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0. Introduction

Given a complex Banach space (X, ||-]|), we shall denote by H'(X) the space
of X-valued Bochner integrable functions on the circle T = {|z| = 1} whose
negative Fourier coefficients vanish; that is,

HY(X)={feLYT,X): f(n)=0forn<0).
We write

27 .
I/ha= [ 1l 57

for the norm in H!(X).
We shall also denote by BMOA (X) the space of vector-valued BMO func-

tions on the circle with analytic extension to the unit disk D; that is, fe
LY(T, X) with f(n) =0 for n < 0 such that

172
”f”* X~ S“P<|1|f||f( e'y— f"2 dt) < 00,

where the supremum is taken over all intervals i € T, |/| stands for the nor-
malized Lebesgue measure of 7, and

ol dt

The norm in the space is given by

f(e”)—

+S 1, x-

"f"BMO(X) =

Finally, we shall use Bloch(.X') to denote the space of X-valued analytic func-
tions on D, say f(z) = Xy -0 X,2", such that sup|;j<,(1—|z|)]|f"(z)]| < . To
avoid constant functions have zero norm we consider

| flBlochex) = ||f(0)||+|Sl|1Pl(1 — |z (=)
ZI<
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Now, given two complex Banach spaces X, Y and denoting by B(X, Y) the
space of bounded operators from X into Y (or simply B(X) when X =7),
we can formulate the following definition, which is the natural analog of the
scalar-valued notion of a convolution multiplier.

Given FeBloch(B(X,Y)), say F(z) =37_oT,z" and given fe H'(X),
say f(z) = Xw_0Xx,2", we shall define

had 27 ] )
F*f(z)= 3 T,(xn)2" = F(ze”)(f(e""))g_t.
n=0 T

0
Let us write (H'(X), BMOA(Y)) for the space of functions F: D - B(X,Y)
such that F* fe BMOA(Y) for any fe H'(X). The norm on it is induced
by the norm as subspace of B(H'(X ), BMOA(Y)).

It was proved in [7] that the space of multipliers from H' into BMOA can
be identified with the space of Bloch functions; that is,

(H'!, BMOA) = Bloch. (0.1)

It is not hard to see that the vector-valued formulation does not hold for
general Banach spaces. The aim of this note is to show that the vector-valued
extension for X =Y holds only for Hilbert spaces. We shall prove the fol-
lowing theorem.

THEOREM. Let X be a complex Banach space. Then (H'(X), BMOA(X)) =
Bloch(B(X)) if and only if X is isomorphic to a Hilbert space.

Throughout the paper, all Banach spaces are assumed to be vector spaces on
the complex field and C will stand for a constant that may vary from line
to line.

1. Preliminary Results

Let us recall some known facts on vector-valued analytic functions that we
shall need for the proof.

First of all, recall the characterization of BMO functions in terms of Carle-
son measures (see [4, Thm. 3.4]) that we shall use later on. This characteriza-
tion is still valid for functions taking values in Hilbert spaces (since it simply
relies on Plancherel’s theorem). Given a Hilbert space X and an analytic
function f: D — X, we have

_ 1 21:-(l_s)(l_IZIZ)”fr(Seit)HZ dt )1/2
IIfII*,x~§1exg(f0f0 T—zse' ods) . (LD

Another fact to be used is that Kintchine’s inequalities hold for BMO
functions; actually, this can be achieved using Paley’s inequality (see [3])
and duality. That is,

0 1/2
( > |ak|2) ~
k=0

o0

> Oikzzk
k=0

(1.2)

BMOA
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The following remarks regard vector-valued Bloch functions. Given (7,,)C
B(X,Y) and F(z) = X5-0T,,2", it clearly follows from the definition that
FeBloch(B(X,Y)) if and only if, for any xe X and y*e Y*, the functions
F, () = 27=0{T,(x), y*>z" € Bloch. Moreover,

"F”Bloch(B(X. Y)= sSup “Fx,y‘ Bloch* (1'3)

Ixl=1.fy*f=1

According to this, it follows from the scalar-valued case (see [1; 2]) that

F(z)= X T,z*" if and only if sup||7;]| < . (1.4)
n=0 neN

Let us now recall a basic inequality, due to Hardy and Littlewood (see
[5, Lemma HL1]), which played an important role in the proof of (0.1) and
whose vector-valued extension we shall use.

There exists a constant C > 0 such that for any fe H' one has

1 172
(fo(l——r)Mlz(f’,r)dr) < C|flh (1.5)

where My(f’, r) = [Z7| f'(re™)|(dt/2). ’
Using the notation M; x(fr) = [¢7||f'(re™)|(dt/2w) when dealing with

functions in H'(X'), we have the following vector-valued extension.

LeEMMA 1.1. Let X be a Hilbert space. Then there exists a constant C >0
such that

1 172
(f (A=r)MEx(f"7) dr) = C|| fll, x
0
for any fe H\(X).
Proof. Assume that X = /? (for general Hilbert spaces, this would follow

from the previous case and the fact that X is finitely representable in /).
Given fe H'(/?) we can write

© 172
f=(f,), where f,e H' and (Elﬁ,(eio)|2> e L}(T).
n=1

Denoting by r,, the Rademacher functions in [0, 1], we define

F(z)= E_Jlfn(z)rm F(2)= glﬁq(z)rn(t)-

It follows from Fubini’s theorem and Kintchine’s inequalities that

|Fll, = | £y, 25 M, p(F',ry= M, 2(f'r).

Therefore, setting oy = 1-27k
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1 1
f(l—r)Mﬁ,z(f',r)drzf (1=r)M?E p(F',r)dr
0 0

=3 (" a=nmpF,nar

k=0"Ya

< > 272k ML (F' o)
k=0

cO
= kE()” 27K M (FY, )| 20,1 -

With this estimate, together with the well-known fact that (due to the
cotype-2 condition on L!; see [7]) that

oo 172 0 172
( > ||¢k||i'([0,11)) =C ( > (|¢k(f)|)2)
k=0 k=0

and applying the scalar inequality (1.5), we can write

1 172 1 00 1/2
( f (1=r)MLp2(f", r)dr) < f ( S 27 MAF, ak)> dt
0 0

k=0

L\([0,1])

1 27 172
<C f ( (l—r)Mlz(F,’,r)dr) dt
0 0

I p27 .
< cf f 1Fe™)] 22 at
0 Jo 27
=C|F |y, e =[£Iy, r2- 0

We finish this section by recalling the notions of type and cotype (where we
replace the Rademacher functions by lacunary sequences). The reader is re-
ferred to [9; 10] for information on these properties.

A Banach space has cotype 2 (respectively type 2) if there exists a constant
C > 0 such that, for all Ne N and for all xy, x5, ..., Xy € X, one has

N 172
(zuxknz) e
k=1

N ok;
E Xy e it
k=1

1,X
or, respectively,

N K
E xkeZ it
k=1

N 172
< C(El"x"uz) .

Finally, we recall Kwapien’s [6] characterization of Hilbert spaces: X is
isomorphic to a Hilbert space if and only if X has type and cotype 2.

1,X

2. Proof of the Theorem

LEMmMA 2.1. Let X,Y be two complex Banach spaces. Then

(H'(X), BMOA(Y)) C Bloch(B(X, Y)).
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Proof. Given Fe (H'(X), BMOA(Y)) and given xe X and y*e Y* one
clearly has (F(z)(x), y*> e (H', BMOA) = Bloch. Moreover,

IKF(2)(x), ¥*)|Btoch = [|F |11y, BMoacrpllX || v * -
Hence, (1.3) shows that F e Bloch(B(X, Y)). O

Proof of the theorem. From Kwapien’s result, we shall begin by showing
that (H'(X), BMOA(X)) = Bloch(B(X)) implies cotype 2 and type 2 on X.

Let us take x;, x5, ..., Xy € X. Then choose x;; € X* so that (xy, x,) =||x,|
and ||x|| = 1. Then, using (1.2), we have

172

N 172 N
( » uxkuz) =( > |<x;:,xk>|2) -
k=1 k=1

Now let us fix xe X with ||x|| =1, and consider F(z) = =, T,,z>" where
T,, are the operators in B(X') defined by 7,,(y) = {x;;, y>x. From (1.2) we have
Fe BIOCh(B(X)) and ”F"Bloch(B(X)) = 1. Therefore

(Zhnl?)” <c

This shows that X has cotype 2.

Now, given x, x5, ..., xy € X, we fix xe X and x*e X* with |x||=1 and
(x* x) = 1. Define F(z) = 3, T, z*" where T, are the operators in B(X) de-
fined by T,,(¥) = {x* y)(x,/| xx|])- From (1.2) we have F e Bloch(B(X)) and

"F ”Bloch(B(X)) =1.
Observe that

N Sk
D AXks Xi)2
k=1

BMOA

=<C

N "
> Ti(x)z
=1 BMOA(X)

N k
E xkzz
k=1

LX

N N
E xk22k= E Tk(“xkllx)zzk:F*f,
k=1 k=1

where f(z) = E;’?’=1||xk||xz2k. Then, since BMOA(X) C H'(X), we have

=

N ok
PP 7% 4
k=1 1, X

N k
> xkzz
k=1

BMOA(X)

N "
=C kEl"xk"xz

X

N 1/2
=c( Shak) -
1 k=1

N ”
=C kEIIkallz

This shows that X has type 2.
Conversely, let us assume that X is a Hilbert space. From Lemma 2.1, we
need only prove '

Bloch(B(X)) C (H'(X), BMOA(X)).

Take F(z)=X5n— T,,z2" € Bloch(B(X)) and f(z) = X% _o x,2"€ H'(X). Now
we observe that
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Z(F*fY(z?)

= 2 n]-;l(xn)ZZn—l

n=1

27
= [ Paet e et S

27 o0 o] . dt
__zf f (E nT,z"~1pn=1gitn 1):)( > nxnrn—le—t(n—-l)r)z_rdr
n=1

T
2w . . dt
= 2f f F'(zre")(f'(re™™))e" —rdr
0 Yo 271"
Therefore, since F € Bloch(B(X)), we have

lz(F*fy(z3)| = C f i ll)Ml,X(f’,slzl)ds

U O\ R 1/2
sC( [ '—_"‘(1—s|z|)2> ( ) Ml,x(f,sms)

172
(—IW( f M x(f, S)ds) :

Finally, using (1.1), we obtain
Le2r (1—s)(1—|z]D|(F*fY(se™)|? dr
Fafl2 x~ f f .
" -f" X :gg |1—ZS€”I2 27
=2supf1 f?-,, (A=rB(A-[zP)rF* Sy (r?e*D)|* at
Yep o [1—2r2e?i2 2

scfolfoh (1|2 (f M2 (S s)ds\)ﬂdr

[1—2zr2e2i|?

ds

dr

1 pr
scf f Mﬁx(f',s)dsdr=cf(1—s)M,%X(fl,s)ds.
0 Y0 0

Of course,

2
T i dt
P 7o) 2 = 700l = Wl = I sl

0

Therefore, combining both estimates and using Lemma 1.1. the proof is

finished.
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