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On the Pfister—Leep Conjecture on Cg -Fields

HaMzA AHMAD

1. Introduction

In analogy to algebraically closed fields, a field & is called a Cg -field if every sys-
tem of r homogeneous forms of degree d over k in n variables (n > r) has a
common nontrivial zero over k. For a prime p, a field k is called a p-field if [L : k]
is a power of p for every finite extension L /k.

In [3], Pfister proves the following theorem.

THEOREM [3, Thm. 2]. Ifk is a p-field then, for any d not divisible by p, k is a
C¢-field.

See also [4, Thm. 2]. A special case is as follows.

CorOLLARY [3, Cor. 1]. Ifk is a p-field for some prime p # 2, thenk is a C&-
field.

Pfister conjectured that the converse of this corollary is true.

PrISTER’S CONJECTURE [3, Conjecture 3]. Ifkisa Cg-ﬁeld, then k is a p-field
for some prime p # 2.

In [2, Thms. 5.4 & 5.5], Leep proved this conjecture for fields of characteristic O
or 2 and gave the following generalized version of Pfister’s conjecture to higher-
degree forms (see [2, 1.4]).

THE CONJECTURE OF PFISTER—LEEP. For a fixed d, if k is a C(‘f -field then k is a
p-field for some prime p td.

In this note we show (Corollary 3.2) that the Pfister—Leep conjecture is true if d
is a power of the characteristic of the field k. Note that if k is a C "_field then k
is also a Cg—ﬁeld (because if {F}, ..., F.} is a system of forms of degree ¢, then
(F fk s F,qlil} is an equivalent system of forms of degree g'). Therefore, we
need only consider the case when d is equal to the characteristic of k.
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2. A System of Forms

Let k be a fixed field and let d > 1 be a fixed integer. In this section, we define a
system of forms of degree d that will be used in the proof of the special case of
the conjecture. We take our variables to be Z, X, X»,....

Define f: {2,3,...} — {1,2,...}and g: {2,3,...} — {d,d? ...} as follows.
Forn > 2,letn = ap + a;d + --- + a,d” be the d-adic expansion of n, where
a, €{0,1,...,d —1}forO <t <randa, #0. Set g(n) = d™! and set

dr! if n=4d",
fm)y =3 d" if n=a,d" and a, > 1,
apd +ard*+---+a,_1d" if n#a.d.

Define the form ¢,, of degree d as follows:

b OVARED 8 if n=d",
bn = X — X% 70 if n=a,d" anda, > 1,
X = Xy X7, 2974~ otherwise.

REMARK 2.1.

(i) Since n < d"*!' = g(n) and f(n) < d"*!, the form ¢, does not involve the
variables X,, t > d"tL.
(ii) If n < d™ then f(n) <d™ and g(n) < d™.
(iii) If n = a,d” thendn = a,g(n). If n # a,d’, then g(n) > n and dn =
f(n) +a,gn).
(iv) If n #a,d" anda, =d — 1, thenn — f(n) = (d — 1)(g(n) —n) > 0.

Letn = a,d' + --- + a,d" be the d-adic expansion of n, where a, # 0, a, # 0,
0 <t <r,and n < d™. Define the “length” of n, [(n), by I(n) =r —t.

We note that if n # a,d” then [(f(n)) < [(n). In addition, if n # a,d” and
n < d™, it follows that f(n) = apd + a1d* + --- +a,_1d" <d" ' < d™.

LEMMA 2.2. Let m be an integer > 1, and let z,x1,X3, ... be elements from a
field. If z = 0 and if the forms ¢, ..., Qqn defined as before Remark 2.1 vanish
on (z,Xx1,x2,...), then x, =0 forn < d™.

Proof. The proof is by induction on /(n). Firstassume /(n) = 0,sothatn = a,d’.
Since ¢gr = XrZ9 1 — X;’(d,) vanishes on (0, x, x»,...) for 1 < r < m, it fol-

lows that x ;-1 = xy@ry = 0. If n = a,d" and 1 < a, < d, then the vanishing of
b, = X,’f — X;‘{n)Zd’“* on (0,xy,x3,...) implies that x,, = 0. This completes the
case l(n) = 0.

Now assume [(n) > 1,sothatn # a,d’. Sincel(f(n)) < I(n) and f(n) <d™,

the induction hypothesis implies xy(,) = 0. Since ¢, = X — Xy X,y 247!

vanishes on (0, x1, x2, ...) and since x¢,) = 0, it follows that x,, = 0. O
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LEMMA 2.3.  Letm be aninteger > 1,and let z, x1, X3, ... be elements from a field.
If z = 1 and the forms ¢,, ..., ¢qn defined previously vanish on (z,x1,%2,...),
then

X, =é€pxy for n <d",

where ¢, is a d-power root of unity.

REMARK 2.4. From the proof of this lemma we shall see that:

(i) &, =lifn =d" (in particular, for any n, &,(,) = 1 since g(n) is a d-power);
(ii) &, is adthroot of unity if n = ad’, 1 < a < d; and

(iii) ¢, = ss},{j), where ¢ is a dth root of unity if n # ad”, 1 < a < d.

Proof of Lemma 2.3. The proof is by induction on /(n). We begin with the case
I(n) =0,sothatn = a,d".

If a, = 1, so that n = d”, we will prove by induction on r that x;r = xldr
forO <r <m. Ifr =0, then x| = xll. Now assume that r > 1. Since ¢4 =
XgrZ41 Xf(d,) = XgrZ97" — X4, vanishes on (1, xy,x2,...), it follows that
xdr = x9,_,. The induction hypothesis implies that x,r = xj, C= (xf N =

fn=a,d (I<a, < d) then the vanishing of ¢, = X X“(’ )Zd 4r on

(1 X1,X2,...) implies thatx = xg(n) Since n < d™, we have g(n) = dt! <
d _

d™ by Remark 2.1(ii) and x,(,) = xl( ") by the previous case. Hence x;, = xg(n) =
xy arg(n) = x{", by Remark 2.1(iii). Therefore x, = &,x", where ¢, is a dth root of
unity. This completes the case /(n) = 0.

Now assume that/(n) =r —t > 0,sothatn # a,d". Thenn < d™ and g(n) <
d™ and hence x,(,) = x5, Thus the vanishing of ¢, = X¢ — Xy, X% 74~
arg(n)

g(n)
on (1,xy,x5,...) implies that x = Xf@n x1 . Since n # a,d”, we have
I(f(n)) < l(n) and f(n) < d’” Therefore, the induction hypothesis implies
that xy(,) = ermyx;  , where &y, is a d-power root of unity. Then

d a , +ay d

xd = Xy x! g(n) _ Sf(n)xlf(n) arg(n) = /() f(n) arg(n) Sf(n)xln
by Remark 2.1(iii). Hence x, = 88f£i)xf, where ¢ is a dth root of unity. Then
Xp = &,x{, where g, = 88}(3) is a d-power root of unity. O

3. The Main Result
In this section we will prove our main result, stated as follows.

THEOREM 3.1. Let k be a field of characteristic d. Given a polynomial h over k
of degree d™ (m > 1) in one variable, there exists a system S of r (= d™~") forms
of degree d in r + 1 variables such that h has a zero in k if and only if the system
S has a common nontrivial k-zero.

As a corollary, we have the following.
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COROLLARY 3.2. Let k be a field of characteristic d. If k is a Cg—ﬁeld, then:

(i) every polynomial in k[ X] of d-power degree has a zero in k; and
(ii) k is a p-field for some prime p not dividing d.

Proof. Since k is a Cg -field, the system S in Theorem 3.1 has a nontrivial k-zero.
Therefore, the polynomial % has a zero in k; hence (i) follows. Now (ii) follows
from (i) and the following proposition, which was proved by Leep for the case
d = 2; the proof of the general case is identical.

ProrosiTiON 3.3 [1, Prop. 4.4]. A field k is a p-field for some prime number p
not dividing d if and only if every polynomial in k[X] of d-power degree has a
zero in k.

Before starting the proof of Theorem 3.1, we need the following definitions.

Define the functions i: {d,d +1,d +2,...} — {1,2,...}and j: {d,d + 1,
d+2,...} > {l,d,dz,...} as follows. For any integer n > d, write the d-adic
expansion of n asn = ag + a1jd + --- + a,d’, where a, # 0. Set j(n) = d’,
and set
a,yd’ ! if n=a,d",
ag+ad+---+a,_d" if n#ad.
Now, for n > 0, define the monomials Y, (of degree d) as

Xl"Zd_” if 0<n<d,

Y, = Xl.‘fn) ifd<n=a,d,

Xin Xy Z="if d <n #a,d".

i(n) ={

Given a polynomial & = X" + cgn_1 X"~ 4+ ... + ;X + co with coefficients
¢; from k, let ¢, (a form of degree d) be

Gn=Ygm +cgm_Ygm_1 4+ -+ c1Y1 + coYo.
REMARK 3.4.

(1) Note thati(n) < d" = j(n). Also,ifd <n < d™ thenr < m, hencei(n) <
d™ ' and j(n) < d™. In particular, for i of degree d”, the form ¢}, in-
volves only the variables Z, Xj, ..., Xgm-1.

(ii) Letn > d. If n = a,d” thendi(n) = n, and if n # a,d” then we have n =

i(n) +a,j(n).
(iii) If 7 has degree d, then ¢, is the homogenization of /.

Proof of Theorem 3.1. Let k be a field of characteristic d. Throughout the proof,
forn > 0letn =ag+---+a,d" (a, # 0) be the d-adic expansion of n. For any

elements z, x1,x2,...,x4ym-1 of k and forn =0, ...,d"™, let
xl"zd_" if 0<n<d,
YV = xi‘{n) ifd<n=a,d,

Xi(n)x;’('n)zd’“"’l if d<n#a,d.
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Take S to be the system consisting of the d”~! forms ¢y, ¢2, ..., Pan-1. These
forms have degree d. By Remarks 2.1(i) and (ii) and Remark 3.4(i), the system
involves the d”~! + 1 variables Z, X, ..., X gn-1.

Claim: The system S has a nontrivial k-zero if and only if the polynomial 4 has
a k-zero.

If m = 1then, as noted in Remark 3.4(iii), S = {¢} is just the homogenization
of h and hence the claim is proved in this case. So we may assume m > 1.

First, assume that the system ¢y, ¢2, ..., ¢4»-1 has a nontrivial common zero
(z,x1,X2,...,xgm-1) over k. Then z cannot be zero. Otherwise, if z = 0 then (by
Lemma 2.2) x, = 0for1 < n < d"!. By Remark 3.4(i), d < n < d™ implies
i(n) < d™ . Hence Ximy = 0ford < n < d™, which implies that y, = O for
0 < n < d™. Therefore, the vanishing of ¢, on (z,x1,x2,...,x4m-1) implies 0 =
Yam = xl?‘id,n). But i(d™) = d™', so xgm-1 = 0. Thus z = 0 leads to the trivial
solution—a contradiction.

We may therefore assume that z = 1. We’ll show that x; is a zero of 4. Note
that, since the characteristic of k is d, all the d-power roots of unity are equal to 1.
By Lemma 2.3,x, = x{ forl <n < d™1 Hence, for0 <n <d™,

xy if 0<n<d
Yo =4 x4 ifd<n=a,d"
XTI e g < £ a,d”
=x!' (by Remark 3.4(ii)).
Since ¢, vanishes on (1, x1, ..., xgn-1), we have
0= ygm +cam_1yam—1+ -+ coyo
= _x{im —|— Cd;nil_xld'nil + e + co
= h(xy).

Hence x; is a zero of h.
Conversely, assume that there exists an o € k such that h(a) = 0. Putz =1

and x,, = " for n > 1. We verify that (z, xy, ..., x4m-1) is a common zero of the
forms ¢y, P2, ..., Ppam-1. As before, by Remark 3.4(ii) we have
ol if0<n<d
o= { adit if d<n=a,d"

a/Wrarin it d < n #£a,d”

Therefore,
0= h(a) = adm =+ Cd17;71adm_] + .4 co
= Yam + Cqm_1Yam—1+ -+ CoYo

and hence ¢, vanishes on (z, xy, ..., Xgm-1).
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To verify that ¢,, vanishes on (z, x1,...,x4m-1) forl < n < d™ ! first assume
that n = d’. Then f(n) = d"~' and therefore x,z¢~! —x}’(n) =q" — ¥ =
ad” — 4@ = 0. Hence, ¢, vanishes on (z, x1, ..., xgn-1) in this case. Now as-
sume thatn = a,d” fora, # 1. Then g(n) = d"*'and we have x¢ —x;(n)zd—”r =
adn — qargm — gard™ _ gard™" _ 0. hence ¢, vanishes on (z,x1, ..., Xgn-1)
in this case, too. Finally, assume that n # a,d”. By Remark 2.1(iii), dn =
f(n) 4+ a,g(n); hence

x;’ _ xf(n)x{:,l(n)Zd_ar_] — g _ g fmtarg(n) _ dn o dn _ 0.

S0 ¢, vanishes on (z, xy, ..., xgm-1). This completes the proof of the theorem. [J
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