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Real Multiplication on K3 Surfaces
and Kuga—Satake Varieties

BERT VAN GEEMEN

A K3-type Hodge structure is a simple, rational, polarized weight-2 Hodge struc-
ture V with dim V2? = 1. Zarhin [Z] proved that the endomorphism algebra of a
K3-type Hodge structure is either a totally real field or a CM field. Conversely, a
K3-type Hodge structure whose endomorphism algebra is a given such field exists
under fairly obvious conditions. For the totally real case, see Lemma 3.2.

In a manner similar to the case of abelian varieties and their polarized weight-1
Hodge structures, given a polarization and a totally positive endomorphism, one
can define a new polarization (see Lemma 4.2). For a polarized abelian variety,
this follows from the well-known relation between the Rosati invariant endomor-
phisms and the Néron—Severi group. In case the K3-type Hodge structure is a
Hodge substructure of the H? of a smooth surface, it comes with a natural polar-
ization induced by the cup product. It is then interesting to consider whether the
polarization obtained by means of a totally real element a is also realized as the
natural polarization for some other surface S,. Thus H2(S,) has a Hodge sub-
structure isomorphic to the original one, but the isomorphism does not preserve
the natural polarizations.

It follows easily from general results on K3 surfaces that, under a condition on
the dimension of the Hodge structure, such K3 surfaces do exist (see Section 4.7).
The isomorphism of Hodge substructures, in combination with the Hodge con-
jecture, then leads one to wonder whether there is an algebraic cycle realizing the
isomorphism. We discuss some aspects of this question in Section 7. Mukai [Mu]
proved that Hodge isometries between rational Hodge structures of K3 surfaces
are realized by algebraic cycles, but this deep result does not apply to the gen-
eral case. It does imply that if the endomorphism algebra of the (transcendental)
Hodge structure of the K3 surface is a CM field, then any endomorphism is in-
duced by an algebraic cycle on the self-product of the surface [Mal].

We consider the Kuga—Satake variety of a K3-type Hodge structure with real
multiplication in Sections 5 and 6. The CM case was already studied in [vG2]. In
particular, we consider the endomorphism algebra of the Kuga—Satake variety in
the presence of real multiplications on the Hodge structure and we discuss some
examples. We show that the Kuga—Satake construction is related to the corestric-
tion of (Clifford) algebras. From this result we obtain a better understanding of
previous work of Mumford [Mum] and Galluzzi [Ga].
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1. Hodge Structures, Polarizations, and Endomorphisms

1.1. HoDGE STRUCTURES. We recall the basic notions and refer to [Z, Sec. 0] and
[vGl, Sec. 1] for further details.
For a Q-vector space V and a Q-algebra R we write Vg := V ®q R. The
R-linear extension of a Q-linear map f: V — W is denoted by fr: Vg — Wkg.
A rational Hodge structure of weight & is a Q-vector space V with a decompo-
sition of its complexification:

Ve = @ VP4 suchthat VP4 =V9P
ptq=k
and p, g € Z>(. Equivalently, a rational Hodge structure of weight & is a Q-vector
space V with a representation of algebraic groups over R:
h:U(l)={zeC:|z|] =1} -> GL(VR)
such that h(z) ~c¢ diag(...,z7z%...)
with p + g =k, p,q > 0; that is, the set of eigenvalues of /(z) on V¢ is a subset
of {z%,...,zPz9,...,z%}. The subspace of V¢ on which A(z) acts as zPz7 is V4.

Note that % is defined over R if and only if (iff) V74 = V%P We write (V, h), or
simply V, for the Hodge structure on V' defined by 4.

1.2. POLARIZATIONS (see [Z, Secs. 0.3.1, 0.3.2; vGl1, Sec. 1.7]). Let (V,h) be a
rational Hodge structure of weight k. A polarization v of (V,h) is first of all a
Q-bilinear map

Y:V xV — Q suchthat Ygr(h(2)v, h(z2)w) = Y(v,w)

forall z € U(1), v, w € Vg. That is, g must be U(1)-invariant.
Let C := h(i) € End(VR); C is called the Weil operator. Then ¥ must also
satisfy
Yr(,Cw) = Yyr(w,Cv) VYv,w e Vg;

hence ¥r(-,C-) is a symmetric R-bilinear form. Since C?> = h(—1) and h(—1)
has eigenvalues (—1)?T9 = (—1)X, we have C> = (—1)¥ on Vg. Using also the
symmetry of Ygr(-,C-), we get

Y (v, w) = Yr(v, w) = Yr(Cv, Cw) = Yr(w, C*v)
= (=D yrw,v) = (=D*y(w,v)

for v, w € V. Thus ¥ is symmetric if the weight k of V is even and is alternating
if the weight is odd.
Finally one requires that g (-, C-) be positive definite:

Yr(,Cv) >0 YveVg, v#0.

A polarized rational Hodge structure (V, i, ) is a rational Hodge structure (V, h)
with a polarization .
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1.3. ENDOMORPHISMS. A homomorphism f of Hodge structures (V,hy) and
(W, hy) is a Q-linear map whose R-linear extension intertwines the represen-
tations hy and hy of U(1):

f: V=W suchthat fr(hy(2)v) =hw(2) fr(v) YzeU(1),Yv,w € Vg.
Equivalently, there is an integer a such that the C-linear extension of f satisfies
fe(Vra) c wrreae

(so we work up to Tate twists; cf. [Z, Sec. 0.3.0; vGl1, Sec. 1.6]). In particu-
lar, kernels and images of homomorphisms of Hodge structures are Hodge sub-
structures—that is, they are rational Hodge structures with the decomposition in-
duced by the one of V (resp. W).

We write Hompoq(V, W) for the Q-vector space of homomorphisms of Hodge
structures, and Endgoq(V) = Hompyeq(V, V). Note that Endgeq (V) is a Q-algebra
with product given by the composition.

A Hodge substructure of (V, k) is a subspace W C V such that h(z) Wg C Wg
for all z € U(1). Thus (W, h|w) is a rational Hodge structure and the inclusion
W < V is a homomorphism of Hodge structures.

A rational Hodge structure (V, h) is said to be simple if it does not contain
nontrivial rational Hodge structures. If (V,h) is simple, then any nonzero f €
Endyoq (V) must be an isomorphism; that is, Endpoq(V') is a division algebra.

1.4. POLARIZATIONS ON WEIGHT-2 HODGE STRUCTURES. Let (V, h) be a ratio-
nal Hodge structure of weight 2. Define a decomposition of Vg (this is actually
the eigenspace decomposition for the Weil operator C) by

VR=Voa®V,, Vo:=VenNV>*aV®%) Vy:=VgnVhl

Then V, is a real vector space that is 2(U(1))-invariant, and the eigenvalues of
h(z) on V, ® C are z? and z2. In particular, C = —1 on V. The subspace V is a
complementary i (U (1))-invariant subspace of V, on which 2(U(1)) acts trivially.
In particular, C =1 on Vj.

Let ¢ : V x V — Q be a morphism of Hodge structures. Then yg is U(1)-
invariant and hence V() and V; are perpendicular with respect to (w.r.t.) ¥gr:

Yr(,w) = Yr(Cv,Cw) = —yYr(v,w), veVy, weV,;.

Now assume that v is a polarization. Then ¥g (-, C-) is positive definite on Vg
and, because C = —1 on V;, and +1 on Vj, the symmetric form ¥r is negative
definite on V, and positive definite on Vj. In particular, the signature of ¥y is
((d —2e)+,2e—), where d = dimqg V and e = dim¢ V20,

1.5. K3-Type HODGE STRUCTURES. A Hodge structure of K3 type is a simple,
polarized, weight-2 Hodge structure (V, i, ¥) with
dim V% = 1.

1.6. PeErioDps OoF K3-TypE HODGE STRUCTURES. Let (V,v,h) be a K3-type
Hodge structure. Any nonzero element w € V2>:* will be called a period of (V, h, V).
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Note that V%2 = Coand V' = (V20 V%2)L, where the perpendicular is taken
w.r.t. the polarization . Thus the polarized weight-2 Hodge structure (V, h, 1) is
determined by the bilinear form v of signature ((d —2)+,2—), whered = dimV,
and the period w.

Since h(z)w = z%w for all z € U(1), we get

Ye(w,0) = Ye(h(Do,h(2)w) = 2*Yelw,0) VzeU(l);

hence ¥ c(w,w) = 0. Since w + ® € V,, we have 0 > Yr(w + 0,0 + ®) =
2¢c(w, w). Thus the period satisfies:

Velw,w) =0, Vel d) <0 (V3= Co).

Conversely, let V be a Q-vector space of dimension d with a bilinear form 1 of
signature ((d —2)+,2—). Any w € V¢ that satisfies ¥ c(w, w) = 0and Y c(w, w) <
0 determines a polarized weight-2 Hodge structure (V,h,¥) by V2 := Cw.
The following lemma gives a criterion for this Hodge structure to be simple—
equivalently, to be of K3 type.

1.7. LEMMA. Let (V, h, V) be a weight-2 Hodge structure with dim V>° = 1 and
let V20 = Cw. The (V,h,¥) is of K3 type iff Vc(w,v) = 0, with v € V, implies
v=0.

Proof. We will prove that V has a nontrivial Hodge substructure iff there is a
nonzero v € V perpendicular to w.

Let W C V be a nontrivial Hodge substructure. Because Wr must be invari-
ant under C = h(i), it is the direct sum of the perpendicular eigenspaces W, :=
WR N V2 and W() = WR N V().

If W, = 0, then W C V; and thus ¥¢c(w,w) = O for all w € W. If W, # O,
then W, = V), because V, is an irreducible (over R) representation of U(1). In
particular, w, @ € Wc. We consider the subspace

Wt :={weV:ych,w)=0VYweW)}

Then W+ is also a nontrivial Hodge substructure of V. (The h(U(1))-invariance
of WI% follows from the A(U(1))-invariance of Wgr and y¥r(h(2)v, h(z)w) =
YR (v, w).) Since Yy is positive definite on V,, it follows that Wl% NV, =0.As
before, we find ¥ c(w, w) = 0 for all w € W,

Conversely, given a nonzero v € V with ¥¢c(w,v) = 0, the C-linearity of ¢
and the fact that ({¢)|v, = ¥r imply that also Y c(w,v) = 0. Thus v € V2L =
Vo. Since h(z)w = w for all z € U(1) and w € Vj, we conclude that W = (v) is a
nontrivial Hodge substructure. O

1.8. THE TRANSCENDENTAL LATTICE OF A K3 SURFACE. Let § be a K3 sur-
face. Then H?(S,Z) = Z?? and the natural Hodge structure on H?(S, Q) has
dim H?°(S) = 1 (cf. [BPV]). The orientation of S gives a natural isomorphism
H*(S,Z) = Z, so we obtain a cup product H2(S,Z) x H?(S,Z) — Z. This cup
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product is an even unimodular bilinear form of signature (3+,19—) on H%(S,Z),
and (cf. [BPV, 1.2.7 with U = H, VII1.3])

H*(S,Z) = Axs, Axs = U? @ Eg(—1)~

We will assume that S is algebraic. Thus S has an ample divisor with class & €
H?*(S,Z) N H"!(S); in particular, # U h > 0. The primitive rational cohomology
of S (w.r.t. h)is

ht = H*(S,Q)prim = {v€ H*(S,Q) : vUh = 0}.

The inclusion H>(S, Q)prim C H 2(8, Q) defines a rational Hodge structure on the
primitive cohomology. The map Vg, defined by ¥s(v, w) := —(v U w), gives a
polarization on H2(S, Q) prim.

The Néron—Severi group of S is NS(S) = H?(S,Z) N H"'(S) [BPV, 1V, 2.13];
note that NS(S)q = H?*(S,Q) NV, is the maximal Hodge structure of type (1, 1)
contained in H2(S, Q). The transcendental lattice of S is defined as

Ts := NS(S)* (C H*(S,Z) prim)-

Since NS(S) C Vq, we get H>°(S) C Ts c. The Hodge substructure T g of
H(S, Q) prim, With the polarization induced by s, is of K3 type.

The “surjectivity of the period map” [BPV, VIII.14] implies that any o €
Ax3; ®7z Cwith w - w = 0 and w - @ > 0 and such that there is a h € Ags
with A - h > 0 and h - o = 0 defines an algebraic K3 surface S with an iso-
morphism H?(S,Z) = Ags whose C-linear extension induces an isomorphism
H*%(S) = Co.

2. Real Multiplication for K3-Type Hodge Structures

2.1. ENDOMORPHISMS OF K3-TYPE HODGE STRUCTURES.  Zarhin showed that for
a Hodge structure of K3 type (V, k, ¥), the division algebra End (V') is a (com-
mutative) field that either is totally real, in which case we write Endy,q(V) = F,
oris a CM field E—that is, E is an imaginary quadratic extension of a totally real
field F [Z, Thm. 1.5.1]. Moreover, for any polarization v of (V, k), one has

Y(av,w) = Y(v,aw) VYae€Endye(V), Yo,weV

[Z, Thm. 1.5.1], where a is the complex conjugate of a; in particular, a = a for
aekF.

2.2. NoTATION. From now on (V, h, ) will be a polarized Hodge structure of
K3 type with F = Endyeq(V') a totally real field and

d=dimqV, n=[F:Q], m=n/d=dimpV.

2.3. ToraLLY REAL FIELDs. Recall that a finite extension F of Q is said to be
totally real if for any embedding o : F — C one has o(F) C R.
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It is well known that for any number field F there is an irreducible polynomial
p € Q[X] such that F = Q[X]/(p). Then [F : Q] = n, where n is the degree of
p. Letay,...,a, € C be the roots of p in C. Then the maps

01 FEQIX1/(p) = C. o ) aiX'+(p) = ) aia],

j =1,...,n, are the embeddings of F into C. In particular, F is totally real iff all
roots of p are real.

Let F be atotally real field. An elementa € F is called fotally positive if o (a) >
0 for all complex embeddings o of F. For example, b2, for any nonzero b € F, is
totally positive. For any b € F, the element k + b € F, with k € Z. , is totally
positive if k > —o(b) for any embedding o € S.

2.4. SPLITTING OVER EXTENSIONS. To study the action of the field F = Endgeq(V)
on the Q-vector space V with the bilinear form v, it is convenient to have a de-
composition into eigenspaces. So let F be the Galois closure of F. Then F is a
Galois extension of Q that contains F as a subfield. Let

H :=Gal(F/F) — G := Gal(F/Q), [G:H]=[F:Q]l=n.

Note that h(a) = a for any a € F and h € H; thus any coset gH gives a well-
defined embedding F' — F,ar> g(a).

Let again F = Q(«x) = Q[X]/(p) witha = X 4 (p) € F aroot of p. Then
p =11 geG/H(X —g(w)) € F [X]. The Chinese remainder theorem gives an iso-
morphism of rings

Fp=F@qF= [[ K. a®tr (...g@t....)5ec-
geG/H

where the F-algebra Fg is the field F on which F acts via the automorphism g of
Fia-t:=(@®)t=ga)fortekF,.

Forh € G, letm, € F, C Fj be the idempotent corresponding to the projec-
tion on Fj, s0 70, = (..., (4) g, .- .) € [ Fy with (1), = 1and (1), = 0if g #
h. Note that a - m, = g(a)m,. Then Vi has the following decomposition, with

Ve i=m,V:
Vi = @ Ve, v = Z v, Wwith v, = m,v.
¢€G/H ¢€G/H

This is also the decomposition of V into eigenspaces for the F-action because,
witha - v = (a ® 1)v fora € F and v € V3, we have

a-v, =a-mgu, = g(a)mgvg = g(a)v,.

Note that dimq V = dimj; V; = d = nm and that dim; V, = m for any g € G/H.

2.5. THE GALOIS ACTION ON V;.  The Galois group G acts on Vz = V ®q F via
the second factor of the tensor product. This action commutes with the one of F
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on the first factor. Under the isomorphism Vi = P V,, this action permutes the
eigenspaces V,: if a - v = g(a)v then for h € G one has

a-h() =h(a-v) =h(ga)v) = (hg)(a)h(v)

and hence h(V,) = Vj,. (Here we have used that, if v = ), v; ®;, then g(a)v =

1@ g@)(X ;v ®1) etc.)
LetveV =V ®1 C Vg; then v = h(v). Writingv = ) v, we get

v = ng = Z h(ve) andso h(ve) =vpe (VEV).

Thus for v € V we have the decomposition v = Y g(v,). In particular, the com-
position of the inclusion V' < V with the projection of V; — V, is an injective
F-linear map:

VsV, v,

This inclusion induces an isomorphism of F-vector spaces V ®p F = V,.
2.6. LEMMA. The F-bilinear extension of the polarization  on V will be de-

noted by Yz: Vg x Vg — F. Let Y. V, x V, — F be the restriction of ¥ to
V. x V. Let ® be the restriction of Y, toV xV CV, xV,:

O: VXV —>F oww):=1v(v,w,).
Then ® is an F-bilinear map and forv =" v, andw =) w, € V C V; we have
Yww) = Y g(® e, w,)) = trryq(P(ve, we)),
geG/H
where trp)q: F — Q, t — dec/H g(2), is the trace map.

Proof. The polarization ¥ on V satisfies ¥ (av, w) = ¥ (v,aw) for all @ € F and
all v, w € V. Using the idempotents 7, we get

wﬁ(vg’ vp) = wﬁ(ngvg’ vp) = wﬁ(vg’ ﬂgvh)
and ,v, = 01if g # h. Thus the eigenspaces V, are perpendicular w.r.t. 1z and
we get
Vi, w) = D Yelvgwg)  with Y = Wp)lv,xy,: Ve x Vg > F,
geG/H

where v = ) v, w = ) w, € V. Note that ay,(vg, wy) = Y(g(a)v,y, wy) =
Yo (vg, g(a)w,) and so Y, is F-bilinear.
Since  is defined over Q, for 4 € G and v, w € V;: we have

h(Yj (v, w)) = Y (h(v), h(w))

(alternatively, use v = Zi v; ® 1; etc.). In particular, for v,w € V.C V, and h €
H we get ¥, (v, w,) € F. Forv =Y g(,) and w = ) g(w,) €V C Vi we
then have
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g(we(ve’ we)) = g(wﬁ(ve’ w,)) = wﬁ(g(ve)’ g(we)) = 1/fg(g(ve)» g(we));
therefore’ ‘/I(U, w) = wﬁ(v’ w) = ng(g(ve)’ g(we)) = Z g(dfe(ve’ we))~ The

lemma now follows from the definition of ®. O

2.7. THE MUMFORD-TATE GrROUP. The Mumford-Tate group of a K3-type Hodge
structure was determined by Zarhin. For the definition and properties of the
Mumford-Tate group MT(V') and its subgroup, the special Mumford-Tate group
SMT(V), of a Hodge structure V we refer to [Z, 0.3.1] (where SMT (V) is called
the Hodge group of V') and [Go]. Both are algebraic subgroups, defined over Q,
of GL(V) and SL(V), respectively.

Let SO(V, ®) be the special orthogonal group of the bilinear form & on the
F-vector space V (defined in Lemma 2.6) viewed as an algebraic group over Q.
Then SO(V, ®) = SO(V,, v,). For a Q-algebra R, the group of R-valued points
of SO(V, @) is

SOV, ®)(R)
={A eSL(WR) : aA = Aa, Pr(Av, Aw) = Pg(v,w) Ya € F, Yv, w € V}.

2.8. THEOREM [Z,Thm. 2.2.1]. Let (V, h, ) be a K3-type Hodge structure with
F = Endyoq(V) a totally real field. Then

SMT(V) = SO(V,®),  SO(V, ®)(R) = SO2,m — 2) x SO(m,R)"",

and SO(V, ®)(C) = SO(m, C)". The representations of these Lie groups on the
d = nm-dimensional vector spaces Vr and V¢ (respectively) are the direct sum
of the standard representations of the factors.

Proof. With our definition of ®, Lemma 2.6 shows that (v, w) = trp;q(® (v, w))
for all v, w € V, and this is also Zarhin’s definition of ® ([Z, 2.1] with e = 1).
Thus SMT(V) = SO(V, ®) by [Z, Thm. 2.2.1].

Similarly to the various decompositions in Section 2.4, one has Fr = @U s Ro
and

VR:@VO, v="_(..,V5,...), and a-v=_(..,0(@)Vs,...)5es

ces

for a € F. Hence this is also the decomposition of Vg into eigenspaces for the
F-action.

To obtain these from the decomposition of Fj, choose an embedding &: F —
R—for example, one that extends ¢: F < R, where ¢ - = ¢(a)w and y2o0 —
Cw. (We are interested only in the action of F and R on Fg, so the choice of the
extension of & does not matter.) Then R becomes an F-module that we denote by
R, and we get

Fr :F®QR;(F®Qﬁ)®ﬁR£;( @ Fg) ®1':R5;@RU’
¢eG/H oges



Real Multiplication on K3 Surfaces and Kuga—Satake Varieties 383

where the bijection between the set of complex embeddings S of F and G/H is
given by o(a) = £(g(a)) for all a € F. The idempotent in Fy that corresponds to
the projection on R, will be denoted by 7, and V, = n,/ V.

The fact that ® is F-bilinear implies that its R-bilinear extension ®g, with
values in Fr = J[R,, is Fgr-bilinear. Thus ®g = (..., Dy, ...)ses With Dy:
Vo xV, > Rg,.

Any F-linear endomorphism A of V extends R-linearly to an Fr-linear endo-
morphism Ag of Vg. In particular, Ag commutes with the idempotents 7, € Fg;
hence, for v, € V, we get ARv, = AR7T,V; = 7T, ARV, and so ARy, € 7,V = V.

Since the elements of SO(V, ®) are F-linear, we get

SO(V, ®)r C [ [ GL(V.).
oes
Here SO(V, ®)r = SO(V, ®) x g Ris the algebraic group over R obtained by ex-
tension of scalars (i.e., by base change) from the algebraic group SO(V, ®) over
Q. Because (V, ®) = (V,, V.) and the Galois group G permutes the V,, we obtain
the following isomorphism of algebraic groups:

SO(V, ®)r = [ [ SO(Vs, ),
ges§
and the representation is factorwise on Vg = @ V.
By definition of & we have V2* C V. ¢ := V. ®g C. Since & commutes with
F, each V; is a real Hodge structure and hence also Vo2 Ve,c:

V0o VPV, c:=V.9rC
andso V, C V..

Recall from Section 1.4 that Vg = V, @ V| and that 1/g is negative definite on
V, and positive definite on Vy. Since V, C Vj if o # ¢, we get SO(V,, Py)r =
SO(m)R if o # € and SO(V,, ®,)gr = SO(m — 2,2)r. Extending scalars to C
and taking C-points, we get SO(V, ®)(C) = SO(m, C)". O

3. The Existence of Hodge Structures of K3 Type
with Real Multiplication

3.1. We prove an easy existence result for K3-type Hodge structures with real
multiplication. Then we apply results of Nikulin on embeddings of lattices and
the surjectivity of the period map to show the existence of K3 surfaces each of
whose transcendental lattice has real multiplication.

It would be interesting to have geometrical (and not just “Hodge theoretic”)
examples of such surfaces. A first step in this direction is taken in Example 3.4,
where real multiplication for a certain “geometric” 4-dimensional family of K3
surfaces is studied.

3.2. LEMMA. Let F be a totally real field with [F : Q] = n. Then for any
m € Zsj3 there exist K3-type Hodge structures (V,h, ) with Endyea(V) = F
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and dimpV = m. However, there are no such K3-type Hodge structures with
dimpV < 2.

Proof. We use the notation from the proof of Theorem 2.8. In case m = 1 we
would have 1 = dim V,, which contradicts the fact that the 2-dimensional sub-
space V), is a subspace of V.

If m = 2 and Endye(V) were equal to F, then by Zarhin’s theorem we
would have SMT(V)(C) = SO(2,C)". A basic property of SMT(V) is that
Endsmt(V) = Endpoa(V). Note that SO(2,C) = C* and its standard repre-
sentation on C? is equivalent to ¢ > diag(z,7~"). With this action, End¢x(C?),
the endomorphisms commuting with C*, consists of the diagonal matrices in
End(C?). Hence

Endgoa(V)e = (Endex(C?)" = C"

and thus dimg Endpoq(V) = 2, which contradicts that Endpeq(V) = F.

Fix an integer m > 3. It remains to show that there exist K3-type Hodge struc-
tures with dimpV = m. Let V = F™ and choose an embedding ¢: F — R.
Using the isomorphism Fr = [] Ry, itis easy to see that there are a; € F such that

e(a)) <0, e(az) <0, e(aj) >0 and o(a;) >0 if o #e,

with3 < j <mand 1 <i < n. We define an F-bilinear form
O: VXV —>F &y = Zakxkyk.
k=1

Then @ induces the bilinear form defined by qu:l o(ar)x;yronV, = R™ Note
that &, has signature ((m — 2)+,2—) and that &, is positive definite if o # ¢.
Thus the signature of the Q-bilinear form ¢ := tr(®) on V is ((nm — 2)+,2—).
To define a K3-type Hodge structure with polarization i on V, it suffices to
give a period w € V¢ (cf. Section 1.6) such that ¥ ¢(w,v) # O for all nonzero
veV (Lemma 1.7). Since g < 0 on V,, we must choose w € V; ¢ := V. ®gr C.
Because w and Aw (A € C — {0}) define the same Hodge structure, we consider

D :={lw]eP(V;0) : ¥c(w,w) =0, Yc(w,0) <0},

which is a nonempty open subset in a quadric in a complex projective space of
dimension m — 1 > 2. Any nonzero v € V defines a hyperplane

H, == {[w]eP(V;,0) : Yc(v,w) =0} CP(V; 0).

Since an open subset of a quadric is not contained in a hyperplane, H, N D is an
analytic subset of codimension > 1in D. Since V is a countable set, we get D #
U, (Hy, N'D), where the union is over the nonzero v € V. Hence there is an w € D
that defines a simple Hodge structure with V>° = Cw. This construction shows
that such (integral) Hodge structures have m — 2 moduli.

Because w € V; ¢ and a € F acts via scalar multiplication by e(a) e Ron V, c,
it follows that aV>? ¢ V> and, taking the complex conjugates, aV %2 c V%2,
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Since V' = (V20 @ V%2)L and y¢(av, w) = Ye(v,aw) we get aH ! ¢ HYY,
so F C Endyoq(V).

In case F # Endgeq(V), the K3-type Hodge structure V has Endgoq(V) = F/,
with F’ an extension of the field F. Multiplication by b € F' defines an F-linear
map V — V and so each eigenspace V, for the F-action is mapped into itself. The
splitting of V¢ into F’ eigenspaces thus splits each

V(T,C = @ pr

p

where the p: F’ — C are the embeddings of F’ that restrictto o on F C F’. In
particular, each V, has dimension < (dimc V,,¢)/2. Since F’ = Endyoq(V) we
must have w € V, for some p that extends ¢. Since the V, are eigenspaces of ele-
ments b € F’ C Endp (V) and the set Endr (V) is countable, we conclude that the
general w € D defines a K3-type Hodge structure V with Endgeq(V) = F. UJ

3.3. PROPOSITION. Given a totally real number field F and an integer m > 3
such that m[F : Q] < 10, there exist (m — 2)-dimensional families of K3 surfaces
such that F = End(Tys) for the general surface S in the family.

Proof. Let (V,h, ) be a K3-type Hodge structure with Endyoq(V) = F and pe-
riod w. Choose a free Z-module T C V of rank d = dimg V such that v is integer
valued on T x T. Theorem 1.10.1 of [N] shows that there is a primitive embed-
ding of lattices T < Axs. The surjectivity of the period map implies that w €
T ®7 C = V¢ C Aks, ¢ defines a K3 surface S with Ts = T as integral polarized
Hodge structures. The proof of Lemma 3.2 shows that there are m —2 moduli. [

3.4. EXAMPLE. The minimal model of a double cover of P2 branched over six
lines is a K3 surface. The general surface S in this 4-dimensional family has tran-
scendental lattice (cf. [MSY, 0.3]):

T=UQ)’ e (-2)%
hence
To = (1)? ® (-1)",
where U(2) is the lattice Z? with quadratic form 4x,x,, which is isomorphic over
Qto yi — y3 (put x; = (y1 + y2)/2 and x» = (y1 — y2)/2) and where (—2)*
is Z* with quadratic form —2x12 - 2x22, which is isomorphic to (—1)? (put x; =
(y1+y2)/2 and x2 = (y1 — y2)/2).

We will show that there are 1-parameter families of Hodge structures 7, such
that T, = T, as lattices, and Endy,q(7;) is a real quadratic field for general 7. Using
the surjectivity of the period map and the Torelli theorem, this easily implies that
for such a 1-parameter family 7; there is a 1-parameter family of K3 surfaces S,
with transcendental lattice Ts, = T;, an isomorphism of polarized Hodge struc-
tures whose general member is a double cover of P? branched over six lines.

We consider the vector space V = Q°® = (Q?)? with the following bilinear
form :



386 BERT VAN GEEMEN

V,¥) = (Q% 01 @ (Q% 02) & Q% 03), Q= (é f )
Hence we identify the bilinear form with the symmetric matrix that defines it,
where the r; € Q are to be chosen later. Next we want to consider the o« € End(V')
such that ¥ (ax, y) = ¥ (x, ay) for all x, y € V. We will restrict ourselves to those
« that preserve the direct sum decomposition. Thus o = block(A, A, A3) with
A; € End(Q?) and ‘A;Q; = Q;A,, so we have to consider the matrix equation

a c 1 0 1 0\/a b
(5 ) )=(o )& 2)

Let A, . := (¢ _); then the solutions to the matrix equation are A = A, . + A/
(note that A, . is just the “traceless part” of A). Since A% . = (¢? + rc?)1, it fol-
lows that Q(A, ;) = Q(\/ e? + rc? ) is a quadratic extension Q if e 4 rc? is not
a square in Q.

Now we consider the case r; = r, = —l and r3 = +1, s0 (V,¢) = T o for
a general S as before. Assume that d € Z. is odd and square-free and that d =
e? + ¢? for some integers c,e. Write d = 2d’ 4+ 1; thend = (d’ + 1)> — (d')>
Hence if we define

a = (A, Az, A3)
with Aj = Ay = Agri1ars As=Ape (P +e?=d=2d +1)

then &? = d, so we have an action of the real field F = Q(«) = Q(ﬁ) onV
and the elements of F are self-adjoint for the bilinear form .

It is easy to see that one eigenspace for the F-action on Vg is positive defi-
nite for ¢ and the other, call it V,, has signature (1+,2—). Next we choose Ty =
Z° — QO such that (Ty, ) = T = U(2)> @ (—2)?, so the lattice (T, ¥) is iso-
metric to the transcendental lattice of double cover of P? branched over six lines.
Choosing a general w € V;,; ¢ with Y7, c(@,w) = 0 and Y1, c(w, @) > 0 defines
a polarized integral Hodge structure on (7o, ¥7) with Endpoq(T0,Q) = F (cf. the
proof of Lemma 3.2). Thus we obtain a 1-parameter family of Hodge structures
on (T, ¥) with Endyoq(70,@) = F for the general member of the family.

4. Twisting the Polarization

4.1. REAL MULTIPLICATION AND POLARIZATIONS. Let (V,h, ) be a K3-type
Hodge structure. Let Bi(V) C V* ® V* be the subspace of Q-bilinear maps
¢:V xV — Q such that ¢ is h(U(1))-invariant.

The isomorphism End(V) = V*® V = V* ® V*, given by the isomorphism
V — V* defined by v, defines an isomorphism

Endyoq(V) — By, at+— v, with ¢¥,(v,w) = y¥(av,w).

The bilinear form v, is symmetric iff Q(a) is a totally real field (use Y¥(av, w) =
V(v,aw)).

We now consider when the bilinear form 1, gives a polarization on V.
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4.2. LEMMA. Let (V,h,¥) be a Hodge structure of K3 type such that F =
Endyoq (V) is a totally real field. Then v, is a polarization of the Hodge structure
(V,h) ifand only if a € F is totally positive.

Proof. Because ¥y is U(1)-invariant and a commutes with 2(U(1)), it follows
that ¥, g is also U(1)-invariant. Since C = h(i) we get aC = Ca and since
Y(av,w) = ¥(v,aw) it follows that ¥, r(-, C-) is symmetric. Thus v, is a po-
larization iff ¥, g (v, Cv) > 0 for all nonzero v € V.

Using the decomposition Vg = @ V;; (cf. the proofs of Lemma 2.6 and Theo-
rem 2.8), forv = (..., vs,...) € Vg we have

Var(@,C) =Y Yo(a - V5, CV6) = Y 0(@)¥o(vy, Cg).
oes oeS
Since ¥ is a polarization, ¥,(-, C-) is positive definite for any o € S. Thus ¥, is
a polarization iff o(a) > O for all o € S iff a is totally positive. U

4.3. ExampLE. Let (V,h,y) and F be as in the lemma (or, equivalently, as in
Notation 2.2). In case a = b? for some b € F we have ¥ (av, w) = ¥ (bv, bw).
Thus the map B: V — V given by multiplication by b, Bv := bv, is an isometry
between (V, ¥,) and (V, ¢). Since b is a map of Hodge structures, B is a Hodge
isometry from (V, h, ¥,) to (V, h, ).

To find examples where there is no Hodge isometry between the K3-type Hodge
structure and its twist, the determinant of a bilinear form is useful.

4.4. DETERMINANTS AND DISCRIMINANTS.  Let ¥, 1, be two bilinear forms on a
Q vector space V. Choose a basis of V. If Q, Q, are the symmetric matrices defin-
ing the symmetric bilinear forms v, ¥, respectively, and if B is (the matrix of ) an
isometry between (V, ¥,) and (V, ¥), then we must have ’lBQB = Q,; in particu-
lar, det(Q,) = det(B)? det(Q). We will write det(/) for (the class of ) det(Q) in
Q* (modulo the subgroup of squares). This gives a well-known invariant (often
called discriminant) of a quadratic space.

If F is a finite extension of Q then the discriminant of F is the rational num-
ber Dr, well-defined up to squares in Q, defined as Dy := det(tr(e;e;)) where the
e; € F are a Q-basis of F.

4.5. LEMMA.
(1) Let yr = tr(®) as in Lemma 2.6 and let m = dimg V. Then
det(y) = Dy N(det(®)),
where m = dimg V.

(2) Fora € F, let ¥,(-,-) :== ¥ (a-,-). Then
det(y,) = N(a)" det(y),

where N(a) := [], . 0(a) is the norm of a.

oces

Proof. Choose an F-basis of V for which ® is diagonal: ®(x,y) = > axxgyx.
Then
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det(y) = l_[det(l//(k)) with v ®: F x F - Q, v ®(x,y) = tr(agxy).

Letey,...,e, be aQ-basisof F andlet S = {oy,...,0,}. Since D = det(o,-(ej))2
(cf. [Sam, Prop. I1.3]), one finds

det(tr(ae;e;)) = det(z Jk(a)ak(e,-)ak(ej)>
k
= det(or(a)or(e;)) det(or(e;))
= (H Gk(a)> det(oy(e;)) det (o (e;))
k

Thus det(y) = D' [, N(ax) = D} N(det(®)). To compute det(v/(a)), use that

VY (v, w) = Y(av, w) = Yrav,w) = @) 0(@) o vy, w,).

oces

Hence, with m = dimp V = dimg V,, we get

det(yr,) = l_[ o(a)" det(®,) = N(a)™ det(¥). O

oes

4.6. EXAMPLES. Incase F = Q(\/E), where d is square-free and m = dimg V
is odd, it is easy to produce examples of totally positive a € F such that (V, ¢) and
(V,¥,) are not isometric. In fact, d + NZES 0,s0a =d+ Jd is totally positive.
Because N(a) =d*> —d =d(d — 1) and d is square-free, N (a) is not a square in
Z; hence det(y,)/det() is not a square in Q.

4.7. TWISTING K3 SURFACES WITH REAL MULTIPLICATION. Let (V,h,v) be a
Hodge structure of K3 type with dimV < 11. Then for any totally positive a €
F = Endpoq(V) we obtain the polarized Hodge structure of K3 type (V, h, ¥,).
Results of Nikulin and the surjectivity of the period map (cf. the proof of
Proposition 3.3) imply that there exist K3 surfaces S and S, such that

V,h,¥) = Ts.q, (V. h,¥,) = Ts, q,

where the polarizations on the right-hand sides are induced by (minus) the cup
product in the corresponding surface. We will call S, a real twist of S. Note that
there are isomorphisms of rational Hodge structures (V,h) = Ts o = Ts, g, but
in general there is no isomorphism of polarized Hodge structures between Ts
and TS ., Q-

5. The Kuga—Satake Variety

5.1. THE KUGA-SATAKE CONSTRUCTION. We briefly recall the construction of
“the” Kuga—Satake variety, which is actually an isogeny class of abelian varieties
of a rational, polarized, Hodge structure (V, &, 1) of weight 2 with dim V>? =1
(cf. [vGl, Sec. 5]).
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The Clifford algebra C(y) is the quotient of the tensor algebra T (V) = €, V ®"
by the two-sided ideal generated by v ® v — ¥(v, v), where v runs over V. The
dimension of C(v/) is 2%, where d = dim V. The Clifford algebra has a subalge-
bra C*(3) of dimension 297, the quotient of D., V®2m called the even Clifford
algebra.

The Hodge decomposition of V' defines the subspace V, C Vgr. Choose a ba-
sis fi, f» of V5 such that (f; +if>) = V>? and wr(f1, fi) = —1; then fi f> €
C*(¥)r. Multiplication by fi f> defines a map J: ¢ — fi fc that is a complex
structure on C t(Y)g, J> = —I (cf. [vG1, Lemma 5.5]). This defines a weight-1
Hodge structure iy on C*(y) by

hy: U(1) = GL(CT(¥)Rr), a+bi+— a+blJ,

for a,b € R. The choice of ej,e; € V with ¥(e1,e1) < 0, ¥(ez,e2) < 0, and
Y(ey,ez) = 0 determines a Riemann form—that is, an alternating form

E: CT(y) x CT(¥y) = Q suchthat E(Jx,Jy) = E(x,y), E(x,Jx) >0

for all x, y € CH(y)r (cf. [vG1, Prop. 5.9]). The complex structure J is uniquely
determined by (V, h, ), but the polarization (as constructed in [vGl, 5.7]) de-
pends on the choice of a negative 2-plane in V' and is not unique in general.

As a consequence, (V, h, {) defines a polarized rational weight-1 Hodge struc-
ture (C (), hy, E). Each abelian variety A in the isogeny class of abelian vari-
eties of dimension 292 defined by (CT(¥), hy, E) will be called a Kuga—Satake
variety for (V, h, ), so A is characterized by an isomorphism of Hodge structures

H'(A,Q) = (CH(Y), hy).

5.2. THE ENDOMORPHISM ALGEBRA OF THE KUGA—-SATAKE VARIETY. Suppose
that (V, h, ) is a general polarized Hodge structure of K3 type. More precisely,
assume that MT(V) = GO(y), where GO(y) = {g € GL(V) : ¥ (gv,gw) =
Ag¥r(v,w)}. Then

MT(A) = CSpin(¥),  End(A)g = C*H(¥)

[vGl, Prop. 6.3.1, Lemma 6.5], where C Spin(y) is the Spin group of (V,¢).
There is an isomorphism of complex Lie algebras Lie(SMT(A))¢c = so(d)c,d =
dimV, and H'(A, C) is a direct sum of copies of the Spin representation S(d) of
so(d)c. These results are useful for decomposing the Kuga—Satake variety into
simple abelian subvarieties.

5.3. K3-TyPE HODGE STRUCTURES WITH REAL MULTIPLICATION. Assume now
that V is of K3 type with F = Endyoq(V) areal field. Then

SMT(V)(C) = SO(m, C)"

([Z, Thm. 2.2.1]; cf. Theorem 2.8). One would again like to know End(A)q =
Endsmvira)(H (A, Q)), but this seems rather hard. As a first step, we consider the
decomposition of the Spin representation of the Lie algebra so(d) upon restriction
to so(m)", where d = mn.
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LetV;,1 <i < n,berepresentations of so(m). Then we write ViIKV,X. . .-KV,
for the representation of so(m)”, where the ith component of so(m)” acts on V;.

5.4. THE SPIN REPRESENTATION. Let S(m) be the Spin representation of the
complex Lie algebra so(m) := so(m)c (cf. [FH, Chap. 20]). Incase m = 2m'+1
is odd, the Spin representation is an irreducible representation of so(m)c of di-
mension 2™, In case m = 2m’ is even, the Spin representation is the direct sum
of two irreducible components §*(2m’):

S@m') = ST2m')y @ S~ (2m’),
dim S2m’) = 2™, dimS*@m’) = 2"\,

5.5. LEMMA. The restriction of the Spin representation S(nm) of so(nm) to
so(m)" is given as

S(nm)|somyr = S(m)X--- R S(m) if m =0 modulo?2.

In case m is odd, write n = 2n' if n is even and n = 2n’ 4+ 1 if n is odd. Then
S(m) so(myr = (S(m) B -~ K S(m))*" if m =1 modulo 2.

Proof. We use the conventions from [FH, Chap. 20]. In case m is even, so is nm
and the Lie algebras so(nm) and so(m)" both have rank nm/2 = n(m/2). Thus we
can assume that they have the same Cartan algebra h = C""/? and the same dual
h* generated by Ly, ..., Lyy,/2. The weights of S(nm) are then [FH, Prop. 20.5]
the (£L(,£L,,...,£Lum2)/2, each with multiplicity 1. Any such weight is the
sum, in a unique way, of the n weights (=L m/241, ..., EL@v1ym/2)/2, wherea =
0,1,...,n — 1. Because these are the weights of S(m) X - - - X S(m) with the same
multiplicity of 1, we get the result.

In case m is odd, the Lie algebra so(m) has rank (m — 1)/2. If n is odd, then
one has

rk(so(nm)) = (nm —1)/2 =n(m —1)/2 + (n — 1)/2 = rk(so(m)") +n’.

We can now assume that L, u—1)/2+1, - - > Ln(m—1)/24n’ are zero on the Cartan al-
gebra of so(m)". The weights of S(nm) are as in the previous case [FH, proof of
Prop. 20.20], but in the restriction to so(m)” there are 2n weights that map to the
same sum of weights. The case of n even is similar. UJ

5.6. In the remainder of this section we discuss two examples of Kuga—Satake
varieties of K3-type Hodge structures with real multiplication. In the first exam-
ple we have n = [F : Q] = 2 and m = dimy V = 3, and we assume moreover
that C () = M4(E), the algebra of 4 x 4 matrices with coefficients in an imag-
inary quadratic field E (cf. [L; vGl, 9.2]). In the other case we take n = [F :
Q]=3andm =dimgV = 3.

5.7. PrROPOSITION. Let (V, h, ) be a K3-type Hodge structure withd = dimV =
6 and with Endpeq(V ) = F, a real quadratic field. Assume that CT(y) = M4(E)
for an imaginary quadratic field E.
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Then the Kuga—Satake variety A of V is an abelian variety of dimension 16,
A=~ B* D:=End(B)g, NS(B)=Z,

where B is a simple abelian 4-fold and D is a definite quaternion algebra over Q
that contains E. There are three copies of the Hodge structure V in H*(B, Q):

H>(B,Q)=ZV3®W, Hompw(V,W)=0.

Proof. We have MT(A) C C Spin(y) and H'(A,Q) =C*(y¥)asaC Spin(¥)-
representation. First we decompose H'(A,Q) as a C Spin(y/)-representation.
Note that

End c spiny) (H'(A, Q) = CT () = My(E),

where E is a field. Hence the C Spin(yr)-representation C*(v) is the direct sum
of four copies of an irreducible representation H whose complexification Hc splits
into two nonisomorphic irreducible representations:

H'(A,Q) = H*, Endcspiny)(H) = E, Hc = S(6) = ST(6) d S (6).
The last equality follows from Section 5.2; thus, Lie(C Spin(¥/))c = so(6) and
H'(A,C) = §(6)* as an so(6)-representation.

Now we consider the decomposition of H'(A, Q) as an SMT(A)-representation.
Because V does have real multiplication by the real quadratic field F, the Lie al-
gebra of SMT(V )¢ is the subalgebra so(3)? of so(6). Proposition 5.5 shows that
the restriction of the Spin representation S(6) of so(6) to so(3)? is (S(3) X §(3))2.
The Spin representation S(3) of so(3) = sl(2) is well known to be the standard
2-dimensional representation Vi of sl(2). We write V,, for the irreducible repre-
sentation of highest weight n of s1(2). Note that dimV,, = n 4 1. Thus we have
an isomorphism of s1(2)2-representations:

He = (VK V)~

Let B be an abelian variety with H'(B,Q) = H, so A = B* We compute
NS(B)¢c = (A2H (B, C))SMT®) using that s1(2)? is the Lie algebra of SMT(B)c¢.
Note the following isomorphisms of (sl1(2) x sl(2))-representations:

AHY(B,C) = AX(Vi R V))?)
=NV @ (VIR V) @ (ViR V)
= AV R V)P @ Sym? (V) K V).
It is not hard to check (using weights, for example) that
Sym* (ViR V) Z Vo R V@ V, X Vs, NWVIRV)ZV,RVy® VX Vay:

note that Vj is the trivial representation of sl(2). In particular, there is a unique
invariant in H*(B), so NS(B) = Z and hence B is simple.

Since H'(B, C) is the direct sum of two copies of an irreducible SMT(B)c-
representation, it follows that

End(B)C = EndSMT(B)(Hl(B, C)) = MQ(C)
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Thus D = End(B)q is a (noncommutative) division algebra of degree 4 over
Q, which contains the imaginary quadratic field E. To see that D is definite,
we must show that Dy is not isomorphic to M,(R). Because elements of Dg
are endomorphisms of H'(B,R) that commute with SMT(B)(R), it suffices to
show that H'(B,R) is an irreducible representation of SMT(B)(R). From Theo-
rem 2.8 we know that SMT(V)(R) = SO(2,1) x SO(3, R). The Spin group is then
SL(2,R) x SU(2), and H'(B,R) is the X-product of the standard 2-dimensional
representation of SL(2,R) and the standard 2-dimensional complex representa-
tion of SU(2), which is an 8-dimensional representation that is irreducible over R.

The Hodge structure V corresponds to the SMT(B)-representation with com-
plexification:

Ve=Vo RV VoK Vs,

thus V3 is a Hodge substructure of H2(B, Q). O

5.8. THECAsE m = n = [F : Q] = 3. For a general /& (so Endge(V) = Q)
we have the following decomposition, up to isogeny, of the Kuga—Satake variety
Aof V:

A~ B8, dimB =16, End(B)q =D, H'(B,C)=S(09)>

where D is a quaternion algebra (cf. [vGI, Prop. 7.7]) and we have used the iso-
morphism of so(9)-representations C ()¢ = S(9) 16 Tn case D = M»(Q), B is
isogenous to B for an abelian 8-fold Bj.

Assume now that Endyeg(V) = F, a totally real cubic extension of Q, so
SMT(V)(C) = SO(3, C)?. Then the Lie algebra of the complex special Mumford—
Tate group of the Kuga—Satake variety reduces from so(9) to s0(3)? = s1(2)3, and
the Spin representation S(9) of so(9) restricts to two copies of an 8-dimensional
irreducible representation (cf. [Ga, Prop. 4.9] and Lemma 5.5; notation as in the
proof of Proposition 5.7):

SOlgpp =W W:=VRV, KV,

In particular, End yoq(H'(B, Q)) is a Q-algebra of rank 4 - 4 = 16.
Assume that Endyoq(H'(B, Q)) = M4(Q). Then we have an isogeny

B~ B;, dim B, =4, End(B:)g =1Q,

and H'(B,,C) = W. This case is discussed in Example 6.4. The K3-type Hodge
structure V is not a Hodge substructure of H*(B»,Q),but H2(B2,Q) =V @V’
with Hompeq(V, V') = 0 [Ga, proof of Thm. 3.4].

6. The Kuga—Satake Variety and
Corestriction of Algebras

6.1. In this section we use the corestriction of algebras to describe the first coho-
mology group of the Kuga—Satake variety as an SMT(V )-representation, where V
is a K3-type Hodge structure with real multiplication. In contrast to the previous
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section, where we restricted the complex Spin representation to SMT(V'), we now
obtain a direct construction over the rational numbers. This construction general-
izes the results of Galluzzi ([Ga]; cf. Section 5.8 and Example 6.4), which show
that certain abelian varieties constructed by Mumford are Kuga—Satake varieties.

6.2. THE CORESTRICTION. We use the notation from Section 2.4: F is the Galois
closure of a finite extension F of Q, H = Gal(F/F) cG= Gal(ﬁ/Q), andn =
[F:Q]=I[G: H]. Acoset gH € G/H gives a well-defined embedding F < F,
a +— g(a), and thus defines an F-algebra structure on F; this F. -algebra is denoted
by I:*g.

For an F-algebra R and a coset gH € G/H, the twisted algebra R, = R,y is
defined (cf. [Mum; R, 4.4; Sc, 8.8]) to be

R, := R ®r F,,

soar ® 1 =r ® g(a) where a € F and r € R. For g € G we have the natural Q-
linear maps
g Ry — Ryer, T®ar>r®ga).

To see that the map is well-defined, write a = g’(b); then
r@a=br®l—>rga)=rx(gg)b)=brxl.
Thus we get an action of G on
Zgr =Ry ®p ---®p R, with G/H ={g\H,...,g,H}.

The corestriction of the F-algebra R is the Q-algebra ([Mum], cf. [R, Thm. 11,
5.5; Sc, 8.9]) of G-invariants in Zy:

coresg/Q(R) = zZg.

One has coresr/g(R) ®q F = Zgand dimg coresp/q(R) = (dimg R)".
Let R* be the multiplicative group of invertible elements of R. Then there is a
natural diagonal homomorphism

R* — (coresp/Q(R))*, u—u®---Qu,

where (coresy/g(R))* is the multiplicative group of units in the Q-algebra
coresg/Q(R).

6.3. PrOPOSITION. Let (V, h, y = tr(®P)) be a K3-type Hodge structure with
F = Endyoq(V) a totally real field. Let C*(y) be the Kuga—Satake Hodge struc-
ture associated to 'V and let C ; (®) be the even Clifford algebra, over F, of the
F-bilinear form ®:V xV — F.

Then SMT(C*()) is a subgroup of (coresryq C;r(d>))X and there is an injec-
tive map of SMT(C () (C C Sping(®)) representations:

coresp/q C/(®) < CH(y).

Proof. We first extend scalars from Q to F. The Clifford algebra C(v/) of ¥ is
the quotient of the tensor algebra of V by the two-sided ideal generated by the
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v® v — ¥(v,v) for v € V. Extending scalars, we get an isomorphism C(y)z =
Ci (), where 7 is the F-bilinear extension of ¥ to Vi x V.

There is a direct sum decomposition of spaces with bilinear forms over F (cf.
the proof of Lemma 2.6):

Ve vp) = €D Veuwr)

geG/H

This direct sum decomposition gives an isomorphism (cf. [Sc, 9.2.5]):
Ci(Wp) = Ci(Yg) & -+ ® Ci(Yy,) (G/H={H=gH,....g,H)),

where ® is a graded tensor product. It is easy to see that C+(1ﬁg) +(wg) ¢ as
F- -algebras The weighted tensor product  is the usual tensor product on the “all
even” part. So we have

CH(W) ®f -+ ®f C2 (W) = CHW) ®f - ®5 C(W)g, = CL(Wp).
Since V, =V ®f if} and v, is the F-linear extension of ® to V., we get
c;(we) = CH(®) ®F F,; hence Zer@) = C+(1/fp) CT(W);.

Taking G-invariants, one finds that cores /g (C ; (D)) = CT().

The special Mumford-Tate group of the weight-1 Hodge structure C*(v) is
an algebraic subgroup of C Spin(y») C C*(y)* and acts, by multiplication, on
CT(¢)and Ct(Y)p: u-c :=ucforue CT(y)*, ce Ct(y), or C*(y)z. Under
the natural homomorphism C Spin(y) — GL(V), SMT(C (1)) maps onto
SMT(V) = SO(V,®) C SO(V). In particular, SMT(C *(¢/)) < C Sping(®).
The group C Sping(®) is a subgroup of C*((ID)X that again acts by multlphca-
tion on C;/(®). Upon extending scalars to F, this subgroup acts on C Q. =

+(<I>) QF F In particular, SMT(C*(v)) acts diagonally on Zg Wlth R =

+(CI>) and this gives the inclusion SMT(C*(¥)) C (coresg/q Ci (®))*. This
action is the restriction of the action of SMT(C *(y)) on C*(y/)z. O

6.4. ExampPLE. Let (V,h, ) be a K3-type Hodge structure with Endyoq(V) =
F a totally real field and [F : Q] = 3, and assume that dimp V = 3. Then
¥ = tr(®) and, since @ is defined on a 3-dimensional F-vector space, C;f(®) is
a quaternion algebra D over F (cf. [vGl, 7.5]).

Because @, is indefinite for one embedding and positive definite for the other
two embeddings o : F < R (cf. the proof of Theorem 2.8), the algebra D splits
for one embedding of F < R and is isomorphic to the quaternions for the other
two embeddings; hence Dgr = M,(R) x H x H.

Conversely, a quaternion algebra defines a quadratic space (Dg, N ) over F, with
Dy the subspace of D of elements with trace 0 and N: Dy — F the restriction
of the norm on D to Dy. If Dy is as before, then one can define K3-type Hodge
structures on V = D with endomorphism algebra F' (cf. the proof of Lemma 3.2).

Assume that coresr/q(D) = Mg(Q). Then, by Proposition 6.3, it follows that
SMT(C *(¥)) is a subgroup of GL(8, Q). Thus the Kuga—Satake variety of V has
a 4-dimensional abelian subvariety. Actually (cf. [Ga; Mum]),
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SMT(A) = ker(N: D* — F*), A=~ B},

with B, a 4-dimensional abelian variety.
Mumford [Mum] discovered these abelian varieties and showed that

Elld(BQ)Q = Q

even though SMT(B,) # Sp(8, Q). The relation with Kuga—Satake varieties was
established in [Ga].

7. Predictions from the Hodge Conjecture

7.1. THE HODGE CONJECTURE. The rational cohomology groups H*(X, Q) of
a smooth projective variety X have a (polarized) rational Hodge structure of
weight k. The Hodge conjecture asserts that the space of codimension-p Hodge
classes

BP(X) := H?*(X,Q)N HP"(X)

is spanned by classes of algebraic cycles. The conjecture is still very much open
for p #0,1,dim X — 1,dim X.

7.2. HODGE CLASSES ON A ProDUCT. Let X and Y be smooth projective vari-
eties. The Kiinneth formula and Poincaré duality H*(X,Q) = H?*~k(X,Q)*
imply that

HX xY,Q) = P H'(X,Q ® H"(Y,Q)

I+m=k

= (P Hom(H**(X.Q). H"(Y.Q)).

I+m=k

The summands H'(X, Q) ® H™(Y, Q) are Hodge substructures of H*(X x Y, Q).
The Hodge cycles in this summand are exactly the homomorphisms of Hodge
structures:

BP(X x Y) NHom(H**~(X,Q), H"(Y,Q))
= Hompuo(H** (X, Q), H"(Y,Q)),
where 2p = [ 4+ m.

7.3. ProDUCTS OF K3 SURFACES. Let X = S;and Y = S, be (algebraic) K3
surfaces. We consider the Hodge classes in H*(S, x S5). Note that H'(S) =
H3(S) = 0 for a K3 surface S. The summands Hompoq(H°(S;), H%(S,)) and
Hompoq(H*(S1), H*(S,)) are obviously spanned by the classes of { pt} x S, and
S1 x { pt}, respectively.

Recall that the Hodge structure on H? splits,

Hz(S,‘, Q= NS(Si)Q 5] TSi,Q
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(cf. Section 1.8), and, since NS(Si)éo = 0 and Ty, q is simple,
Hompoq(NS(S1)q, Ts,,0) =0, Hompeq(Ts,,0,NS(S2)q) = 0.

The vector space Hompoq (NS(S1) g, NS(S2)q) is spanned by classes of products
of curves C; x C, C §; x S,. Thus there remains the summand

Hompod(7s,,q- Ts,,Q)-

7.4. HODGE ISOMETRIES. Let S be a K3 surface. Then the Hodge structure Ts
comes with a polarization g induced by the cup product on H?(S). A homomor-
phism of Hodge structures

J € Homyuoa(Ts,Q Ts,,Q)  such that v, (f(v), f(w)) = s, (v, w)

for all v, w € Ty, q is called a Hodge isometry.

Mukai has announced that if f € Hompoq(Ts,,q, Is,,q) is a Hodge isometry,
then f is the class of an algebraic cycle on S; x S> [Mu, Thm. 2]. Under cer-
tain conditions on the dimension of T, ¢, proofs were given earlier by Mukai and
Nikulin (cf. [Mu, Sec. 4]). This solves the Hodge conjecture for Hodge isome-
tries, but next we indicate that there is still a lot to do.

7.5. COMPLEX MULTIPLICATION. In case S = §> and Endpoeq(7s,,q) is a CM
field, the vector space Endyoq(Ts,,q) is spanned by Hodge isometries [B; Ma].
Thus, by Mukai’s results, any f € Endyoq(75,,q) is the class of an algebraic cycle.

7.6. REAL MULTIPLICATION. Incase S| = S, the rational multiples of the iden-
tity can be obtained from the projection to Endyod(Ts,,q) of rational multiples of
the class of the diagonal in S| x ;.

However, if Endyoq(7Ts,,q) is a totally real field distinct from Q, I do not know
of any example where a nontrivial endomorphism is represented by an algebraic
cycle.

7.7. SCALING THE POLARIZATION. Let (Ts g, s) be the polarized Hodge struc-
ture defined by a K3-surface S. For any positive integer n, there is the polarized
Hodge structure of K3 type (Ts,q, n¥rs).

In general, these Hodge structures are not Hodge isometric. For example, if
d = dim Ty ¢ is odd and if # is not a square then, since det(nyrs) = n? det(yr),
we get an obstruction to the existence of isometries (cf. Section 4.4).

This construction is a special case of the real twist of Section 4.7, ny = v, for
a = n € Z. Thus for n < 11 there exists a K3 surface S, such that its transcen-
dental lattice (T, , ¥s,) is isometric to (Ts, ns). In particular, the identity on T
gives a nontrivial element in Hompoq(7s,q, Ts,,Q)-

Incasen = 2, some of these homomorphisms of Hodge structures can be shown
to be the classes of algebraic cycles by using Nikulin involutions of K3 surfaces
(cf. [GaL; vGSa]). In general, it seems to be an interesting open problem to find
such algebraic cycles.
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7.8. TWISTING THE POLARIZATION. Let S be a K3 surface with Endpoq(7s,q) =
F a totally real field. Any totally positive a € F defines a polarization (¥s), on
Ts @ (cf. Lemma 4.2). In case F' = Q we recover the scaling operation described
previously. In general, the polarized Hodge structures (75 g, ¥s) and (Ts,q, (¥s)a)
are not isometric.

If d = dim Ts ¢ < 11, then there exists a K3 surface S, such that (Ts,, s,) is
Hodge isometric to (Ts, (¥s),) (cf. Section 4.7). The identity map T5, o — Ts,q =
Ts, @ is a homomorphism of Hodge structures and, again, it seems to be an inter-
esting open problem to show that it can be induced by an algebraic cycle.

7.9. REMARK. LetS;and S; be K3 surfaces. Let Z be a smooth surface with maps
s <Lz 508,

Let f = m.m{ € Homyoa(Ts,,Q, Ts,,Q) be the homomorphism of Hodge struc-
tures defined by the class of (1 X m)(Z) C S x S». Assume that f # 0. Let
Vi := Ty, q; then, because the V; are simple and f # 0, we get an isomorphism
of rational Hodge structures f: V) = V,.

The map f is not necessarily an isometry (Vy, Y1) — (Vo,¥,) where ¢; =
Vs, , the polarization induced by cup product on the surface S;. Infact, f = mp, 7]
and 7} : V) < H?(Z,Q) is compatible with the cup product

Yz (aix,miy) == aixUniyr = a1 Uy =di(x Uy =diyi(xi, 1),

where d is the degree of m; (i.e., the cardinality of a general fiber). So we have
Hodge isometries

Vi, ¥1) = (Vi,diyn) = (H(Z,Q), ¥2).

The map 7, is not compatible with cup products, but the projection formula gives

Y2 (x2, T24y:) = Yz (m3x2,y,) (X2 € HX(52,Q), y. € H*(Z,Q)).

Assume now that H*(Z,Q) = (Vi) @ W with Hompyoq(Vi, W) = 0, so
there is a unique copy of the Hodge structure V; = V, in H*(Z, Q). The com-
position 7, 75 is multiplication by d», the degree of the map 7, on H*(S2, Q).
Thus the map 75: V» = 71 (V1) is an isomorphism and, given x, y. € f(V) C
H*(Z,Q), there are x,, y5 € V, with x, = 75 x; and y, = 75 y,. Therefore,

V2 (724 X2, 24 Ye) = Yo (24705 X2, 24705 V2)
= d3¥2(x2,y2) = dayrz (T3 22,13 y2) = doz(x:, ).
In particular, the isomorphism f: V; — V; induces a scaling on the polarizations:
Yo (fx1, fx2) = didari(x1, x2).

In general, given a codimension-2 cycle Y n; Z; on S; x S5, after replacing each
surface Z; by its desingularization (which maps to S; x S, with image Z;), the ho-
momorphism of Hodge structures induced by > n; Z; is a linear combination of
maps as just described. Thus to get an “interesting” map f: V; — V; induced by
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an algebraic cycle, one needs surfaces Z; whose H? contains more than one copy
of V.

7.10. THE KuGA-SATAKE HODGE CONJECTURE. The Kuga—Satake variety A of
a K3-type Hodge structure (V, h, ) has the property that there is a homomor-
phism of Hodge structures V < H?(A2, Q) (cf. [vGl, 6.3.3]). In particular, if
V = Ts o C H*(S,Q) for a K3 surface S, then the Hodge conjecture predicts the
existence of acycle Z on S x A x A that induces an isomorphism from the copy
of V in H?(S) to the one in H*(A?). There are few examples of Kuga—Satake
correspondences; see [Pa] for one related to Example 3.4.

If there is such a cycle Z and if Endpoq(7s,q) is also generated by algebraic
cycles, then any homomorphism of Hodge structures Ts o — V C H?(A% Q) is
represented by an algebraic cycle on S x A%
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