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Characterization of Aleksandrov Spaces of Curvature
Bounded Above by Means of the Metric
Cauchy—Schwarz Inequality

I. D. BERG & IGOR G. NIKOLAEV

ABSTRACT. We consider the previously introduced notion of the K-
quadrilateral cosine, which is the cosine under parallel transport
in model K-space, and which is denoted by cosqg. In K-space,
|cosqg | <1 1is equivalent to the Cauchy—Schwarz inequality for tan-
gent vectors under parallel transport. Our principal result states that
a geodesically connected metric space (of diameter not greater than
71/(2«/?) if K > 0) is an i g domain (otherwise known as a CAT(K)
space) if and only if always cosqg < 1 or always cosqg > —1. (We
prove that in such spaces always cosqg <1 is equivalent to always
cosqg > —1.) The case of K =0 was treated in our previous paper
on quasilinearization. We show that in our theorem the diameter hy-
pothesis for positive K is sharp, and we prove an extremal theorem—
isometry with a section of K-plane—when |cosqg | attains an upper
bound of 1, the case of equality in the metric Cauchy—Schwarz in-
equality. We derive from our main theorem and our previous result
for K = 0 a complete solution of Gromov’s curvature problem in the
context of Aleksandrov spaces of curvature bounded above.

1. Introduction

Classes of Riemannian metrics that satisfy uniform sectional curvature bounds
often arise in geometry. In his fundamental papers [1] and [3], Aleksandrov pre-
sented the upper and lower curvature conditions for a geodesically connected
metric space, that is, a metric space in which any two points can be joined by
a shortest. In particular, Aleksandrov introduced the notion of an %x domain,
also known as a CAT(K) space, a geodesically connected metric space of curva-
ture < K in the sense of Aleksandrov, in which shortests depend continuously on
their end points, and in which the perimeter of every geodesic triangle is less than
27 /K if K > 0.

Recall that the K-plane Sk is the Euclidean plane if K = 0, the open hemi-
sphere of radius 1/+/K if K > 0, and the hyperbolic plane of curvature K if
K < 0. The definition of K -space S} is similar.

Let A,B,P,Q €S>, U = exp;l(P), v = expgl(Q), and let (_v>)g be the
tangent vector to S% at the point A which is (Levi-Civita) parallel to the vector
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U along the unique shortest from the point B to the point A. Then, for the inner
product (0, V) := (U, (V)4), the Cauchy-Schwarz inequality (i , V)| <
||7 | ||_v> || holds. For nonzero % and U, cos 4(7, (7)2) can be calculated in
terms of the six distances between the points of the quadruple {A, B, P, Q}. Fig-
ure 2 explains the geometric construction of the parallel transport in S% and sug-
gests the method of calculation of cos 1(7, (_v))g) = —cos£P’'BQ in K -space.
The resulting function of these six distances is referred to as the K -quadrilateral
— — — — .
cosine cosqg (AP, BQ) where AP and B Q denote the ordered pairs (A, P) and
(B, Q), respectively (see (1.1)—(1.3)). Hence, for nonzero % and T, the Cauchy—
Schwarz inequality is equivalent to the inequality |cosqg (A—)P, B—Q))| <l.Ina
metric space (M, p), the K-quadrilateral cosine cosqg (AP, B_Q)) is defined by
(1.1)—(1.3), provided that p(A, P), p(B, Q), and p(A, B) < n/\/f for positive
K. In a general metric space, |cosqg | can exceed 1. In this note, we present
a deeper metric analysis of Aleksandrov’s upper boundedness curvature condi-
tion by carrying over the Cauchy—Schwarz inequality condition to general metric
spaces by requiring that for every two pairs of two distinct points in a metric
space, always cosqg < 1 or always cosqg > —1 (we prove that in a geodesically
connected metric space, always cosqg < 1 is equivalent to always cosqg > —1).

In this paper, we present the following three substantial applications of the K-
quadrilateral cosine: we characterize Aleksandrov fig domains via boundedness
by 1 of all K-quadrilateral cosines in a geodesically connected metric space (The-
orem |.1 ), K-quadrilateral cosine enables us to obtain an interesting new rigidity
result (Theorem 1.2) establishing an isometry to a trapezoid in Sk, and the K-
quadrilateral cosine is the main tool in solving Gromov’s curvature problem in the
context of Aleksandrov spaces of curvature bounded above by K (Theorem 1.3).
Loosely speaking, we show that Aleksandrov’s upper curvature condition of a
geodesically connected metric space can be characterized in terms of a (trigono-
metric or hyperbolic trigonometric) polynomial inequality involving six distances
of independent quadruples of the metric space. We remark that our condition is
not local in the sense that when it is applied to a single triangular quadruple, it
need not be equivalent to any of the familiar equivalent conditions of Aleksan-
drov’s curvature bound from above.

The quadrilateral cosine cosq, was introduced in [19] under the name of func-
tion /& and was used to construct the generalized Sasaki metric on the set of tan-
gent elements of a metric space and to obtain a pure metric characterization of
Riemannian spaces [19; 20].

The generalization of the quadrilateral cosine to nonzero K is not straight-
forward. Let K # 0 and ¥ = +/[K]. In what follows, ¥ = x = v/K if K > 0 and
K =ik =i/—K if K < 0. The following definition is equivalent to Definition 3.2
in [7]. We will use the following terminology. An ordered pair (A, P) of points
in a metric space is called a bound vector A—f)), and the bound vector A P is called
nonzero if A # P.
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Figure 1 Definition of cosqg

DEFINITION 1.1. Let (M, p) be a metric space, and let A, P, B, Q € M be such
that A # P and B # Q. If K > 0, then we assume that p(A, P), p(B, Q), and
p(A, B) <7/VK. Set

p(A, P)=x, p(B,0)=y, p(A,B)=a,

p(P,0)=0, p(P,B)=d, and p(A,Q)=f,
as shown in Figure 1. Then if K # 0, the K -quadrilateral cosine cosq K(A—)P,

ﬁ .
B Q) is defined by

—> —>  COSKb + cosKx coSKYy
cosqg (AP, BQ) =

sinkx sinky
(coskx + coskd)(cosky + cosk f)

(1 + coska)sinkx sinky
In particular, if K > 0, then

— — coskb 4 coskx cosky
cosqg (AP, BQ) =

sinkx sinky
(coskx + coskd)(cosky + coskf)

: : ) (1.1
(1 +coska)sinkx sinky
and if K < 0, then
cosqx (ﬁ, B—Q)) _ (coshix + coshkd) (.cosh /cy. + coshk f)
(1 + coshka) sinhkx sinhky
coshkb + coshkx coshky
- . . (1.2)
sinhkx sinhky
We recall that the (0-)quadrilateral cosine is defined by
— — fr+d*—a*—b?
cosqo(AP,BQ) = . (1.3)

2xy

REMARK 1.1. The formula for cosqg can be stated implicitly in a more symmetric
form motivated by Figure

(1 + coska)(coskh + coskg) = (coskx + coskd)(cosky + cosk f),
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Figure 2 cosqg in S%

—~ ~ —~ T2 B AN e~ e~ . .
where coskg = coskxcosky — cosqg (AP, BQ)sinkx sinky. This provides an
efficient conceptual setting for cosqg .

We introduce the following conditions for a metric space (M, p):

(i) The upper four-point cosqg condition: cosqg (ﬁ, B_Q)) < 1 for every pair
of nonzero bound vectors A—)P and B—Q> in M such that p(A, P), p(B, Q),
and p(A, B) < Jr/«/f when K > 0.

(ii) The lower four-point cosqg condition: cosq K(A—)P, B—Q)) > —1 for every pair
of nonzero bound vectors HD and B_Q) in M such that p(A, P), p(B, Q),
and p(A, B) < 7/~/K when K > 0.

We say that (M, p) satisfies the one-sided four-point cosqyg condition if it sat-
isfies either the upper four-point cosqg condition or the lower four-point cosqg
condition.

Our present main result is given by the following:

THEOREM 1.1. Let K # 0, and let (M, p) be a geodesically connected metric
space such that diam(M) < /(2vK) when K > 0. Then (M, p) is an R do-
main with the same diameter restriction if and only if (M, p) satisfies the one-
sided cosqg condition.

Theorem for K =0 is proved in [8, Thm. 1]. There are striking differences in
our approach to nonzero K that require different methods. The lack of linearity
for nonzero K in the model space presents substantial conceptual and technical
problems.

REMARK 1.2. In contrast to the well-known conceptually similar Aleksandrov’s
upper curvature condition, Bruhat-Tits condition, more recent (2 + 2)-point K -
comparison condition and others, the metric Cauchy—Schwarz inequality condi-
tion in the form of the one-sided cosqg condition is not designed to provide suf-
ficiency when applied to an individual quadruple. The one-sided cosqg condition
implies Aleksandrov’s upper curvature condition for a prescribed quadruple
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only when it is applied to a large number of quadruples from the geodesic convex
hull of the quadruple . Example offers a clear demonstration that our cri-
terion cannot be reduced to a repackaging of Bruhat-Tits condition or any of the
similar conditions.

REMARK 1.3. If K > 0, then it is possible that [cosqg | > 1 in an Jig domain
unless diam($R g ) is not greater than w/ (2\/? ) (however, we prove that always
|cosqg | <1 in every K-space). Example shows that the restriction on the
diameter of (M, p) for positive K cannot be dropped and the surprising diameter
bound in the hypothesis of Theorem 1.1 is sharp.

REMARK 1.4. A normed vector space of curvature < K in the sense of Aleksan-
drov is an inner product space [2, p. 7]. Hence, we can complement the results of
the paper by Schoenberg [23] by deriving from Theorem that a normed vec-
tor space is an inner product space if and only if it satisfies the one-sided cosqg
condition for some positive K .

If K =0, then the upper four-point cosqg condition is immediately equivalent
to the lower four-point cosqg condition [8, Introduction]. According to Exam-
ples 5.1 and 5.2, in a general metric space, this is not true anymore for nonzero K .
However, we derive from Theorem and Theorem of Section 4 the follow-
ing:

COROLLARY 1.1. Let K # 0, and let (M, p) be a geodesically connected metric
space such that diam(M) < 71'/(2\/?) when K > 0. Then (M, p) satisfies the
upper four-point cosqg condition if and only if (M, p) satisfies the lower four-
point cosqg condition.

REMARK 1.5. After establishing that we are in an Rg domain, typical use of
cosqg involves Reshetnyak’s majorization theorem (Section 2); typically we rea-
son on comparison with our cosqg construction rather than direct computation.

Recall that a polygonal curve AP QBA in a Riemannian space is called a Levi-
Civita parallelogramoid [ 1 3] if the distances between A and P and between B and
Q are equal, and the vectors exp;1 (P) and expgl (Q) are parallel along a shortest
joining A to B. We say that a polygonal curve APQOBA is a Levi-Civita trape-
zoid if either the vectors exp;1 (P) and expgl(Q) are parallel along the shortest
AB or the vectors exp;l (P) and — expg1 (Q) are parallel along the shortest AB.
A convex hull in Sk of a Levi-Civita trapezoid is called a Levi-Civita trapezoidal
domain. In particular, the set of points of a shortest in Sk is a degenerate Levi-
Civita trapezoidal domain. The following theorem generalizing [6, Thm. 15] and
[7. Thm. 6.2] describes the extremal cases where cosqg takes values 1 or —1.

THEOREM 1.2. Let K # 0, and let (M, p) be a geodesically connected metric
space such that diam(M) < 71/(2\/?) when K > 0. If (M, p) satisfies the OE;

sided four-point cosqg condition, and for a pair of nonzero bound vectors AP
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— — —
and BQ in M, |cosqg (AP, BQ)| =1, then the convex hull of the quadruple
{A, P, Q, B} is isometric to a Levi-Civita trapezoidal domain in Sk .

REMARK 1.6. By Example 7.1, Theorem need not be true if diam(M) =
7/(2v/K) when K > 0.

ReEMARK 1.7. By Theorem 1.2, if the equality is actually attained in the metric
Cauchy—Schwarz inequality for a pair of bound vectors AP and B_Q) then the
bound vector AP is parallel to the bound vector B_Q> in the sense that ﬁ and
B—Q> span a space isometric to a Levi-Civita trapezoid in the K-plane with the
parallel edges AP and B Q. That is, in the trapezoidal domain, the tangent vec-
tors U = exp/:l (P)and ¥ = expg1 (Q) are (Levi-Civita) collinear as the case of
equality in the Cauchy—Schwarz inequality for Hilbert space suggests. We reiter-
ate that our Theorem |.2 is not a repackaging of the rigidity implied by equality in
Aleksandrov’s criterion or equivalent family of rigidity results. This result is qual-
itatively different from Aleksandrov-type rigidity in that | cosqg (H) , B—Q>)| =1,
in itself, does not guarantee that the four-point configuration can be imbedded in
K -space. Example can be easily modified to provide a counterexample.

Recall that a semimetric space is a distance space with a positive definite and
symmetric distance. A semimetric space (M, p) is said to be weakly convex if,
for every A, B € M, there is A € (0, 1) such that, for every & > 0, there is C, €
M satisfying the inequalities [p(A, C¢) — Ap(A, B)| < ¢ and |p(B, Ce) — (1 —
A)p(A, B)| < e. Cauchy sequences in a semimetric space and the diameter of a
semimetric space are defined in the same way as in a metric space. Finally, notice
that the upper and the lower four-point cosqg conditions can also be stated for
semimetric spaces. Similar to the case K = 0, the following extension to nonzero
K of [8, Thm. 5] is derived from Theorem and Menger’s theorem [ 10, Thm.
14.1]:

COROLLARY 1.2. Let K # 0, and let (M, p) be a semimetric space such that
diam(M) < n/(2\/f) when K > 0. Then (M, p) is a complete R domain with
the same diameter restriction if and only if the following conditions are satisfied:
(a) (M, p) is weakly convex. (b) Each Cauchy sequence in (M, p) has a limit.
(¢) (M, p) satisfies the one-sided four-point cosqg condition.

In his foundational paper [24], A. Wald characterized the curvature of a two-
dimensional Riemannian space in terms of six distances between the points of
independent quadruples. Wald’s approach inspires the following important ques-
tion: is it possible to characterize Aleksandrov’s upper curvature condition of
a geodesically connected metric space in terms of a (trigonometric or hyper-
bolic trigonometric) polynomial inequality involving six distances of independent
quadruples of the metric space? This question is a part of the general Gromov’s
curvature problem.



Characterization of Aleksandrov Spaces of Curvature < K 295

In his book [17], Gromov offered a method to define classes of metric spaces
corresponding to Riemannian manifolds with prescribed curvature restrictions by
introducing global and local KC-curvature classes. Let r € N, and let M, denote
the set of all symmetric r X r matrices with zero diagonal entries and nonnegative
entries otherwise. Let X be a set, and let d : X x X' — R be a nonnegative func-
tion such that, for P, Q € X, d(P, Q) =d(Q, P) and d(P, Q) =0 if and only if
P = Q. Then K, (X) consists of all matrices A = (a;;) in M, such that, for every
A € K, (X), there is an r-tuple {P1, P», ..., P,} C X satisfying a;; = d(F;, Pj),
i,j=1,2,...,r. Asubset L CM, defines the (global) -curvature class as fol-
lows. The K-curvature class consists of all (X, d) such that K, (X)C K. Gro-
mov’s curvature problem is the problem of a meaningful geometric description of
K-curvature classes ([17], Section 1.19., Curvature Problem).

In [8, Thm. 8] we gave a solution of Gromov’s curvature problem in the context
of g domains and therefore for Aleksandrov spaces of nonpositive curvature. In
this note, we obtain a complete solution of Gromov’s curvature problem in the
context of Mg domains and Aleksandrov spaces of curvature < K by solving
Gromov’s curvature problem for nonzero K as a corollary of Theorem and
Corollary

Let 9 be the set of all geodesically connected metric spaces, and let Mg
denote the set of all semimetric spaces satisfying conditions (a) and (b) of Corol-
lary 1.2. For k > 0, let K*(k?) denote the set of matrices A = (a; ) € M4 such
that

(coskarz + coskaipcoskazs)(l + coskaig)
— (coskayy + coskazs)(coskazg + coskais)
<sinkajpsinkazq (1 + coskaig)
and a1, a3, a4, azs, ax, aza < w/(2x). For K~ (D), multiply the left-hand side
of the above inequality by (—1). In a similar way, we define Kt (—«?) as the set
of all matrices A = (a;;) € M4 such that
(coshkajy + coshkazy)(coshkazs + coshkaiz)
— (coshkays + coshkajp coshkaza)(1 + coshkaya)

<sinhkajp sinhkaz4(1 + coshkajg)

and for K~ (—«?), multiply the left-hand side of the above inequality by (—1).

THEOREM 1.3. Let k > 0 and K =«? if K > 0 and K = —«? if K < 0. Then
(i) (X, p) € Mg (respectively (X, p) € Ms) is in the global K*(k?)-curvature
class if and only if (X, p) is an R domain (respectively complete R g domain) of
diameter not greater than w/(2k). (ii) (X, p) € Mg (respectively (X, p) € Mg)
is in the global K*(—«?)-curvature class if and only if (X, p) is an Rx domain
(respectively complete R domain).

REMARK 1.8. In particular, (X, p) € M is in the local K*E (£k?)-curvature class
if and only if (X, p) is an Aleksandrov space of curvature < K where K = 4«2



296 I. D. BERG & IGOR G. NIKOLAEV

REMARK 1.9. For an alternative proof of one of our main theorems [8, Thm. 6]
solving Gromov’s curvature problem in the context of $ip-domains, see Sato [22].
Sato’s proof implicitly uses the averaging principle [8, Cor. 15]. For nonzero K,
the averaging principle need not hold. The lack of linearity is a serious obstacle
in extending the ideas of Sato’s proof to nonzero K.

REMARK 1.10. Lafont and Prassidis [ 18] established Enflo’s 2-roudness condition
[14]in Ny domains. According to Theorem 6 in [&], a geodesically connected met-
ric space is an Ny domain if and only if it satisfies Enflo’s 2-roudness condition.
We can construct a natural extension of Enflo’s 2-roundness condition to nonzero
K that holds in i g domains [9]. We do not know if the converse is true.

REMARK 1.11. Foertsch, Lytchak, and Schroeder [15] (also, see the correction in
[16]) considered a weaker Ptolemaic condition and showed that while each N
domain is Ptolemaic, the converse may not be true.

Section 2 is a short review of Aleksandrov spaces of curvature bounded above. In
Section 3, we prove that | cosqg | < 1 in K-space. Section 4 presents the proof of
|cosqg | <1 in an g domain of diameter not greater than 7/ VK) if K > 0.
We show that, in contrast to Sg(, the diameter restriction cannot be dropped for
an N domain. In Section 5, we present counterexamples showing that in a non-
geodesically connected metric space the upper four-point cosqg condition need
not be equivalent to the lower four-point cosqg condition. Section 6 contains the
proof of our main result-Theorem 1.1. In this section, we assume that (M, p) is
a geodesically connected metric space (of diameter not greater than 7 /(2v/K) if
K > 0) satisfying the one-sided four-point cosqg condition. In Section 6.2, we
prove that in (M, p) shortests depend continuously on their end points; in partic-
ular, any pair of points can be joined by a unique shortest. Hence, by Theorem 9
in [3. Section 3] the global angle comparison in (M, p) will follow from the local
angle comparison, that is, locally, each vertex angle of a geodesic triangle 7 is
not greater than the corresponding angle of the isometric copy of 7 in the K-

plane. In Section 6.3, we derive the main auxiliary estimate, the cross-diagonal
estimate. In Section 6.4, the cross-diagonal estimate lemma is used to derive our
major estimate of Section 6, the growth estimate lemma. In Section 6.5, we show

that the growth estimate lemma implies that in (M, p), between any pair of short-
ests starting at a common point A, the proportional angle exists, that is, the limit
of LxX;AY; as t — 0+ exists if p(X;, A)/p(Y;, A) = const (for the notation,
see Section 2 and Figure 12). In Section 6.6, following the method of our proof
of Proposition 20 in [8], we derive from the existence of proportional angles and
growth estimate lemma that in (M, p), between any pair of shortests emanating
from a common point, Aleksandrov’s angle exists. The existence of Aleksandrov’s
angle and growth estimate lemma enables us to prove the local angle comparison
and thereby the global angle comparison (Section 6.7). In Section 7, we establish
an extremal case where | cosqg | = 1.
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2. Aleksandrov’s Upper Curvature Condition

In this section, we recall some basic definitions of Aleksandrov geometry.

Let (M, p) be a metric space, and let £ be a curve in M. We denote by £, (L)
the length of £ in the metric p. A rectifiable curve £ joining P to Q is called
a shortest or minimal geodesic (joining P to Q) if p(P, Q) ={,(L). If Lis a
shortest joining P to Q, then often we denote the shortest £ by PQ if there is
no possible ambiguity, and the distance between its end points (or, in general,
between a pair of points in M) P and Q by P Q. A subset U of a metric space is
said to be convex if every pair of points P, Q € U can be joined by a shortest and
all shortests joining P to Q are contained in .

A configuration consisting of three distinct points A, B, C € M (vertices) and
three shortests AB, BC, and AC (sides) is called a (geodesic) triangle T =ABC.
The perimeter p(T) of a triangle 7 = ABC (or, in general, of a triple of points
T ={A,B,C} in M) is the sum AB + BC + AC. The isometric copy in the
K-plane of the triangle 7 is the triangle 7X = AXBXCK in Sk having the
same side lengths as 7: AB = AXBXK  AC = AKCK, and BC = BXCK (if
K > 0, then we require that p(7) < 271/\/?). We let £ x BAC denote the angle
ABX AKX CK  The area 0 (ABC) of the triangle ABC is the area of the Euclidean
triangle A°BOCY.

Let £ and N be two shortest arcs with a common starting point O in a met-
ric space (M, p). Let X € L\{O} and Y € N\{O}. Set x = OX, y = OY and
Lk (x,y) = £Lg XOY. The upper and lower angles between the curves £ and N’
are defined by

ZLN)=  Tim  Lg(x,y) and L(LN)= lim  Lg(x,y).
x—>0+,y—>0+ x—>0+,y—0+
It is known that all these definitions do not depend on K. We say that the angle
£L(L,N) between £ and N exists if £(L, N)=L(L,N).
The (upper) K -excess Sk (T) of the triangle T is defined by

Sk (T)=(LABC + LACB+ £BAC) — ({x ABC + £x ACB + £k BAC).

An Rk domain (otherwise known as a CAT(K) space) is a metric space with
the following properties:

(i) Nk is convex (thatis, Nk is geodesically connected).
(ii) If K > 0, then the perimeter of every triangle in R is less than 277 /v/K .
(iii) Each triangle 7 in R g has nonpositive K -excess 5x (7).

We remark that by (ii) all distances in an g domain are less than 7w/ VK
when K > 0. Another name for an 3¢ domain is a CAT(K) space (when K > 0,
CAT(K) is slightly more general: if p(T) < 27 /K, then 8x (T) < 0). We will
use Aleksandrov’s original notation (see [1] and [3]).

A metric space (M, p) is a space of curvature < K in the sense of Aleksandrov
if each point of M is contained in some neighborhood that is an i ¢ domain. For
more information on Aleksandrov spaces of curvature < K,see [1;3;5],and [11].

We will find useful the following theorem of Reshetnyak [21].
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Let £ be a closed rectifiable curve in a metric space (M, p) such that £,(L) <
27/+/K if K > 0. Let V be a convex domain in Sk with the bounding curve .
We say that V majorizes the curve L if there is a nonexpanding mapping of the
domain V into M that maps N onto £ and preserves arc length. The domain V
is called the majorant for L.

RESHETNYAK’S MAJORIZATION THEOREM. In an Rk domain, for every rectifiable
closed curve L (whose length is less than 27t // K when K > 0), there is a convex
domain in Sk that majorizes L.

Let (A1, Ay, ..., A,) be an n-tuple of distinct points in (M, p). Suppose that for
every j € {1,2,...,n — 1}, the points A; and A;; can be joined by a shortest
L;=A;Ajs1. Then we call the curve £L = A A ... A, formed by the consec-
utive shortests £, a polygonal curve (with vertices at Ay, Az, ..., A, in M). It
is not difficult to see that in Reshetnyak’s theorem if £L=A41A4;... A, A is a
closed polygonal curve, then V" is also a closed polygonal curve A} A} ... A A}
in Sk . In our notation, we always assume that the vertices of A are labeled so that
AjAj = A}A;H forevery j=1,2,...,n, where A, 1 = A; and A51+1 =A].

If £ is a polygonal curve A A; ... A, of length / in a metric space, then the
arc length parameterization of L relative to A is an arc length parameterization
of L, gai = 9ar.z : [0,1] = M, such that the length of the arc of £ with the end
points at A| and g,;(s) is equal to s € [0, []. The reduced parameterization of L
relative to A is the mapping g, = g, » : [0, 1] = M given by g, (t) = ga (tl) for
every t € [0, 1]. If o > 0, then the /p-arc length proportional parameterization of
L is the mapping iy, pr = 81y, pr.L - [0, o] — M given by iy, pr () = al (ul/lO)

Let (M, p) be a geodesically connected metric space, and let 7 € M be a
nonempty set. For a pair of points P, Q € (M, p), we let G[P, Q] denote the
set of points each of which belongs to a shortest joining the points P and Q.
We define G[F] by G[F] = UP’QE}- G[P, Q). Next, denote F by G°[F] and
GlG[...G[F]1]] by G"[F]. Then the geodesic convex hull of F is defined as

n times

GeIF1=U,2 9" 7]

3. K-Quadrilateral Cosine in K -Space

In this section, we prove that |cosqg | < 11in S%.

Let K #0. Let {A, B, P, O} be a quadruple of distinct points in Si. Let O
be the midpoint of the shortest arc AB. If PO < 7/ (2v/K) when K > 0, then
we can use the following constructive interpretation of cosqg in Sﬁ(. Indeed, let
P’ be the point symmetric to the point P relative to O, that is, O is the midpoint
of the shortest arc PP’, as illustrated in Figure 2. Then w = exp;l (P) is (Levi-
Civita) parallel along AB to the vector @” = — ', where i’ = expgl(P’).
Let T = exp;'(Q). In [7. Lemma 3.1], we showed that cosqg (AP, BQ) =
—cosAP'BQ = cos £(V, W"). Hence, for the K -quadrilateral cosine in S3,,
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Figure 3 Sketch for Lemma

we always have
— —
|cosqg (AP, BQ)| <1
aslong as PO < /(2/K) when K > 0.
Next, we show that the restriction PO < 7/(2v/K) for positive K can be

dropped for S*} itself. We begin with the following simple corollary of the spher-
ical cosine formula.

LEMMA 3.1. Let K > 0, and let T = ABC be a nondegenerate triangle in Sg.
Let M € AB\{A, B}.Seta=BC,b=AC,c=AB,l=MC,andt=AM/c, as
shown in Figure 5. Then

coskasinktc + coskbsink (1 —t)c
coskl = - .
sinkc

In particular, if M is the midpoint of the shortest AB, then we obtain a familiar
spherical Bruhat-Tits equality:

coska + coskb
Coskl = ———r——
2cos 5

(for K =0, see the Bruhat-Tits inequality in [12. Lemma 3.2.1]).
By K-concavity in fig [3, Section 3, Thm. 2], we also have the following:

COROLLARY 3.1. Let K > 0, let T = ABC be a nondegenerate triangle in Nk,
andlet M € AB\{A, B}.Seta=BC,b=AC,c=AB,l=MC,andt =AM/c.
Then

coskasinktc + coskbsink (1 —t)c

coskl > -
sinkc
COROLLARY 3.2. Let K > 0, let T = ABC be a nondegenerate triangle in N,
and let M € AB\{A, B}. Let AC, BC <1 /(2k). Then CM < 7 /(2«). In addi-
tion, if either AC or BC is less than w/(2k), then CM < 7 /(2k).

Finally, we show that cosqg remains the same in the half-sphere after cutting the
lengths of bound vectors in half.
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Figure 4 Sketch for Lemma

LEMMA 3.2. Let K > 0, and let A_f)’, B—Q) be a pair of nonzero bound vectors
in S%. Let M| and My be the midpoints of the shortests AP and BQ, respectively.
Then

-— = —_— —
cosqg (AP, BQ) = cosqg (AM1, BM3).
Proof. We have:

— ——  coskb’ +cos % cos S
cosqg (AMy, BM>) =

Ky
sin £ 2 sin 5

(cos +coskd’ )(cos ~+coskf’)

(14 coska) sin & sin 5 ’

where the notation is given in Figure 4. By the Bruhat-Tits equality (Lemma 3.1),

coska + coskd

coskd = (triangle AB P),
2cos & 2
cos cos
coskf = fo (triangle AB Q),
2cos % 2
coskb + coskd .
COSKg = T e g = PM,; (triangle P O B),
2
/
coskb = M (triangle AP M5),

2cos & 2
whence cos kb’ = (coska + coskb + coskd + cosk f)/(4cos "2)‘ cos ¥ ) Hence,

COSQK(AMl, BM>)
= (14 coska) |:cosxa + coskb + coskd + cosk f

+4cos > c $2 2y:| — (2cos2%+cos1<a+cos1<d)

X <20052 /%y + coska + cos Kf)[(l + coska)sinkx sinlcy]*1
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=[(1 + coska)(coska + coskb + coskd + cosk f
4+ 1+ coskx + cosky + COskx coSkYy)
— (1 4+ coskx 4+ coska + coskd)

X (1 +cosky +coska +coskf)]/[(1 4+ coska)sinkx sinky].

After elementary but tedious simplifications of the last expression, we get:
—_— ——
cosqg (AM1, BM>)

=[(1 4+ coska)sinkx sinlcy]_1
X (coskb + coska coskb + COSka COS kX COSKY

—coskxcoskf —coskycoskd —coskdcoskf)
— —
=cosqg (AP, BQ),
as needed. O

Let K > 0. Recall that all distances in S*}( are less than 77/+/K. By Lemma 3.2,
there is no restriction in assuming that AP and BQ are as small as we wish.
Hence, without loss of generality, we can assume that PO < 7/(2+/K) (see Fig-
ure 2). So, we get the following:

COROLLARY 3.3. Let K # 0. Then for every pair of nonzero bound vectors ﬁ
— o —
and BQ in Sy, |cosqg (AP, BQ)| < 1.

4. K-Quadrilateral Cosine in an 3ix Domain

The main goal of this section is to show that |cosqg | < 1 in an g domain of
diameter not greater than 7/ 2J/K if K > 0. In addition, for K > 0, we present
examples of i ¢ domains of diameter greater than 77 /(2+/K) and arbitrarily close
to n/(2«/f) for which |cosqg | < 1 does not hold.

The following theorem is a minor generalization of Theorem 4.2 in [7].

THEOREM 4.1. Let K #0, and let Q = {A, P, B, Q} be a quadruple of points in
an Rg domain such that A #+ P, B # Q, and diam(Q) < 7/2VK) if K > 0.
Then
— —
|cosqg (AP, BQ)| < 1.

Proof. Tt is sufficient to consider the case of positive K. If diam(Q) < 7/ VK),
then by [7, Thm. 4.2], cosqg (ﬁ, B_Q)) > —1. For the reader’s convenience, we
include some omitted details in [7] of the proof of the inequality cosqg (ﬁ,
B_Q)) < 1. Consider the closed polygonal curve £ = APQB.A, as shown in Fig-
ure |. We will follow the part of the proof of Reshetnyak’s Lemma 2 in [21]
corresponding to the case of K-fans consisting of two triangles in Sg (a particu-
lar case of Reshetnyak’s majorization theorem). Namely, under the hypothesis of
Theorem 4.1, in addition to the existence of a convex domain V C Sg majorizing
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Figure 5 Sketch for Theorem

the polygonal curve £, Reshetnyak’s proof also implies that the domain V can be
selected so that

d=PB<d =PB <n/2VK),
f=A0<f =A0Q <n/VK,

where L'= AP'Q'B' A’ is the bounding curve of V. Indeed, as shown in the
proof of Lemma 2 in [2 1], there is a quadrangular domain F in Sk bounded by a
quadrangle £/ = A’ P’ Q' B’ such that
AP=A'P’, AB=A'B, PB=PB and
PQ:ﬁ/é/ BQ:E/Q/
If F is convex, then we put F =V, and we have d =d’ = P'B’ < n/(2+/K) and
(as shown in Reshetnyak’s proof) f = AQ < f' = A’Q’ < /+/K. Now suppose
that the quadrangular domain F is not convex. Then either the angle of the quad-
rangle £ at its vertex P’ is greater than 7, or the angle at its vertex B’ is greater
than 7. For definiteness, suppose that the angle of £’ at P’ is greater than 7, as
shown in Figure 5. Let V € Sk be the domain bounded by the triangle A'Q'B’
obtained from the polygonal curve £/ by rectifying the arc A'P' Q Then by [
Section 3, Lemma 2], d =d' <d = P'B’ and f < A’Q’ < 7/~/K (as shown
in Reshetnyak’s proof). By Corollary 3.2, d’ < 7/ (2\/_ K); so, inequalities (4.1)
hold.
By (4.1) and because diam(Ng) < 7/ (2VK), we see that the difference of the
products

A.1)

(coskx 4 coskd)(cosky + cosk f) — (coskx + coskd’)(cosky + cosk /)
=coskx(coskf —coskf') +cosky(coskd — coskd’)
+coskf(coskd —coskd’) +coskd (cosk f —coskf')
— — — —
is nonnegative. So, the inequality cosqg (AP, BQ) < cosqg (A'P’, B'Q’) fol-
lows. By Corollary 3.3,
— —
cosqg (AP, BQ) <1,

as needed.
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Figure 6 diam(Q) =7/2VK)

n/4+¢€ n/4+¢€
-
B @ Q
/4
P €
A

Figure 7 Sketch for Example

Now, we consider the case where diam(Q)) = 7/(2vK). If ¢ > 0 is suffi-
ciently small, then by invoking Corollary 3.2, it is not difficult to select points
Ag, Pg, B, and Q. in Mg such that the distances AA,, PP,, BB,, and QQ,
do not exceed ¢ and such that diam{A., P., B., Q.} < 7/(2k). One of such con-
figurations is shown in Figure 6. From the first part of the proof, we see that

|cosqg (A: P, B:Q¢)| <1 for every small positive ¢. Hence, by passing to the
—
limit as ¢ — 04, we get [cosqg (AP, BQ)| <1, as claimed. O

The following example shows that for positive K, the restriction on the diameter
of RNk cannot be dropped and the diameter bound in Theorem is sharp. For
simplicity, we consider K = 1.

ExXAMPLE 4.1. Let ¢ > 0. Consider the T -shaped graph (M., p.) obtained by
gluing a segment of straight line A O of length 7 /4 + ¢ to the middle O of another
segment of straight line B Q of length 7w /2 4-2¢, as shown in Figure 7. It is readily
seen that (Mg, pg) is an Ny domain and that the perimeter of every triangle in
(Mg, pe) is less than 27 for small positive €. Hence, (M., p,) is also an N,
domain. Notice that diam(M,) = /2 + 2¢. Let P € AO\{A, O} be such that
AP =c¢.
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(a)

cos(Z 4 ¢) + cos(Z +2¢)cose
cosql(B_),AP)z (2 ) (2 )

sin(5 + 2¢) sine
2cos(5 + 2¢)[cose + cos(F + €)]
[1 +cos(5 + 2¢)]sin(F 4 2¢) sine
1 +sin2e
= >
1 —sin2e

for every ¢ € (0, m/4) and therefore for small positive ¢.
(b) In a similar way,
cos(5 + 2¢) +cos(5 + 2¢) cose
sin(5 + 2¢) sine
[cos(F +2¢) + cos(F + &)][cos e + cos(F + 2¢)]
- [1+cos(% +e)]sin(Z +2¢)sine
(1 4+sin2e)cose
(1 —sing) cos2e ="

—_— —>
cosq(BQ, PA) =

for every ¢ € (0, 7 /4) and therefore for small positive ¢.
So, for small positive &, the metric space (M., p;) is an | domain, the diam-
eter of (Mg, p;) is greater than /2, and

lim diam(M,) =m/2,
e—>0+

whereas cosq; takes values greater than 1 and less than —1.

We note that Example can be modified so that for any K < 1 and € > 0, we
can find a construction on a space of curvature between K and 1 with diameter
less than 5 + ¢ yielding | cosq | > 1.

S. Testing cosqy . Counterexamples

We begin with the discussion of testing a metric space for the one-sided four-
point cosqg condition. We present counterexamples showing that in general the
upper four-point cosqg condition is different from the lower four-point cosqg
condition.

Let K € R, and let Q = {A, P, B, Q} be a quadruple of distinct points in a
metric space (M, p) such that the perimeter of every triple {A, B, C} in 9 is less
than 277/+/K when K > 0. For every triple X, Y, Z € 9, the absolute value of the
K -quadrilateral cosine between any pair of nonzero bound vectors with heads and
tails in the triple {X, Y, Z} always does not exceed one. Indeed, each such triple
can be embedded isometrically into Sk ; hence, by Corollary 3.3, | cosqg | does
not exceed 1 for every pair of such bound vectors. So, by recalling that cosqy is
symmetric, we need consider only the following 12 main cases given in Table |,
where the two nonzero bound vectors have no point in common.



Characterization of Aleksandrov Spaces of Curvature < K 305

Table 1 Twelve main cases

Case I i i v \Y% VI
—_— s = = = =5 = —> —5 —> —> —>
cosqq AP,BQ AP,QB AB,PQ AB,QP AQ,PB AQ,BP
Case VII VIII IX X XI XII
—_— s = = = = = = = —> —> —>
cosqq PA,BQ PA,QB PB,QA PQ,BA BA, QP BP,QA

Figure 8 Sketch for Example 5.1, part (a)

The following examples show that the upper and lower four-point cosqg con-
ditions are not equivalent for nonzero K. For simplicity, we consider K = +1.
Adjustment for arbitrary nonzero K is straightforward.

ExamMpLE 5.1 (K = 1). (a) The lower four-point cosq; condition holds,
whereas the upper four-point cosq; condition fails. Consider the 7'-shaped
graph obtained by gluing a segment of straight line AP of length /4 4 0.1 to
the middle P of another segment of straight line BQ of length /2 + 0.2, as
shown in Figure 8. Let M ={A, P, B, Q} with the induced metric p. All 12 main
(approximate) values of cosq; for the four-point metric space (M, p) are given
in Table 2.

(b) The upper four-point cosq; condition holds, whereas the lower four-
point cosq; condition fails. Consider the quadruple Q = {A, P, B, Q} in S| with
the metric pgs, such that the point P is symmetric to the point Q w.r.t. the midpoint
of the shortest .AB. All six distances between the pairs of points of £ are shown

in Figure 9 with ¢ = 0. Then cosq; (H’, B_Q)) = —1. Now we change the metric
ps, by increasing the distance between P and Q by a positive ¢ and leaving all
other distances the same. If ¢ is sufficiently small, then the new distance p; is a
metric. For ¢ = 0.1, all 12 main (approximate) values of cosq; for the four-point
metric space (£, po.1) are given in Table 3.
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Table 2 Example 5.1, part (a)

Case I II III v v VI
cosq 1.496 1.496 —0.58 1.496 —0.58 1.496
Case VII VIII IX X XI XII
cosq; —0.58 —0.58 —0.58 —0.58 1.496 1.496

Figure 9 Sketch for Example 5.1, part (b)

Table 3 Example 5.1, part (b)

Case I I 11 v \% VI
cosq —1.168 0.826 0.871 —0.107 0.707 —1.084
Case VII VIII IX X XI X1I
cosq 0.826 —1.404 —1.202 —0.107 0.871 0.707
ExaMPLE 5.2 (K = —1). We use the same approach to construction of coun-

terexamples for K = —1 as in part (b) of Example 5.1. Let Q = {A, P, B, Q} be
a four-element set.

(a) The lower four-point cosq_; condition holds, whereas the upper four-
point cosq_; condition fails. The six (symmetric) distances between the pairs of
points in £ are given by

p(A,P)=p(B,0)=1, p(A,B)=2,
o(P,0)=2.697, and p(A, Q)=p(B, P)=2.44.

All 12 main (approximate) values of cosq_ for the four-point metric space (9, p)
are given in Table 4.
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Table 4 Example 5.2, part (a)

Case I I I v \% VI

cosq_ 1.0347  —0.8133  0.7495 —0.9998  0.4534  —-0.9133

Case VII VIII IX X XI XII

cosq_ —0.8133  0.1465 —0.9511 —0.9998  0.7495  0.4534

Table S Example 5.2, part (b)

Case I II I v v VI
cosq_ —1.184 0.922 0.522 —0.944 0.807 —1.008
Case VII VIII IX X XI XII
cosq_ 0.922 —1.077 —1.003 —0.944 0.522 0.807

(b) The upper four-point cosq_; condition holds, whereas the lower four-
point cosq_; condition fails. The six distances between the pairs of points in Q
are given by

p(A,P)=p(B,Q)=1, p(A,B)=2,
o(P,0)=3.027, and p(A, Q)=p(B, P)=2.43.

All 12 main (approximate) values of cosq_; for the four-point metric space (Q, p)
are given in Table 5.

6. Proof of Theorem

6.1. Sketch of the Proof

Let (M, p) be a geodesically connected metric space (of diameter not greater
than 7/(2+/K) for positive K) satisfying the one-sided four-point cosq K con-
dition for nonzero K. Theorem is proved once we establish the angle com-
parison: for every geodesic triangle 7 = ABC in (M, p), LABC < L ABC,
£BAC < £k BAC, and LACB < Lg ACB. We begin by proving Lemma

stating that shortests in (M, p) depend continuously on their end points. One of
Aleksandrov’s theorems and Lemma 6.1 enable us to reduce the derivation of the
global angle comparison estimate to the proof of the local angle comparison. The
cross-diagonal estimate lemma (Lemma 6.2) is one of the main steps in the proof
of the major growth estimate lemma (Lemma 6.3). Both of these estimates are
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Figure 10 Sketch for Lemma

derived from the one-sided four-point cosqg condition. We employ the growth
estimate to prove the “almost monotonicity” of the angles o (¢) (Corollary 6.3)
and existence of proportional angles (Corollary 6.4), an important auxiliary step
in proving the existence of Aleksandrov angles (Proposition |). Now we have all
necessary means needed for derivation of the local angle comparison inequality.
We begin with the identity corresponding to the growth estimate in Sg (Proposi-
tion 2). We consider a sufficiently small geodesic triangle 7 = ABC in (M, p).
The existence of Aleksandrov angles gives us the freedom of selecting the points
in shortests A5 and AC respectively approachlng to the vertex A 1n a spemal
way. For every small positive 7, we select X, ceABand Y, € AC, X,, ¥, > A
as t — 04 (see Section 6.7), so that L AKX XXYK and 4 XX AKYK converge as
t — 04+ (Lemma 6.5). Hence, it is possible to pass to the limit in the growth
estimate as  — 04. The limit form of the growth estimate and the identity of
Proposition 2 enable us to derive the local angle comparison estimate (Proposi-
tion 3).

6.2. Continuity and Uniqueness of Shortests

The main result of this section is the following:

LEMMA 6.1. Let K # 0, and let (M, p) be a metric space such that diam(M) <
7/(2VK) when K > 0. Let £ = AB be a shortest, and let (L, = AnBn)y2 | be
a sequence of shortests in (M, p) such that lim,_, o A, = A and lim,,_, oc B, =
B. Let g, be the reduced parameterization of L relative to A, and let g, be
the reduced parameterization of L, relative to A, n =1,2,... (see Section 2).
If (M, p) satisfies the one-sided four-point cosqg condition, then the sequence
(9r,n),2| converges uniformly to g, on the closed interval [0, 1].

Proof. Let L= AB and L, = A,B,, n =1,2,.... We can assume that [ =
£,(L) > 0 and I, = £,(L,) > 0 for every n. For t € (0,1), set P = g,(1),
Py =gr.n(t), and § =lim,_, o P P,, see Figure



Characterization of Aleksandrov Spaces of Curvature < K 309

I. Let (M, p) satisfy the upper four point cosqg condition. Consider the
nonzero bound vectors fﬁ)’ and m By the upper four-point cosqg condition,
coskPB,, +coskAPcosk P, B,

sink APsink P, B,

(cosk AP + cosk P P,)(cosk P, B, + coskB,A)

B (14 cosKAP,)sinkAP sink P, B,

does not exceed 1. By letting n — oco, we get

_— ——>
cosqg (AP, P,B,) =

lim,— oo cosqg (ﬁ), }T,,E)n)
cosk(l —t)l +cosktlcosk (1l — 1)l
- sinktlsink (1 — 1)!
(cositl + coskd)[cosi(1l — 1)] + coskl]
(1 4 cosktl)sinktlsink (1 — 1)l
cosk(l — 1)l +coskl  (cosktl + coskd)[cosk(l — 1)l + coskl]
sinktlsink (1 — 1)l B (1 4 cosktl) sinktlsink(1 — 1)l
[1— cos(xd)][cos(k (1 — £)]) + cos(x])] <1
[1 4+ cos(ikt])]sin(ktl) sin(k (1 — 1)) —
If K > 0, then

6.1)

(1 — coskd)[cosk (1 — 1)l + coskl] -
(I +cosktl)sinktlsink (1 —t)l —
Because diam(M) < /(2«), 8 = 0 follows.
If K <0, then
(coshk8 — 1)[coshk (1 — )] + coshkl] -
(1 4 coshktl) sinhktlsinhk (1 —t)] —

whence § = 0 follows.
II. Let (M, p) satisfy the lower four-point cosqx condition. In a manner
similar to I, we get

. —_
lim,_, . cosqg (AP, B, P,)

coskd + cosktl cosk(l — 1)l [cosktl + cosik (1 — 1)I]>
T sinktlsinke(1—nl (1 +coskl)sinktlsink(1— )] —
whence
[cosks 4 cosk (1 — 26)I1(1 + coskl) [cosktl + cosk(l — t)I]>
(1 4+ cosxl)sinktlsink (1 — )] - (1 4 cosxl) sinktlsink(1 — 1)l

is nonnegative. Notice that

Xl (1 =20l
[cos®tl + cos®(1 — 1)I]? = 4cos? % cos? %

= (1 +coskl)(1+cosk(1 —28)l).
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Hence,
[cos® + cosk(1 — 20)I]1(1 + cos®l) — [cosKtl + cos®(1 — 1)I]?
= (cosk8 — 1)(1 + cos&l).
So, B
I (AP,B,Py) +1 cosied — 1
im cos , == >
00 dx nen sinktlsink (1 — 1)l
If K > 0, then B
coskd —1

’

>
sinktlsink (1 —1) —
whence § = 0 follows.
If K <0, then
coshid — 1 -
sinhktlsinhk (1 —t)] —

)

whence § = 0.

By IandIl, g, ,(#) converges pointwise to g, (¢) for every ¢ € [0, 1] as n — oo.
It is not difficult to see that the sequence (g, n);’;l also converges uniformly to g,
on the closed interval [0, 1].

The proof of Lemma 6.1 is complete. (]

COROLLARY 6.1. Let K # 0, and let (M, p) be a metric space such that diam(M)
is not greater than 7w/ (2K ) when K > 0. If (M, p) satisfies the one-sided four-
point cosqg condition, then every pair of points in M can be joined by at most
one shortest.

6.3. Cross-Diagonal Estimate Lemma
Let (M, p) be a metric space. Let A, B, C be three distinct points in M, 0 < m <
m < +o00, and s, ¢ € (0, 1] satisfying the following conditions:
MI1. The points A and B can be joined by a shortest £, and the points A and C
can be joined by a shortest V.
M2. If K > 0, then AB, AC < 7/(2VK).
M3. m <s/t <m.
From now on, we will use the following notation:
X‘ngr,ﬁ(s)v Yt:gr,./\[(t)v S7te(031]'
x=AB, y=AC, z=BC, ds; = BY;,

fs,t = CXSa st = XY,
as illustrated in Figure 11, and we put A = max{x,y}, n = x/y, and & =
Amax{s, t}. Also, for K € R, set

akg (s, 1) = Ldg X;AY;, Bk (s,1) = Lx AX Yy, yk(s,t) = Lx AY: X;.

If p > 0, then we write ¢(s, r) = O(£P) when there is a constant C > 0 such
that |¢(s, )| < C&P for sufficiently small s and ¢. If C is a constant depending
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Figure 11 Sketch for the cross-diagonal lemma

on My, M», ..., My, that is, C = C(My, M2, ..., M), then we write ¢(s,t) =
Omy M,,...m; (EP).

If 7= ABC is a triangle in Sy, then f;, is not less than the length of the
orthogonal projection of the shortest X;C onto the shortest AC. So, if Oy is the
orthogonal projection of the point X onto the shortest AC, then f5; > y—AO;. It
is not difficult to see that A O, approximately equals (sx) cosag(s, t). Hence, ap-
proximately, fs; is bounded below by y — (sx) cos (s, ¢). The following lemma
states a similar estimate for a triangle 7= ABC in a metric space satisfying the
one-sided four-point cosqg condition.

LEMMA 6.2. Let K #0 and 0 <m <m < +o00. Let A, B, C be three distinct
points in a metric space (M, p) and s, t € (0, 1] satisfying M1-M3. Suppose that
(M, p) satisfies the one-sided four-point cosqg condition.

1) If K >0, then
cosk fs; <cosky+ k(sx)sinkycosao(s, )+ (9(52),
coskds < coskx + k(ty)sinkx cosag(s,t) + O(EZ).
(i) If K <O, then
coshk fs; > coshky — k (sx) sinhkycosap(s, t) + (’)(52),

coshkd;; > coshkx — k(ty) sinhkx cosap(s, 1) + (9(52),
where O(£2) = Oy m, k (€2).

Proof. 1. Let (M, p) satisfy the upper four-point cosqg condition. For brevity,
set hg s = cosqg (X C, 14—Y>[). Then

P cosk (1 — 1)y + cosk f,; coskty
s\t =

sin fs,; sinkty
(COSK fy.r + cosKy)(cosKty + cosKzy.r)

(1 4 cosksx)sink f  sinkty
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COSKY + Ktysinky — %E‘z(ty)2 cosky + O(&?)

sink fy; sinkty
cosK fyall = 387 (1y)* + OEY)]
sink fs; sinkty

B + éﬁ(sx)z + O(s“)]

COSK f5,1 + cosky

sin fs,; sinkty
1. 1_
X |:2 — Elcz(z‘y)2 — 5"213,: + (’)(54)].

After lengthy but routine simplifications and using the upper four-point cosqg
condition, we get:

K(ty)sinky —7c\2(sx)(ty)% cosag(s, 1) + OED)

Ryl + OE)]sink fis
L - 3 Afs.t
Sinky — K (sx) LXK et o6 0 (s, 1)
= — 2 +0@EY
sink f5 s
<1.

Set i = (cosky + cosk fs.1)/2. By the triangle inequality, | f;.; — y| < sx. Hence,
u =cosky + O(&) follows, and we have:

sinky — K(sx) coskycosag(s, )

+0EH <1. 6.2)

SIng fy,1

So, if K > 0, then we get
sinky — k(sx)coskycosap(s,t) <sinkfs;+ (’)(52),
and if K < 0, then we get

sinhky — k(sx) coshkycosap(s, ) <sinhkfs, + (’)(‘;‘2).

Now, by writing coskfs; = ,/l—sinzlcfs,, if K > 0 and coshkfs; =

NAET sinh? k fs.1 if K <0, it is not difficult to derive the inequalities of (i) and (ii)
of the lemma for f; ;.
II. Let (M, p) satisfy the lower four-point cosqy condition. Set

—_— —
8s,r = Cosqg (X;C, Y A).

Then

(1 4 coskzs,)(COSKY + COSK fy.r COSKLY)
8s,t =

(1 4 coskzs) sink fs,; sinkty
[cosk fs.r + cosic(l — £)y](coskty + cosksx)

(1 4 coskzs,) sink fs,; sinkty
> —1.
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Let I denote the numerator of g, ;. We have:
1. . ~ 1
I = [2 - EK%EJ + 0(54)} {cos Ky + cos® fos [1 — EKz(ty)2 + 0(54)] }
1
— |:cos7<\fw +cosky +k(ty)sinky — E?Z(ty)z cosKy + (’)(53):|

x [2 - %?z(ty)z - %ﬁz(sxf + 0(54)].
After elementary simplifications, we get
I = —2R(ty)sinky +®2(cosKy + cosk fs.1)(sx)(ty) cosao(s, 1)
+R(ty)*(cosKy — cosk fy.) + OE>).
By the triangle inequality, |y — f5.;| < sx. Hence, cosky — cosk f5.; = O(§). So,
I = —2K(ty) sinky +K2(cosky + cosk fs.1)(sx)(ty) cosag (s, 1) + OE?).
Hence,
—2K(ty) sinky +K2(cosKy 4+ coSK fs.¢) (sx) (ty) cosap(s, 1) + O(&3)
2[1 + OED)Jic(ry) sink fs s
—sinky —i—?% (sx)cosag(s, 1)

= 2 +0EH > 1,
sink f

8s,t =

which implies (6.2). Hence, the inequalities of (i) and (ii) for f; ; follow.
Derivation of the inequalities of parts (i) and (ii) for d; ; is similar.
The proof of the cross-diagonal lemma is complete. O

6.4. Growth Estimate Lemma

We keep the notation of Section . To illustrate the estimates of Lemma 6.3,
consider a geodesic triangle 7 = ABC in S; (for the notation, see Figure 11). Let
7 denote the length of the orthogonal projection of the shortest BC onto the (pos-
sibly extended) shortest X;);. For small x and y, we can treat the triangle 7 as
approximately Euclidean triangle. Then it is not difficult to see that z is approx-
imately equal to x cos Bo(s, ) + y cos (s, t). So, for small x and y, the length
z is approximately bounded below by x cos By (s, ) + ycos (s, ). Lemma
establishes similar estimates for metric spaces satisfying the one-sided four-point
cosqg condition.

LEMMA 6.3. Let K #0 and 0 <m <m < +o00. Let A, B, C be three distinct
points in a metric space (M, p) and s, t € (0, 1] satisfying MI1-M3 of Section

In addition, suppose that (M, p) satisfies the one-sided four-point cosqg condi-
tion. Let A C (0, 1] x (0, 1] be such that (0, 0) is an accumulation point of the set
Aand 0 <m < z5,/(sx) for every (s, t) € A.

(1) If K > 0, then for every (s, t) € A,

. COSKY + COSKZ . .
sinky cos yo(s,t) + COSKY T COSKE sinkx cos Bo(s, t) <sinkz + O(§),

1+ coskx
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(ii) If K < 0, then for every (s, t) € A,
coshky + coshkz
1 4 coshkx

where O(‘S) = Ok,n,m,ﬁ,K(§)~

Proof. We consider (s, t) € A.
I. Let (M, p) satisfy the upper four-point cosqy condition. Set

sinhkycos yp(s, t) + sinhkx cos By(s, t) <sinhxz + O(&),

—_— —
Ps,t =cosqg (XsY;, BC),
see Figure 1 1. Then

cosk (1 — 1)y + coskzs( COSKZ

Ps;t = = =
sinkzs,; sinkz

(coskzs, + coskdy () (coskz + cOSK fs.1)

[1+ cosi(1 — s)x]sinkzs, sinkz
cosky + K (ty)sinky + O(£2) + coskz[1 + O(£?)]
- sinkzs,; sinkz
(1 + coskdy ;) (coskz + cosk fy.1) + O(E?)
B KZs.t SINKZ

K(sx)sinkx

1 +coskx (1 +coskx)?

For brevity, set i = coskz + cosky and v =1 + coskx. Let K > 0. By part
(i) of the cross-diagonal estimate lemma (Lemma 6.2),

. 1+ Kk (ty) sinky + O(E?)
5, =

x [1+ O] x [ + O(Ez)}

KZsSINKZ
[v+ k(ty) sinkx cosag(s, t)][n + k(sx) sinky cosag(s, t)]

VK Zs, SINKZ
+ O(gz)].

After elementary simplifications and using the upper four-point cosqg condition,
we get:

[ k(sx)sinkx
X|1l-—

1> pss
- (ty)sinky — (sx) sinkycosag(s, t)

Zs.1 SINKZ
W (sx)sinkx — (ty) sinkx cosap(s, t)

+ O). (6.3)

v Zs,1 SINKZ

By recalling that cos g (s, t) = [(sx)% + (ty)2 — zf’t]/[Z(ty)(sx)], we readily see
that

(ty)sinky — (sx) sinky cosag(s, t) = Z5,, Sinky cos (s, ),

(sx)sinkx — (ty)sinkx cosag(s, t) = z,,; Sinkx cos Bo(s, t).
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Finally, we get:

COSKY+COSKZ _:
— T SInKXCOS ()(S t)

1.+coswc 'B ’ < 1 —G—O(E),
SINKZ

sinkycos yo(s, ) +

and the inequality of part (i) follows. The case of negative K is similar, and we
leave it to the reader.
II. Let (M, p) satisfy the lower four-point cosqy condition. Set

—_— —
qs,t =cosqg (Y; X, BC).

Then

COSK fs.; + COSKZs, COSKZ

qs,t = = =
sinkzg ; sinkz

[coskzs,; + cosk (1 — s)x][coskz + cosk (1 — 1)y]

(1 + coskdy,) sinkzs s Sinkz
= (1 + coskdy ){[cosK fs.; + coskz + OEN)]
—[1 4 cos®x + R (sx) sinkx + OE?)]
x [cosKz + cosKy + R (1y) sin®y + O(E2)]
x [(1 + coskds,;) sinkzs s sinkz]™ )
= {(1 4 coskdy )[cosk fs,; + coskz]
— [ +R(ty) sin®y][v + & (sx) sinkx] + O(E?))}
x [(1+ coskds,) sinkzs s sinkz] !,
where we keep the notation u = cosky +coskz and v = 1 + coskx. By invoking

the triangle inequality, we see that coskdy; = coskx + O(&), whence 1/(1 +
coskds ) = 1/v+ O(&). So, we get:

1
qs,; = ————=[1+O&)],
VkZg, Sinkz

where

I = (1 + coskds;)(cosk fs.r + coskz)
— [+ R (ty)sin®y][v + £ (sx) sinkx] + O(£2).
Let K > 0. By the cross-diagonal estimate lemma,
I<r
= [v+«(ty)sinkx cosap(s, )]
x [+ Kk (sx)sinky cosag(s, 1)]
— [+« (ty)sinky][v + k(sx) sinkx] + (9(52)
= k{—vsinky[(ty) — (sx)cosao(s, )]
— psinix[(sx) — (1y) cosan(s, N1 + O},
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whence by invoking the lower four point cosqg condition, we have:

—vsinky[(ty) — (sx)cosag(s, t)] — usinkx[(sx) — (ty) cosag(s, )]

VZs,;SINKZ
> g5 = =14+ 0¢),
which is equivalent to inequality (6.3). Hence, the inequality of part (i) of the

lemma follows. The case of negative K is similar.
The proof of the growth estimate lemma is complete. O

It is well-known that ok (s,?) — ao(s, 1), Bx(s,t) — Bo(s,t), and yk(s,t) —
Yo(s, 1) are O(o (AX,Y;)) = O(£2). Hence, by recalling that a(s, 1) + Bo(s, 1) +
yo(s, t) =, we get the following:

COROLLARY 6.2. Under the hypotheses of the growth estimate lemma (Lem-
ma 6.3), the following inequalities hold: (i) If K > 0, then for every (s, t) € A,
COSKY + COSKZ

sink x cos Bk (s, t)
14 coskx A

—sinky[cos(ag (s, 1) + Bk (s, 1))]
<sinkz + O(&);
(@) If K < 0, then for every (s, t) € A,
coshky + coshkz
1+ coshkx
— sinhky[cos(ag (s, t) + Bk (s, 1))]
<sinhkz 4+ O(§),

where O(&) = Oy, n.m,m, k ().

sinhkx cos Bk (s, 1)

6.5. Existence of Proportional Angles

Let (M, p) be a metric space, and let £ = AB and N = AC be shortests in
(M, p) starting at a common point A € M. Let K € R and ¢ € (0, 1]. Set
ag () =ag(t, 1), Bx (1) = Bx (1,1), yk (1) = vk (¢, 1), and z; = z;,,. In this sec-
tion, we derive from the growth estimate lemma that the proportional angle
lim;_, o4 g (?) exists. We begin with the following:

LEMMA 6.4. Let K # 0 and m > 0, and let (M, p) be a metric space satisfying the
one-sided four-point cosqg condition. Also, suppose that diam(M) < 7/ VK)
when K > 0. Let L= AB, N = AC be shortests in (M, p) starting at a common
point A€ Mandt € (0,1].If0 <m < z;/t for0 < t < ¢ for some ¢ € (0, 1), then
there is &' € (0, ] such that for every T € (0,1?) N (0, ), the following inequality
holds:

12 2
Zr < ?(Zt + ut?),

where u = u(x,n,m, K) > 0.
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Figure 12 Sketch for Lemma

Proof. The notation of the lemma is illustrated in Figure 12. Let 0 < 7 < 2 <
t < 1. In the growth estimate lemma, take x :=tx and y :=ty. Then & :=§; =
max({tx,ty}+ = TtA = tA. Hence, O(&) = O(t). By the growth estimate lemma
applied to the shortests AX; and A), if K > 0, then

COSKty + COSKZ;

sinkty cos yo(t) + sinktx cos Bo(T)

1+ cosktx
<sinkz; + O(7), (6.4)

and if K < 0, then

coshkty + coshkz,

1+ coshktx
<sinhkz; + O(7)

sinhktycos yp(t) +

sinhktx cos Bo(T)

for every t € (0, ¢), where O(t) = O, y.m,k (7).
Let K > 0. Then we can rewrite (0.4) in the following form:
K (V1 + O] cos yo(T) + [1+ O i (x) cos fo(7)
<Kz + 0@ +0(1) =z + O@1?),
whence
2+ 0%
—Y

ycos y(T) + x cos Bo(t) < (6.5)

Let n; = z; /7. Recall that

2y? 4 22 — 2x? _ y2 +n? —x?

cos yo(t) =
2tyze 2yne
2.2 2 2.2 2 2 .2
COSIBO(T)ZTX +Z'L’ Ty :x +n‘[ y
2Tx7¢ 2xn;
Hence, by (6.5),
2
- 2t + O@7)

Nne=—"7T>

t
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and the claim of the lemma for positive K follows. The case of negative K is
similar.
The proof of Lemma 6.4 is complete. ]

By Lemma 6.4,

2.2, 2.2 122
tx-i—ty—r—zzf

cosap(t) =

2t2xy
122 + 12y — (z; + pt?)?
- 2t2xy
2.2
t
=cosag(t) — o K .
xy 2xy

By the triangle inequality, z; < (x 4 y)z. So, we have the following:

COROLLARY 6.3. Under the hypothesis of Lemma 6.4, the following inequality
holds:

cosap(T) > cosag(t) — u't,

where ' = ' (A,n,m, K) > 0.

COROLLARY 6.4. Let K # 0, and let (M, p) be a metric space satisfying the one-
sided four-point cosqg condition. Also, suppose that diam(M) < m/ (2VK) when
K > 0. Let L= AB and N = AC be shortests in (M, p) starting at a common
point A € M. Then lim;_, o4 ao(t) exists.

Proof. Leta@g = lim;_ oo (r) and oy =lim, 4, ao(?). Then there are sequences
(tn)2 and (7,)52; in (0, 1] convergent to zero such that @p = lim,— o0 a0(Ty)
and o = lim, _, . «o(#,). There is no restriction in assuming that 7, < t,% for every
n € N. We consider the following two cases.

L lim,— o 27, /7, = 0. Then

S el VA2 SN e
2xy 2xy

cosag(ty) = asn — oQ.

By the triangle inequality, z, /7, > |x — y|, whence x =y, and we have:
lim cosag(t,) = 1.
n—oo

Hence, ag =0, and

lim ao(t) =0
t—0+

follows.

I1. By Corollary 6.3, cosag(t,) > cosag(t,) + O(t,) for every n € N. So, by
passing to the limit as n — oo in both sides of the last inequality, we get the
inequality @p < «y. This completes the proof of Corollary 6.4. (]
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Figure 13  Sketch for Proposition

6.6. Existence of Angle

PROPOSITION 1. Let (M, p) be a metric space satisfying the one-sided four-point
cosqg condition. Then between any pair of shortests L and N in (M, p) starting
at a common point P € M, there exists Aleksandrov’s angle.

Proof. Set aqy = (L(L,N) + L(L,N))/2. If L(L,N)=0or L(L,N) =,
then we are done. So, we can assume that sina,, > 0. Contrary to the claim of
the proposition, suppose that £ (£, N) — £(L,N) =gy > 0.

I. In Step 1 of the proof of Proposition 20 in [8], we showed that for every
0 < & < &0, there are points X, X € £\{P}and Y, ¥ € N\{P}, or X, X € N'\{P}
and Y, Y € L\{P} such that the following conditions are satisfied (for simplicity,
we drop ¢ from our notation for these points):

(1) X is contained between X and P, and Y is contained between Y and P,
as illustrated in Figure 13, and the points X, X s 17 and Y can be selected
arbitrary close to the point P.

(i) 0<y” = 4LoXPY < L(L,N)+¢/4.

(iii) ¥’ = £LoXPY > L(L, N) —¢/4.
(iv) 0<y =4L)XPY < L(L,N) +¢/4.
(V) ¥ =4£oXPY > L(L,N) —¢/A.
(vi) x/¥=75/y, where ¥ = PX and y = PY.

With little effort, the proof of (i)—(vi) for K = 0 in [8] can be extended to
nonzero K. Indeed, by the definition of the lower angle, for every n > 0, there are
t; €(0,1) and &, ¢ € (0, 1) such that

Lo, 0) < L(L,N) +1.
By Corollary 6.3,
cos £o(t&,1¢) > cos £o(§,¢) — w't,

where t > 0 is sufficiently small, and 0 < 7 < 2. So,

cos £o(t&,t¢) > cos(L(L,N) +n) — u't.
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Hence, given ¢ € (0, &¢), there is ¢’ € (0, 1) such that the following inequality
holds:

Lo(tE, 1) S LLN) +7. 0<T <l
After this point, the proof of (i)—(vi) is the same as in Step I of the proof of
Proposition 20 in [8].

Let y =max{y"”, y}. By (ii) and (iv), for sufficiently small positive ¢, the fol-
lowing inequalities hold:

(vil) Y < L(L,N)+e/d <.
Now consider I =2cosy — [cosy + cosy']. By (iii) and (v),
I > cos(L(L,N) +e/4) —cos(L(L,N) —e/4)
+cos(L(L,N) +&/4) —cos(L(L,N) —g/4)
. A(LN) = L(LN)—¢/2
= 2sin > S

> ZSin%0 sin g, — 2 sin f_l sin £(L, N).

ine, — 2sin Z sin £(L, N

Hence, for small positive ¢, the inequality
~ _ . €0 .
I =2cosy —[cosy +cosy’] > sin ZO sinagy, >0 (6.6)

follows.

By Corollary 6.1, there is no restriction in assuming that X # Y and X #Y.In
what follows, t = X/x.

II. Let (M, p) satisty the upper four-point cosqy condition. Set

— =
p =cosqg (XY, XY).
Let f = XY andd =X Y, as shown in Figure 13. Then

cosk (1 — 1)y + coska coskh

sinka sinkb
(coska + cosk f)(coskb + coskd)
[ +cosi(l — t)x]sinkasinkb
CoSKY 4+ K (ty) sinky + coska + O(r212)
- sinka sinkb
(coska + cosk f)[1 4 coskd + O\ t?)]
B sinkasinkb
1 Kk (tx)sink
[1 +coskx (14 coskx)2

+ O(AZR)}.

Let K > 0. Set yf = £k XPY and Yk = £k X PY. By the spherical cosine
formula, coskf = cosktx cosky + sinktx sinkycos yg . Recall that y; —y' =
O(o (X PY)) = O(At), whence cos i =cosy’ + O(Ar). So, we get:

coskf =cosky + k(tx)sinkycosy’ + O021%). 6.7
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In a similar way,
coskd = coskx + k(ty)sinkx cosy + O(Aztz). (6.8)

For brevity, set ;1 = coska + cosky and v =1 + coskx. By (6.7) and (6.8) and
by invoking the upper four-point cosqg condition, we get:

A K(y)sinky + O(A2t?)
p= sinkasinkb

[V + K (13) sinkx cos 7 + O 22 ][1 — KDL | 53212y
x vsinkasinkb
tsin ky(y —xcosy’) + L sinkx(x — ycosy) + O(%1) -

— [+ k(tx)sinkycos y' + OA21?)]

- - 1. (6.9
sinkasinkb

Now we approximate (6.9) w.r.t. x and y:

2t§(§ —xcosy’) +x(x —Ycosy) + O@tr?) + O%)
=K
P sinkasinkb
2 I g — / 2 4
2tx 4+ 3° —xy(cosy +cosy’) + O@r") + O(LY)
sinkasinkb ’
Let A =x2+ 52 — xy(cos¥ + cosy’) + O(A2) + OA*) and B = x2 + 7% —
2xycosy. Notice that by (6.6),

=K

A > B+ xysin %0 sinagy + OA?) + O0H

B+1~.So. >1~.€o. 0 6.10)
> —XySin — SIn¢, —XYySin — SIn ¢, > .
B y 4 av = 5 y 4 av

for sufficiently small A and ¢. Set

a =,/x24+52 —2xYcosy and b =t,/x2+52—2xYcosy.
Because y, y" <y, we readily see that a < a’ and b < b’. Hence,
A
sinka’sinkb’
A 2

a’b’[l +0M9]
_ x2 4+ 5% — x¥(cosy +cosy’) + O@tr%) + OOY)
N x2 452 —2xycosy ’

p >kt

=1

So, by invoking the upper four-point cosqg condition, (6.6), and (6.10), for suffi-
ciently small A and ¢, we get:

XY o 8
= 8in = Sin gy,
l<l4—2 4

x2 452 —2xycosy
- x2 4+ 5% —xy(cosy +cosy’) + O@1r?) + OY) <

517

x2 4+ 52 —2xycosy

a contradiction. The case of negative K is similar.
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IIL. Let (M, p) satisfy the lower four-point cosqy condition. Set

—= =2
q =cosqg (XY, Y X).

We have:
cosk f + coskacoskh

sinka sinkb
[coska + cosk (1 —t)V][coskb + cosk (1 — t)x]

(1 + cosikd) sinkca sinkb

Approximating g relative to ¢, we get ¢ = I /(J sinka sinkb), where
I = [cos® f + coska + OL21H)][1 + coskd]
— [ + RtV sinkY + OW22)][v + R (7x) sinkx + O(X212)],
J = (1 +coskd),

and where we set u = coska + cosky and v =1 4 coskx.
Let K > 0. By recalling (6.7) and (6.8), we get:

I =[u+«k(tx)sinkycosyl[v+«(ty)sinkx cosy] — [ + «tysinky]
x [V + & (tx) sinkx] + OA212),
J = (1 +coskd).
After simplifications, we have:
I = —kt[vsink¥(¥ — xcos ') + psinkx(x — ycosy) + O(G21)].
By (6.8), J~!' = v™![1 + O(1%1)]. By the lower four-point cosq condition,

sinky(y — xcosy’) + £ sinkx(x — ycosy) + O(\21) :
<1

—q =kt - -
sinkasinkb

So, from the lower four-point cosq condition we derived inequality (6.9). Hence,
by using the arguments of part II, we see that the lower four-point cosq condi-
tion also implies the existence of Aleksandrov’s angle. The case of negative K is
similar.

The proof of Proposition | is complete. (]

6.7. Angle Comparison Theorem

We begin with the following identity in the K-plane.

PROPOSITION 2. Let K # 0, and let T = ABC be a triangle in Sk . Set x = AB,
y=AC,z=BC, (x,y,z2>0),«a = £LBAC, and 8 = £LABC, as illustrated in
Figure 14. Then

- k: kz .~ -
sinkz = w sinkx cos 8 — sinkycos(a + ). (6.11)
14 coskx

In particular, if K > 0, then
cosky + coskz

sinkz =
< 1+ coskx

sinkx cos B — sinky cos(a + B),
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Figure 14  Sketch for Proposition

and if K <0, then

. coshky + coshkz . .
sinhkz = ————— sinhkx cos 8 — sinhky cos(a + fB).
1 + coshkx

Proof. The following cases are possible:
(i) Cisbetween A and B. Thena =8=0,x > y,andz=x — y.
(i) Aisbetween Band C. Thena=nw,8=0,and z=x + y.
(iii) B is between A and C. Thena =0, 8=m,y>x,andz=y — x.
(iv) T is a nondegenerate triangle. Then «, 8 € (0, 7).
For example, in case (i), the verification of ( ) reduces to the direct verifi-
cation of the elementary trigonometric identity

cos’k\y + cos’k\(x —y)

= sinkx — sin7c\y.
1 4 coskx

sin7c\(x —y) =

Cases (i1) and (iii) are similar.
Now we consider case (iv). Let
sink: sinky sin cos ~
- Y sin(a + B) = y—ﬂ + sinky cosa.
sin 8 sin

1=

By the sine formula in Sg,
sin?y sin¢ cos B .~
——————— =ysinkzcos .
sin 8
By the cosine formula in Sk,

cosky — coskx coskz

cosfB = —
sinkx sinkz
whence
sinky . cosky — coskx coskz
- sina cos B = .

sinkx
Again, by the cosine formula in Sg,

coskz —coskx cosky

coso = —
sinkx sinky
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whence
PN coskz — coskx cosky
sinkycosa =
sin kx
So,
(11— coskx)(cosky + coskz) cosky +coskz . ~
1= —= sinkx,
sin kx 1 + coskx
whence R
cos ky + coskz

Trcosf = 2 Gin(a + By cos B
sm X COS = " Si(o COS D.
1 + coskx sin 8

Hence, if J denotes the right-hand side of ( ), then
sin?y . .o~
J=— i sin(a + B) cos B — sinky cos(a + B).
sin

Recall that by the sine formula in Sg, sin7c\y = sinkzsin B/sina. So,

~

sinkz | . Lo~
J = [sin(a + B) cos B — cos(a + B) sin B] = sinkz,
no
as needed.
The proof of Proposition 2 is complete. (]

Let K #0, and let {A, B, C} be a triple of distinct points in a metric space (M, p)
of diameter less than 7/ (2«/? ) if K > 0. In what follows, we assume that the
points A and B can be joined by a shortest £L = AB and the points A and C
can be joined by a shortest ' = AC. By Proposition |, there exists an angle o
between the shortests £ and A. In what follows, we assume that 0 < o < 7. Set
x=ABand y=AC.

To state our next lemma, we need the following notation. Let K’ € {0, K}.
Consider a geodesic triangle TX" = AX'BX'CX" in Sg: such that AX'BX' = x,
AK'CK =y anda = £ BX' AX'CK' If K’ = K, then set

AKX =Z,  BX=B, CK'=C, BC=% and B=4ABC,
as illustrated in Figure 15. Suppose that for # € (0, 1], points X, € L\{A} and
Y, € M\{A} (in the metric space M, p)) have been selected Consider the
Euclidean triangle 7,0 = A°X%Y? such that AX, = A°X?, AY, = A°Y?, and
KXOAOY0 =a. We claim that given small ¢ € (0, 1], there is s; € (O 1] such that
if AX, = 85X, AYt =ty (and A{XOAOYO = ), then AAOXOY0 ﬂ as illustrated
in Figure 16. Indeed, if o = 7, then B =0. Set s, =1, and we are done. Now let
a € (0, 7). First, we remark that o + ﬂ < . It is sufficient to consider K > 0.
Let § = £ACB. Because y, z < 1/(2+/K), we can extend the shortests CA and
CB to the shortests CA’ and CB' of the lengths 7/ (2v/K). Consider the spherical
triangle 7' = CA’B’. We have £{CA’'B’ = £CB’ A’ = /2. Hence, by recalling the
Gauss—Bonnet theorem, we we see that

Sta+B<s+o 42
o < -+ -,
272
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B

Figure 15 Sketch for Lemma

>0
X ~

Figure 16 Definition of s;

whence o + E < 7 follows. In particular, o € (0, ), and setting y=m—a-—§,
we see that ¥ € (0, 7). Hence, we select s, = ry siny/(x sin B).
Finally, set

ax () =L XK AKYE B = 4 AN XEYX
Pk ()= L AKYEXK  and 2= XY,
as shown in Figure
LEMMA 6.5. Let K #0.If0 <« <, then
Jim Be)=F
(for the notation, see Figures 15 and 17 for K' = K).

Proof. I.ALet o = m; then E = 0. We have lim,j%(’io(t) = m, whence
lim;_ o4 ;?E)(t) = 0. Because Bo(t) — Bx(t) = O(AX,Y;) = O(t%), we have
lim;— o+ Bk (t) =0, as needed.
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XK 3o
t Brr(t) ()
St A
K/
Byt i
AK/ YK’(t)

Figure 17 Sketch for Lemma

IL. Now let o € (0, ). Then ﬂ y € (O 7); see Figure 16. By the Euclidean
sine formula applied to the triangle X% A0Y?,

.~ tysina
sinf = ———.
zo(7)
By the Euclidean sine formula applied to the triangle X;' A X0 A0 (see Figure 17 for
K’ =0),
. o~ ty sinag(z)
sinBo(t) = ——
Po(t) 20)

So, by recalling Proposition | and because B\o(t) — ,/B\K (1) = O(tz), all we have to
do is to show that lim;_,oy £/z(¢) = lim;_04 ¢/Zo(¢) (in fact, t/~0(t) = const).
Indeed, by the Euclidean cosine formula applied to the triangle X X9A°Y0 and
XOA Y0 and by recalling that s; =ty sin ) /(x sin ,3) we get:

1 sin B
z20() Y \/(sing—sin 37)2+4sin5sin)7$in2%
o (6.12)
t 1 sin B

oy \/(smﬂ —smy)2+4sm,351ny sin

By Proposition 1, lim;_ o4 @ (r) = a. Also, recall that o, ,3, ¥ € (0, ). Hence,
lim; o4 #/z(¢) and lim;— o+ 7/Zo(¢) exist, and they are equal.
The proof of Lemma 6.5 is complete. U

PropPOSITION 3. Let K # 0, and let {A, B, C} be a triple of distinct points in a
metric space (M, p) such that the points A and B can be joined by a shortest L =
AB and the points A and C can be joined by a shortest N = AC, and AB, AC <
7/(6K) if K > 0.1f (M, p) satisfies the one-sided four-point cosqg condition,
then {BAC < {gBAC.

REMARK 6.1. In the hypothesis of Proposition 3, we do not require that (M, p)
be a geodesically connected metric space. Also, the bound on AB and AC is not
sharp.
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Figure 18 Sketch for Proposition

Proof. Let « = ABAC and ax = L g BAC. There is no restriction in assuming
that o € (0, r]. To prove the inequality o < ax, we consider a geodesic triangle
7K = AKBKCK in Sk such that AKBK = x, AKCK =y, and 4BKAKCK =
Gk (1). Set Zx (1) = BKCK, as illustrated in Figure 18, It is readily seen that o <
ak if and only if 7 = lim;_, o1 Zk (t) < z (for the notation, see Figures 15 and
for K’ = K). So, our goal is to derive the inequality 7 < z.

By Proposition 1, o = lim;— 4 &g (7). It is readily seen that if @ = 7, then
z(t)/t = x 4+ y, that is, it is bounded above and below by positive constants. Let
a € (0, ). Because ag(t) — o as t — 0+,

for small 7. Then by recalling (6.12), it is not difficult to see that
t 1

— <

1
= = < - - <
2(t) T 2y./sinysin 22 T yy/sinysin 5

So, the hypotheses of Corollary are satisfied.
Let K > 0. By Corollary 6.2,

+00.

COSKY + COSKZ . ~ . ~ —~
———— sinkx cos Bx (t) — sinky cos(ag (t) + Bk (1))
14 coskx

<sinkz + O(1),

By Proposition |, lim;_, oy @k (f) = «, and by Lemma 6.5, lim;_, o EK (1) = E
Let K > 0. By letting r — 0+, we get

) coskz ~

sinkz — ——— sinkx cos 8
1 +coskx

COSKY . ~ ~

> ————ssinkx cos 8 — sinkycos(a + ),

14+ coskx
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By Proposition 2,

.~ COSKT . ~
sinkz — ———  sinkx cos 8
14 coskx
COSKY . ~ ~
= ————ssinkxcos B — sinkycos(a + ),
14 coskx
whence

) coskz ~
sinkz — ————— sinkx cos
14 coskx

. COSKZ ~
>sink7 — ——— sinkx cos 8. (6.13)
1 4 coskx
By the triangle inequality, z,7 < 7 /(3k). By Corollary 6.1, there is no restriction
in assuming that z > 0. So, we can also assume that 7 is also positive. Consider
the function

. cosKu ~ b4
f(u) =sinku — ——— sinkxcos B, wue|0,—|.
1+ coskx 3k
It is readily seen that f(u) is a strictly increasing function if u € (0, w/(3«)]. So,
the inequality 7 < z for positive K follows from inequality (6.13), as needed.

In a similar way, for K < 0, we have:

coshkz

sinhkz — ——— sinhkx cos ,E
1+ coshkx
. ~ coshk? . ~
> sinhkz7 — ———— sinhkx cos B. (6.14)
1 + coshkx

It is easy to see that the function

cosh ~
g(u) =sinhku — _cosarn sinhkxcosfB, u € (0,400),
1+ coshkx

is an increasing function if u € (0, 4-00). Hence, (6.14) implies the inequality
7 < z for negative K, as claimed.
The proof of Proposition 3 is complete. ]

COROLLARY 6.5. Let K > 0, and let (M, p) be a geodesically connected metric
space such that diam(M) < 7/ (2v/K) when K > 0. If (M, p) satisfies the one-
sided four-point cosqg condition, then it is an R g domain with the same diameter
restriction.

Proof. Theorem 9 in [3, Section 3] states that a metric space (M, p) such that

(1) (M, p) is geodesically connected,
(ii) the perimeter of every geodesic triangle in (M, p) is less than 27 /v K’ if
K’ >0,
(iii) every point of (M, p) has a neighborhood which is an it g, domain, and
(iv) shortests in (M, p) depend continuously on their end points is an 9 g’ do-
main.
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By the hypothesis of Corollary 6.5, (i) and (ii) for K’ = K are satisfied; (iii) for
K’ = K is satisfied by Proposition 3; and (iv) is satisfied by Lemma 6.1. Hence,
(M, p) is an Ng domain. O

Finally, Theorem follows from Theorem 4.1, Proposition 3 (K < 0), and
Corollary (K > 0).

7. Proof of Theorem

In this section, we consider an extremal case of Theorem when |cosqg | = 1.
We will need a rigidity lemma on geodesic convex hulls of quadruples.

In [3, Section 4, Thm. 6], Aleksandrov established the following rigidity re-
sult: if 7 = ABC is a triangle in an g domain and LABC = £x ABC, then
BX = BX XK forevery X € AC and XX € AKCX suchthat AX = AKX XK. Alek-
sandrov’s proof also implies the converse: if BX( = BX Xé( for at least one point
X € AC\{A, C}, then LABC = £x ABC.In [11, Prop. 2.9], Bridson and Hae-
fliger slightly improved Aleksandrov’s theorem by proving isometry of the convex
hulls of the triangles (see also (1) and (2) of Section 2.10 in [ 1]). The following
rigidity lemma is close to Aleksandrov’s rigidity theorem in its spirit and in the
method of the proof.

LEMMA 7.1 [9, Lemma 5.1]. Let K € R, and let Q ={A, P, Q, B} be a quadruple
of distinct points in an R domain. Let R be a convex quadrangle in Sk bounded
by the closed polygonal curve L' = A"P’'Q'B' A’ with the vertices at A’, P', Q’,
and B'. Suppose that there is an isometry f from Q onto the quadruple Q'= {A’,
P’, Q', B'} such that f(A)=A’, f(P)=P’, f(Q)= Q’,and f(B) = B'. Then
the geodesic convex hull of Q is isometric to R.

Finally, we complete the proof of Theorem 1.2. By Theorem 1.1, (M, p) is an
Nk domain. Let cosqg (A_f)’, B_Q)) = 1. Because diam(A, P, Q, B) < 71/(2«/?)
if K >0, we have AP + PQ + BQ + AB < 2r/+/K, and Reshetnyak’s ma-
jorization theorem is applicable to the closed curve £L = AP QBA. So, as in the
proof of Theorem 4.1, consider the closed polygonal curve £ and a convex do-
main V C Sg (3V = L' = A"P'Q' B’ A’) majorizing the curve £ and satisfying
(4.1). Then, as we showed in the proof of Theorem 4.1,

— —> —_ —
cosqg (AP, BQ) <cosqg(A'P',B'Q") <1.

If either d = PB <d' = P'B or f=AQ < f'=A'Q/, then 1 = coqu(A—)P,
— —_ —
BQ) < cosqg(A’P’, B'Q’), a contradiction. So, f = f’ and d = d’ follow.
—
Letcosqg (AP, BQ) = —1. By the hypothesis, Reshetnyak’s majorization the-
orem is applicable to the closed curve N'= AQBP.A. The reader should follow

the proof of Theorem 4.2 in [7] to arrive at the same conclusion f = f’ and
d=d'.
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Table 6 Example 8.1, K =1

Case I II I v v VI
cosq 0.0012 0.2048 —0.2865 0.6466 —0.2865 0.2841
Case VIl VIII IX X XI XII
cosq; 0.0012 0.2048 0.6466 0.2841 —0.4756 —0.4756

So, if Icoqu(zﬂ)’, B—Q))| = 1, then the quadruple {A, P, B, Q} in (M, p) is
isometric to the quadruple {A’, P’, B’, Q’} in Sk. Hence, the statement of Theo-
rem follows from Lemma

ExaMPLE 7.1. Theorem need not be true if we allow diam(M) = /2. In-
deed, consider the metric space (M, p) = (M, p,) of Example 4.1 for ¢ = 0.
Notice that (M, p) is an R| domain, diam(M) = 7/2, and cosq; (P_O>, B—Q)) =1,
whereas GC[{B, Q, O, P}] = M cannot be isometric to a convex domain in the
half-sphere S;.

8. Remarks

In Section 7, part I, Example 21 in [8], we showed that, for an individual triangular
quadruple of points, the four-point cosqg condition need not imply O-concavity,
Berestovskii’s embeddability condition or Reshetnyak’s majorization condition
for K =0. It is not difficult to construct a similar example for nonzero K.

ExampLE 8.1. Let Q = {A, B, C, O} be a four-element set. The six (symmetric)
distances between the pairs of points in £ are given by

p(A, B) =0.38, p(B,C)=1, p(C,0)=0.95,
p(A,0)=04, p(B,0)=04, and p(A,C)=1.

It is easy to see that p is a metric. If we take A := A, P := B, B := O, and
Q := C, then in the notation of Section 5, all 12 main (approximate) values of
cosq; and cosq_; for the four-point metric space (M, p) are given in Tables
and 7.

Hence, (9, p) satisfies the upper four-point cosqg condition and the lower
four-point cosqg condition for K = £1. Notice, that 9 is a triangular quadru-
ple: O is between A and B. The quadruple © is not a nonrectilinear quadru-
ple satisfying Case A in [4], as is required in Theorem 5 in [4. Section 3.]. Let

| =A/ B/ C! beatriangle in S; and 7/ = A” B/ C’ in S_; be such that the
triple {A, B, C} is isometric to {A’_, B/, C',} and {A”_, B, C"}. Let O/, be the
midpoint of the shortest A, B/, , and let O’_ be the midpoint of the shortest A”_55_.
By Lemma and a similar formula for K = —1, both approximate values for
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Table 7 Example 8.1, K = —1

Case

I II I v v VI

cosq_; —0.0106 —-0.1647 —0.6208 0.3287 —0.6208  0.6406

Case

VII VIII IX X XI XII

cosq_; —0.0106 —0.1647 0.3287 0.6406 —0.4887  —0.4887

C! 0! and C’_O’ are easy to calculate:

Thus

;o cos 1
C, O, = arccos

~0.9439 <095=CO and
cos0.4

coshl
cosh0.4
, the K-concavity condition fails for the triangular quadruple £, and, as

Cc .0 = arccosh( ) ~0.8944 < 0.95=CO.

a corollary, both Berestovskii’s embeddability condition and Reshetnyak’s ma-
jorization condition for K = +£1 fail.

In (c

) of Part I in [8, Section 7], we erroneously omitted the condition that the

triangular quadruple cannot be a nonrectilinear quadruple satisfying case A in [

Secti

on 1]. We thank Professor Berestovskii for pointing this out in a personal

communication.
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