64 (2015), 849-879

Value Distribution of Holomorphic Curves on
an Angular Domain

ZHENG Ji1aAN-Hua

ABSTRACT. In this paper, we investigate the value distribution of holo-
morphic curves on an angular domain from the point of view of po-
tential theory and establish the first and second fundamental theorems
corresponding to those theorems of Ahlfors—Shimizu, Nevanlinna,
and Tsuji on meromorphic functions in an angular domain, which
have not been established before in other references. As applications
of these theorems, we introduce the singular directions of holomor-
phic curves and prove their existences and investigate the growth of
holomorphic curves with radially distributed hyperplanes and unique-
ness of holomorphic curves in an angular domain. The obtained results
are transferred to the algebroid functions.

1. Introduction

For 0 <a < 8 <2m, by Q(«, B) we denote the angular domain
Q(a, B) :={z:a <argz < B}

and by Q(a, B) its closure. Sometimes, without occurrence of any confusion in
the context, we write simply €2 instead of 2(«, 8). The behavior of a function
meromorphic in an angle has been investigated in many references, such as [23;

; 15; 4], and [31]. For the purpose of studying the topic, characteristic functions
that describe the growth of the meromorphic functions in an angle have been
introduced; for instance, the Ahlfors—Shimizu characteristic, Nevanlinna charac-
teristic, and Tsuji characteristic for an angle, and the corresponding main theo-
rems have been established. The second main theorem for the Ahlfors—Shimizu
characteristic for an angle can be found in [29], and in [12] for the Nevanlinna
characteristic and Tsuji characteristic for an angle. These main theorems were
collected and compared to each other in [31].

We emphasize the usage of the Ahlfors—Shimizu second main theorem for an
angle in proving the existence of T -direction of a meromorphic function on the
complex plane; see [31] for a detailed discussion on singular directions. We re-
mark that 2, = Q(« + ¢, B — ¢) in the theorem cannot be replaced by 2.

The Nevanlinna second main theorem for an angle was used in [12; 10; 26; 30],
and [31] to investigate the growth of meromorphic functions with some radially
distributed values. The usage of the second main theorem produces a basic and
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elementary method in the topic [30]. In [3 1], in view of the Tsuji second main the-
orem, we established a five-value uniqueness theorem and four-value uniqueness
theorem for meromorphic functions in an angle.

These results motivate us to consider the case of holomorphic curves. There
seems to be few corresponding investigations of holomorphic curves in compari-
son to those of meromorphic functions; for instance, do we have an analogue of
the Ahlfors—Shimizu second main theorem for an angle for holomorphic curves
in an angle? In this paper, we confirm the question and establish the second main
theorems for holomorphic curves in an angle. We stress that we could not obtain
the Ahlfors—Shimizu second main theorem for a holomorphic curve in an angle
in terms of the Ahlfors theory of covering surfaces as in the case of meromor-
phic functions. The potential theory of Eremenko and Sodin [8] in theory of value
distribution is powerful in discussion of this topic. We will attain our purpose by
using their exposition from the point of view of potential theory. As an applica-
tion of the second main theorem, we give a definition of singular directions of
holomorphic curves and prove their existence. There are few results on the singu-
lar directions of holomorphic curves; so far, we know that the Julia direction was
studied in Eremenko [6] in view of circles de remplissage and Tu [24] in view of
the normality criteria of holomorphic curve family. Therefore, this seems to be a
new topic in essence.

As applications of the Nevanlinna and Tsuji second main theorems for an an-
gle, we will discuss the growth of holomorphic curves with radially distributed hy-
perplanes and ABC problem, Fermat-type equation, Waring problem, and unique-
ness theorems of holomorphic curves in an angle instead of the whole complex
plane.

Finally, the obtained results for holomorphic curves are transferred to the case
of algebroid functions.

2. Characteristics of Holomorphic Curves in an Angle

Let P"(C) be the n-dimensional complex projective space, that is, P"*(C) =
Crtl \ {0}/ ~, where ~ is the equivalence relation defined by that (ag, a1, ...,
ay) ~ (bo, b1, ..., by) if and only if (ap, a1, ..., an) = A(bo, b1, ..., b,) for some
A € C\ {0}. We denote the equivalence class of (ag,ay,...,a;) by [ag : aj :
c..apl.

Let 2 be a domain on C. A map f : 2 — P"(C) is called a holomorphic curve
on Q if we can write f =[fo: f1:...: fu] where all f; are complex analytic
functions on 2 that have no common zeros on 2; f = (fo, f1,..., fu) is called a
reduced representation of f. Set

v(z) = \/ log|fj(2)], zeQ.

j=0

Obviously, v(z) is subharmonic on 2. Let u be the Riesz measure of v(z). In
fact, u = ﬁAv, where A is the Laplacian. Let B(zo,r) ={z:|z — z0| < r} and
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B(r) ={z: |z| < r} throughout the paper. Define
A(r, 2, f)=u(B(r) N Q)

and " A9

t

T(r,Q,f):/ Mdt.
0
The quantity A(r, €2, f) is called the unintegrated Ahlfors—Shimizu characteristic
of a holomorphic curve f on 2, and 7 (r, 2, f) is called the Ahlfors—Shimizu
characteristic of a holomorphic curve f on .
A hyperplane H in P"(C) is

n
H:{[xozx1:...:xn]:Zakxk=0},
k=0

where (ag, a1, ..., a,) € C"1\ {0}. Obviously, H is completely determined by
lag : ay : ... :a,]. Sometimes, we call a nonzero vector a = (ag, ai,...,a,) a
hyperplane.
Define
(f(z), a) = ao fo(z) + a1 f1(2) + -+ an fn(2);

sometimes, to simplify the formula, we write w,(z) = (f(z), a). If (f(z),a) #£0,
we say that f and a are free, and we further always assume that they are free when
(f(z), a) appears in the context. Write v,(z) = log|(f(z), a)|; v, is subharmonic
on Q. By ua we denote the Riesz measure of v,. Set

nq(r,a, f) = pa(B(r) N Q),
and hence nq(r, a, f) is the number of zeros of (f(z), a) in B(r) N Q2. Define

Nq(r, a, f):/rwdt.

1 1

Letay, az, ..., a4 be g hyperplanes. The hyperplanes aj, a2, ..., a, are said to
be in s-subgeneral position if for any 1 <ip <i; <--- < iy < g, the linear span
of a;),a;,...,a; is C"* to be in s-general position if every s + 1 members
of aj, ap, ..., a, are linearly independent and the linear span of aj, ay, ..., a, has
dimension s + 1, and to be in general position if s = n, that is, if no n + 1 members
of aj, az, ..., a, are linearly dependent.

THEOREM 2.1. Let 2 ={z:«a <argz < B}, and let f be a holomorphic curve
on Q. Letay,ay,...,a, be q hyperplanes in general position. Then for arbitrary
€ > 0 such that o + € < B — €, we have

q
(q —2n)A(r, Qe, f) < ZHQ(E ag, f) +o(A(r, Q, f)) + O(ogr)  (2.1)
k=1

and

q
(q=2mT(r, Q. f) <Y No(rag, /)+o(T(r,Q, )+ Ollogr)*  (2.2)
k=1
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forr ¢ E, where Qe ={z:0+¢€ <argz < B — €}, and E has a finite logarithmic
measure, that is, [ % < 00.

We remark that since E is determined by f, we often write it as E( f). Eremenko
and Sodin [8] proved (2.1) and (2.2) for 2 = Q, = C without logr and (log r)? in
view of their potential theory. Their method is very important. We emphasize that
they published a series of papers (see [7] for references) to form their potential
theory in theory of value distribution. We use their arguments in [8] to complete
the proof of Theorem

From Lemmas 6 and 7 in [8] we have the following:

LemMa 2.1. Letr > 0,0 <T < 4r,r' =r + T, and let @ = Q(e, B) and Qe =

Qa+e,B—¢) forl<e< ﬂ%‘x Then there exist three absolute constants cy,

2, ¢3 and finitely many disks B(zj, pj) C Q@"), 1 <j < p, such that

(i) p<ci(F +logr);
(ii) every point z € Q(r') belongs to at most c; disks B(zj, pj), and {B(zj, pj)}
covers Q(r);
(iii) there exist nonnegative infinitely differential functions ¢; with suppg; C
B(zj, pj) such that the function

P
PR =) ¢;(2)

j=1
satisfies
0<®(z) <1 and, onQ(r), o(z)=1,
and letting ¥ j(z) = ¢ (0jz + zj), we have
|grad ¥ (2)| < c3;

(iv) Let [, v be two nonnegative finite measures on 2 (r). Set

%=/%w,

Jgk={j:1<j=<p,a; <K},
Joy={j:1=<j<p,vaj <v(B(zj,p;)}

We have

Z aj < Kp,

Jj€Jk

(&) ,
> aj< V@)

Jj€dvy

Now we are in the position to prove Theorem
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Proof. We use the notation in the proof of Theorem 1 of Eremenko and Sodin [8]
with the same meanings, for instance,

-
I'= log" A(r)’

and A(r") < (1 + ¢)A(r) for r ¢ E, where E is a subset of [0, +00) of finite
logarithmic measure. We assume without loss of generality that

Ar) =A@, 2, f), r'=r+T,

n>1,e>0,

A@)
— 00 (r— 00).
logr
Set
Ay =20
logr
and
A(r) 1
K(r)= - T
max{v/A(r) logr, log” A(r)} :
q
V=Y
k=1
where yu = %Av and py = %Avk, vk = log [{f, ag)|. Obviously, K (r) — 0o as
r — oo. Then in terms of Lemma 2.1, we have
A(r) (r )
i <K < L
jg aj <K(r)p < clmax{ A0 logr. log" AG)] \ T ogr
A(r) A(r) )
= t : 23
= (log’7 A(r) VAT (2.3)

In terms of Lemma again, we have

q
Y aj (@) < cze(A<r’) + stz(r’))). (24)

JEJvy k=1

For j ¢ J,,, UJk,wehavea; > K = K(r). Set

4 1 , 1 )
U/(2) = —v(pjz +2)), Uk](Z):;Uk(ij‘*‘Zj) (1<k<g,1<j<p)
J J

and
2

P [

-1 — (g -2

ol == wie— (g —2n)p |.
J Lk=1

Then «/ is the Riesz charge of Y 7_, U,f (z) — (¢ — 2n)U/. For any subset I of
{1,2,..., q} with cardinality n + 1, we have

\/U,g—Uj : \/v,{—vj
kel

< — max
aj zeB;
kel J s

c
K(r)

-0 (r—00),

c
=—=
aj
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where Bj = B(zj, pj), and ¢ is a constant only depending on aj, ..., a,. There-
fore, by Theorem 2’ of [8] we have

—e < / V;i(2) dic’ (z),
and by substituting z with % we have

J

T— 72 pJZ q
—&< [ gjw) d— wk — (g —2n)p | (w)
Pj 4j k=1

1 14
= ;[Z/‘Pj(w)dﬂk(w) —(q—2n)/<pj(w)du(w)]
J Lk=1
so that

q
(61—Zn)/wjduSZ/wjdukJre/wdu- (2.5)
k=1

Combining (2.3), (2.4), and (2.5) yields
q
(q—2n)/d>du§2f<l>d,uk+8fd>d,u
k=1

q
+ cze<A(r’> +> uk(sz(r’»)

k=1

+C( A(r) n A(r) )
Nlog" A " VA )

This implies that

q q
(q —2mAC Q. ) <Y _nal ar, )+ (2 + 1)8<A(r’> + stz(r’)))

k=1 k=1

n ( A(r) n A(ﬂ)
Niog" A " VA /)

The remainder of the proof is the same as the proof of Theorem 1 of [8]. [

We remark that 2. in Theorem 2.1 cannot be replaced by €2.

Now we introduce the Nevanlinna characteristic, counting function, and prox-
imity function of holomorphic curves in an angular domain following Nevanlinna
(see [12] or [31]) for the case of meromorphic functions. This attempt was made
by Fedorov and Grishin [9], who considered a class of more general holomor-
phic curves, called just holomorphic curves and solved the estimate problem of
error terms in the second main theorems by rearranging the counting functions
and proximity functions. We will mention those in detail in the sequel.

Let 2 be the upper half-plane minus the unit disk centered at 0, and for
r>1, put Qr)={z:1<|z] <r0 < argz < m}. Consider the function
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ur(z) = —Im(1/z + z/r?) on Q(r) and the subharmonic function v(z) on Q(r).
Define the Nevanlinna characteristic of v as

1
Sa(rv) = E//Q( @A)

1 (" [7/1 t .
= —/ / (— - —2> sinfAv(re'?),
7 J1 Jo t r

where we used the equality u,(te!%) = (1/t — t/r?)sin@. Sometimes, we also
write So (1, v) for Sq(r, v).

By noting that Au,(z) =0forallz#0and u,(z) =00n dQ(r)\y,y = {e'? :
6 €10, ]}, in view of the Green formula, we have

1 ] 1 0
Sarv) =5 [ w5 ds— o [ wo s
27 Jaqr 27 Joqr
1 814,
= — v(¢) ds—— ur(g)—ds
2w Q) on
1 ] av
- (§) Ly ——/ ( >sm9 de,
277.’ AQ(r) on
where n is the inner normal on BQ(r). )
Let f=1[fo: fi:...: fu] be a holomorphic curve on €2, and f = (fp,
f1,..., fn) be areduced representation of f. Set

v(z) = \/ log|fj(2)], ze€R.

=0
Define the Nevanlinna characteristic of f as Sq(r, f) = Sq(r, v), and for a hy-
perplane a = (ag, ay, . . ., a,), define the counting function f with respect to a for
Q as

CQ(V, as f) = SQ(}", Ua)»
where v, = log|(f, a)| and (£, a) = ag fo + a1 f1 + -+ + an f». Then

1 r b l t . i
Cao(r,a, f)=— — — — ) sin@ Av,(te'?)
27 J1 Jo t r2
1
= Z(— — r—’;) sin Oy,
N\ T

where z; = rrel% is a zero of (f, a) on Q(r), counted with multiplicities.

Set |Ifll = (1 fol> + /il + - + | ful»)/? and ||all = (lao|* + la1]* + -+ +
la,|?)/2. If (£, a) # 0, then the Weil function of f with respect to the hyperplane
H with a reduced representation a is
oz £l ‘

I(f, a)l
Define the proximity functions of f for the hyperplane a on 2 by

1 ou,
Aatra ) == [ rurenFras

A (f(2) =1
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1
BQ(raa5f)=E\/\
r

where I'V = {re'? :0<0 <m}U{e? :0<0 <m}and T, =3Q(r) \T'/. Let
Sa(r,a, f) =Aq(r,a, f)+ Ba(r,a, f) +Cq(r,a, f).

By the Green formula we have

d
f s = — // Au, do =0. (2.6)
aQ() on Q)
Therefore, we have
Sa(r,a, ) = Aq(r,a, f)+ Ba(r,a, f)+ Cal(r,a, f)
_ 1 ||f||||a|| aur ds 1
2 dQ(r) ( a)| o 21 Jaq(r)
0V,
1n0 — d9
e
1 0
- ( - —2) sing =2 do.
21 Jaou
Now we consider the general case Q2 = Q(«, 8) with 0 < § — a < 27. The
transformation w = (e7'%z)® with w = ﬂ”Ta conformally maps Q2 («, 8) onto

Q(0, 7). Set F(w) = f(e"*w'/®) = f(z) for a holomorphic curve f on Q(a, B).
For a hyperplane a, define

Agp(r,a, ) = Ao (r" a, F),

By p(r,a, f) = Bo - (r”,a, F),

Cop(r,a, f)=Cor(r”,a, F),

Se,p(r,a, f) = So,x (r”, a, F),
and also

Se.p(r, [) = S0z (r, F).

We establish the first main theorem for the characteristics.

THEOREM 2.2. Let f be a holomorphic curve on Q(a, B), andf = (fo, f1, ..., fn)
be a reduced representation of f. Then for a hyperplane a, we have

Sa.p(r, f)=S8q,p(r,a, )+ O(1). 2.7

Proof. Clearly, it is sufficient to prove the case where 2 = Q (0, 7). Set

- 1
SQ(rsf):E/

A (r)
We only need to prove that
Sa(r, f)=Sa(r, )+ O(D). (2.8)
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Noting the basic inequalities
1
v(z) <log|fl =v(z) + 3 log(n +1),

du,/dn >0 forz e, =3Q(r)\y and du,/dn <O forz ey, y ={?:0 ¢
[0, ]}, we have

1 ou, aur
Sa( =5 f o) d+—/v(;)

8ur

v(é)

2

_ Sg(r, N5 / (log ]
Y

and

. 1
Salr f) = E/r

1 du, login+1) [ du,
ESQ(r,f)‘l-—/(lOgIIfH—v({))—d +g— TUr s
2 on 47 r, on
1 1 0
< Sa(r f) — Og(" R [
log(n + 1 1
=SQ(r,f)+M 1_|__2 )
27 r
Combining these inequalities yields equation (2.7). O

Another version of the first main theorem for the characteristics is the following:

THEOREM 2.3. Let Q@ = Q(a, B) with 0 <  —a < 2m, and f be a holomorphic
curve on 2 with a reduced representation f. Let ag, ay, ...,a, be n + 1 hyper-
planes in general position. Assume that g is a holomorphic curve determined by

g(z)=1(z)A, A= (ap,ay,...,a,).
Then
Sa,p(r, 8) = Sa,p(r, )+ O(1). 2.9
Proof. 1Tt is easy to see that there exists a positive constant C such that
C~og If]] < logligll < Clog]f].

Relation (2.9) follows from this inequality and from (2.8). O

We say that a holomorphic curve f on € is m-nondegenerated representation
f=(fo,..., fn) if any m + 2 elements of fy, ..., f, are linearly dependent and
among them there are m + 1 linearly independent elements, that is, the linear span
of fo,..., fn has dimension m + 1. If m = n, we say that f is nondegenerate.
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In view of the methods of Cartan [1] and Ru and Stoll in [21] (cf. Ru [19] and
Gundersen and Hayman [14] and [13]), we establish the second main theorem for
a holomorphic curve on an angle.

THEOREM 2.4. Let Q2 = Q(a,B) with 0 < 8 — o < 2n, and f be an m-
nondegenerate holomorphic curve on Q(a — €, B + €) for some ¢ > 0 with a
reduced representation £ = (fo, f1,..., fu). Let aj, a2, ...,a, be g hyperplanes
in general position. Then we have

(g =2n+m—1)Sqp(r, f)

q
<Y Cop(rar, )= Cap(r,0, W)+ Ry p(r, /), (2.10)

k=1
where W is the Wronskian of m + 1 linearly independent elements of foy,
f1s -y fusand Ry g(r, f) is the error term with the estimate
Rap(r, f) < K(log" S—c pre(r, ) +logr+1) (2.11)

forall r > 1, except possibly a set of finite linear measure, where K is a constant
depending on €.

REMARK 1. If f is a linearly nondegenerate holomorphic curve, then we have

(@ —=n—=1Sqp(r f)

q
<> Caplrag. f) = Cap(r.0. W)+ Rap(r. ). (2.12)
k=1
where W is the Wronskian of fy, fi,..., fa-
We can give the truncated second main theorem. By C;) B (r,a, f) we denote
the counting function in which zero of (f, a) with multiplicity p is counted by
min{s, p} times. We have

q
> Caplr.ap. f) = Cap(r,0, W)

k=1
q
<Y Clhra. f) = Cap(r,0. H), (2.13)
k=1
where
hihy---hgy

H =

, hj={fa;), 1<j=<gq,
W (figs firs -+ fim) / /
where { f;,, fi,, ..., fi,} s a base of linear span of fy, fi,..., f,. Note that W is
independent of choice of the base.

From ( ) and ( ) we can see that Theorem is a generalization of the
second main theorem for Nevanlinna characteristic of a meromorphic function
with ramification term for an angle to a holomorphic curve on an angle.

Now we prepare for the proof of Theorem
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LEMMA 2.2. Let f: Q — P"™(C) be a nondegenerate holomorphic curve with a

reduced representation £ = (fo, f1,..., fm). Let ay, ay, ..., a, be g hyperplanes
on P™(C).
(I) (Cartan [1]) Assume that a,az,...,a, are in s-general position and

w(j) >0 (1 <j <q). Then there exists a positive constant C such that for all
7€,

q w(j) S o (ix)
||f<z>||||aj||> (||f<z>||||a,~k||)

| | _— C | | —_—— , 2.14

j=1<|<f(z>,aj>| =% ez G 3] @1

k=0

where max is taken over all a;, (k=0,1,...,s);

(II) (Nochka, see Thm. A3.4.3 in [19]) Assume that a1, a;,...,a, are in n-
subgeneral position. Then there exists a positive constant C such that for all z € Q
and forany M C {1,2,...,q} with#M <n + 1, we have

W)”(” SSLGIITA]
l_[ ( [(f(z). ;)] <C max 1_[ (@), an)| (2.15)

jeM 1<ip<iy<-- <1m<l]

where max is taken over all linearly independent group a; (k=0,1,...,m),

and w(j) is the Nochka weight for a; with properties that for a real number
n+1 <6< 2n—m+1
Tm¥l

pray , we have

q
0<w(j)o <1, q—Zn—i—m—l:@(Za)(j)—m—l).

Proof. To prove (I), for any z € 2, we can write

[(£(2), aig)| < [{(B(2), @) < --- < [{£(2), a;,)| < [(£(z), a;)],

JFik(k=0,1,...,5); (f(z), a;)), (£(z), a;,), ..., (£(z), a;,) are linearly indepen-
dent, and every f; can be linearly expressed by these s + 1 functions, and then
there exists a positive constant C;, ;... ;, such that

£ 1a;ll < Cig,iy,....i, |{f(z), a;) 1,
j#ik (k=0,1,...,s). This yields
H( )| )‘”“) < T H(W)”
]=1 f(Z) a] 10501500515 0 |(f(Z), al]‘)| .
Inequality (2.14) follows with C = max{ClOZl’f”‘ V) l<ig<iy<---<ig<gq).

Result (II) follows immediately from Nochka s result (see Thm. A3.4.3 in
[19D. O
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The following is Theorem 2.5.1 of [31].

LEMMA 2.3. Let g(z) be a meromorphic function on Q (o — ¢, B+ ¢) for ¢ > 0
and 0 < B — o <2m. Then

(k)
(A+ B)oz,ﬂ <V’ %) = K(10g+ Sa—s,ﬁ+8(r, g+ 10g+ r+1)

forall r > 1, except possibly a set of finite linear measure, where K is a constant
depending on €.

Generally, we cannot estimate Ay g(r, g'/g) in terms of log™ Sa,p(r, g) and
log™ r. See Goldberg [11] for a detailed example. If g is meromorphic on the
complex plane, then a nice estimate in terms of log 7' (r, g) was given by Gold-
berg and Ostrovskii [12]:

g R\® [RlogT(t,g) r R
AQHB(”,E>SK|:(7> /l Wdt—i_logR—r—i_log?

!/ 4 !/
Bu.g <r, g_) < —wm<r, g_)
8 re 8

An important result is that if foo e log+ T(t,g)dt < oo with w = /3”70[, then
(A4 B)gp(r.g'/g) = 0() (r — o0).

and

LEMMA 2.4. Let ho, hy, ..., h, be n + 1 analytic functions on S_Z(ot —& B+eé).
Set

and h="lhg:hy:...:h,). Then
(A= B)a g (r, Vi/) = K(10g+ Sa—e,pre(r, h) + log+r + 1),

forall r > 1, except possibly a set of finite linear measure, where K is a constant
depending on €.

Proof. Set
hj .
gj= %, j=12,...,n.
By the Leibniz formula we have
k
(h)® = (hog )™ =Y Citho) (g,
i=0

so that a simple calculation yields
W(ho’hlr "'7hn) = W(13 gls 82: '--:gn)h8+l
= Wigj gh s gt
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Thus,
2 W(g/sg/s-“sg/)
W (2)| = L o2 2
8182 8n
@) (in)
< 3 i 8w
81 8&n

1<i| +ig+-+ip<n(n+1)/2

Set V=Q(—¢,B+e¢) and i,(z) = u,(e! @ 29y &= m In view
of Lemma 2.3, we have

A 1 I ou,
(A+B)apr, W) = — logt |W|—ds
27 Joow on

1 g(k)
=2 5 ) loet|

j=1k=1 9%2(r) 8j
k)

= ZZ(A+B)a,3<r g—) +o()

j=lk=1

d +0(1)

< K<210g+ Sy(r, gj) +logtr + 1).

j=1

We estimate

| 20,
Sv(r.g)) = —/ (log kol v log h ) 22 ds
J 27T Av(r) J an

2:1 /‘/ r
< —

=Sy(r,h) + O(1).

Then we can obtain the desired inequality. O

From the proof of Lemma it is easy to see that estimates of Ay g(r, W) and
By g (1, W) analogous to those of Goldberg and Ostrovskii [12] can be also es-
tablished in view of log T (r, h) when A is a holomorphic curve on the complex
plane.

Now we are in the position to prove Theorem

Proof of Theorem 2.4. It is sufficient to prove our result for the case where Q2 =
Q(0, ). Assume that fy, f1, ..., fm are linearly independent and

fi=c fo+ P fit e fn, myi<j<n
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Write g = (fo, f1.---» fu)> 2 = (@i, a, ... al"), and b; = B, b1, ..,

bil ) 1= j <q.where b =a” +a) "V 4o a0 <t <m.
Then g=[fo: fi:...: fml: Q2 — P™(C) is a linearly nondegenerate holomor-

phic curve, and
Sa(r, f)=Sa@r, g+ O0().
Since (f,aj) = (g, bj), 1 <j <gq,wehave
CQ(V,aj, f)ZCQ(V,b],g)
and the Weil functions A, (f(2)) = Ap; ((2)) + O(1), and further
Aq(r,aj, f) = Aq(r,bj, g+ 0(1),
Bq(r,a;, f) = Ba(r,bj, g) + 0(1),

l<j=gq.

Since ar, a2, ..., a4 are in general position, by, by, ..., b, are in n-subgeneral
position. In terms of result (II) in Lemma 2.2, for any M C {1,2,...,q} with
#M =n + 1, we have

1 ou
Sy [ @S ds
jem T JaQ(r)

1 0

<~ | loglg|™*! S ds
2 A (r) on
1 LU
+ max — tr ds + 0(1)

0g
I<ig<iy<-<im=<q 2T Q@) =0 |wb[k| on

(m + 1)Sq(r, ) + 1/ I LA
=um r, max — 08|\ =7 | — as
el § I<ig<i)<-<iy<q 27 Q) gnznzowbik on
ou,
- — log|W| ds+0(1)
2w AQ(r) on

= (m + 1)SQ(T, f) - CQ(V, O’ W) + RQ(V9 g)v

where Wy, = (g, b)) and W =W(fo, f1,..., fu)-
In terms of result (I) in Lemma 2.2, we have

01 Aty
Y ()= f Ra; (f(2)——ds
o 2m Q) on

1 ou,

< i) — Aa; d 0(Q),

<max 3" ()5 /mm W (S5 ds + 0()
JjeEM

where max is taken overall M C {1, 2, ..., q} with#M = n + 1. Thus, combining

the last two inequalities yields that

q
> w()(Ag+ B)(ra;, f) < (m+ DSa(r, f) — Ca(r,0, W) + Ra(r. g).
j=1
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so that
L[
— 0g ———————ds
27 Jyo@) Hj:] |<f’aj)| on
q
=) (Ag+ Bo)(r,a;, )+ 0(1)

j=1

(I —-0w(j))(Aq + Bo)(r,a;, f)

M=

.
I
—_

q
+60) w()(Ag+ Ba)(r,a;, f)+ 0(1)
j=1

q
<Y (1 =600()Salr, ) +6(m+1)Sa(r, f)
j=1

—0Cq(r,0,W) +0Rq(r, g)

n+1
S(Zn—m+1)5§z(r,f)—m+1

In view of the definition of Sq(r, ) and Theorem 2.2, we have

Cq(r,0, W)+ Rq(r, g).

ou,
ds+0(Q)
on

1
qSQ(r,f)=2—/ log 1 /17
T JaQr)

ouy

=Xq:cg(r,ak,f)+i/ 1ogq”¢—ds+0(1)
pst 27 Jaay  [192) I{f.a;)| on

q
<Y Calr.a. )+ Q@n—m+1)Sa(r, f)
k=1

n+1
- Ca(r,0, W) + Ra(r, 8),

m+1

where
Ra(r,g) =(A+ B)a(r, W)+ O(1)
with
- W(wbio’ Wh; - wbim)
|wb,'0 wbil e wbim |

Applying Lemma 2.4 to this equality yields the desired result. O

The estimate of error terms in Theorem 2.4 is unsatisfactory. In order to overcome
that, Fedorov and Grishin [9] modified the definitions of counting functions and
proximity functions. The important method in [9] is that a complete measure of
a so-called just subharmonic function on the upper half-plane is introduced. The
complete measure plays a similar role to the Riesz measure in the previous discus-
sion. In view of the complete measure, they gave definitions of the characteristic,
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counting function, and proximity function and established the following result by
virtue of the potential theory of Eremenko and Sodin [&].

THEOREM A. Suppose the assumptions of Theorem 2.1 are satisfied. Then

q
(q =2mAQ, ) <Y n(rag, ) +o(Al, f))+o(rlog’r), r¢E,
k=1

where A(r, ) = vy(B(0,r)) and n(r,ax, ) = Vug, (B(0,r)) for the complete
measure v, of v(z) and the complete measure Vg, of va, =log (£, ay)|, and

q
(q=2mT(, )<Y N(ax, f)+o(T(, f), r¢E,

k=1

where

T(r, f)=/r A(iéf) dr and N(r,ak,f):/r Mdt.

o no 0

A calculation yields that N (r, a, ) = %(Ag(r, a, f)+ Cq(r,a, f)+ O(1)) and
m(r,a, f) = ZBq(r,a, f) + O(1) and the characteristic T (r, f) = Z Sq(r, f) +
O (1) for the upper half plane 2. Obviously, we cannot obtain Theorem from
Theorem A.

Now we introduce the Tsuji characteristic of a holomorphic curve in an angle.
Consider the domain E(r) = {z: |z —ir/2| <r/2}\ {z : |z| < 1}, the boundary
Y, of E(r), and i, (z) = —Im({ + £). Define

1
To(r f) = E//( @80

1 m prsing sin® 1 0
= E T — ; Av(te )
0 1

By the Green formula and noting ii,(z) =0 on {z : |z — ir/2| = r/2}, we have

1

1 aﬁr 1 T —arcsinr ) 1\ dv
Talr, =5 v(¢) ds — — sinf — — | — do.
27 Jyz ) on 27 Jaresinr—! r/on

The proximity function 9z (r, a, f), counting function Nz (r, a, f), and char-
acteristic €z (7, a, f) in the sense of Tsuji are defined as follows:

9
“r ds,
on

1
M= 0, )= o /M (@)
1

1 o 1 T—arcsinr 1\ 9
‘ﬁs(r»a,f):—/ va(() o ds——/ sinf — — | -2 gg,
2 AE(r) on 2 arcsinr—! r/ on

and

EE(raasf):mg(rsavf)'i_ma(r?avf)s



Holomorphic Curves 865

where v,y = log |{f, a)|. Noting that 7, is harmonic on E(r), we have

1

1 1 T —arcsinr ™ 1\ 9
S’Zg(r,a,f):—/ (sin@——)ﬁde
27 Jaz 27 Jaresinr—1 r/) on
and
rsinf sin® 1 0
Ne(ra, f) = / / SLLAER PRSP
r
_ Z(Sln@k )
X Ik r

where z; = rre'% is a zero of (f, @) on E(r), counted with multiplicities.

Now consider the general domain
B, Bir)={z=t :a <0 <B, 1 <t <r@Gin(w® —a)'/*},
0<B—a<2rand w= ﬂ . The transformation w = ¢/®z!'/® maps confor-
mally Z(0, 7; r®) onto E(a, ;7). Set F(z) = f(e!z!/®) = f(w). Define
Mo, p(r,a, f) =M (r", a, F),
Ne,p(r,a, ) =No - (r", a, F),
Top(r.a, f) =T (r", a, F)
for a hyperplane a, and

Tapr, ) =%, F).

We have the first main theorems for the Tsuji characteristics, that is, Theo-
rem and Theorem hold for ¥z instead of Sg. However, we have a precise
second main theorem for the Tsuji characteristics.

THEOREM 2.5. Let Q ={z:« < argz < B}, and f be a linearly m-nondegenerate
holomorphic curve on Q. Let ay, a2, ..., a, be g hyperplanes in general position.
Then we have

q
(g —2n+m—DFep(r, f) < Z‘ﬁa,ﬁ(h a, f) = Na,p(r,0, W) + Qu p(r, f),

k=1
(2.16)
where W is the Wronskian of m + 1 linearly independent elements of fy,
f1s-oo, fuoand Qg g (r, f) is called the error term with the estimate

Qu.p(r. f) < K(log" Tap(r. f) +log"r+1),

forall r > 1, except possibly a set of finite linear measure, and K is a constant.

We remark on the estimate of the error term Qg g(r, f) in Theorem 2.5. Gener-
ally, as we pointed out, Q (o — ¢, 8+ ¢) in ( ) in Theorem and Q¢ in The-
orem 2.1 cannot be replaced by 2. However, if we use the Tsuji domain E (e, 8),
then (2.1) and (2.2) hold with E («, B) instead of Q¢ and 2.
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3. Singular Directions of Holomorphic Curves

Picard’s theorem says that a transcendental meromorphic function on the complex
plane C takes infinitely often all but at most two values on the extended complex
plane C. An extension of Picard’s theorem is Borel’s theorem, which describes
the number of points at which a transcendental meromorphic function takes some
fixed values in terms of the growth order of the function in question, that is, there
exist at most two values that have the convergent exponents less than the growth
order of the function. The second main theorem of Nevanlinna refines the Borel
theorem, and it implies that

I NrC, f=a)
imsup ———— >0

r—00 T, f)

for all but at most two values of @ on C. These results stem from the fact that
oo is an essential singular point of a transcendental meromorphic function and
essentially reveal the singular phenomenon in the neighborhood of an essential
singular point, which does not happen at other points.

The possibility of the same singular phenomenon along a direction is also of
interest. A ray is singular for a transcendental meromorphic function if the func-
tion takes abundantly all values with exception of at most two values in any angle
containing the ray. The word “abundantly” is expressed by “infinitely often” for
the Julia direction, whose existence was proved by G. Julia in 1920 for all entire
function and by Milloux in 1924 and Valiron in 1938 for most of meromorphic
functions; The word “abundantly” is expressed by the growth order of the function
in question for the Borel directions, whose existence was proved by G. Valiron in
1938 for a meromorphic function of positive order; We made an expression of
it by comparing the integrated counting function in an angle to the Nevanlinna
characteristic so that we introduce a new singular direction, called T'-direction.
The second main theorem of Nevanlinna is considered as its background.

In this section, as an application of the Ahlfors—Shimizu second main theorem
(Theorem 2.1) for a holomorphic curve in an angle, we discuss the singular direc-
tions of a holomorphic curve on C. Let f be a holomorphic curve on the complex
plane C with a reduced representation f. Then the Cartan characteristic of f is

2
T(r, f)= %/0 v(re'?)do — v(0).

Then T'(r, f) =T (r,C, f). In the sequel, we simply write A(r, ) and T (v, f)
for A(r,C, f) and T (r, C, f). The order and lower order of a holomorphic curve
f on the complex plane are respectively defined by

o) =limint 2L

log T (r,
ACf) = limsup &1 1) minf ==

reoco 1
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DEFINITION 3.1. A ray argz =6 is called a T-direction of a holomorphic curve
f if for arbitrary ¢ > 0, we have

) Nz, a, f)
limsup —————
r—00 T, f)
where Z.(0) ={z:0 — ¢ < argz < 0 + ¢}, for all hyperplanes a, except possibly
those in the linear spaces generated by m (< n) elements of at most 2n fixed hy-
perplanes in general position (this will simply be said to be with exception of at
most 2n hyperplanes).
A ray argz = 0 is called a Borel direction of a holomorphic curve f of order
p if for arbitrary € > 0, (3.1) is replaced with
logNz. o) (2, f) _ p

>0, 3.1)

lim sup
r—00 log r

A ray arg z = 6 is called a Julia direction if for arbitrary & > 0, (3.1) is replaced
with

3.2)

lim Nz, )(r,a, f)=o00.
r—00

REMARK 2. We remark on the exceptional hyperplanes for (3.1) in Definition
there exist p (< 2n) hyperplanes {ay, ..., a,} in general position such that all ex-
ceptional hyperplanes are in the linear spaces generated by m (< n) hyperplanes
{a;,...,a;,} (i1 <ip <--- <iy). Therefore, for a nonexceptional hyperplane a,
{a,ay,...,a,} are in general position.

REMARK 3. If (3.1) holds for an unbounded sequence {r,,}, then we say that the
ray is a T-direction for {r,,}. It is easy to see that a T-direction for {r,,} is a
T -direction.

A T-direction must be a Julia direction and a Borel direction of lower order. How-
ever, a T -direction may not be a Borel direction of the order and a Borel direction
may not be a T direction. This was proved by Zhang [28] for the case of mero-
morphic functions. Eremenko [6] proved the existence of Julia directions of a
holomorphic curve.

THEOREM 3.1. If the Reisz measure |1 corresponding to the holomorphic curve f
on the complex plane satisfies

limsup pu{z : 2™ < |z| < 2"} = o0, (3.3)

m— 00
then f has at least one Julia direction.

We remark on condition (3.3). From (3.3) it follows that

o AT
imsup =00

r—>00 logr

This implies that

tim sup L) (3.4)

oo (logr)?
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In fact, suppose that 7 (r, ) < K (logr)? for a positive constant K, and then
A(r, f)=rT'(r, f) < K logr

for suitable constant K. A contradiction is derived. Also, it is easy to see that we
can deduce (3.3) from (3.4).
Now we establish the existence of singular directions of holomorphic curves.

THEOREM 3.2. Let {r;,} be a sequence of positive numbers outside E( f) tending
to oo such that
T(rm, )
m ——— =
n=0c (logrm)?
Then there exists a T -direction of f for {rm}.

(3.5)

Proof. Suppose on the contrary that f has no T-directions for {r,,}. Then for
every radial argz = 6, we have an angle containing it such that (3.1) with r =r,
does not hold for 2n 4 1 hyperplanes in general position. Thus, we can choose
finitely many radials argz =6; (1 < j < p) and an & > 0 such that {Z,(0;) : 1 <

Jj < p} is a covering of C \ {0}, and for 2z + 1 hyperplanes a{,a},...,aj, , in
general position, we have

2n+1 )

Y Ny rmsags ) =0(T (rm, ) (m — 00).

k=1

In view of Theorem 2.1, T (rim, Z:(8}), f) = o(T (r, f)) (m — 00). Since

P
T, )<Y T, Z:6)), ) < pT(r, f),
j=1

we have T (ry,, f) = o(T (rn, f)), and a contradiction has been derived. O

We remark that if (3.4) holds, then (3.5) holds for some sequence {r,,} outside
E(f), and further, a T-direction exists.

Theorem confirms the existence of Borel directions for a holomorphic
curve f of positive order A(f). In fact, we can have a sequence {r,} outside
E(f) such that

AL DY
m—00 logry,
Then the T-direction of f for this sequence {r,} must be a Borel direction of
order A(f).

4. Growth of Holomorphic Curves with Radially
Distributed Hyperplanes

Let f: C — P*(C) be a holomorphic curve on C, and f= (fy, f1,..., fu) be
a reduced representation of f. Let H be a hyperplane with a reduced represen-
tation a of H. Consider the counting function of the preimage of H under f:
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N(r,a, f) = Nc¢(r, a, f). Define

5(a f)=1—limsup & /).
r—oo 1(r, f)

which is called the deficiency of f with respect to H, and if 8(a, ) > 0, then
H is called a deficient hyperplane of f. Under the existence of a deficient hy-
perplane of f, we consider the estimation of growth of the holomorphic curve f
in view of some radially distributed hyperplanes. Since the Cartan characteristic
characterizes the growth of a holomorphic curve, we will first give an estimate
for the Cartan characteristic, and then the estimate can be controlled in view of
the counting functions of argument distribution of the preimages of some hyper-
planes, so that we obtain the estimate of growth order of a holomorphic curve in
view of some radially distributed hyperplanes.

We begin with notation. Since the Cartan characteristic T (r, f) of a holomor-
phic curve is increasing and logarithmic convex, we can consider its P6lya peak
sequence. A positive increasing unbounded sequence {r;,} is a sequence of Pdlya
peak of order o of T'(r, f) if there exist sequences {r,,}, {r/,}, and {&,,} such that

(1) r), — 00, ry /1), — 00, Fin/Tm — 00, and &, — 0 as m — oo.
2 T, f) <A +em)@/rm)° T m, f)s 1y <t =<1

The sequence {r,,} is called a strong Pdlya peak sequence if, in addition, we
have
(B) T, f)/1°m < KT (rm, f)/rm ", 1<t <r!, for a sequence &, — 0 as

m — oo and a positive constant K .
From (3) it follows easily that
“)
log T (ry,,
liminf 08 Ym, J) T, /) >0
m—00 logry,

If T'(r, f) has the lower order T < co and order 0 < A < 00, then for a finite
positive number ¢ with T <o < A and a set E of positive numbers with finite
logarithmic measure, there must be a sequence of strong Polya peak {r,,} of order
o of T(r, f) outside E (cf. Theorem 1.1.3 in [31]).

Consider p pairs of real numbers {«, 8} such that

<o <P <Pp=<---=Zap<PBp,=<m apy=0o1+2m,

and by D = D(ay, B1,...,ap, Bp) we denote the corresponding ray system
argz =aj, Bj (1 <j < p). For the system D, define

g
w:w(D):max{wjzﬁ :lfjfp},
jT %

a)/:a)/(D):maX{— 1<y SP}’
jr1— Bj
and

W(r, D,a, f) =max{r®/ By, p,(r,a, f): 1 < j < p}.
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We estimate the Cartan characteristic 7 (r, f) in terms of this W. This is our
first result in this section.

THEOREM 4.1. Let f : C— P"(C) be a holomorphic curve on C of lower order
T < 00 and order 0 < A < 00. Let H be a hyperplane with a reduced representa-
tionaand 5§ =6§(a, f) > 0. Assume that foraoc > 0witht <o <A,

- ; i 4 i \/E 4.1
Z(af“ —,B])<;arcsm 3 “.1)

Jj=1
Then for any sequence of Polya peaks {ry,} of order o, we have
T(rmsf)SKW(rmsD»avf) (42)

for some positive number K only depending on {r,,} independent of m.

In order to prove Theorem 4. 1, we need the spread relation for holomorphic curves
proved by Niino [17], which is an extension of Baernstein’s spread relation for a
meromorphic function. For a positive function A(r) with A(r) - 0 (r — 00),
define

En(r,H)={6 € (=7, 7) : Au (f(re"”)) > AOT (r, f)),
where Ay (f) is the Weil function of f with respect to H.

LEMMA 4.1. Let f be a holomorphic curve on C, and let H be a deficient hy-
perplane with a reduced representation a and § = §(a, f) > 0. Then for any se-
quence of Polya peaks {r,,} of order o > 0 for f and any positive function A(r)
with A(r) = 0 (r — 00), we have

4 8
liminfmeas E (r;,, H) > min{Zﬂ, — arcsin \/j} 4.3)
r—00 o 2

Proof of Theorem 4.1. Suppose that (4.2) does not hold. Then there exists a sub-
sequence of {r,,}, denoted still by {r,,}, such that W(r,,,, D, a, f) = o(T (riu, f)).

Set

W@, D, a,
F(r)=M, Fm—1 <T <Tp,

T(rm, f)
and A(r) = /I'(r). Obviously, A(r) = 0 (r — 00). Taking an & > 0 such that

4 , \/E
arcsin,/ —,
2¢ 2

P
Ayl —PBi+2e)+2e <
;(,H Bj +2¢) oy

in view of Lemma 4.1, we can find a jy such that

e
meas(EA (rm, H) N (aj, + &, Bj, —€) = >
for a subsequence of {r,,}, denoted still by {r,,}. Then

Bjo—¢ i0 &
/ ()80 = SN0 T G ).

jote
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Thus,

w;
W(rva’aa f) 2 rmJOBDth,ﬂjO(rM7aa f)

2wj, [Pio 0\ o
=2 Ag(f(rme'”))sinw; (0 —aj,) do
T Ja,
2w sinwie [Pio—e .
> SORSRONE [T (f el o
T O{jo-‘r&‘
- 2wj e sinwjye

> ——— AT (rm, f).
mp

On the other hand, we have
W(rm, D, a, )= A@rm)>T (rm, f).

Thus, it follows that
2wj e sinwj,e

mp

<A(rm)—>0 (m— o00).
A contradiction is derived. O

Now we control the Cartan characteristic in terms of the counting functions in
some angular domains. We want to realize it by controlling the quantity W in
Theorem 4.1 in terms of the counting functions in some angular domains. To this
end, we need the following lemmas.

LEMMA 4.2. Let f: Q(a, B) — P"(C) be an m-nondegenerate holomorphic
curve, and let a,ag, a1, ...,a, with g = 2n — m be hyperplanes in general po-
sition. Then

q
Bap(r.a. f)<mY_ Cup(r.aj. f)+ Rup(r. f).
j=0
Proof. In terms of Theorem with the truncated form, we have

q
Sup(r, f) < Caplria, f)+ Y Coh(rax, ) + Rap(r, f)
k=0

q
< Cop(roa, f)+mY_ Cop(rar, )+ Rap(r, f).
k=0
By Theorem 2.2 we have
A, p(r,a, )+ Bag(r,a, f) + Cop(r,a, f) =Sap(r, )+ O(1).

Combining the previous two inequalities yields the desired inequality by noting
that Ay g(r,a, f) > 0. O
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We compare Cy g to Ny g. The following is a version of Lemma 2.2.2 in [31] for
a holomorphic curve.

LEMMA 4.3. Let f be a holomorphic curve on Q(a, B), and a be a hyperplane.
Then

" N()

r®Cy p(r,a, f) < 40N () + 20 /1 o dt,

where N(t) = Ny g(t,a, ) and o = /SHT(I The inequality also holds with C and
N instead of C and N.

Proof. In terms of the definition of Cy g(r, a, f), we have

1 lan|®
Ca,ﬁ(l", a, f) =2 Z |a, | o 2o
n

I<|an|<r
r/ 1o
= /1 (t—w — m) dn(t)
r 1 ta)fl
= 2(,()/; n(t) W + rTw dr
r/ 1@

N(r) 2 [T N
@ ro @ tu)+1 dt ‘:l

Now we establish the second result in this section.

THEOREM 4.2. Let [ : C — P"(C) be an m-nondegenerate holomorphic curve
on C of finite lower order T. Let a, a9, ay, ...,a, with q =2n —m be q + 2 hy-
perplanes in general position, and § = §(a, f) > 0. Assume that for a ray system
D(ay, Bi,...,ap, Bp), (4.1) holds with o = max{w (D), T} and

q
> Noj g, (g, f)=o(T(r. f)), 1<j<p.

k=0
Then A(f) < w(D).

Proof. Suppose that A(f) > @ (D). Then A(f) > o. Take an ¢ > O such that
A(f) > 0 + ¢ and (4.1) holds for o + €. There exists a strong Pdlya peak se-
quence {r;,} of order o + €. In view of Theorem 4.1, we have (4.2) for some
constant K.

We estimate W (r,,, D, a, f). It follows from Lemma and Lemma that

m Naj’lgj (t) dt}

W(rm, D, a, f) < C max {Naj,ﬂj(rm)+rﬁ'i/ (0
1

1<j<p
+ 02 P logry T (rm, f)),
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where No; g, (t) = Y1 _ Na,.p; (1. 2%, f). Since

TS o (N T ),
| twj+1 - 1 T twj—H

r
— T(rm’ f) " tU+5_‘9//;1_wj_1 dt

Vr(:l+87€;’1 1
_ 1 T(rm, f)
S ote—¢gy,—wj
we have
m 'm
o /1 %ﬁ”dr:o<rzf /1 Tfffjj? dt) = o(T (rm. ).

Therefore, combining the previous inequalities yields
W, D.a, f) = o(T (rm, ) + Oy P logrnT (. ),
and this, together with (4.2), implies that

T(rm, f) = OGE P logry T (rm, 1)),

so that
log T (ry,
o+e slimsupw <w(D)<o.
m— 00 0g¥m
A contradiction is derived. O
REMARK 4. From Theorem it follows that for a ray system D(ay, ..., ay), if

for any small ¢ > 0,

q
> Nujtrewj—e(rae, f)=oT(r. f), 1=j<p.
k=0
and A(f) > w(D) =max{r/(aj;1 —a;): 1 < j < p}, then every deficient hy-
perplane (if exists) of f is in the linear span of a;, 0 < k < g, and furthermore, f
has at most n + 1 deficient hyperplanes in general position.

5. Applications of Tsuji Characteristic of Holomorphic Curves
on an Angle

With the help of the Tsuji characteristic of holomorphic curves for an angle, some
discussions on the complex plane can be transferred to those on an angle. The
reader is referred to Gundersen and Hayman [13] and Ru [19] for the correspond-
ing results on the complex plane to those on an angle in this section and for the
related references.
We say that a holomorphic curve f on an angle €2 is transcendental in the sense

of Tsuji if

I Talr, f)

imsup ———— =00

r—oo  logr
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The following is a modification of the version of the Borel theorem stated in
[31], which can be proved by Theorem

THEOREM 5.1. Let f;(z) (j =1,2,...,q) be transcendental meromorphic func-
tionsinanangle Q ={a <6 < B} with0 < o < B < 2m. Assume that f;(z)/fi(z)
is not a constant for i # j and

q

_ - 1
Z(ma,ﬂ(r, £ +ma,,3(r, 7)) =0(Tu.p(r)),
J

j=1

where %y p(r) = min{Ty g(r, fi/fi) : 1 < j <i < q}. Then {fj(z): j =1,2,
.., q} is linearly independent.

In view of Theorem 2.5, we can discuss in an angle the ABC problem for ana-
lytic functions, Fermat-type equation for meromorphic functions, and Waring’s
problem for analytic functions. We also establish a uniqueness theorem of holo-
morphic curves in an angle. Following the work of Stoll [22] on the complex
plane, we can establish the following:

THEOREM 5.2. Let fj(z) (j =1,2,...,q) be linearly nondegenerate transcen-
dental holomorphic curves with reduced representation £; from an angle Q (o, B)
to P"(C). Let H; (i =1,2,..., p) be hyperplanes on P"(C) in general position.
Assumethat Aj = fi(Hj)=---= f;(H;) (j =1,2,...,p)and A; N A; = for
i#j.Lets,2 <s <gq,beaninteger such thatforanyl < j1 < jp <--- < js <gq,
we have £, (2) N, () A+ Afj(2) =0,z € Uf:l Aj. If p> q_qS"H +n+1,
then we have

fi) A A Af(2) =0, zeQ.

Stoll’s result for the complex plane was extended by Ru [20] to moving targets.
The same method can realize the extension of Theorem 5.2 to moving targets. The
reader is referred to [5] and [3] for further development of uniqueness theorems
on the complex plane.

6. Argument Distribution of Algebroid Functions

We investigate the algebroid functions from the point of view of holomorphic
curves. A v-valued algebroid function on 2(c, B) is the solution of the algebraic
equation

Uz, w) = Ap(D)w’ + Ay_1 (D)W + -+ Ag(z) =0, 6.1)

where A;(z), 0 < j <wv, is an analytic function without common zeros on Q,
and V¥ (z, w) is irreducible in w. Therefore, f,, = [Ay,:...: A1 : Ag] is a holo-
morphic curve from Q to PY(C), and f,, = (A,, Ay_1, ..., A1, Ag) is a reduced
representation of f,.

Associated with a v-valued algebroid function is a Riemann surface R,, on
which the algebroid function is single valued. All of singular points produced
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by the irreducible equation are algebraic, and so in a neighborhood of any point
on €2, w(z) has an expansion of the Puiseux series. Thus, we can write the branch
functions w1(z), ..., wy(z) of w(z). A point zq is a branch point of w(z) if and
only if w;(z0) = w;(zo) for some pair i # j.

Therefore, there exist two equivalent formats in defining the characteristic,
counting function and proximity function of an algebroid function: one is in view
of the branch functions, the other is in view of a holomorphic curve, but they
are equivalent, which is proven in the following lemma. Set, for a complex num-
ber a,

1 ! 1
logt —— = logt ————,
® @ —dl § ® T —al
v
log* [w(@)| =) log" |wi(2)],
k=1
andd = (a’,a""',...,a,1)and 60 = (1,0, ..., 0). Therefore, to a hyperplane in

P (C), there corresponds any value in C.

LEMMA 6.1. Let w be the algebroid function defined by (6.1). Then for a € C, we
have

log* L ra(fw(@) +e(z,a)
lw(z) —al
and
log* [w(z)| = log|If, (2)|| — log|Ay(2)| + £(2),
where

le(z,a)| < 6vlog3(l+ |al) + v, |e(z)] <v°.

Lemma was proved in [25] and [18].
Define the characteristic, counting function, and proximity function of Nevan-
linna and Tsuji of a v-valued algebroid function w(z) on Q (¢, B) as follows:

w ("1 v
A s Uy = - T T
o(r,a, w) 71/; (t‘” r2‘”>

1 1 dr
1 +.7 1 +.7 )

x (Og W) —a] 8 |w(te’.3)—a|> :
20 [P

Tre

1
.
Og | ( 19) | Sln(l)( Ol)

| A W ‘0
Cao(r,a,w) = E/; fa (t_‘“ — m) sinw(® — a)Av;(te'”)

(=~ 2 ) sinwer —
= — — — |)sinw — o),
- r,?) r2o k

Bq(r,a, w) =
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where z; = rre' is a zero of (f,,a) on Q(r), counted with multiplicities,
v; = log (£, a)|, and

Sq(r,a,w) = Aq(r,a,w) + Bq(r,a,w) + Cq(r,a, w);

1 —aresin(r~) 1 a0
M a.w) = _f log™ i 1 -1 -2,
27 Jarcsin(r =) w(rei o0 sin®' §) — g rosin

—1
1 T pr(sino@—w))® : 0 — 1 )
Ne(r,a, w) = — sinw® —@) _ Av;(te'?)
2 0 1

Iz re
_ Z sinw (B — ) 1
- P ry re )’

16k

where z; = rre'% is a zero of (f,,, a) on E(r), counted with multiplicities, and

Te(r,a,w)=Mg@, a,w) +Nz(r,a, w).

To make a more careful discussion of algebroid functions, we classify al-
gebroid functions with the coefficients of the algebraic equation (6.1). We say
that the algebroid function defined by (6.1) is m-nondegenerated if the holomor-
phic curve f,, is m-nondegenerated. In terms of Theorem , Theorem 2.5, and
Lemma 6.1, we can establish the second main theorems of algebroid functions in
an angle for the Nevanlinna and Tsuji characteristics.

THEOREM 6.1. Let w be an m-nondegenerate v-valued algebroid function on
Q(a — &, B + ¢) for some ¢ >0, and ay, az, ...,a, be q distinct values on C.
Then we have

(g—2v+m—1)S g(r,w)
q
< Z Cup(r,ax, w) — Cop(r, 0, W) + Ry g (r, w), 6.2)
k=1

where W is the Wronskian of m + 1 linearly independent elements of Ay, A1, ...,
Ay, and Ry g(r, w) is the error term with the estimate

R p(r,w) < K(logh Sy—e pre(r, w) +logtr + 1),

forall r > 1, except possibly a set of finite linear measure, where K is a constant
depending on €.

We leave the statement of the second main theorem of algebroid functions in an
angle for Tsuji’s characteristic to the reader. Thus, Theorem 4.1, Theorem s
and Theorem can be transferred to produce the corresponding results for an
m-nondegenerate algebroid function.

Finally, let us give a version of the second main theorem of algebroid functions
for Ahlfors—Shimizu characteristic in an angle corresponding to Theorem 2.1. Let
w be the v-valued algebroid function defined by (6.1), and w; (1 < j <wv) be its
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branch functions. Define

', ()

Al 82, w) = Z //Qm <1+|wj(z>|2)2d o

"A, Q,
A( t w)dt

and

T, Q,w) =/
1

THEOREM 6.2. Let w be the v-valued algebroid function defined by (6.1) on C,
and ay, az, ..., aq be g distinct values on C. Then for an angular domain Q («, )
and arbitrary € > 0 such that o + € <  — €, we have

q
(g —2n)A@r, Qc, w) < an(r, ar, w) +o(A(r, 2, w))
k=1
+ O(logr) + 1(Qe(r)) (6.3)

and

q
(q —2m)T(r, Qe w) < > No(rax. w) + o(T (r, 2, w))
k=1

1

t

forr ¢ E, where E has a finite logarithmic measure, and [i is Riesz charge of a
§-subharmonic function &(z) with |e(z)| < v3 + log\/z such that p({|z| <r}) =
o).

Proof. We only prove (6.3). Noting that for any complex number a, log™ |a| <
log/1+ |a|? <log™ |a| + log V2, in view of Lemma we have

Zlog\/ 1+ w;(2)[* = log [Ifw (2) | —log|Au(2)| + &(2), (6.4)

j=1

where |e(z)| < v3 4+ +/2. It is clear that &(z) is §-subharmonic on C. Let 2 be the
Riesz charge of ¢(z), and then 1({|z| < r}) = O(1). It follows from (6.4) that

1 v
—Z// Alog,/1+ |w;j(2)I?
T j=1 Qe (r)

1
-+ / f Alog [, 2)]]
T Qc(r)
_L// A10g|Av(z)|+i// ae)
Q) fe(r)
—o [ sweit@-na(ry )+ o [ seco
e(r) Q “
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Using Theorem 2.1 to the holomorphic curve f,,, together with the last equal-
ity, yields (6.3). U

We remark that the second fundamental inequality for the Ahlfors—Shimizu char-
acteristic of algebroid functions in an angle were established in other references,
for example, in [16], in terms of Ahlfors theory of covering surface, but in the
inequality there is a term of the counting function of branch points that always
brings the difficulty to application of the inequality. However, our second inequal-
ity has no this term. The existence of T-direction of algebroid functions can be
immediately deduced by Theorem 6.2, which was established in [26] and [27].
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