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The Exactness of a General Skoda Complex
DaNo KiMm

ABSTRACT. We show that a Skoda complex with a general plurisub-
harmonic weight function is exact if its ‘degree’ is sufficiently large.
This answers a question of Lazarsfeld and implies that not every in-
tegrally closed ideal is equal to a multiplier ideal even if we allow
general plurisubharmonic weights for the multiplier ideal, extending
the result of Lazarsfeld and Lee [LL].

1. Introduction

In complex algebraic geometry, a singular weight function of the form 1/| f|? =:
e~?, where f is a holomorphic function, plays an important role. It is natural to
consider more generally a singular weight e, where ¢ is a plurisubharmonic
(psh) function. Given e~?, there are two fundamental ways to define an ideal
sheaf of local holomorphic function germs, say u: collecting those with |u|?e~?
locally bounded above, on the one hand, and collecting those with the local in-
tegral fQ |u|>¢~? finite, on the other hand. The former gives an integrally closed
ideal and the latter gives a multiplier ideal.

A multiplier ideal is always an integrally closed ideal, but the converse had
been unknown in a general dimension until [L.I.] showed the existence of an in-
tegrally closed ideal that is not a multiplier ideal of a psh function with analytic
singularities (e.g. of the form log| | for f holomorphic). In this paper, we ex-
tend this result to the full generality of multiplier ideals of arbitrary psh functions.
The proof of [L.I.] used the exactness of a Skoda complex — a Koszul-type complex
of sheaves which involves multiplier ideals in a natural way (see Definition 2.2).
For the special case of a psh function with analytic singularities, the exactness is a
rather elementary consequence of a local vanishing theorem [L, (9.4.4), (9.6.36)].
However, the general case of the exactness of a Skoda complex cannot be equally
shown from the vanishing theorem because of the difficult openness conjecture
(3.1) which is not known beyond dimension 2 (see [FJ]). Instead of vanishing, we
use the L methods of [ ] to a Skoda complex setting and prove the following
theorem.

THEOREM 1.1. Let X be a complex manifold, and let L and M be line bundles
on X. Let e™V be a singular hermitian metric with psh weight for the line bun-
dle M. Let g1, ...,8p € HO(X, L). Then there exists an integer q > p such that
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the qth Skoda complex associated with g1, ..., gp is exact. More precisely, one
can take q = L%p2 + %p—i— %J.

Theorem can be considered as a generalized version of the Skoda-type di-
vision theorem [ ] in that we divide not only at the right end of the Skoda
complex but also at all the other intermediate terms of the Skoda complex. In-
deed, we separate the division statement as Proposition which follows from
the proof of (1.1) (see Remark 4.8).

The value of ¢ in (1.1) comes from L%p2 + %p + %J = maxg<m<pm(p —
m + 1) + 1. We believe that the optimal value of g, which can be used in the
statement, will be ¢ = p as is also indicated by (3.4). However, the present value
of g is sufficient to establish the following generalization of the main result of

[LL].

COROLLARY 1.2. There exist a complex algebraic variety X and an integrally
closed ideal sheaf b on it such that b cannot be written as a multiplier ideal sheaf
J (@) even if we allow ¢ to be a general plurisubharmonic function.

Note that this is a generalization of the main result of [LLL] since a priori the class
of all analytic multiplier ideal sheaves associated with a psh function might be
strictly larger than the class of all algebraic multiplier ideal sheaves. (We also
remark here that the note at the end of [L.L.] was made when we had not realized
yet that the proof of implication (3.4) depended on (3.1).)

This paper is organized as follows. In Section |, we motivate and give the
definition of a Skoda complex. In Section 2, we discuss the openness conjecture of
[DK] and show that it implies the exactness of a Skoda complex in full generality.
In Section 3, we prove our main theorem (!.1), the exactness of a Skoda complex,
not assuming the openness conjecture, of course. In Section 4, we follow [LL] to
derive the existence of an integrally closed ideal that is not a multiplier ideal (1.2).

REMARK 1.3. Apart from the use for local syzygy in [L.L], a Skoda complex was
originally used to prove the Skoda-type division theorem in an algebraic way
(using cohomology vanishing) in [EL]. On the other hand, the original analytic
way of [ ] to prove the Skoda-type division theorem (not via cohomology
vanishing) does not involve the use of a Skoda complex. But it is interesting to
note that [ ] had used a Koszul complex (together with his L2 methods for 9)
for a prototype result toward Skoda division. Later it was replaced by the more
refined L2 methods of [ ].

2. Definition of a Skoda Complex

Let X be a complex manifold and L be a line bundle on X. Let g1,...,g, €
HO(X, L) be holomorphic sections. Let M be another line bundle. Let A(M)
denote either the set of all holomorphic sections of M or the set of all complex-
valued measurable sections of M. Given u € A(M), we can ask whether there
exist iy, ..., h, € A(M — L) such that u = h1g1 + -+ + hpgp. Such a division
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problem is concerned with the surjectivity of the multiplication map P : A(M —
L)®? — A(M) given by (vy, ..., vp) H> v1g1 + -+ +vpg, from the direct sum
of p copies of A(M — L) on the left. In some approaches to the division problem,
one needs to extend the single map P to a Koszul-type complex to the left:

0— AM — pL)®W) & ... 5 AM —20)20) 5 AM — 1L)®P
- AM)— 0,

where we use the basis {e;; A---Ae, |1 <i) <. <ip < p} for AM —
mL)EB(rZ) =: By, and the map P : B,, — B,,—1 in the complex is the usual Koszul
map
m
Pley Ao nep) =Y (=D giei Ao A A Ae,. (1)
k=1
The map P is defined by (1) and the linearity in .A. In effect, we have introduced
e; in order to define the map P. Now it is also natural to consider the weight
¢ =log|g|? (defining |g|* := |g1|> + - - - + |g,|* throughout this paper) and (for
1 <m < p) the subset A(M —mL, e~ P~™%=¥) ¢ A(M —mL) of sections that
are square-integrable with respect to e~ ?=™%¢=V dV where dV is a volume
form and e~ is an (auxiliary) weight for the line bundle (M — pL).

PROPOSITION 2.1. The restriction of the Koszul map P to AG(M —mL, e~ (P7™9 x
e_llf)ea(r[')v) has its image contained in A(M — (m — 1)L, e_(”_m"'l)q’e_w)@(mp—l).

Proof. Let u € AIM — mL, e—(p—m)¢e—1/f)®(,f,) and write it as u =) ;ujey,

where the index J denotes (ji,..., jm) With 1 < j; <--- < j,, < p. We know
that for each index J, fX luj|2e=(P=m%e=¥ 4V < co. Consider P(u) and its
Ith component where the index I denotes (i1,...,in—1) With 1 <ij <--- <

im—1 < p. Call the Ith component . Then
o= Y g
t¢l,1<t<p

where the index 7 Ut of uj; denotes the rearrangement in the right order, |7 U ¢|
being m. Now the conclusion follows from Cauchy—Schwarz:

Z 8tlUur

t¢l,1<t<p

2
R P S L G
7 O

Consequently, we have the following Koszul-type complex:

0— AM — pL,e )20 s AWM — (p— DL, eV +)200) .
— AM — L, e—(¢+(ﬂ—1)¢))®P — AM, e-(‘//-H?dJ)) = 0.

Now if we restrict our attention to holomorphic sections and the corresponding
sheaves, we get a complex of coherent sheaves as follows.



6 DanNo Kim

DEerINITION 2.2 [EL; [, (9.6.36)]. Let X be a complex manifold, and let L and
M be line bundles on X. Let (M, e~ ") be a singular hermitian metric. Let V be
the vector space spanned by holomorphic sections gi,...,8, € H O(X,L). Let
q > p. The gth Skoda complex (Skod,) is the complex of Koszul maps (which
we will construct in what follows):

0> APVRITW(g—pé+¥)®0W(g—p)L+M)—---
- A"VRJT((qg—m¢+¥)®0(q—mL+M)—---
> AVeI(g-D¢+¥)®0(g— DL+ M)
- Jqo+¥)®0@L+M)— 0, )

where we recall that ¢ = log Ig|> = log(|g1|2 4+ -+ |g,,|2).

CONSTRUCTION OF (2). Let f: Y — X be a log-resolution of the ideal a C Oy
generated by g1, ..., gp by Hironaka’s theorem. Later in (3.4), we will use the
fact that f is given by composition of blow-ups along smooth subvarieties. Let F
be the exceptional divisor on Y such that a - Oy = Oy (—F). Consider the Koszul
complex defined by pullbacks of generators of a where V is the vector space
spanned by the pullbacks:

0—> APV ®Oy(pF) = - —> A’V Q Oy(2F) = V ® Oy (F) — Oy — 0.

Then twist through by a coherent sheaf Oy (Ky,;x —qF) ® J(f*¥), and it
stays exact since [EP, p. 7, footnote 2] says that the Koszul complex is locally
split and its syzygies are locally free, so twisting by any coherent sheaf preserves
exactness. We get our Skoda complex by taking the pushforward of this exact
sequence under f since (for 0 <m < p)

[+«Oy(Kyyx —(@—m)F)®@J Y, f*Y) =T (Q, (g —m)p + ).

This is from the change of variables formula [L., (9.3.43)] and the fact that
Oy(=(@ —mF) ® J(f*¥) = T(f*((g —m)¢ + ¥)), which in turn comes
from comparing the two sides using holomorphic function germs satisfying the
local integrability conditions of the multiplier ideal sheaves.

When ¢ has analytic singularities, the complex (Skod,) is exact for all ¢ > p
by Theorem 9.6.36 [L]. In the general case, we will prove that it is exact for
sufficiently large ¢ > p.

3. Openness Conjecture for Plurisubharmonic Functions

Suppose that a plurisubharmonic function e~ is given on a complex manifold X.
Let 0 < ¢ < d be real numbers. If (e‘¢)d is L', then (¢=?)¢ is L! as well since
(e=?)° < (e=%)4. So (fixing any compact set K C X) the set T :={c >0 | e~ 2o
is L' on a neighborhood of K} is an interval. We call sup T' the singularity expo-
nent of ¢ and write cx (¢) :=sup T. Is the interval T open at the right end? The
openness conjecture of [DK] says so, that is, cx (¢) ¢ T. On the other hand, the
following statement in terms of multiplier ideal sheaves is also natural to consider.
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CONJECTURE 3.1. Let o and B be plurisubharmonic functions on a complex man-
ifold. Let J1 (a0, B) be the maximal element of {J (¢ +tB) |t > 0} ast — 0. Then
T4(a, p) =T (a).

The special case f = « gives the conjecture Jy (o) = J (o) (Where J4 () :=
J+ (o, o)), which was considered in [D, (15.2.2)] and [ ]. This special case of
(3.1) implies the openness conjecture of [DK] though the converse is not known.
(Boucksom informed the author that it might be shown that the special case « =
of (3.1) implies the general cases using the methods of [BFJ].)

ProOPOSITION 3.2. Conjecture (3.1) implies the openness conjecture of [DK].

Proof. Let ¢ = ck (¢) be the singularity exponent. Take o = c¢ and B = ¢. Sup-
pose that ¢ belongs to the interval 7. Then e 2 is L', s0 J (c¢) is trivial whereas
for any 7 > 0, we have that 7 (c¢ + t¢) is nontrivial. This contradicts (3.1). [

PrOPOSITION 3.3. Conjecture (3.1) is true if o has analytic singularities (see [
Definition 1.10]).

Proof. The special case o = 0 is a result of Skoda ([ ], see [D, Lemma (5.6)]),
which we will use. We need to show that 7 («) C J (e +88) for some § > 0. Let f
be a holomorphic function germ which belongs to 7 (). Then exp(log | f]> — )
is locally integrable. Since « has analytic singularities, we can use a log-resolution
of o and div(f) to have € > 0 such that exp((1 + €)(log | £12 — a)) is still inte-
grable. Now choose p such that 11? + % = 1. Then we can choose é > 0 such that
(e~ P)%P is integrable from the special case o = 0 of Skoda: [D, (5.6) a] says that
the multiplier ideal sheaf of §pg is trivial when the Lelong number of §pg is less
than 1. Then it gives the finiteness of the first factor on the right in the following
Holder inequality:

1/p 1/(14€)
/ | f2e=@+8) gy < (/ o—0PB dv) (/ |f|2(1+e)e(1+e)adv>
Q Q Q
O

< Q.

On the other hand, the special case of 8 having analytic singularities does not
seem to make (3.1) easier, as in the above way of using Holder inequality.

Now we show that, in fact, deep Conjecture implies the exactness of a
Skoda complex via vanishing. Note that this is completely independent of our
main result, Theorem [.1, where the exactness of a Skoda complex is proved
without assuming (3.1). It seems that the methods in the proof of (3.4) might be
useful elsewhere as well.

ProposiTiON 3.4. If Conjecture is true, then the qth Skoda complex (2) is
exact for any q > p.

For this, we will use Demailly’s version of the Nadel vanishing theorem [
(5.11)] for a weakly pseudoconvex Kéhler manifold: a weakly pseudoconvex man-
ifold is a complex manifold that possesses a smooth plurisubharmonic exhaustion
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function ¢. For example, a compact complex manifold is weakly pseudoconvex
when ¢ = 0. Also, Stein manifolds are weakly pseudoconvex.

Proof of Proposition 3.4. Going back to the construction of (2.2), first note that
the log-resolution Y is weakly pseudoconvex since it has the pullback under f of
a smooth plurisubharmonic exhaustion function on 2 as its own such exhaustion
function.

We need to show the vanishing of the higher direct images: R’ f.(Oy (Ky /Q®
J, f*((q —m)p + ¥)) for i > 1. Using the projection formula and the fact
that €2 is Stein, it suffices to show the vanishing of Hi(Y, Oy (Ky;o+ ffL)®
J(f*((g —m)¢p + ¥))) for a sufficiently positive line bundle L on €2, i > 1 and
0 < j < p.Taking L — Kq positive enough, it suffices to show that

H'(Y, Oy(Ky + f*L) ® T (f*((g —m)p + 1)) =0. 3

For this, we take F = f*(L). To apply the above-mentioned Nadel vanishing
theorem [D, (5.11)], we need to construct a singular metric 4 of f*(L) such that
its curvature current is strictly positive and the multiplier ideal sheaf J (Y, h) is
the same as 7 (f*((g — m)¢ + v¥)). This will be shown possible by giving % as a
product of a smooth metric of a positive line bundle (which is f*L minus E, sum
of small multiples of exceptional divisors to be specified in what follows), the
singular metric precisely given by E for the Q-line bundle O(E), and f*((¢ —
m)¢ + ) (a plurisubharmonic function, which can be seen as a singular metric
of Oy). We use the following lemma.

LEMMA 3.5 [Vo, Proposition 3.24]. Let f1 : Y1 — Yq be the blow-up of Yy along a
complex submanifold Zy of codimension ko, and let E\ be the exceptional divisor
of f1in Yy. Let Ao be any ample line bundle on Yy. Then there is a large enough
integer a > 1 such that the Q-line bundle f*Aq — %El is positive.

Now let us suppose that the log-resolution f is composed of smooth blow-ups
fmo fu—10---0 f1.Set Yo := Q and Ap := L. By abuse of notation, E,, denotes
all the proper transforms of the exceptional divisor E,, in Y, up to Y;s. We choose
large enough integers ay, ..., ay as follows.

e Integer a; is chosen to be large enough to satisfy that f*L — (1/a1)E| is posi-
tive by (3.5).
e Integer a; is chosen to be large enough so that

1 1
L= f2*<<f1*L - —E1> + —E1>
aj ay
— ——

positive
of e 1 1 1 L1
=fHL|fiL——E|——E+—E+f/|—E ).
aj ar ap aq

positive
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e Integer a3 is chosen to be large enough so that
1 1 1 1
FRRL=FC =Bt B (B s (o8
as as ap ap
—_——
positive
where the last three terms are rewritten as (1/a3) E3 + (1/az) f5 E2 + (1/a1) x

f3*f2*El~
e Similarly, for a,, (m > 4),

i 13 1> fi'L = (a positive line bundle)

+—Es+—fiEs+ —f, 3 E2+—f{ f5 /5 Er,
a, az ap ai

fL=fie L

. 1
= (positive) + — Ey + —— fy Ep—1+ -+
am am-1

1
+af1\*4f1t*4—1'“f;El~
It is now clear that we can take E to be
._L ; * i k * *
E:=—FEy+ ImEM—1+ -+ —fyfy_1- [ E1
apm apm—1 ai

for large enough integers aj,...,ay so that J(¢r + f*((g — m)¢p + ¥)) =
TJ(f*((g —m)p +¥)) (¢g is the weight function associated with the Q-divisor
E) according to Conjecture 3.1. This proves (3.4). U

4. Proof of the Main Theorem

4.1. Algebraic Preliminaries

Let A be a commutative ring and M be the dual of free module M’ := A®? of
rank p. We view an element of /\k M as an alternating function on (v1, ..., vg),
where v; € A®P Letey,..., €p be the basis of M’ and let ey, ..., e, be the dual
basis of M. Let h € M’. Let i (h) be the contraction by £, that is, (for each m > 1)
the mapi(h): \"" M — /\"’*1 M determined by

(M) @i,y vm—1) =n(h, v1, ..o Vm—1)

for every m-form n € /A" M. Then the following is well known.
PROPOSITION 4.1. Foreveryl,n>1and ¢ € /\l M,y e N\'M, we have
i) (@A) =A(MG) AV + (—=1)'p A G (h)Y).

Now, taking & = g1&1 + - -+ + gp&, it is easy to see that the map i (h) : \"' M —
/\’"—1 M is our Koszul map P of (1). Also, we let P denote the map e(v/) :
AN""'M — A™ M given by taking a wedge with (1/|g|)v, where ¥ = gre; +
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-+ 4 gpep. That is, for each u € /\m*1 M, we have

1 1 _ _
PY(u) = WU ANY = @(ZWW) A(grer +---+gpep)
i

1 m
~ i E e @
J k=1
In the first summation, we take J = (ji,..., jm) Where 1 < j; <--- < j,, < p.
The last equality comes from the following argument: e; A e, is not zero for ¢
such that {iy, ..., i,—1, £} has m elements. Rewriting the set {iy, ..., i,;—1,£} in
the increasing order as {ji, ..., jm}, where 1 < j; <--- < j,, < p, we note that

— m—k, . )
ei, N Nep  ANeg=(—1) ej, N---Nej,

when £ = ji for some 1 <k <m.
As a consequence of (4.1), we have (taking / =m — 1).

COROLLARY 4.2. 1. P(PVu) = PV (Pu) + (—1)"'u forallu € /\m_1 M,
2. P(PYu)=(—D)""luif Pu=0,
since the map i(h)y : \™ M — N\ M is the multiplication by 1.

Now we turn to define our Hilbert spaces and their double complex. For i > 0
(though we actually need i =0, 1,2 only) and 0 <m < p, let 7,-2271 be the Hilbert
space completion of the smooth ((¢ — m)L + M)-valued (0,i) forms that are
square-integrable with respect to e =@V Let H!" be the direct sum of (Z )
copies of’;’f-@, for which we use the basis {e;, A---Ae;, |1 <i] <--- <iy < p}.
Each H" is given the inner product of the direct sum Hilbert space. Let T : H' —
H'™ and S : 7' — HY be the direct sum of 9 operators.

H2 H) H 0
|
2 oyl 0 0
T
12—l Py 0

Let each P be the Koszul map of (1). First we compute P*u using the fact that
(P*u,v) = (u, Pv) forall v.

Throughout the rest of this paper, the index I denotes (ii,...,I,—1), Where
1 <i; <---<ip-1 < p, and the index J denotes (ji,..., jm), where 1 < j; <

< jn =P
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PROPOSITION 4.3. If Pu =0, then | P*u||* = |jul|>.

Proof. Letu =7 ;uje; andv=7>_;vye;. Then

P(v) = ZUJP(e])_ZvJZ( D lgiey Ao nEg A Aej,.

From the condition that (P*u, v) = (4, Pv) for all v € H]', we can determine
P*u. Namely, the coefficient for v; in the summation (x, Pv) must be the coef-
ficient for e; in P*u. Also, we take into account the fact that (P*u, v) is in Hg
and (u, Pv) is in Hg‘_l with one less power of 1/|g|? in the weight for the inner
product. Thus we have

1
- W inlmj’”ejl AR /\ejm’ (6)
J
where ;... ka 1”/1-~/k~-jm(_1)k_lg_ik From (4), we have P*u =
1y B Then [Pl = (P, ) (. POPPa0) = G, (1 x
P(PYu)) = (u,u) by (4.2). 0

4.2. Some Analytic Preliminaries

We recall the following fundamental lemmas in the methods of L? estimates for
dasin| 1.

LEMMA 4.4 ([ Proposition 1], see also [Va, (3.2)]). Let &y, Fo, F1, F2 be
Hilbert spaces. Let P : Fo — &y be a bounded operator. Let T : Fo — F| and
S : F1 = JF, be unbounded, closely defined operators such that S o T = 0. Let
G C &y be a closed subspace such that P(KerT) C G. We have P(KerT) =G if
and only if there exists a constant C > 0 such that

IP*u+T*BI + 1SBI1> = Cllul?

forallu € Gand all B € DomT*NDom S C F|. Moreover, in this case, for every
u € G, there exists v € Ker T such that Pv =u and ||v| < (1/\/E)||u||.

All the norms in the above are taken in the respective Hilbert spaces.

Another important ingredient of the L estimates for  is the following Boch-
ner—Kodaira inequality, also known as the basic estimate. Let Q@ C C" be a Stein
bounded open subset, and let L be a line bundle on Q. Let e~¥ be a singular
hermitian metric of L. Let F; be the Hilbert space of L-valued (0, i) forms that
are square integrable with respect to e V.LetT:Fy— Fyand S: F) — F> be
the @ operators.

LEMMA 4.5 (Bochner-Kodaira [ 1. Forall B € DomT* NDom S, we have

IT*BIR + 1SBI2 = /Q (V=T039) (8. Be”"



12 DanNo Kim
Here we define (v/—100v)(B, B) to be (for B = B1dzi +--- + B dz,)
_ 92 _
VTOa) B B = Y — L prp

1<p.g<n 7%P 924

and regard [,(v/—109v)(B, B)e™" as the norm of B with respect to /=139

REMARK 4.6. In the use of Hormander’s L? estimates for @ with these lemmas, we
need the standard procedure of regularizing the plurisubharmonic weight ¥ by a
sequence of smooth plurisubharmonic functions (y,,),>1. For simplicity in nota-
tions, here and in the next section, we adopt the convention that each iy means the
vth regularized v, so that we can take /—1331, and so on. The resulting holo-
morphic function u,, at each step comes with a uniform bound that is independent
of v, so we can take the limit # as v — oo in the usual way.

4.3. Proof of (1.1)

In the gth Skoda complex (2), let S,, denote the sheaf A"V ® J((g — m)¢$ +
YY) ® O((g —m)L + M) (0 <m < p). We want to show the exactness in the
middle of S+ —P> S 3) Sm—1 for every m > 0 (defining S_; := 0). Since the
exactness of a complex is a local property, it is sufficient to show (see (4.9) for a
stronger statement with estimates)

ImP|g=KerPlg inH(R, Sy), (7
where 2 C X is a Stein open subset.

To apply the functional analysis lemma (4.4) to this, we consider the cor-
responding Hilbert spaces on €2 in (5) and the Koszul maps P, _1 : 7-[81_1 —
’H,g“z, Pyt Hi — HO’"”. In the setting of (4.4), we take P := Py, £y := 7-[8171,
Fi:=H]" (i =0,1,2) and take G := Ker P, in 7-[81_1. It suffices to show that
P, (KerT) = G. Now consider

1P u+T*B1* + I1SBII?
= IT*BI> + ISBI* + | P*ull® + 2Re(P*u, T*B). ®)

First, note that || P*u||> = ||u||* from (4.3). Our plan toward having C||u||* as

in (4.4) is to divide 2Re(P*u, T*f) into a u part and a 8 part. Then the 8 part

being less than ||7* 8% + ||SB||*> will finish the proof. More precisely, now apply
the Bochner-Kodaira inequality (4.5) to get

||T*,3||2+||S/3||22/QZ((q—m)\/—_lagloglglz—i-\/—_lagw)
J

x (By, e ?av,

where dV is the Lebesgue volume form and ¢ := (¢ — m)log|g|*> + v is the
weight of the Hilbert spaces H!". Here we have (¢ — m) times the norm of 8 with
respect to ~/—190 log |g|?. This will be canceled out by another multiple of the
same norm of 8 coming out of 2Re(P*u, T*B). More precisely, we will show
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that 2Re(P*u, T*B) > —% lul|> — T;, where B is a constant B > 1 which we fix
throughout, and (see (10))

N AT SR
Q

i] <---<im_1

is the second term of the RHS of (10). Now our main inequality to show is
i< n(p— n = 1)+ 1) [ 3 (V=ToBlog g )8 e V.
J

Then we can take
qg= max m(p—m+1)+1

O0<m=<p
(which gives ¢ in (1.1)) so that (Skod,) is exact, where we apply (4.4) with C =
1—1
5
Now we begin the main computations following the previous outline. In order
to consider 2Re(P*u, T*fB), we write arbitrary u € 7—[6”_1, B e M as

U= E Ujwipg_1€iy N N€i s

i< <ip-1
B= Y (Bl i+ Bl dZel Ao Aej,.
J1<e < jim
We use (6) to obtain (letting ¢ :=log |g|2)
2Re(P*u,T*ﬁ)zzRe(ﬁ(P*u),ﬁ)zzRe/ Y Setav,

J1<<jm

where

a
(gjl €_¢),3;-11_”jm>

a
SJ = u]Z]m <8Z1 (gjle_¢)ﬁ]1l"'jz11 oot aZ
n

0 -¢) g1 9 —¢) "
+ U jzjm 8_Z](gjze )ﬁj]u.jm +oe Tt E(gjze )ﬂjr--jm
4.

0
. —d\ RN
9z (gjme )ﬁ“/m>
Then we can rewrite this sum over J as the sum over /:

2Re(§(P*u),/3)=/ > ttiyeiy Ty ?1dV,
Q.

i< <im-—1

+ui .. i(g-e*‘l’)ﬂl. e+
J1Jm—1 aZl Jm 1 jm

where (understanding that the index / Ut of B, denotes the rearrangement in
the right order as far as |/ U | = m) we define

d d
Toiny = (a—m<gte—¢>ﬂ}u,+---+E@,e—mﬂ;@,). ©)

t¢l,1<t<p
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; 2._ Y
Remembering that |u|:=>"; _ _;  |ui..i, |, we have

— 1
2Re(@(P*u), ) > —— / gl |ulPe 20914V

—B/ lgI™? €2 Ty, [Pe 1 dV,  (10)

1< <lm 1

where we have used the fact that for any complex numbers X, Y: | X Z+|Y 242 x
Re(XY) >0, and also %|X|? + B|Y|> + 2Re(XY) > 0 for any B > 1. Then we
consider

9 9 2
17Ty, P = > (—(gze¢)ﬁ}w+~-~+—(gze¢)/3§’U,>
821 8Zn
t¢l 1<t<p
d . 2
- Z <e¢3_(gte_¢)/31w _¢):37uz>
<1
t¢l,1<t<p
4 agr Bgs ¢ |
=gl Z Zzgs gs 8_ Bru
t¢l 1<t<p k=1 s=1 <k 2k
noting that (for each t)
dg g )
—py ) t K
—(gre LI L 11
<gt )=lgl” Zlg( it (11)
Finally, we have the following inequalities:
Blgl™> Y 1e*Tii, I
i< <ip-1
_ dg  dg g
D ST D S 3 v (S
i <o <im ] ¢l 1<r<pk=1s—1 Zk Zk
P ‘ dg g
— — t
LRI DD (5 T W I (e
i1<-<ip—1 s=I t¢l k=1 <
I<t<p
14 2
<BlgI™® Y 1gPd] D s Al (13)
i1 <-<im—1 s=1 ¢l
I<t<p
p 2
<(p—m—=1)Blgl™ Y > D ls. 1l (14)
i1<-<ipm—1 t¢l 's=1
I<t<p
<m(p—m—1)Blgl™> " Y llg,rlsI’ (15)

J 1=g<r=p

< (m(p—(m—1)+1) > (V=193 log|g*)(Bs. ). (16)
J
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Here we have defined (from (13) on)

n

0gs g
[[r.s11, = Z(gr% - g‘yi>ﬁ§

d
! Zk

forany 1 <r, s < p and the index J with |J| = m. The implications (12) — (13)
and (13) — (14) are given by Cauchy—Schwarz whereas (14) — (15) follows
from an elementary counting argument. Also, we have used the following:

82
07074

(V=Todloglg?)Bs = 3 (log|g)B7 6]

1<p.q=<n

=lgI™ >

I<g<r=p

n

ogr agq) k 2
Z(gq e o Pi

k=1

This completes the proof of (1.1).

REMARK 4.7. The value of ¢ in Theorem can be improved if we have a
better inequality between (12) and ZJ(«/—_lagloglgF)(ﬂj,ﬁl) in (16). For
example, suppose that p = 2, then (1.1) says that g = L%pz + %p + %J =3
works. However, an easy computation shows that (12) is less than two times
>, (~/—13dlog|gl®)(By, Bs) in this case. Therefore (the optimal value) g = 2
also works in this case in (1.1).

REMARK 4.8. We point out that the above method of proof yields the following
proposition, which is equality (7) together with L? estimates. This generalizes
the original Skoda division theorem in the setting of a Skoda complex. Indeed, it
is completely standard in Hormander’s L? estimates that the use of a functional
analysis lemma similar to (4.4) automatically produces a solution of 3 together
with L? estimates. The only difference between the following proposition and (7)
is that we now use the last sentence of (4.4).

We use the setting and notation around (5) of Section 4 in the following propo-
sition.

PROPOSITION 4.9. Let X = Q be a Stein manifold. Let p and q be integers as in
(1.1). For every m such that 1 <m < p, let u be an element of the direct sum
space ’Hg_l such that each component of u is holomorphic. If the norm of u in
Hy s finite, then there exists v € Hy' such that Pv = u and each component of
v is holomorphic. Moreover, there exists a constant C > 0 such that |v]| < Cllu]|,
where C is independent of u.

It is also not hard to formulate a version for a projective manifold X, similar to
the Skoda division theorem for such X.
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5. Applications to the Local Syzygy

As we discussed in Introduction, [[.I.] used the exactness of a Skoda complex to
show that not every integrally closed ideal is a multiplier ideal. Recall the setting
from Introduction: Let 2 C X be a connected open subset of a complex mani-
fold X. Let e~ be a singular weight on © where ¢ is a plurisubharmonic func-
tion on Q. From e~?, there are two fundamental ways to define an ideal sheaf
of local holomorphic function germs u: collecting those with |u|>¢~¢ bounded
above locally, on the one hand; and collecting those with the integral fQ lul?e=®
finite, on the other hand. Let us denote the former by Z(¢) and the latter by 7 (¢).
If ¢ has analytic singularities and is of the form ¢ = log(| fi|*> +--- + [ fp |2), then
Z(¢) is the integral closure of the ideal generated by f1, ..., fp. Itis important to
distinguish Z(¢) from J (¢) clearly, so let us call Z(¢) the sublevel ideal sheaf of
¢ (whereas J (¢) is well known as the multiplier ideal sheaf of ¢). The following
is essentially contained in [D].

PROPOSITION 5.1. A sublevel ideal sheaf Z(¢) is integrally closed.

Proof. Suppose that a local holomorphic function f satisfies an equation
fraff+ta s+ fi=0,

where a; € Z(¢)'. We have the following elementary bound [ Ch. II, Lem-

ma 4.10] for the roots of a monic polynomial

|f| <2 max |a;|"/"
1<i<k

locally. Therefore | f|2e~¢ is locally bounded above. U

Now we apply our main theorem in the local setting as in [L.[.]. We only need a
slight modification of the statements from [I.1.] due to the fact that our g in (1.1) is
not optimal as in the algebraic case of (1.1). Let X be a smooth complex algebraic
variety of dimension n, and let (O, m) be the local ring of a point x € X. Let
hi,...,h, € m be any collection of nonzero elements generating an ideal a C O.
Our main theorem (1.1) implies the following version of Theorem B in [L.L], for
which we just note that our exact Skoda complex sits in-between the two Koszul
complexes in the statement.

THEOREM 5.2 (see Theorem B [LLL]). Let J (i) be the multiplier ideal sheaf of
a plurisubharmonic function  which is defined in a neighborhood of x. There
exists an integer p' > p such that for every 0 <r < p, the natural map

Hy(Ko(h, ... hp) @a” " T W) > Hy(Ko(h, ... hp) ® T (¥)
vanishes.
The original Theorem B was stronger when ¢ is algebraic, which means that we

could actually take p’ = p in that case. Now, using the isomorphism between H,
and Tor, and taking p = n, we have the following.



The Exactness of a General Skoda Complex 17

CoROLLARY 5.3 (see Corollary C [LLL]). There exists an integer n’ > n such that
the natural maps

Tor, (m" " J (1), C) = Tor, (J (%), C)

vanish for all 0 <r <n.

COROLLARY 5.4 (see Theorem A [LLL]). Let 7 = J () C O be (the germ at x
of) any multiplier ideal. Then there exists an integer n’ > n with the property: For
p > 1, no minimal pth syzygy of J vanishes modulo m =P,

(5.3) IMPLIES (5.4). Take n’ from (5.3). Suppose that a minimal pth syzygy of J
vanishes modulo m” +1=7_ That is, given a minimal free resolution, a linear com-
bination of the columns of u,, namely u,(e) for some ¢ € R), = OP», satisfies
upe) em?R, | =m*. OP»-1 wherea=n'+1— p = 2. Then Proposition 1.1
[LL] says that e represents a class lying in the image of Torp(m“_lI, C —
Tor,(Z, C). This contradicts (5.3).

Finally, [LLL., Example 2.2] says that there exists an integrally closed ideal Z sup-
ported at a point with a first syzygy vanishing to arbitrary order a at the origin. It
cannot be a multiplier ideal due to (5.4). Hence Corollary |.2 is proved since it is
sufficient to examine at the local ring of a point.

Note added. The referee kindly informed the author of recently published
papers [J1] and [J2] (formerly , ) which con-
tain independently obtained results similar to ours in this paper (formerly

): division in the Koszul complex setting (1.1), (4.9). We note that
[J1, Corollary 5.7] gives an improved lower bound of g from (1.1) and (4.9).
Its method seems useful toward obtaining the optimal value of g. The author is
grateful to the referee for informing him of [J1] and [J2].
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