relative Zariski-decomposition over P.

Ny (£ X1/2) =
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PROOF. Since Z¢ /Igv is semi-stable, all the effective divisors of E are nef by
[82] 3.1]. For a real number x, we set A := (uiL£ — xFE1)|g,. Then A is pseudo-
effective if and only if A% > 0 and = > 0. This is equivalent to:

 deg(Zo/T2) + 2 deg(Lle) > 0.
Therefore, N, (uiL; X1/7Z) is written as above and P, (uiL; X1/Z)|g, is nef. O

Next assume that the conormal bundle Z¢ /ZZ is not semi-stable. The Harder—
Narasimhan filtration of the conormal bundle induces an exact sequence

0—>£0—>Ic/I%—>MQ—>O,

where £y and Mg are line bundles of C with deg Ly > deg M. The section C of
the ruling £y — C corresponding to the surjection Z¢/Z2 — M, satisfies

Ox,(C1) ® O¢, ~ My ® ﬁgl.
Thus C; is a negative section: 012 <0in E;.

4.6. Lemma L admits a relative Zariski-decomposition over P provided that
2deg My > deg Ly.

PROOF. Let po: X9 — X; be the blowing-up along C, E5 the us-exceptional
divisor, and FE{ the proper transform of F;. Let us consider the exact sequence

0— O(-E1) ® O¢, — ICI/I%I — O¢, ® O, (-C1) — 0.

If 2deg(Myo) > deg(Ly), then Cy := Ef N Es is the negative section of Ey. If
2deg(Mgp) = deg(Ly), then Ey is the ruled surface over C associated with the
semi-stable vector bundle Z¢, /Z2, . Therefore, by [102, 2.4], we obtain a birational
morphism ¢: Y — X5 from a non-singular variety such that

(1) ¢~ '(E{UE,) is a union of relatively minimal ruled surfaces F; (1 < j < k)
over C' for some k > 2,

(2) Fj is a ruled surface associated with a semi-stable vector bundle of C,

(3) F; for j < k admits a negative section which is the complete intersection
of F; and other Fj;.

For an R-divisor A of V', if A|p, is pseudo-effective for any 1 < j <k, then A, is
nef for any j. Thus the relative v-decomposition over P of the pullback of £ to Y
is a relative Zariski-decomposition. O

4.7. Proposition If X is isomorphic to an open neighborhood of the zero
section of a geometric vector bundle V of rank two on C, then L admits a relative
Zariski-decomposition over P.

PROOF. Let £ be a locally free sheaf of rank two of C such that V=V(&Y) =
L(&) (cf. [IIA.T). Let p: P(€) — C be the associated P*-bundle. Then the natural
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surjective homomorphism p*& — Og(1) defines a commutative diagram

L — V

| l

PE) —— C,

where L. = IL(Og (1)) is the geometric line bundle over P(€) associated with Og(—1).
The morphism . — V is isomorphic to the blowing-up along the zero section C'
(cf. IVI3.1). Thus we may assume that X =V, X; = L, and that E; is the zero
section of L — P(E). Let Cy C P() be the negative section and let Fy C X be
its pullback by X; = L. — P(£). Then the complete intersection F; N E; is the
negative section C7 C E7. The curve C is also the negative section of Fy, since it is
contractible. Let po: Xo — X7 be the blowing-up along Cy. Then u3F; = F| + Ea,
psEy = B} +Ey, and F{NE; = 0, for Ey := uy*(C1) and for the proper transforms
F| and F{ of F} and Fj, respectively. The negative section Cy of Es is either
F{ N Ey or E} N Ey. Next, we consider the blowing-up along Cs. In this way, we
have a sequence of blowups

X 5 Xy = - = X1 55 Xo = X

whose center C; C X; is the negative section of the u;-exceptional divisor F; for
i > 1. Here, C; is the complete intersection of F; either with the proper transform
of some other E; or with the proper transform of F;. By [102, 2.4], there is a
number k such that Fj admits no negative sections. If A is an R-divisor of Xy
such that A| B 18 pseudo-effective for the proper transform E of E; for any i, then
Al B I8 nef for any i. Hence the relative v-decomposition over P of the pullback of
L to X}, is a relative Zariski-decomposition. O

4.8. Lemma If there exist two prime divisors Ay and Ag with Ay - C < 0,
As-C <0, and Ay N Ay = C, then L admits a relative Zariski-decomposition over
P.

PROOF. Let us choose positive integers m; and mo satisfying mq(A; - Cq) =
ma(Ag - Co) and let f: V' — X be the blowing-up of X along the ideal sheaf
J = Ox(—m1A1) + Ox(—maAs). Let G be the effective Cartier divisor defined
by the invertible ideal sheaf JOy . Note that V' and G are Cohen—Macaulay. Since
J ® Oc ~ Oc(—m1A1) ® Oc(—mals), E := Gieq is the ruled surface over C
associated with the semi-stable vector bundle J ® Og. There is a filtration of
coherent subsheaves

Oc=FoDFi DF2 DD Fp D Fipa

such that F;/F;11 is a non-zero torsion-free O g-module for ¢ < k and Supp Fry1 #
E. We have Fiy1 = 0, since Og is Cohen-Macaulay. Let o be the minimum of
real numbers x > 0 such that f*L|g — 2G|g is pseudo-effective. Then a € Qsg.
For any 0 € Qs with 8 < «, there is an integer b € N such that

HY(E, f* L™ @ Oy (-mpBG) @ F;/Fiy1) =0
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for any m > b with mf3 € Z and for any 0 < i < k. Hence
HY(V, f* L2 @ Oy (-mpG)) = HO(V, f*L2™) =~ H (X, LZ™).
Let p: Y — V be a bimeromorphic morphism from a non-singular variety. Then
Ny(p" L) > ap™G.

On the other hand, p* f*£ — ap*G is relatively nef over P. Hence the nef Q-divisor
is the positive part of a relative Zariski-decomposition over P. (Il

Example There is an example where the assumption of is not satisfied:
Let 0 - O¢c — £ — O¢ — 0 be the non-trivial extension over an elliptic curve
C and let E be the geometric vector bundle V(€ @ N) associated with the locally
free sheaf £ ® N/, where N is a negative line bundle on C. Then the zero-section
of E is an exceptional curve, but there exist no such prime divisors A1, Ay on any
neighborhood of the zero-section as in

Example If there is a bimeromorphic morphism X’ — Z that is isomorphic
outside P and is not isomorphic to the original f, then the assumption of [4.8]is
satisfied. But the converse does not hold in general. For example, let E be the
geometric vector bundle V(O¢ & M) associated with O¢ @ M on an elliptic curve
C such that M has degree zero but is not a torsion element of Pic(C'). Then a
relative Zariski-decomposition for a divisor L on X with L - C < 0 exists by [4.7]
but its positive part is not relatively semi-ample over Z. Thus it is impossible to
obtain the morphism X’ — Z above.

§5. Pullbacks of divisors

85.a. Remarks on exceptional divisors. We give some remarks on excep-
tional divisors along Fujita’s argument in [25]. Let 7: X — S be a proper surjective
morphism of normal complex analytic varieties and let D be an R-divisor of X with
m(Supp D) # S. If codim 7w (Supp D) > 2, then D is called w-ezceptional or excep-
tional for . Suppose that codim7(Supp D) = 1 and let © be a prime divisor
contained in 7(Supp D). If there is a prime divisor I' C X with n(I') = © and
I' ¢ Supp D, then D is called of insufficient fiber type along ©. If such © exists, D
is called of insufficient fiber type. We assume that X is non-singular and projective
over S, and we set n = dim X and d = dim S. The proofs of [5.1/ and[5.2|below are
similar to that of [25, (1.5)]:

5.1. Lemma Let A be a w-exceptional effective R-divisor of X. Then there is
a prime component I' such that A|r is not (w|r)-pseudo-effective over w(T").

PROOF. We may replace S by an open subset. Thus we assume that S is a
Stein space. By assumption, e := dim7(SuppA) < d — 2. Let Hy, Hs,...,H, be
general prime divisors such that 7(Supp A) N(;_, H; is zero-dimensional and that
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the pullback 7=!(;_, H;) is a non-singular subvariety of X of codimension e. Let
Ay, As, ..., Ap_e_o be general m-ample divisors of X. Then the intersection

n—e—2 e
Pyp— . 71 .
Y = ﬂj:1 A; N mm” H;
is a non-singular surface with dim7(Y) = 2. For a prime component I' of A, the
restriction ' NY is (7]y )-exceptional provided that w(I') N(;_,; H; # 0. Therefore,
there is a component I" such that A -+ < 0 for an irreducible component v of 'NY.
Thus A|r is not (7|r)-pseudo-effective. O

5.2. Lemma Let A be an effective R-divisor of X with w(Supp A) # S and let
O be a prime divisor contained in w(Supp A). Suppose that A is not w-numerically
trivial over a general point of ©. Then there is a prime component T' of A such
that 7(T') = © and A|r is not (7|r)-pseudo-effective.

PROOF. Assume the contrary. We may also assume that .S is Stein. Then there
is a non-singular curve C' C S such that Z := 7=1(C) is a non-singular subvariety of
codimension d — 1, © N C' is zero-dimensional, and that A|znr is relatively pseudo-
effective over © NC for any prime component I'. Let Ay, As, ..., A,_q—1 be general
m-ample divisors of X such that

n—d—1
Y:=27n ﬂj:1 A,

is a non-singular surface, 7(Y) = C, and that A|ynqr is relatively pseudo-effective.
Since any fiber of Y — C' is one-dimensional, Alyr is nef. Hence Aly is (7]y )-nef
over C and 7(Supp(Aly)) = ©NC. Therefore A is m-numerically trivial over ©NC.
This is a contradiction. O

5.3. Corollary If A is an effective R-divisor of insufficient fiber type over S,
then Alr is not (m|r)-pseudo-effective for some prime component T' of A.

5.4. Definition Let D be an effective R-divisor of X. If there is a sequence
of projective surjective morphisms ¢: X — Xp41 (0 < k < ) satisfying the
following two conditions, then D is called successively w-exceptional:

(1)  is isomorphic to the composite X = Xg — X1 — -+ — X;11 = 5
(2) Any prime component I" of D is exceptional for some

Tpt1 = @Ppo---0dg: X = X1 (0< k<)

An effective R-divisor A is called weakly w-exceptional if there is such a sequence of
projective surjective morphisms satisfying the condition (1) above and the following
condition (2') instead of (2) above:

(2") There is a decomposition A = Ag + Ay + -+ + A, of effective R-divisors
such that any two distinct A; and A; have no common prime components,
and that, for any 1 <k <1,

(a) codimmy(Supp A) =1, and
(b) 7k, (Ag) is exceptional or of insufficient fiber type over Xj .
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Remark A successively m-exceptional divisor is not necessarily m-exceptional.
There is an example where a prime component I' is exceptional over X; but domi-
nates Xo.

5.5. Proposition If A is a weakly 7-exceptional effective R-divisor, then Alr
is not (w|r)-pseudo-effective for some prime component I' of A.

PRrROOF. Since the condition is local on S, we may assume that S is a Stein
space. We prove by induction on the number [ in[5.4. The case | = 0 is done in[5.1
and[5.3] Assume that [ is positive and the statement holds for [ —1. We decompose
mhy m: X — X;and ¢p: X — Xj01 =5, Weset Dg = Ag+ A1+ -+ A4
and D; = A;. Then Dg is weakly m-exceptional. Suppose that there is a prime
component I' of Dy such that m(T') C m;(Supp Dy). We consider new R-divisors
D{ := Dy—(multr Dy)T" and D} := Dy +(multy Do)T". Then m;, D] is ¢j-exceptional
or of insufficient type over X;1; = S. Thus we may replace Dy by D, and D; by
D}, respectively. If Dy = 0, then A = A; satisfies the required condition by [5.1
and [5.3. Hence we may assume that Dy # 0 and m(I') ¢ m;(Supp D;) for any
prime component I' of Dy. There is a ¢;-ample divisor H such that =/ H > D,
and I' ¢ n;H for any prime component I' of Dy. By induction, (Dg + 7} H)|r is
not (m|r)-pseudo-effective for some prime component T' of Dy. Thus A|r is not
(7|r)-pseudo-effective. O

5.6. Corollary (cf. Fujita’s lemma [61, 1-3-2]) m.Op(D) = 0 for a weakly
m-exceptional effective divisor D.

ProOOF. By 5.5 m.Or(D) = 0 for some prime component I' of D. Thus
mOp_r(D —T) ~ 7,0p(D). Since D — T is also a weakly m-exceptional effective
divisor, we are done by induction. O

5.7. Proposition (cf. [25, (1.9)]) Let A be a weakly m-exceptional effective
R-divisor of X. Then A = N,(A; X/S) = N, (A; X/S).

Proor. Let {T'1,T's,...,T\,, } be the set of prime components I' of A such
that A|p is not (7|r)-pseudo-effective. This is not empty by [5.5. Let «; be the
number

inf{a >0 | (A= aly)|r, is (7|, )-pseudo-effective }.
Then a; < multp, A. By the same argument as in [3.12, we infer that A(l)h“i is
(7|r, )-pseudo-effective for any 1 <14 < my, for the effective R-divisor

A(l) = A — anll aiFi-
1=

Next, we consider the set {T'yn, 41, Tmy+2s -« - I'my } of prime components T of A
such that AM | is not m-pseudo-effective. Tt is also not empty if A = 0. For
1 <i<mo, let agl) be the number

inf{o >0 | (AN —aly)|p, is (7|r, )-pseudo-effective }.
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Then, by the same argument as in [3.12] we infer that A®)|p, is (7|r,)-pseudo-
effective for 1 < i < meg, for the effective R-divisor
- m2 (1)
A@ .= AM) _ Zi:1 sV
As in([3.12, we finally have A = N, (A; X/S). |

5.8. Lemma Suppose that m: X — S has connected fibers and S is non-
singular. Let D be an effective R-divisor of X mot dominating S. Suppose that
Dir is relatively pseudo-effective over w(T) for any prime component T' of D. Then
there exist an effective R-divisor A on S and a m-exceptional effective R-divisor E

such that D = m*A — E.

PrOOF. Let S° C S be the maximum Zariski-open subset over which 7 is flat.
Let © C S be a prime divisor and let Ig be the set of prime components I' of
D satisfying © = «(T"). Suppose that Ig # 0. If T is a prime divisor of X with
m(T) = O, then T' € Ig by (5.3l Let us define ar := multr D and br := multp 70
for T € Ig, and ro := min{ar/br | T € Ig}. Then the multiplicity

multr (D — ren*®) = ar — rebr

is non-negative for any I' € Ig and is zero for some I'y € Ig. Thus D — rg7n*0 is
an effective R-divisor over S°. Since (D — ren*0)|r is relatively pseudo-effective
over © for any IV € Ig, D — rgm*© is not of insufficient fiber type over S°. Hence
ar = rebr for any I' € Ig. Therefore, D = Y o ren*© + E; — E, for some 7-
exceptional effective R-divisors F;, and Fs without common prime components.
Then Ej|r is also relatively pseudo-effective over (") for any component T of Ej.
Thus E; = 0 by[5.1. O

5.9. Corollary Suppose that m: X — S has connected fibers. Let D be a w-nef
effective R-divisor of X not dominating S. Then there exist

(1) bimeromorphic morphisms p: 8" — S and v: X' — X from non-singular
varieties,
(2) a morphism ©': X' — S’ over S,

(3) an effective R-divisor A on S’
such that v*D = '* A.

ProOOF. Let p: S’ — S be a bimeromorphic morphism from a non-singular
variety flattening 7 and let #’: X’ — S’ be a bimeromorphic transform of 7 by
. We may assume that X’ is non-singular. Let v: X’ — X be the induced
bimeromorphic morphism. By [5.8, there exist an effective R-divisor A and a 7-
exceptional effective R-divisor E such that v*D = 7/"A — E. Let V — X xy Y’
be the normalization of the main component of X xy Y’ and let v;: X’ — V and
my: V — 5 be the induced morphisms. Then we have v1,v*D = 7{, A by taking
v1,. Hence we have E = 0 by taking v7. (I
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§5.b. Mumford pullback. Let 7: X — S be a proper surjective morphism
of normal complex analytic varieties. Suppose that 7 is a bimeromorphic morphism
from a non-singular surface. Then the numerical pullback or the Mumford pullback
7*(D) of a divisor D of S is defined as a Q-divisor of X satisfying the following
two conditions:

(1) m(7* (D)) = D;

(2) 7*(D) is m-numerically trivial.
It exists uniquely. Hence, every divisor of a normal surface is numerically Q-Cartier.
We give a generalization of the Mumford pullback to the case of proper surjective
morphism from a non-singular variety of arbitrary dimension. However, the sec-
ond condition above must be weakened. Suppose that 7: X — S is a projective
surjective morphism and X is non-singular.

5.10. Lemma Let D be an R-divisor of X.
(1) Suppose that D is a Cartier divisor and m.Ox (D) # 0. Then there is a
w-exceptional effective divisor E such that

(1.0x (D))" ~ 1,0x (D + E).

(2) Assume that, for any m-exceptional effective R-divisor E, there is a prime
component T' of E such that (D+ E)|r is not (7|r)-pseudo-effective. Then
m.Ox (D)) is a reflexive sheaf.

(3) For any relatively compact open subset U C S, there exists a m-exceptional
effective divisor E on m~'U such that

(mO0x (D)) My = 1:Or-1y( Dy +tE,)

for any t € Ryy.
(4) If N,(D; X/S) =0, then m,Ox( —D,) is reflexive.

PRrROOF. (1) Let K and G be the kernel and the image of
m*1:Ox (D) — Ox (D),

respectively. Then G is a torsion-free sheaf of rank one. Let G’ be the cokernel of
the composite

K — m*m.0x (D) — 7*((m.Ox (D))").
Then G — G’ is isomorphic over 71U for a Zariski-open subset U C S with
codim(S \U) > 2. Thus ¢ = G" @ Ox (FE) for an effective divisor E supported in
7= 1S\ U). Therefore, G'" € Ox(D+ E). In particular, we have homomorphisms

(m.Ox (D) — 7.G" — 1.0x (D + E)

which are isomorphic over U. Hence (7,.Ox (D))" = 7.0x (D + E).

(2) By (1), we have a m-exceptional effective divisor E such that (7.Ox (/D))"
~ m1,0x(/ D, + E). By assumption, F < N, (D + E,X/S) < N,(D + E; X/S).
Therefore, m,Ox(, D, + E) ~ 1.0x(./D,).

(3) Let &€ be the set of m-exceptional prime divisors. We may assume & # ()
by (I). Moreover, we may assume that £ is a finite set, since we can replace S by
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an open neighborhood of the compact set U. Suppose that there is a m-exceptional
effective divisor E such that E|r is not (7|r)-pseudo-effective for any I' € £. Then
multr E > 0 for any I' € £. Moreover, there is an integer b > 0 such that (D+5E)|r
is not (7|r)-pseudo-effective for any I' € £ and for any 5 > b. We set D, = t(D+bE)
for a given number ¢t € Ry . For an arbitrary m-exceptional effective R-divisor G,
let ¢ € Ry be the maximum satisfying cE' > G. Then a prime divisor I" € £ is not
contained in Supp(cE — G). Thus (D; + G)|r is not (7|r)-pseudo-effective, since

(Dy + G)|r + (cE — G)|p = t(D + (b+ ¢/t)E)|r.

Thus 7.Ox ( Dy,) is reflexive by (2).

Therefore, it is enough to find such a divisor E. Let v: S” — S be a bimero-
morphic morphism flattening 7. We may assume that v is projective and there is a
v-exceptional effective Cartier divisor A of S’ with —A being v-ample. Let V be the
normalization of the main component of X x¢S’ andlet u: V — X and p: V — 5’
be the induced morphisms. We consider F := u.(¢*A). Then ¢*A > p*E by [5.8]
since —p*A is p-nef. Suppose that F|r is (7|p)-pseudo-effective for some I' € £.
Then @*Alr is relatively pseudo-effective over m(T") for the proper transform I'' of
T in V. Hence the relatively nef divisor —p*Alrs over 7(T") is numerically trivial
along a general fiber of T — m(T"). This is a contradiction, since —A is v-ample
and ¢(I) is a prime divisor for the equi-dimensional morphism ¢: V' — S’. Hence
E|r is not pseudo-effective for any I' € £.

(4) Let E be a m-exceptional effective R-divisor and let I" be a prime component.
If (—D+E)|r is (7|r)-pseudo-effective, then E|r is (7|r)-pseudo-effective. Therefore
the result follows from (5.1 and (2) above. O

5.11. Corollary Suppose that ™ has connected fibers. Let B be an R-divisor
of S. Then there exists an R-divisor D of X such that

(1) Supp D is contained in the union of w-exceptional prime divisors and of
7~ (Supp B),

(2) mOx(tD,) ~ Os(tBy) for any t € Rxo,

(3) Dir is (w|r)-pseudo-effective for any prime divisor T'.

Moreover, the mazimum 7®(B) of such R-divisors D exists.

PRrROOF. There is an R-divisor Dgy of X such that

e codim7(I") > 2 or 7(I") is a prime divisor contained in Supp B for any
prime component I" of Supp Dy,
e Dy = 7*B over a non-singular Zariski-open subset S° C S of codim(S ~\
S°) > 2.
Let Dy be the R-divisor —P,(—Dg; X/S). Note that this is a usual R-divisor, by
[4.3+(3). Then m,Ox( tD1,) ~ Og(tB,) for any t > 0 by [5.101 We define

7®(B) := P,(D1; X/S) = P,(~P,(—Dy; X/9); X/95).

Then the R-divisor 7®(B) satisfies the required three conditions above. Let D
be an R-divisor satisfying the same three conditions. Since D = Dg over the S°,
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there are effective m-exceptional R-divisors F; and Es having no common prime
components such that D = Dy + E; — Es. Then, by (5.1, we have F; = 0, since
(D — D1y)|r is 7|p-pseudo-effective. Hence D + E5 = Dy and D < n®(B). O

5.12. Definition The R-divisor 7®(B) in/5.11lis called the Mumford pullback
of B. The Mumford pullback is defined also in the case where general fibers are
not connected, as follows: let X — V — S be the Stein factorization of 7 and we
write the morphisms by f: X — V and 7: V — §S. Since 7 is a finite morphism,

we can define 7®(B) as the closure of 7%(B) over a Zariski-open subset S° of
codim(S \ S°) > 2. The Mumford pullback 7®(B) is defined to be f®(7®(B)).

Remark (1) For R-divisors B, By, By of S,
#®(~B) = P,(~x°(B); X/9),
7®(By + By) = P,(—P,(—7®(B;) — n®(B2); X/S); X/9).

(2) If T is a m-exceptional prime divisor, then 7®(B)|r is not (r|r)-big, by

(3) If 7 is a bimeromorphic morphism, then
P,(m®(B); X/S) < D < 7®(B)

for any R-divisor D satisfying the conditions of [6.11, since every divisor
of X is relatively big over S.

5.13. Lemma Let I’ be a w-exceptional prime divisor with codimw(T") = 2.
Then

multy P, (7®(B); X/S) = multyr 7% (B),
multp(ﬂ'®(31) + 7T®(BQ)) = multp 7T®(Bl + Bg)

for any R-divisors B, By, By of S. If \: Z — X is a bimeromorphic morphism
from a non-singular variety Z, then multr 7®(B) = multr/ (7w o \)®(B) for the
proper transform I of T'.

PROOF. First we treat the case where 7 is bimeromorphic. Then general fibers
of I' — 7(T') are one-dimensional. Now 7®(B)|r is (7|r)-pseudo-effective but not
(m|r)-big. Hence 7®(B) -~ = 0 for any irreducible component 7 of a general fiber
of m|r. Therefore 7®(B) is m-numerically trivial outside a Zariski-closed subset of
S of codimension greater than two. Therefore P, (7®(B); X/S) = 7®(B) outside
the set. In particular, multy P, (7®(B); X/S) = multyr 7®(B).

Next, we consider the general case. Let v: Y — S be a bimeromorphic mor-
phism flattening 7. Then, for the normalization V' of the main component of
X xg Y, the induced morphism ¢: V — Y is equi-dimensional. Let ¢: Z — V
be a bimeromorphic morphism from a non-singular variety and let ¢: V — X,
A Z — X,and p: Z — Y be induced morphisms. By definition,

(v op)®(B) = P,(—P,(—p"(v*(B)); 2/5): Z/ 5).
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Therefore it is (v o p)-numerically trivial over a Zariski-open subset U C S with
codim(S N\ U) > 3. Let D := A\((v o p)®(B)). Then \*D = (v op)®(B) over U.
Hence 7®(B) = P,(—P,(—D; X/S); X/S) is also m-numerically trivial over U and
A*1®(B) = (vop)®(B) = p*v®(B) over U. O

Let S be a normal projective variety of d = dim S > 2. Let By and Bs be Weil
divisors and let Dy, D3, ..., Dy_o be Cartier divisors of S. For a bimeromorphic
morphism 7: X — S from a non-singular projective variety, the intersection number

7T®(B1) ~7T®(BQ) ~7T*D1 ~-'7T*Dd,2

is rational. It is independent of the choice of . Thus we can define the intersection
number (B - By - D1 -+-Dy_s) as above.

Remark A divisor D of a normal complex analytic variety S is numerically Q-
Cartier if and only if 7® (D) is m-numerically trivial for a bimeromorphic morphism
m: X — S from a non-singular variety.

85.c. o-decompositions of pullbacks. We study the o-decomposition of the
pullback of a pseudo-effective R-divisor by a projective surjective morphism. For
the sake of simplicity, here, we consider in the projective algebraic category. Let
f:Y — X be a surjective morphism of non-singular projective varieties and let D
be a pseudo-effective R-divisor of X.

5.14. Lemma If E is a pseudo-effective R-divisor of Y with N,(E;Y/X) = E,
then N,(f*D + E) = N, (f*D) + E.

PRrROOF. This is derived from N,(D’) > N,(D’;Y/X) for any pseudo-effective
R-divisor D’. O
Note that a weakly f-exceptional effective R-divisor E satisfies N,(E;Y/X) = E.

5.15. Lemma Let I' be a prime divisor of X and let I be a prime divisor of

Y with f(I") =T. Then
op (f*D) = (multp f*T)or (D).

ProoOF. For a divisor A, we have multp f*A = (multps f*I") multr A. There-
fore, the equality holds if f is a birational morphism, and the inequality o/ (f*D) <
(multp f*T)or(D) holds in general. Suppose that f is generically finite. By con-
sidering the Galois closure, we may assume f is Galois and the Galois group G acts
on Y holomorphically. The negative part N, (f*D) is G-invariant. Therefore

N,(f*D) = f*N+E

for an effective R-divisor N of X and an f-exceptional R-divisor E. Then N <
N, (D) by the argument above. Since f.P,(f*D) is movable by [1.18,

(deg /)N = f.No(f*D) = (deg f)No (D).
Hence N = N, (D) and o/ (f*D) = (multyr f*D)or (D).



5. PULLBACKS OF DIVISORS 111

Next suppose that dimY > dim X > 1. Then D — (¢//u)T is pseudo-effective
for o’ :== op/(f*D) and p := multps f*T. Thus f*D—o'T" = f*(D—(o’/u)T")+R for
an effective R-divisor R which is of insufficient fiber type over X. Hence N, (f*D —
o'T";Y/X) = N,(R;Y/X) = R. Since N, (f*D — o'T") > N,(f*D —o'T";Y/X) =
R, we have o/ (f*(D — (0//p)T')) = 0. For a general ample divisor H of Y, H
dominates X, I N H dominates I', and

or (f*(D = (o' /u)D) ) = 0,
for any prime component I’V of IV N H. By induction on dimY — dim X, we infer
that op(D — (¢//u)T) = op(D) — o'/ = 0. O

5.16. Theorem Let f: Y — X be a surjective morphism of non-singular
projective varieties and let D be a pseudo-effective R-divisor of X. Then N, (f*D)—
f*No(D) is an f-exceptional effective R-divisor.

PRrROOF. Let E be the R-divisor N,(f*D) — f*N,(D) and let T be a prime
divisor of Y. If I' dominates X, then

or(f*D) = multr N, (f*D) = multp f*N,(D) = 0.

Hence T' is not a component of E. If f(I') is a prime divisor, then T' is not a
component of E by Hence every component of F is f-exceptional. Let F;
and FEs be the positive and the negative parts of the prime decomposition of F,
respectively: F = F; — Ey. Suppose that Es # 0. Then FEs|r is relatively pseudo-
effective over f(T") for any component I' of E5. This contradicts[5.1] O

5.17. Corollary Let f: Y — X and g: Z — Y be surjective morphisms of
non-singular projective varieties. Suppose that P,(f*D) is nef for a pseudo-effective
R-divisor D of X. Then P,(g*f*D) = g*P,(f*D).

5.18. Corollary Let f: Y — X be a surjective morphism of non-singular
projective varieties and let D be a pseudo-effective R-divisor of X. If Py(f*D) is
nef, then there is a birational morphism \: Z — X such that Py(A\*D) is nef.

PROOF. By considering a flattening of f, we have the following commutative
diagram:

M X5V Y
of e
Z zZ 2 . X

)

where Z and M are non-singular projective varieties, V' is a normal projective
variety, A\: Z — X, v: M — V are birational morphisms, and ¢: V — Z is an
equi-dimensional surjective morphism. Let u: M — V — Y be the composite.
Since P,(f*D) is nef, Ny(u*f*D) = p*Ny(f*D). By[5.16, E = N,(u*f*D) —
g*N,(A*D) is an effective R-divisor with codim g(F) > 2. Thus v.N,(u*f*D) =
q¢*Ny(A*D). Therefore E = 0, P,(A*D) is nef, and u*P,(f*D) = g*P,(A\*D). O



