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Horocyclically Convex Univalent Functions

D. MEJiA & CH. POMMERENKE

1. Introduction: Convexity and Curvature

A domain G in C is convex if and only if, for every w € 9G, there exists a half-
plane H such that w € 0H and G N H = . The fact that C = 9H is a line can be
expressed in two equivalent ways:

(1) C is a maximal curve of zero curvature;
(ii) C is a noncompact maximal curve of constant curvature.

Now we turn to the hyperbolic metric ds = (1 — |z|?)7"|dz| in the unit disk
D. Let C : w(s), s € I, be a curve of class C? in I that is parameterized by the
hyperbolic arc-length s; that is,

lw'| =1—|w|*> w” is continuous in I. (1.1)

Then the hyperbolic (= geodesic) curvature « satisfies the differential equation

w” 2w’

w1 —|wl?

= iK. (1.2)

Let T = oD. If C C D is a maximal (= cannot be extended to a larger curve in
D) curve of constant hyperbolic curvature «, then we have three cases as follows.

|| <2: C is acircular arc from T to T;
|| = 2: C isacircle in D that touches T;
|| > 2: C is a full circle in D.

Thus the noncompact maximal curves of constant curvature are those with |x| <
2, and we see that conditions (i) and (ii) are different in the hyperbolic case.

Ma and Minda [MaM1] considered condition (i). A domain G C D is hyper-
bolically convex (h-convex) if, for every w € D N dG, there is a hyperbolic half-
plane H with w € 0H and G N H = (. See, for example, [MaM2; MeP1; MeP2;
MeP3; MePV] for results on the conformal maps of ID onto h-convex domains.

In this paper we shall consider condition (ii), namely, the extremal case |k| =
2. A horocycle is, by definition, the inner domain of a circle in D that touches T.
A domain G C D will be called horocyclically convex (horo-convex) if, for every
w € D N 3G, there exists a horocycle H such that

wedH and GNH=4. (1.3)

Received May 6, 2004. Revision received March 22, 2005.
This research was supported in part by the DFG (Deutsche Forschungsgemeinschaft).

483



484 D. MEJia & CH. POMMERENKE

A horocyclically convex function f is a conformal map of D onto a horo-convex
domain G C D. It turns out that these functions are more difficult to study than
the h-convex functions.

In Section 2 we show that every horo-convex function f is continuous in D,
and in Section 5 we establish some sharp estimates for f(¢) and f'(¢) for¢ € T =
dD. In Section 6 we study the coefficient growth.

We have not yet been able to obtain any distortion theorems—that is, estimates
for f(z) and f'(z) for given z € D under the normalization f(0) = 0 and f'(0) =
«. In the final section we list some open problems.

2. Some General Properties

It is clear that horo-convexity is Mobius-invariant: If Mob(D) is the group of all
Mobius transformations of ID onto D, then

f horo-convex & 0,7 € Mob(D) = o o f ot horo-convex. 2.1)

As a consequence we can achieve the normalization f(0) = 0 and f’(0) > 0.

THEOREM 1.  Every horocyclically convex function has a continuous extension
to D.

Proof. Let f be horo-convex with f(0) = 0 and let G = f(D). Let (C,) be a
null-chain of G (see e.g. [P2, p. 29]). Let w* € 3G be the two endpoints of the
crosscut C, of G. We have to show that the component V,, of G \ C,, with 0 ¢ V,,
satisfies diam V,, — 0 as n — oo. Since G is horo-convex there exist horocycles
H, C D\ G with w¥ € 0HF if wF € D. We may assume that w* — wy € 3G.

First suppose wy € D, in which case we may assume that the H converge to
horocycles H* as n — oo. Then wy € dH* C D\ G. We construct an arc A,, C
D\ G from w, to w;" as follows: We take arcs along the inner normal to 0H F at
w* until we meet dH *; then we go along dH * until we meet 9H T . It follows from
Janiszewski’s theorem (as in [P2, p. 2]) that V, lies in the domain U, bounded by
A, and C,.. Hence

diamV, < diamU, < diam A, 4+ diamC, — 0 asn — oo.

Next we consider the case wo € T. We begin by assuming that w; and w;, are
in D. It is easy to see that H,;¥ N H,” = ¢ in this case. Let p; denote the Eu-
clidean radius of H* and let w® denote the point where JH* touches T. Since
lwE — wE(1 — pE)| = pE, we have

1+ |w¥| —2pF
1> cos(arg w;c —arg a)ff) = % -1 2.2)
2|wn |(1 — Pn )
as n — oo, because Iwnil — |wg| = 1land p, < % It follows that a)j — wy.
Since H¥ C D\ G and w* € dH*, we see that V,, lies in the component U, of
D\ (H,t UH, UC,) with 0 ¢ U,, and we conclude that

diamV, < diam U, < |a): —w,|+diamC, — 0 asn — oo. 2.3)
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Now we assume that w;” € D and w,, € T. Then (2.2) holds for w;" and V,, lies
in the component U, of D\ (H," U C,) with 0 ¢ U,. We conclude that (2.3) holds.
Finally, if w;f €T and w, € T then diam V,, < diamC, — 0. O

Next we show by an example that, in spite of Theorem 1, the family of all horo-

convex functions normalized by f(0) = 0 is not equicontinuous.

Let9, = ¢ + 1 'n €N. The two horocycles

n
Hf={w:|w— 2" < 1}

are disjoint and do not meet R. Let f, map D onto G, = D\ (I-_I,fr U I-_In‘) such
that £,,(0) = 0 and f,(1) = 1, and determine sz such that

fuzE) = wk = e*"//3 e 9HE.

Since G, contains the disk {|w| < %} and since f,(0) = 0, we see as in [PI,
Cor. 11.5] that

Iz =z, <clw —w "> -0 (n— o)

for some constant ¢. We conclude that z;7 — 1 whereas |f,(z,)) — fu(D| >

1—1/4/3.

3. The Canonical Example

The following function plays an important role in the theory of horo-convex func-
tions. Let 0 < A < 1. We define

l_i_gir[AZ 1+einAZ
h = |log ———— 2mA —log —— ). 31
A(Z) <0g 1 + ezﬂAZ>/( T 0og l+ em)uz) ( )

This function £, is analytic in ID and has a continuous extension to ID. It is easy to
verify that

By fe |t < (1= 1)) > T\{—-1} and

i (3.2)
hy:{e" (=2 <t <ma(1+ 1)} — 0H,\ {1}
are bijective maps, where H, is the horocycle
H . * (33)
= : —_— < — .
i e A DI s P
and we have
) 1—Xx
) =1, hye*™ ") =1, hy(-1) = ———. 3.4
A(D (e ) (=D Ty 3.4

By the boundary principlg [P2, p. 16] it follows from (3.2) and (3.3) that i, maps
D conformally onto D \ H,. Hence 4, is horo-convex.
It follows from (3.1) that

sin A sinza > sin 27 2
hi(z) = = 7+ — ) 5 )¢ 4+ (3.5)
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The inverse function is

1 . p(w) —1 . B 2wiAw
Now we shall prove that
4 A TA
. ’o ity
IIltll’l|]’l)L(€ )| = mCOtT (37)

with equality for ¢ = 7.

If |t| < w(1—A) then h;(e™) € T, and since 1,(0) = 0 it follows from the Julia—
Wolff lemma [P2, p. 82] that |h;(e” )| = 1, which is greater than the right-hand
side of (3.7).

Now let 7(1 — A) < t < w(1 4+ A) and write w = h,(e"). It follows from
(3.6) that

d () 2sinmA 2mAp(w) (3.8)
—h () = — A ) )
dw * (e — e—znkp(w))z 1+ w)?
By (3.2) we can write w = — (1 4+ Ae??)/(1 + 1), so that
2ire™ sin ¢ -
14+w= T p(w) = —e™ exp[w (1 + A) cot #].
i

Writing ¢ = (1 + A)?sin(rA)/(21), we obtain from (3.8) that
c|h(e™)| = [cosh( (1 4 A) cot¥) + cos(wr)] sin® ¥

? 2 2 . 2
> 1+7(1+A) cos” ¥ + cos(rA) sin” ¥

A
> 14 cos(mA) = 2cos2<%>,

with equality for ¥ = %, and thus ¢ = 7. This implies (3.7).

4. The Argument of the Derivative

Let I be a Jordan arc or a Jordan curve of the form I' =I'; U - - - U T, where the
I, (v =1,...,n) are smooth arcs from p,_; to p, that are otherwise disjoint. Let
A(T)) denote the change of the tangent angle along the arc I, and let A(p,) (v =
1,...,n — 1) denote the change of the tangent angle at the corner p,,. Then

n n—1
A=) AM)+ Y Alpy) (4.1)
v=1 v=1
is, by definition, the change of the tangent angle along I".
If T is a positively oriented Jordan curve, then
AT =2m; 4.2)
see [H]. We also need the following result [J; K]; see [P2, Prop. 4.22].
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ProPOSITION 1. Let f map D conformally onto G C C and let S be a hyper-
bolic segment in D. If D is a disk in G such that oD is tangent to f(S), then
DN f(S) =

First we prove a theorem about general conformal maps.

THEOREM 2. Let f map D conformally onto G C C and suppose that, for any
pair of points wi,w, € G, there is a piecewise smooth Jordan arc A from w; to
wy such that

ACC\G and |A(A)| <a, 4.3)

where a is a constant. If z € D then
|arg f'(z) — arg f'(0)] < a + 107, (4.4)
and log f’ belongs to the Hardy spaces H? (0 < p < 00).

Proof. Letz; =0, zo = z,and § = [0, z]. Furthermore, let D; (j = 1,2) be the
largest disk in G such that dD; touches f(S) at f(z;) from the left. Hence there
existsaw; € dD; NIG. Let C; be the positively oriented arc of 9D; between f(z;)
and ;. By assumption, there is a piecewise smooth Jordan arc A satlsfylng 4.3).
Then

F=fS)UCIUAUC,

is a positively oriented Jordan curve by Proposition 1 and (4.3).
Since C; U f(S) U C, is smooth, it follows from (4.1) and (4.2) that

21 = A(F(S)) + A(C)) + A(A) + A(Cr) + Alwr) + A(w)
and thus, by (4.3),
IACF(S)] < |A(A)| + 107 < a + 107.

This implies (4.4) because arg f’'(z) — arg f'(0) = A(f(S)).
It then follows from (4.4) that log f'(z) — log f7(0) is subordinate to the strip
mapping

b 1 4a
g(2) = log = (zeD), where b = — + 40.
bid
Since g € H?, we have log f' € HP. O

5. Some Sharp Estimates
THEOREM 3. Let f be horocyclically convex and let f(0) = 0. Then
larg f'(z) — arg f'(0)| <27 for z€D, (5.1
and 21 cannot be replaced by a smaller constant. Furthermore,

f'eH? for0<p<1i. (5.2)
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Proof. Let G = f(D) and let ¢ € T be such that the angular derivative f'(¢) #
0, oo exists. We assume that w = f(¢) € D. Because G is horo-convex, there is a
horocycle H C D\ G with w € 9H. Since f is isogonal [P2, p. 80] at ¢, the curve
C = {f@r¢) : 0 <r < 1} is normal to dH at w. Let ¢ be the point where dH
touches T.

Let Dy be the largest disk in G that touches C at 0 = f(0) from the right. We
assume that Do C D. Then there is a horocycle H that touches Dy at some point
wo € d0Hy N dDy. Let e/ be the point where dH, touches T. Let I'y be the posi-
tively oriented arc of dH( from e/ to wg and let I'; be the negatively oriented arc
of dDy from w to 0; we use T to denote the positively oriented arc of T from e
to e,

We now assume that Hy # H. Let I'* be the positively/negatively oriented arcs
of 9H from w to e, Then

JE=Ccurturur,ur (5.3)

are closed piecewise smooth curves. It follows from Proposition 1 that C is dis-
joint from the rest of J*. Hence the only possible multiple points of J* lie on
I'* N Ty C 8H N 8H, and it is not difficult to show that either J* or J~ is a
Jordan curve.

Let ¥y, ¥ € [0, 2r), denote the geometric tangent angle of C at 0 and w. Then

3

ATy UTY) = 9 — to + 7” and A(T) =10 —1.

For J* we have
T .

ATH =t—-9+n, Alw) = —5 Ale™) =0,

whereas for J~ we have
AT )Y=t1—0 -7 Alw) = % Ale') = 7.
Hence it follows from (5.3) that, in both cases,
A(JF) =09 — 0 + 27 + A(C). (5.4)

Now J ¥ is a positively oriented Jordan curve for a suitable choice of the sign, and
thus A(J*) = 27 by (4.2). Hence we obtain from (5.4) that

larg f'(¢) —arg f'(0)] = |A(C)| = |9 — ol <27 if f'(¢) # 0,00 exists.
(5.5)
We have made the three assumptions that w € D, Dy C I, and Hy # H. The
proof of (5.5) is similar if any one of these assumptions does not hold.

It follows from Theorem 2 that log f’ € H'. Therefore we have the Poisson in-
tegral representation

1 1—1z|?
are £12) = mlog ') = 5~ [ 1155 are 70 .
=

Hence (5.1) follows from (5.5). We conclude from (5.1) that f’ is subordinate to
the function
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1 1 4
¢(2) = £/(0) exp[4 log 1 i] - f’(0)<:—§) :

and since g € H? for p < % we see that (5.2) holds.
Finally, we show that (5.1) is best possible. Let f be the function %, defined in
(3.1), and choose ¢; € T such that

m(l—A) <argg <4(1—2) and |h(5) + 1 <1 =4,
see (3.2). Then
args, — 0 and arg[gh;(g)] —2r asA—1

and thus arg 1 (£,) — 2. O
THEOREM 4. Let f be horocyclically convex, and let
, sin TA

fO)=0 and |f(0) = O<a<. (5.6)

Then 1—1
T <|f@| =<1 for zeT. (5.7
The angular derivative exists and satisfies
2A TA ,
mCOtT < |f(Z)| < +o00 fOVZET. (5.8)

If f = hy, then equality holds in all inequalities (5.7) and (5.8) for suitable z € T.

Because f(ID) C D we have 0 < | f(0)| < 1, so we can choose A such that (5.6)
holds except in the trivial case f(z) = e¢”’z. We have log f’ € H' by Theorem 3.
Hence it follows from (5.8) that

A
t— for zeD.

, 2A
lf(2)| > mco 5

Proof of Theorem 4. Let z € T. First we assume that f(z) € D. Then there exists
a horocycle H,, (see (4.3)) such that

e f(z)€dH, and (e"’H,) N f(D)=0. (5.9)
Hence we can write (see (3.5))
f=e"h,0g with g(D) CD, g0)=0. (5.10)
It follows from Schwarz’s lemma and (5.6) that
sin A sin T
=1f(0)| < |h,(0)] = )
TA T
Hence & > p and it follows from (5.9) that | f(z)|] = (1 — w)/(A + w) >
(1 —A)/(1 + X). The upper estimate (5.7) is trivial.
We see from (5.9) that the angular derivative exists and satisfies 0 < | f'(z)| <

400 (see e.g. [P2, p. 83]). Differentiating (5.10) then yields
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|f'(2)] = |k, (g()llg' ()]
Since g(z) € T by (5.9) and (5.10), it follows from (5.10) and the Julia—Wolff
lemma [P2, p. 82] that |g’(z)| > 1. Hence
2 cot(mu/2) - 21 cot(mA/2)

a(l+w? — wl+21)? 61D

L' (@] = 1h,(g(2))] =

by (3.7) and because A > u.
Next we assume that f(z) € T. Since f(0) = 0 it follows from the Julia—Wolff
lemma that the angular derivative exists and satisfies
21 cot(mA/2)
(14 21)?
Finally, let f = h,. By (3.2), equality holds in (5.7) for both z = —l and z =

1, and by (3.7) and (3.8), respectively, equality holds in (5.8) for both z = —1 and
imh
7z =—e""". O

+oo > |f'(2)|=1>

If f is a conformal map of D onto any bounded domain G, then by the Koebe “one
quarter” theorem we have

1—|z]

Now we show that this trivial estimate is best possible even for the class of horo-
convex functions.

I f(2)] < ﬁdist(f(z),BG) = 0( ! ) as z] — 1.

THEOREM 5. For any positive function n(x) (0 < x < 1) with n(x) — 0
(x — 1), there exists a horocyclically convex function f and a sequence (x;) with
xr — 1 (k — 00) such that

|f ()| = % forall k. (5.12)
— Xk

Proof. We shall recursively construct horo-convex functions f, (n = 1,2,...)
such that

HODNR)y=DNR and {zeD:|z—-1| < p,} C fu(D) (5.13)
for some p, > 0; we shall also construct numbers x, € (1 — %, 1) such that

A=x)fi(x0) > 1+ YHnea) for k=1,....n. (5.14)

We start with fi(z) = z and x; sufficiently close to 1. Suppose that f; and x;
have already been constructed for k < n and consider the horocycles

HY = HE(e,8) = {|z — (1 — §)e***m/2 < 5},

where 0 < ¢ < § < p,/5. Then D N I-_I,f'E C fu(D) by (5.13). Let ¢,(2) =
©n(z,€,8) map D conformally onto f,(D) \ (I-_In+ U I:In’) such that ¢,(0) = 0 and
¢n(1) = 1. Then ¢, is horo-convex. If 0 < & < § — 0, then ¢,(z,8,¢) — f.(2)
locally uniformly by the Carathéodory kernel theorem [P2, p. 14]. Hence we can
choose §,, sufficiently small that
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1
(I = x) @ (xk,€,8,) > (1 + —)n(xk) (k=1,...,n) (5.15)
n+1

for0 < & < §,; see (5.14).
We can find u,, € (0,1) and v,, > 0 independent of ¢ such that

dist(H*(e,8,),u,) > v, and dist(T,u,) > v,. (5.16)

Let &,(¢) be determined by ¢,(§,(¢),¢&,8,) = u,. Then §,(¢) — 1 as e — 0 by
the Carathéodory kernel theorem. Hence there exist ¢, € (0, §,,) such that

n(Xnt1) < %, where x,41 = &,(¢,) > 1— n_—l—l
We define f,41(z) = ¢,(z,&,,8,) for z€D. Then

1
(1 - xn+l)fn/(xn+l) > z diSt(fn(xn-H)’ afn+l(D))

2

by (5.15). Together with (5.16) this shows that (5.14) is true for n 4 1 instead of n,
and (5.13) for n + 1 holds by our construction.

This completes our construction. Now we let n — oo. Then f = lim,_, o f
exists locally uniformly in D, and f is again horo-convex. It follows from (5.14)
that (5.12) is satisfied.

1 1
>~V > 277(xn+l) > (1 + )n(le-l)
n—+1

6. Coefficient Estimates

Now we consider the Taylor expansion of the conformal map

f@) =) ap"

n=0

of D onto G. Let A denote the Euclidean length. If A(dG) < oo then f’ € H' by
the Riesz—Privalov theorem [P2, p. 134] and thus a,, = o(1/n).
It is not difficult to construct a horo-convex domain G of the form

oo ky

_ ] 1
G:D\UUH,,k, diam Hyy = 7= (k=1 k), 6.1)
n=1 k=1
where all the horocycles H,; (k =1,...,k,; n =1,2,...) have disjoint closures.

Then A(dG) = oo and thus f’ ¢ H'. But we do not yet have an example of a
horo-convex function with a,, # o(1/n).

THEOREM 6. If f is horocyclically convex then

clogn

forn=2,3,..., (6.2)

lan| <

where the constant ¢ depends only on ay.
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The proof is based on the following purely geometrical result, which may well be
known. Note that inequality (6.4) is linear whereas the isoperimetric inequality is
quadratic.

PROPOSITION 2. Let H be a bounded open set in C of the form

H = Lmj D,, (6.3)
n=1
where the D, are disks of radius > r > 0. Then
arca H > %A(BH). (6.4)
Proof. Let
H,,:LHJDU (n=0,...,m) (6.5)
and -
b, =n"'areaH,, £,= Qn)'AOH,), (6.6)

and let r,, be the radius of D,. Now H,_; N dD, consists of finitely many arcs
A, on 9D, (possibly none). Let U,; be the component of D,, N H,,_; with A,; C
oUy,, and define A, by

270k = AOUw) = A(Ank) + A(Dy N 9Upk). (6.7)
By (6.5) we have

area H,, = area H,_| + area D,, — area(D,, N H,,_{)

and

A@Hy) = A@H,-1) = Y A(Dy N 0Uw) + A@Dy) = Y A(A),
k k
and thus by (6.6) and (6.7) we have

1
by =by1+r;— =) arealUy, (6.8)
T k

En = Zn—l +r, — Z )Lnk' (69)
k
Now 47 areaU,, < A(QUy)? by the isoperimetric inequality [BuZ, p. 69] and
therefore, by (6.7) and (6.8),

by = by 17— K (6.10)
k

With x, = ¢, — £,_1 € R, we obtain from (6.9) that

Z Auk =1y — X, and ml?xknk <r,— Xp; (6.11)
k
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hence, by (6.10),
bn - bn—l = rnZ - (rn - xn)z = (2rn - xn)xn~

We always have b, — b,,_; > 0 by (6.5) and (6.6). Since by = 0, it follows that

m , m ,
bm > E (2}’" _xn)xn > E TnXn,
n=1 n=1

where we sum only over the indices n with x,, > 0; note that x,, < r, by (6.11).
By assumption we have r, > r and so

m

m
’
merE anrE anrEma
n=1

n=1

which by (6.6) yields our assertion. UJ

Proof of Theorem 6. Let a = |ag| and m = [log(1 — a)~'] + 1. Let the sequence
(w,) be dense in dG. Since G is horo-convex, there is a horocycle H, C D\ G
with w, € 0H,. For N = 1,2, ... let

fv@ =) ay.z"
n=0

be the conformal map of I onto

N
D H, (6.12)
=

with fy(0) = f(0) = ap and arg f,(0) = arg f'(0). By the Carathéodory kernel
theorem, the functions f converge to f locally uniformly in D as N — oo. It fol-
lows thatay , — a, for fixed n. Hence we may assume that G has the form (6.12).

For k > m, let Gy be the component of G N {|w| < 1 — e ¥} withay = f(0) €
G. We define U; as the union of all the horocycles H C D\ G that touch G and
satisfy e/ < diam H < e~/*!, where j = 0,1,..., k. Then

areaU; < area{l — e /™! < |w| < 1} < 2me /™!
and therefore, by Proposition 2,

4 U;
AGU) < —arealty) g, (6.13)
inf(diam H')
because diam H > ¢ /. Furthermore,

k
3G, C {lwl=1-e*yul Jou;.
j=1

Hence we conclude from (6.13) that

A(0Gy) <27 + 8mek < 80k for k > m. (6.14)
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Now let n > ™. We determine k > m such that e*~! < n < e*. Then C; =
£7Y(8Gy) is a Jordan curve in D around 0 and therefore
1 f'(2)

na, = —
2wi Je, 2"

dz. (6.15)

If ze DN Cy, then
f(2) €3G, C {lw| =1—e7*}

and thus, with a = | £(0)|,

_ a+|z|
1—e ™ <|f(2)] <
[f(2)] T alz|
because f(D) C D. Since 1 —a > e, it follows that
l—e*—a e M — ek ik
lz| = > >1-2e"7,
l—a(l—e*) T emte*

and this holds trivially if z € T. Hence we conclude from (6.15) that

2nnla,| < (1—=2e"™ | |f(2)]1dz]
Cx

< (1 =2e"""ADBG).

With constants ¢y, ¢y, c3 depending only on m and thus on ay, it follows from
(6.13) that
nla,| < c1A(0Gy) < crk < c3logn. O

7. Some Open Problems

1. Internal characterization. Our definition of horo-convexity is in terms of
supporting horocycles. It is reasonable to conjecture that a domain G C C is
horocyclically convex if and only if every pair of points can be connected by a
curve C C G of class C? with hyperbolic curvature |k| < 2. We want to thank
Dirk Ferus and Ekkehard Tjaden for our discussions about this problem.

2. Analytic characterization. Now suppose that dG is a Jordan curve of class
C?inD. If f maps D conformally onto G, then f” is continuous in D and f(z) #
0 for z € D. The hyperbolic curvature of dG is given by

1—|f(2)) "(2)  2zf'(2)f(2)
(2) = |Jj( ) Re(1+zf/()+ f()f(2)> (zeT).
Iz f'(2)] f'@  1=1f@)l

The horocycle H C D \ G that touches dG at f(z) has h-curvature —2, and it
follows that k (z) > —2 for z € T.

Now let G be any domain in D. We ask if the following statement is true: G is
horo-convex if and only if

[ 22f'(2) f(2) +212/'(2)|

Re(l+z 7 + =1/ P ) >0 for zeD. (7.2)

(7.1)
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A closely related question is whether { f(rz) : |z| < 1} is also horo-convex for
O<r<l.

3. Interior estimates. In Theorems 3 and 4, we have several sharp bounds for
z € T but none for z € D. We can always achieve the normalization

f)=az+a*+az’+---, O<a<l (7.3)

What are the sharp bounds for | f(z)| and | f'(z)| for z € D? These are known
for hyperbolically convex functions [MaMI1] and related quantities [MeP2]. An-
other quantity of interest, because of its invariance properties, is the Schwarzian
derivative. Barnard and colleagues [BCPW] have recently proved the conjecture
of [MeP2] that

sup(1 — |z|%)?[S;(2)| = 2.38....

zeD

is the sharp bound for the class of h-convex functions.

4. Coefficient estimates. Let f be horo-convex and normalized as in (7.3). In
view of the invariance property (2.1), estimates of a, and a3 in terms of « lead, for
instance, to estimates of Sy(z) for z € D. It would be interesting to determine the
growth of

max{|a,| : f(z) = az + --- horo-convex}

as n — 00, and of related quantities. In particular, is (6.2) a good estimate?
If (D) is given by (6.1) then f’ ¢ H'. Is it true that f' € H? for all p < 1?
Compare Theorem 3. The proof of Theorem 6 suggests that

2 ) 1
/ |f/(re”)|dt=0<log ) asr — 1
0 1—r
might perhaps be true.
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