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Weak Amenability of the Central Beurling Algebras on
[FC]™ Groups

VARVARA SHEPELSKA & YONG ZHANG

ABSTRACT. We study weak amenability of central Beurling algebras
ZLI(G, ). The investigation is a natural extension of the known
work on the commutative Beurling algebra Ll(G,w). For [FC]™
groups, we establish a necessary condition, and for [FD]™ groups,
we give sufficient conditions for the weak amenability of Z L (G, w).
For a compactly generated [FC]™ group with polynomial weight
wa(x) = (1 + |x])%, we prove that ZLI(G, wy) 1s weakly amenable
if and only if @ < 1/2.

1. Introduction

Let G be a locally compact group. As it is customary, two functions equal to each
other almost everywhere on G with respect to the Haar measure will be regarded
as the same. We denote the integral of a function f on a (Borel-)measurable subset
K of G against a fixed left Haar measure by || x J dx. The space of all complex-
valued Haar-integrable functions on G is denoted by L' (G). A weight on G is a
Borel-measurable function w : G — R satisfying

wxy) <o@o(y) x,yeG).

Given a weight w on G, we consider the space L!(G, w) of all complex-valued
Haar-measurable functions f on G that satisfy

1fllo = / | () dx < oo,

With the convolution product  and the norm || - ||, L' (G, w) is a Banach algebra,
called a Beurling algebra on G. When w = 1, this is simply the group algebra
L'(G). Let ZL' (G, ) be the closed subalgebra of L'(G,w) consisting of all
f € L'(G, w) such that ¢ = f for all g € G, where f8(x) = f(g 'xg) (x €
G). Then ZL' (G, w) is a commutative Banach algebra, called a central Beurling
algebra [19]. Indeed, ZL'(G, ) is the center of L' (G, w). It is well known that
Z Ll(G, w) is nontrivial if and only if G is an [IN] group [22].

From [8. Rem. 8.8], a measurable weight @ on G is always equivalent to a
continuous weight @ on G, where the equivalence means that there are constants
c1,c2 > 0 such that ciw(x) < @(x) < cpw(x) for almost all x € G. The equiv-
alence implies that the respective Beurling algebras LY(G, ) and LY(G, &) are
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isomorphic as Banach algebras. So are the central Beurling algebras ZL' (G, w)
and ZLI(G, o). For this reason, in our investigation, we will most of the time
assume the weight  to be a continuous function.

The study of LY(G,w) goes back to Beurling [4], who considered G = R. We
may find a good account of elementary theory concerning the general weighted
group algebra in [26]. The structure of the center of group algebras and the central
Beurling algebras were substantially studied in [19; 20].

Amenable Beurling algebras are essentially isomorphic to amenable group
algebras [11; 30]. This is no longer true for the weak amenability. The weak
amenability of Beurling algebras for commutative groups has been extensively
investigated and is well characterized [3; 12; 27; 31], whereas for noncommuta-
tive groups, we hardly see a nontrivial example of a weakly amenable Beurling
algebra. Recent investigations are in [5; 28; 29]. For approximate amenability of
Beurling algebras we refer to [9]

We are concerned with weak amenability of central Beurling algebras
ZL'(G, w). When G is commutative, ZL' (G, w) coincides with L' (G, ). So in-
vestigation of weak amenability for ZL! (G, w) is a natural extension of the study
for the commutative groups. We notice that some investigations on amenability
and weak amenability of ZL!(G) (the case with trivial weight @ = 1) have been
made recently in [2] and [1]. Even for amenability, all theses studies have answers
only for particular cases of locally compact groups; in particular, those in [2] and
[1] are only on compact and some discrete groups.

We will mainly focus on [FC]™ groups (groups with precompact conjugacy
classes). We note that for the trivial weight w = 1, it has been shown in [2] that
ZL'(G) is always weakly amenable for an [FC]~ group G. When G is compact,
the result has a simple direct proof. In fact, ZL'(G) is generated by its mini-
mal idempotents if G is compact. So by a simple observation (see [ 7, Sect. 7]),
ZLY (G, w) ~ ZL'(G) is always weakly amenable for compact G.

We recall here some standard notions concerning a locally compact group.
More details can be found in [13; 14; 25].

For a locally compact group G,

(1) G is an [IN] group if there is a compact neighborhood of the identity that is
invariant under all inner automorphisms;

(2) G is a [SIN] group if there is a compact neighborhood basis of the identity
such that each member of the basis is invariant under inner automorphisms;

(3) G is an [FC]~ group if the conjugacy class {gxg~' : g € G} foreach x € G
has a compact closure in G;

(4) G is an [FD]~ group if the closure of the commutator subgroup G’ of G is
compact in G (where the commutator subgroup of G is the subgroup gener-
ated by all elements of the form xyx~'y~!, x, y € G).

Obviously, G is an [FD]™ group if and only if there is a compact normal sub-
group K such that G/K is abelian. It is also obvious that [FD]™ C [FC]™. The
less obvious inclusion [FC]™ C [IN] was shown in [21, Prop. 3.1].
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Section 2 is devoted to considering [FC]™ groups. We show that the projec-
tive tensor product ZLY (G, 01) @ ZLY (G2, w)) is weakly amenable if and only
if both ZL'(G1, 1) and ZL'(G», w)) are weakly amenable and, under some
conditions, ZL' (G| x G2, w] x w2) ~ ZL (G, w1) & ZL (G2, w3). We also
show, among others, that a condition characterizing the weak amenability of the
Beurling algebra on a commutative group remains necessary for central Beurling
algebras on [FC]™ groups. In Section 3, we focus on the case for [FD]™ groups,
establishing some sufficient conditions for ZL'!(G, w) to be weakly amenable for
this sort of groups G. For a compactly generated [FC]™ group G, we consider
the polynomial weight wg(x) = (1 + |x])¥. We will show that ZLY (G, wy) is
weakly amenable if and only if 0 < o < 1/2. This last result notably generalizes
[3, Thm. 2.4(iii)—(@v)].

2. Central Beurling Algebras on [FC]™ Groups

Let G be a locally compact group, and let Aut(G) be the set of all topological
automorphisms of G onto itself. For any compact set F' of G and any open neigh-
borhood U of e in G we denote

B(F,U)={tr e Aut(G):t(x) e Ux, rfl(x) e Ux forall x € F}.

The family of all subsets of the form B(F, U) forms an open neighborhood ba-
sis at the identity : of Aut(G). This defines a Hausdorff topology on Aut(G),
called the open compact topology on Aut(G). It is well known that this topology
is completely regular [15. Thms. 4.8 and 8.4]. With this topology, Aut(G) is a
topological group (but it may not be locally compact) [15, Thms. 26.5 and 26.6].
All inner automorphisms of G form a (completely regular) topological subgroup
of Aut(G), denoted by 1(G). For x € G, let B, be the inner automorphism of G
implemented by x, that is,

Br(g) =xgx~' (g€ ).

Clearly, the natural mapping x — S, is a continuous group antihomomorphism
from G onto I(G), so that x — (/3)6)_1 = f,-1 is a continuous group homomor-
phism from G onto /(G).

Let S be a semitopological semigroup, that is, S is a semigroup with a Haus-
dorff topology such that the product s - ¢ is separately continuous. Obviously, a
topological group is a semitopological semigroup; in particular, / (G) belongs to
this class. The space Cp(S) of all bounded complex-valued continuous functions
on S forms a Banach space with the supremum norm

Il f llsup = SUIS) lf 1 (f € Cp(5)).
NS

!

Indeed, with the pointwise product Cp(S) is a unital commutative C*-algebra
whose identity is the constant function 1. Let s € S and f € C,(S). The left trans-
late £ f of f by s is the function £ f (x) = f(sx) (x € S). The right translate
rs f by s is defined similarly. Clearly, for each s € §, £; and ry define bounded op-
erators on Cp(S). A positive linear functional m € Cp(S)* is called a left invariant
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mean on Cp(S) if |m|| =m(1) =1 (i.e. m is amean) and m({; f) =m(f) (i.e. m
is left invariant) for all f € C(S) and all s € S. Similarly, a right invariant mean
on Cp(S) is a a mean m € Cp(S)* satisfying m(rs f) = m(f) for all f € Cp(S)
and all s € S. For a locally compact group G, it is well known that G is amenable
if and only if Cp(G) has an invariant mean, a mean on C,(G) that is both left
invariant and right invariant [10].

For two semitopological semigroups S and H, it is readily seen that if Cp(S)
has a left invariant mean and if there is a continuous semigroup homomorphism
from S onto H, then Cp(H) has a left invariant mean. It is also readily seen that
if there is a continuous antihomomorphism from § onto H, then the existence of
a right invariant mean on Cj(S) implies the existence of a left invariant mean on
Cp(H).

Let G be a locally compact group, and let f € C,(G). Then, for each x € G,
we have fx € Cp(1(G)), where fx(ﬁ) = f(,B_l(x)) (B € 1(G)). Suppose further
that G is an [FC]™ group. Then, as is well known, G is amenable (see [25] or
[18]). The above discussion shows that C; (1 (G)) has a left invariant mean, say
u € Cp(I1(G))*. Note that C;,(1(G))* = M(81(G)), where 81 (G) is the Stone—
Céch compactification of I (G) [6. Cor. V.6.4]. Let f € Cpo(G) and K = supp(f).
Then

Cxk=cl{p(x):B€l(G),x €K}

is a compact subset of G, and the function (8, x) > f(,B_1 (x)) is a continuous
function on 7 (G) x G whose support sits in 1 (G) x Ck. As explained before, we
may regard the left invariant mean w as in M (81 (G)). Restricting i to 1(G), we
obtain a positive finite Borel (probability) measure space (I (G), n). Note that Cx
is of finite Haar measure as a compact subset of G. We then may apply Fubini’s
Theorem to the function (8, x) — f(B8~'(x)) on I(G) x Ck and define P.(f)
by

Pu(fH)x)=u(fy) (x€G). (H
Clearly, supp(P,(f)) C Ck and P,(f) € L'(G). By the left invariance of p it
is readily seen that P,L(f)(,B_l(x)) =P,(f)(x) (B €I(G) and x € G). Whence
P, (f)eZ L'(G). Moreover, the Fubini theorem ([ 15, Thm. 13.8]) asserts that

[P (Ol = I1f -

Since Coo(G) is dense in L'(G), P, extends to a bounded linear operator from
LY(G) into ZLY(G), still denoted by P,. It is also easily seen that P,(f) = f
when f € ZL'(G). Therefore, Py L'(G) — ZL'(G) is a Banach space contrac-
tive projection. Although P, is usually not a Banach algebra homomorphism, it
is a ZL'(G)-bimodule morphism if we view both L'(G) and ZL'(G) as natural
ZL'(G)-bimodules. But we will not use this feature.

If w; is a left invariant mean on Cp(1(G;)) (i =1,2), then u; x wu is a left
invariant mean on Cp,(I(G1) x I(G>)). Note that 1(G) x I(G,) = I(G| X
G»). This generates a contractive projection Py, from Ll(Gl x Gp) onto
ZL'(G| x G3). On the other hand, the mapping f ® g+ f xg (f € L'(G1),g €
L'(G»)) defines a Banach algebra isometry T': LY(G) ® LY(Gy) - LY(G; x
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G»), which maps ZL'(G1) ® ZL'(G,) into ZL' (G| x G,), where f x g de-
notes the function

fxglx,y)=fx)gly) (xeGryeb).
Since ZL'(G;) is complemented in L'(G;), the inclusion mappings
i ZLY(G) — LY Gy (i=1,2)
induce a norm-preserving Banach algebra embedding:
n®n:ZLYG)® ZL'(Gy) —» L' (G ® L' (Ga).

We warn here that, in general, for closed subspaces B; of Banach spaces A; and
embeddings 1;: B — A; (i =1,2), 11 ® 12: By ® By > A] ® A, is not neces-
sarily an embedding; it may not be even injective (see [32]). Denote the inclusion
mapping ZL' (G| x G3) — L'(G x G3) by 1. Then we can easily verify that

1oPyxy,oT=To1 Q0 Py X Py,.

LeEmMA 2.1. Let G and G; be locally compact [FC]~ groups. Then, as Banach
algebras,

ZLY (G x G2) ~ ZLY(G) ® ZL'(G>).

Proof. Consider the following chain:

ZLYG) B ZL'(G) "22 L1 (G1) & LY (Ga) > LGy x Go)

Py x

U522 ZLY(Gy x Ga).
From our discussion, the composition of the chain provides a Banach algebra
isomorphism (in fact, isometric isomorphism) from ZL'(G1) ® ZL'(G,) onto
ZLY (G| x Gy). O

Here we note that Lemma generalizes the known results for compact and
discrete cases in [2] and [1].

Now we consider the weighted case. If w is a continuous weight on the [FC]™
group G, then for each x € G, there is a constant ¢, > 1 such that

w(B(x) =cxox) (Bel(G)).

Assume that there is an upper bound for all ¢,. We then have the following:

PrOPOSITION 2.2. Let G, G, be [FC]™ groups, and w; be a weight on G; satis-
fying wi(gxg™") < cw;(x) (x, g € G;) (i =1, 2), where ¢ > 0 is a constant. Then,
as Banach algebras,

ZLY(G| x Gy, w1 x w3) ~ ZL' (G, 01) ® ZLY (G2, w2). 2)

Proof. Up to equivalence, we may assume that w; and w, to be continuous. If
o is a continuous weight on an [FC]™ group G such that a)(gxg’l) < cw(x)
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(x, g € G), then we can still consider the mapping P, on Cyo(G) defined by (1).
Let f € Cgo(G). Then we have

[Pu(f)(x)o(x)] < cPu(]flo)(x),
[P (| flo)(X)]| < cPu (I fXw(x) (x €G).

By the Fubini theorem we obtain

I1Pu(llo < cll fllo-

These are true for all f € Coo(G), which is dense in L'(G,w). So P, extends
to a bounded linear mapping from L!(G, w) to L'(G, w). Similarly to the non-
weighted case, we have P, (f) € ZL'(G,w). So Py, is a continuous projection
from L' (G, w) onto ZL'(G, w), and | P.ll < c. Then we follow the same argu-
ment for Lemma 2.1 to get the isomorphic relation (2). O

As is well known, [FC]™ groups are amenable [IN] groups [25]. For general
amenable [IN] groups we have the following result.

ProPOSITION 2.3. Let G| and G, be amenable [IN] groups, and let w; and
wy be weights on them, respectively. Then ZLI(Gl,a)l) ® ZLI(Gz,a)z) is
weakly amenable if and only if both ZL' (G, w1) and ZL'(Gy, w2) are weakly
amenable.

Proof. Again, we may assume that the weights are continuous.

Since ZLl(Gl,wl) and ZLl(Gz, wy) are commutative, The sufficiency fol-
lows from [7, Prop. 2.8.71].

For the converse, we first note that if G is an amenable [SIN] group and w is
a weight on G, then there is a character (namely, a bounded multiplicative linear
functional) ¢ > 0 on LY(G,w) by [30, Lemma 1]. Restricting to ZLY(G, w), 17
is clearly nontrivial (note that L' (G, w) has a central bounded approximate iden-
tity). Now let G be an amenable [IN] group. Then it is well known that there is a
compact normal subgroup K of G such that G/K € [SIN] (see [16, Thm. 1]) and
G/K is still amenable. Define a weight ® on G/K by

o(xK) = zié]}; w(xt).

Then there is a standard Banach algebra homomorphism 7' from L' (G, w) onto
L! (G/K, &) ([26, Thm. 3.7.13]). In fact, T is precisely formulated by

T(f)(xK):/f(xt)dt (f € L'(G, ), x € G).
K

Clearly, T maps ZLI(G, w) onto ZLI(G/K, ®). As we have shown, there is a
character ¢ on L' (G /K, &) that is nontrivial on ZL'(G /K, &). Then the compo-
sition ¢ = ¢ o T gives a character on L'(G, w) that is nontrivial on ZL'(G, w).
Apply this to ZL'(G2, wp) and assume that ZL'(G1, 1) ® ZL' (G2, @) is
weakly amenable. Then the mapping

f®gr ¢ f (feZLY (G, m), g ZL (G2, )
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generates a Banach algebra homomorphism from ZL'(G1, w1) ® ZL' (G2, w2)
onto ZL! (G1,w1). Whence ZL! (G1,w1) is weakly amenable by [7, Prop.
2.8.64]. Similarly, ZL'(G,, @») is weakly amenable. O

Consider the particular case G = H x K, where H is an [FC]™ group, and K is a
compact group. Let w be a continuous weight on G. Define

wg(x)=w(x,ex) ((xe€H),

where ek is the unit of K. Then wy is a weight on H, and w is equivalent to the
weight wy x 1 on H x K. Therefore, ZL'(G, w) is a Banach algebra isomorphic
to ZL'(G, wy x 1). Now assume that o satisfies w(hxh~!, ex) < co(x, eg)
(x,h € H) for some constant c. Since ZL'(K) is weakly amenable (see [
Prop. 5.1]), by Propositions 2.2 and 2.3 we see ZL'(G, w) is weakly amenable if
and only if Z LI(H , wp) is weakly amenable. This, in particular, leads us to the
following extension of [31, Thm. 3.1], where ZLI(H, wp) =LY (H, wp) since
H is abelian.

PROPOSITION 2.4. Suppose that G = H x K, H is an Abelian group and K is a
compact group. Let w be a weight on G. Then ZL'(G, w) is weakly amenable if
and only if there is no nontrivial continuous group homomorphism ® : G — C
such that

[P (g)

SANN 3
veb 0(Q)w(g ) &

Proof. We only need to note that there is a nontrivial continuous group homomor-
phism @ : G — C such that (3) holds if and only if there is a nontrivial continuous
group homomorphism ® : H — C such that

|D(h)]
heti @ (Mo (h=")
So the conclusion follows from [31, Thm. 3.1]. O

REMARK 2.5. According to [14, Thm. 4.3], if G is a connected [SIN] group, then
G =V x K for some (Abelian) vector group V and a compact group K. So
Proposition 2.4 is valid in particular for this kind of group G.

In fact, the necessity part of Proposition remains true for general [FC]™
groups. To prove this, we first consider a general [IN] group.

LEMMA 2.6. Let G be an [IN] group, w be a weight on G, and U be an open set
of G with a compact closure and invariant under inner automorphisms of G. Sup-
pose that there exists a continuous group homomorphism ® : G — C nontrivial
on U and such that

q |D(r)]

reG 0w
Then there is a nontrivial continuous derivation from Z LY(G, w) into L (G, %).
Consequently, Z LI(G , w) is not weakly amenable.
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Proof. Since ZLY(G, w) is the center of L1(G, w), L®(G, %) is a symmetric
Banach ZL'(G, w)-bimodule. We construct a nontrivial continuous derivation
D:ZL'(G,w)— L®(G, %). ‘When this is done, it follows from the definition of
weak amenability for a commutative Banach algebra given in [3] that ZL (G, w)

is not weakly amenable.
We define D as follows:

D(h)(1) =f Ot 'EETE)deE (teG,he ZL' (G, w)). 4)
U

First, we note that D is nontrivial. To see this, we consider the function h¢ =
XU5, where x,, is the characteristic function of U, and @ is the conjugate of .
Since @ is a group homomorphism and U is invariant under / (G), we have that
he € ZLY (G, w). Moreover,

D(h) (1) = fU O et ) dE = 1D 'E) 1> dE

untu
=/ | (&) dE.
t—lunu

This shows that D(he)(t) > O for ¢ in a neighborhood of the identity e of G
because |®|? > 0 on some open subset of t~'U N U when ¢ is near e. Hence, D
is nontrivial. Using the method of [29, Thm. 2.2], we can show that formula (4)
defines a bounded derivation even from the whole L (G, ) into L*®(G, é). So, it
also defines a (nontrivial) continuous derivation from ZL!(G, w) into L (G, %).

O

We need some elementary property of an [FC]™ group, which we state as follows.

LEMMA 2.7. Let G be an [FC]™ group. Then, for every x € G, there exists an
open precompact neighborhood K, of x in G that is invariant under inner auto-
morphisms of G.

Proof. Ttis known that an [FC]™ group G belongs to [IN]. Let B be a precompact
open invariant neighborhood of e, and let C, be the conjugacy class of x (which
is also precompact and invariant). Then K, = BC, satisfies our requirement. [J

PROPOSITION 2.8. Let G be a locally compact [FC]™ group, and w be a weight

on G. Suppose that there exists a nontrivial continuous group homomorphism
@ : G — C such that
|D(1)]
— )
reG (o)
Then ZLY(G, w) is not weakly amenable.

Proof. Since @ is nontrivial, there exists x € G such that ®(x) # 0. Applying
Lemma 2.7, we get an open neighborhood U = K of x that is invariant under
inner automorphisms and has compact closure. Therefore Lemma 2.6 applies. [
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We wonder whether the converse of Proposition remains true as in the com-
mutative case. We raise it here as an open problem. We note that, in many cases,
ZL'(G, w) is isomorphic to a weighted commutative hypergroup algebra. So our
question links to the general open problem of characterizing weak amenability
of (commutative) hypergroup algebras. In particular, it would be of great interest
to characterize weak amenability of Z Bl (G, w) for G € [FIA]y and B being a
closed subgroup of Aut(G) with I (G) C B (see [19; 23] for definitions).

3. Central Beurling Algebras on [FD]™ Groups

In this section, we consider [FD]™ groups and aim to establish some sufficient
conditions for ZL'(G, w) to be weakly amenable. We first recall that G is an
[FD]™ group if and only if there exists a compact normal subgroup K of G such
that the quotient G/K is abelian.

The following structural result, which is [24, Lemma 1] for B = I (G), is cru-
cial in the sequel.

LeEmMA 3.1. Let G be an [FD]™ group, and K a compact normal subgroup of G
such that G/ K is abelian. Let w > 1 be a weight on G satisfying

lim (w(x")/" =1
n— oo
for all x € G, and let & be the induced weight on G/K defined by

o (xK) =kiéllf{a)(xk) (x € G).

Then ZL'(G, w) may be written as the closure of the linear span of a family of
complemented ideals, each of which is isomorphic to a Beurling algebra of the
form L'(S/K , &) for some open normal subgroup S of G.

We need also the following well-known result.

LEMMA 3.2. Let A be a commutative Banach algebra, and (A} cr be a fam-
ily of closed subalgebras of A such that A = E{Ay}yer. If each A, is weakly
amenable, then so is A.

We note that L' (S/K, &) in Lemma is a commutative Beurling algebra. So
[31, Thm. 3.1] applies for the weak amenability of it. This leads to the following
result.

THEOREM 3.3. Let G be an [FD]™ group, and w > 1 be a continuous weight on
G satisfying

n
e prepwEs R ©

Then ZL' (G, w) is weakly amenable.
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Proof. First, we show that (6) implies that lim,,_, o0 (@ (x™)) /"

G. Since w > 1, it suffices to prove that

=1 for every x €

limsup(w(x")/" <1 (x € G).

n—oo

Fix x € G and let ¢ > 0 be arbitrary. Because lim,,_wonl/ T =1, there exists

N, € N such that n'/"* < (1 + ¢) for every n > N,. Using assumption (6) and
the inequality w > 1, we can find n, > N, such that

(") 0" )w(x ") <ne = (n[/")" < (148)".

For any m € N, there exist k € NU {0} and 0 <! < n, such that m = kn, + [.
Using the weight inequality for w, we can make the following estimates:

o (") = 0" H) < (") o) <1+ 0@

_ (1+8)"o@h)

T St

where

a)(xl)
Ce= SUup ———
© 7 O<izn, (1+8)

is a constant that does not depend on m. It follows that

lim sup(w (x")'/" < limsup(c, (1 + &))" =1 +e¢.

n—oo n—o0

Since ¢ > 0 was arbitrary, we obtain that limsup,,_, . (@ (x")1/" < 1, as desired.

So, the condition of Lemma is satisfied. Then there exists a family of
complemented ideals {J}, }, er of ZL'(G, w) such that ﬂ{]y}yer =ZLY(G,w),
and for each y €I, there exists an open subgroup S, D K of G for which
Jy >~ Ll(Sy/K, ®). Let ®: S, /K — C be a nontrivial continuous group homo-
morphism. Choose #, € S, /K so that (¢, ) # 0. Then

LIOI |D(1))] —w n|P(ty)|
e85,k DO T ien BN pen Gt

(N

Let x, € S}, be a representative of #,, that is, x, K = ,,. We note that, for each
xeG,

w(xK) = inf w(xk) < w(x).
keK
In particular, c?)(t;) < a)(xﬁ) and cb(t},_ < w(x, ™) (n € N). Combining this with
conditions (6) and (7), we obtain
] |CDA(Z)| > An|d>ftyﬁ > su n|¢(ty)L _
res,/k @D0(I™) T peN OO, ") T pen o (X (x,")

According to [31, Thm. 3.1], this implies that J, ~ Ll(Sy/K,(Z)) is weakly
amenable. Then Lemma 3.2 applies. (]
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We now apply Theorem to compactly generated [FC]™ groups, which are, in
fact, [FD]™ groups according to [14, Thm. 3.20].

Let G be a compactly generated locally compact group. Then there is an open
symmetric neighborhood U of the identity in G with compact closure and satisfy-
ing G = J°2, U". Following [24], we consider the length function | - | : G — N
defined by

x| =min{fn e N:x e U"} (x € G).
It is readily checked that |x| > 1 (x € G), and for every o > 0, the correspond-
ing polynomial weight wy (x) = (1 + |x|)* (x € G) is, indeed, an upper semi-
continuous weight on G. As addressed in the , Wy 18 equivalent to a
continuous weight.

THEOREM 3.4. Let G be a compactly generated noncompact [FC]™ group, and
wy be the weight on G defined as before. Then ZL' (G, wy) is weakly amenable
ifand only if 0 <o < 1/2.

Proof. From the definition of the length function we have |x~!| = |x| and |x"| <
nix|(xe€G,neN).If0 <o < 1/2, then
n n

sup —— = sup —
neN Wq (XM we (x™™) ey (1 + [x"D* (A + [x 7"

(x € G).

> - =
" b (Ll —
This is still true if w, is replaced by a continuous equivalent weight. Therefore,
ZL'(G, wy) is weakly amenable by Theorem
To prove the converse, we let K be a compact subgroup of G such that G/K is
abelian. The quotient group H = G /K is clearly still compactly generated. By the
structure theorem for compactly generated locally compact Abelian groups [
Thm. 11.9.8], H is topologically isomorphic to R™ x Z" x F for some integers m
and »n and some compact Abelian group F. Since G is not compact, neither is H.
Then either R or Z is a quotient group of H. Thus there is a nontrivial continuous
group homomorphism ¢: H — R. Then ® = ¢ o g: G — R is a nontrivial con-
tinuous group homomorphism, where ¢g: G — H is the quotient map. If « > 1/2,
this @ satisfies inequality (5) with ® = wy. In fact, for x € G, there is a smallest
k € N such that x € U¥. We have |x| = k and

|®(x)| < cok = colx],

where co = sup,cy |P(g)], which is finite since U is compact. This leads to in-
equality (5) for w = wy (and also for any continuous w equivalent to wy) since
o > 1/2. Hence, L' (G, wy) is not weakly amenable due to Proposition 2.8.  [J

REMARK 3.5. Consider again the general [FD]™ group G. Let K be a compact
normal subgroup of it such that G/K is commutative. If there is a continuous
nontrivial group homomorphism ®: G — C such that (5) holds, then ZL' (G, w)
is not weakly amenable from Proposition 2.8. If there is no such @, then there is
no such ® for G/K with weight &. Then L'(G/K, &) is weakly amenable due
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to [31, Thm. 3.1]. We want to know whether L!(S /K, ®) is weakly amenable
for any open subgroup S of G containing K. If this is true, we will then obtain
a characterization for the weak amenability of Beurling algebras on an [FD]™
group. We note that S/K is an open subgroup of G/K. However, in general,
weak amenability of a Beurling algebra does not pass to the Beurling algebra on
a subgroup (see Section 5 of [29]).

The situation is simple when G/K is isomorphic to R or Z.

PrOPOSITION 3.6. Suppose that G is a locally compact group and has a compact
normal subgroup K such that G/K ~R or G/K ~ 7. Let w > 1 be a weight
on G. Then ZL'(G, w) is weakly amenable if and only if there is no nontrivial
continuous group homomorphism ® : G — C such that

O
reG @O

®)

Proof. It suffices to show the sufficiency. If there is no nontrivial continuous
group homomorphism & : G — C for which (8) holds, then, as is known,
L'(G/K, ®) is weakly amenable. This in turn implies that

sup = =00 (teG/K)

neN O@)o (")
due to [31, Cor. 3.7]. Since w(x) < co(xK) for x € G, where
c=max{w(k) : k€ K},
the last condition leads to

n
SUp ——————— =00 € G).
o e e R
Then, applying Theorem 3.3, we conclude that ZL'(G, w) is weakly amenable.
d
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