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The Multipole Lempert Function Is
Monotone under Inclusion of Pole Sets

NikoLAI NIkKkoLOV & PETER PFLUG

Let D be a domain in C" and let A = (aj)}zl, 1 <1 < o0, be a countable (i.e.
[ = o0) or nonempty finite (i.e. [ € N) subset of D. Moreover, fix a function
p: D — R, with

|pl :={aeD: p(a) >0} = A;

p is called a pole function for A on D and |p| its pole set. When B C Ais a
nonempty subset we put pg := p on B and pg := 0on D\ B. Then pp is a pole
function for B.

For z € D we set

I
Ip(p,2) = inf{l_[|)tj|p(a,-)}’
j=1

where the infimum is taken over all subsets (A ) j’ _, of D (in this paper, D is the open
unit disc in C) for which there is an analytic disc ¢ € O(D, D) with ¢(0) = z and
@(Aj) = a; for all j. Here we call Ip(p, -) the Lempert function with p-weighted
poles at A ([8; 9]; see also [5], where this function is called the Coman function
for p).

Wikstrom [8] has proved that, if A and B are finite subsets of a convex domain
D C C"with@ # B C A andif pisapole function for A, then Ip(p,-) < Ip(ps,-)
onD.

On the other hand, in [9] Wikstrom gave an example of a complex space for
which this inequality fails to hold, and he asked whether it remains true for an
arbitrary domain in C”. The main purpose of this note is to present a positive an-
swer to that question, even for countable pole sets. (In particular, it follows that
the infimum in the definition of the Lempert function is always taken over a non-
empty set.)

THEOREM 1.  For any domain D C C", any countable or nonempty finite subset
A of D, and any pole function p for A, we have

Ip(p,-) =inf{lp(pg,-) : ¥ # B a finite subset of A}.
Therefore,
Ip(p,-) =inf{lp(pg,-) : ¥ # B C A}.

The proof of this result will be based on the following theorem.
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THEOREM (Arakelian’s theorem [2]). Let E C Q C C be a relatively closed
subset of the domain Q2. Assume that Q* \ E is connected and locally connected.
(Here Q2* denotes the one-point compactification of 2.)

If f is a complex-valued continuous function on E that is holomorphic in the
interior of E and if € > 0, then there is a g € O(Q) with |g(z) — f(2)| < € for
anyz € E.

Proof. Fix a point z € D. First, we shall verify the inequality

Ip(p,2) <inf{lp(pp,z) : ¥ # B afinite subset of A}. 6]
Take a nonempty proper finite subset B of A. We may assume without loss of
generality that B = A, := (aj)]’A”:1 for a certain m € N, where A = (aj)_,l-:l for
m <1 <oo.

Now, let ¢ : D — D be an analytic disc with ¢(X;) = a; (0 < j < m), where
Ao :=0and agp := z. Fix t € [maxo<;<m|A;[,1) andput A; :=1— (1 — 0/j% je
A(m), where A(m) == {m +1,...,1}ifl <ocoor A(m) :={jeN:j>m}if
| = oo. Consider a continuous curve ¢;: [t,1) — D such that ¢(t) = ¢(¢) and
@1(X;) = a; for j € A(m). Define

Fe { vl
o1l

on the set F, := tDU[r,1) C . Observe that F, satisfies the geometric condition
in Arakelian’s theorem.

Since (1) Jl.zo satisfy the Blaschke condition, for any k we may find a Blaschke
product B with zero set (A j)Jl'=o, j<k- Moreover, we denote by d the function
dist(dD, f) on F;, where the distance arises from the [*°-norm. Let 1,1, be
continuous real-valued functions on F; with

d d _
n1,12 < log —, n,1n2 = minlog — on (tD),
9 tD 9

m) =n2(h) +log 2~/ [B;(A )], j € A(m).

Applying Arakelian’s theorem three times, we can find functions ¢y, £, € O(D)
and a holomorphic mapping /# on D such that

6y —ml =1, [£2 — 2| <1,
|h— f] <ele®'| <ge™ on F,,

where & := min{|B;(1;)|/2/*! : j = 0,...,m} < 1 (in the last case apply Ara-
kelian’s theorem componentwise to the mapping ¢!~ f).
In particular, we have

d
|h=fl<g onF,
lyjl < W2 B ()| = e 27T B G, j=0,..m,

lyjl < eM®) < M2 B ()], j € A(m);
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here y; := h(A;) — f(A;) with j € Z if | = oo or with 0 < j < [if [ € N. Then,
by virtue of e"?*) < ¢!+Re&2() the function
I B.

e 0 J

=e —_— Y
is holomorphic on D with g(%;) = y;, and

)
|g| < eRetatl < omt2 < gd on F;

for g, := h — g it follows that ¢,(A;) = f(X;) and
e +1

lg: — f1 < d <d onF,.

Thus we have found a holomorphic mapping g, on D with g,(A;) = a; and
q:(F;) C D. Hence there is a simply connected domain E, such that F; C E, C D
and ¢,(E;) C D.

Let p,: D — E, be the Riemann mapping with p,(0) = 0, p/(0) > 0, and
p,(k;) = X;. Considering the analytic disc ¢; o p;: D — D, we deduce that

[ m
In(p,z) < H|A;|P(¢U) < l_[MHp(aj).
j=I j=I
Note that, by the Carathéodory kernel theorem, p, tends (locally uniformly) to
the identity map of D as t+ — 1. This shows that the last product converges to
]_[';’ZIM ;17@). Since ¢ was an arbitrary competitor for Ip(pa,,,z), inequality (1)
follows.
On the other hand, the existence of an analytic disc whose graph contains A and
z implies that

Ip(p,z) = limsuplp(pa,,2),

m— 00

which completes the proof. O

REMARK 2. In the foregoing proof we have demonstrated an approximation and
simultaneous interpolation result—that is, the constructed function g, approxi-
mates and interpolates the given function f.

We first mention that the proof of Theorem 1 could be simplified by using
a nontrivial result of Carleson on interpolation sequences (see e.g. [1, Chap. 7,
Thm. 3.1]). Moreover, it is possible to prove the following general result, which
extends an approximation and simultaneous interpolation result of Gauthier and
Hengartner [4] and Nersesyan [6].

Let D C C be a domain, E C D a relatively closed subset satisfying the condi-
tion in Arakelian’s theorem, and A C E such that A has no accumulation point in
D and A Nint E is a finite set. Then, for given functions f,h e C(E)NO(int E),
there exists a g € O(D) such that
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g — fl<e®" on E and f(A) =gQ), LeA.

It is even possible to prescribe a finite number of the derivatives for g at all the
points in A.

As a by-product, we have the following result.

COROLLARY 3. Let D C C" be a domain and let p,q: D — R be two pole
Sfunctions on D, where p < q with |q| at most countable. Thenlp(q,z) < Ilp(p,z)
forzeD.

Hence, the Lempert function is monotone with respect to pole functions having a
support that is at most countable.

REMARK 4. In general, the Lempert function is not strictly monotone under in-
clusion of pole sets. For example, take D := D x D and A := {a;,a;} C D with
a # as, and observe that [p(p, (0,0)) = |a;| where p := x| x{a,} (use the prod-
uct property from [3; 5; 7]).

REMARK 5. Let D C C” be a domain, let z € D, and let now p: D — R, be
a “general” pole function (i.e., | p| is uncountable). Then there are two cases as
follows.

1. There exists a ¢ € O(D, D) with (A, ) = a, Ay €D, forall a € |p| and
¢(0) = z. If we define

Ip(p.2) = inf{]_[ul,,,av’@ -y € O(D, D) with

Y(hy,o) =aforallae|p|, ¥(0) =z,
then /p(p,z) = 0. Observe that [p(p,z) = inf{lp(pp,z) : ¥ # B afinite subset

of A}.
2. There is no analytic disc as in case 1; hence, in this case we may define

Ip(p,z) == inf{lp(pp,z) : ¥ # B afinite subset of A}

(cf. the definition of the Coman function in [5]).
Example 7 may show that the definition in case 2 is more sensitive than the one
used in [5].

Before giving the example, we use our preceding definition of Ip(p,-) for an
arbitrary pole function p to conclude as follows.

COROLLARY 6. Let D C C" be a domain and let p,q: D — R be arbitrary
pole functions with p < q. Thenlp(q,-) <Ip(p,-).

ExaMpLE7. PutD :=D x D andlet A C D be uncountable—for example, A =
D. Then there is no ¢ € O(D, D) passing through A x {0} and (0, w) with w €
D,. Put p := xlaxo; on D as a pole function.
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Let B C A be a nonempty finite subset. Then, applying the product property
(see [3;5;7]), we obtain

logIp(pax 0y (0, w)) = gp(B x {0}, (0, w)) = max{gp(B,0), gn(0, w)},

where gp(A, -) denotes the Green function in D with respect to the pole set A.
Therefore, Ip(p, (0, w)) = |w|.

To conclude this note we mention that the Lempert function is not holomorphi-
cally contractible, even if the holomorphic map is a proper covering.

ExaMPLE 8. Let 7: D, — D, with w(z) := z°. Obviously, 7 is proper and a
covering. Fix two different points a;, a, € D, with al2 = a% =:c. Let z € D, with
Z # aj, j =1, 2. Recalling how to calculate the classical Lempert function via the

covering map m, we have

I, (X lie}» 2% = min{lp, (Xl 2)> 10, (X laa)> 2))
> Ip, (X liary> DI (X an}» 2)s

where x| p is the characteristic function for the set B C D,. On the other hand,
we can see (using e.g. [7, Prop. 2]) that the last product is equal to I, (X l{a;,a}» 2)-
Hence, Ip,(p,7(2)) > Ip (p o7, 2) for p := xlie-

Therefore, the Lempert function with a multipole behaves worse than the Green
function with a multipole.
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ADDED IN PROOF. After we submitted this paper for publication, the preprint
“Holomorphic discs with dense images” by F. Forstneri¢ and J. Winkelmann ap-
peared (arXiv:math.CV/0410390; see also Math. Res. Lett. 12 (2005), 265-268).
There—using an idea similar to that in the proof of our Theorem 1 and replacing
Arakelian’s theorem by an approximation theorem due to Forstneri¢—the follow-
ing result is proved.

Let M be a connected complex manifold endowed with a complete Riemannian
metric, d the induced distance, A a countable subset of M, f € O(D, X), andr €
(0,1). Then there exists a g € O(D, X) such that A C g(D) and d(f(2),g(2)) <
1 —r forany z e rD.

A slight modification to the proof of this result may show that, if (in addition to
A, f,r) a finite subset A of D is given, then one can provide a function g as be-
fore and a sequence (y)iea C D, rlu;| < |\, such that f(A) = g(u;) for
A€ A. Letting r — 1, this implies that Theorem 1 still holds for connected com-
plex manifolds.



116 NikorLAl NikoLov & PETER PFLUG

References

[1] M. Andersson, Topics in complex analysis, Springer-Verlag, New York, 1997.

[2] N. U. Arakelian, Uniform and tangential approximations by analytic functions, Amer.
Math. Soc. Transl. Ser. 2, 122, pp. 85-97, Amer. Math. Soc., Providence, RI, 1984.

[3] N. Q. Dieu and N. V. Trao, Product property of certain extremal functions, Complex
Variables Theory Appl. 48 (2003), 681-694.

[4] P. M. Gauthier and W. Hengartner, Complex approximation and simultaneous
interpolation on closed sets, Canad. J. Math. 29 (1977), 701-706.

[5] M. Jarnicki and P. Pflug, Invariant distances and metrics in complex analysis—
Revisited, Dissertationes Math. (Rozprawy Mat.) 430 (2005), 1-192.

[6] A.A. Nersesyan, Uniform approximation with simultaneous interpolation by analytic
functions, 1zv. Akad. Nauk Armyan. SSR Ser. Mat. 15 (1980), 249-257.

[7] N. Nikolov and W. Zwonek, On the product property on the Lempert function,
Complex Variables Theory Appl. 50 (2005), 939-952.

[8] F. Wikstrom, Non-linearity of the pluricomplex Green function, Proc. Amer. Math.
Soc. 129 (2001), 1051-1056.

, Qualitative properties of biholomorphically invariant functions with multiple

poles, preprint, 2004.

(9]

N. Nikolov P. Pflug

Institute of Mathematics and Carl von Ossietzky Universitit Oldenburg
Informatics Fachbereich Mathematik

Bulgarian Academy of Sciences Postfach 2503

1113 Sofia D-26111 Oldenburg

Bulgaria Germany

nik @math.bas.bg pflug@mathematik .uni-oldenburg.de



