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Introduction

Let S” denote an n-dimensional sphere with canonical metric. Let QCS"
or R"” be a smooth strictly convex bounded domain, let A be the Laplace-
Beltrimi operator on S” or R”, and let ¥: @ > R! be a nonnegative convex
smooth function. The eigenvalues of the following problem:

—Au+Vu=Au in Q,
u=0 on 3Q,

0.1)

can be arranged in a nondecreasing order as follows:
O<M< A=Ay <--e.

It is a significant problem to find a lower bound for A, —A, in terms of the
geometry of Q and the given potential function V. For @ C R”, Singer, Wong,
Yau, and Yau [9] showed that

7[.2

4d?’

where d is the diameter of Q. This estimate was later improved to

AZ —/\1 =

11'2

dz
by Yu and Zhong [10]. Then Lee and Wong [6] proved that (0.2) also holds

for Q CS” provided the potential V' =0. Our result is in our Theorem 2,
which improves (0.2) to

A=A = 0.2)

4
dz
where the potential V' is a nonnegative convex function and where K denotes
the complete elliptic integral of the first kind, defined by

A=A =—K(a)? for QCS" or R”, (0.3)
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K(o):SO V1—osin?¢

(see [1]). It is known that ¢ > 0 and, what is more, ¢ can be estimated from
below in terms of other quantities occurring in the problem. In particular,
since K(o) > /2 for ¢ >0, (0.3) improves upon (0.2). The approach we em-
.ploy in this paper is from [10; 11].

(0.4)

1. Main Results

Let f and f be the first and second eigenfunctions of problem (0.1), respec-
tively. It is known that f # 0in @, f changes its sign in Q (see [3]), and f/f is
smooth up to the boundary Q2 (see [9]). Without loss of generality, we can
assume that

f>0in Q, infj—=-—k, sup—=1, and 0<k=1. 1.1
o S 0
Define

y= S 1- k) 1+k
f 2 2
Then the function v satisfies

Av=—-A(v+a)—2Vv-V(log f) in Q, 12
infv=—1, and supv=1, '
Q Q
where A=A,—Ajand a=(1—-k)/(14+k)so0=<a<l.
Using Li and Yau’s method of gradient estimate, one readily derives the
following estimate:

Vol?
b|2—’vz =X1+a), (1.3)
where b > 1 is an arbitrary constant, as was found in [9; 10]. We are going to
improve this estimate and then find a new lower bound of A, —A,.
Define F': [arcsin(—1/b), arcsin(1/b)] — R! by

|vo[?
F(ty) = max ,
xell b2—v?
H(x)=t,

where #(x)=arcsin(v(x)/b). Then F[¢(x)] is continuous on Q. The esti-
mate (1.3) becomes

F(t)=A(14+a) Vtelarcsin(—1/b), arcsin(1/b)]. (1.3
Throughout we let (unless otherwise stated)
I'= (arcsin(—1/D), arcsin(1/d)),
c=al/b,
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d =the diameter of {2,

t(x) = arcsin v(bx) ,
o= ing {([V3(—log f)(x)](r, )},
re L0 [r|=1

0=0p=a/M, whereM isan upper bound of A.
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REMARK 1. «a>0, by [2; 4; 5; 9] and Lemma 5 of this paper, and 6, =

a/A=1/4 for =B, CS" or R" and V' =0, by [7].

REMARK 2. For some of the upper bounds one can refer to [7; 8; 9].

Now define a function G by
F@)=A(1+a)G(t) for tel,
and, if a # 0, define a function H by

F(t)=A1+cH(¢t)) for tel.
Then (1.3’) becomes

G(t)<1 and H(t)<b forevery tel.
We now prove the following theorem.

THEOREM 1. Fortel,

G(t)<A+2Bsint —Bcos?t = W(t)

and
4 inf)—2sint
H(t)s( /7r)(t+cost:1nt) sin —Ecos?t=U(1),
cos<t
where
1+c¢ . (46 1
= — B = —_—
A 15a 2Bc, B mm{ls,‘J,
E =min{é/a, m},
me ing LFSIDZI—(4/m)(cost+tsing)

(—7/2,0) cos4t-sint
REMARK 3. m = 7/9V3 by Lemma 4 of this paper.

Proof of Theorem 1. There exist some PeR! and ¢, e I such that
P=max(G(t)—W(t)) = G(ty) —W(t).

tel
Therefore,

G)=W()+P

(1.3")

(1.4)

(1.5)
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for every t €1, and ,
G(ty) =W (ty)+ P.

If P> 0 then, according to Lemma 1 and Lemma 2 (which we will state and
prove in the next section), we obtain

W(ty)+P=G(t)

< 1 4+ sint— 23 cos?t
1+a 1+4a 1+a

1
2(14+a)

(W4 P) cost[(2+a)sint+c}

+ % (W+ P)” cos? t] (by Lemma 1)

1 c .
= + sint —
14a 1+4a 1+a

cos?t

1 1
— W’ cost[(2+a)sint —W"cos?t
21+a) cos f[(2+a) sin +c]+2 coSs e

<W(iy) (by Lemma 2).

Thus P < 0. This contradicts the assumption that P > 0. Therefore we know
that P <0. (1.4) is proved. (1.5) is proved by an analogous argument, using
Lemmas 3 and 4 instead of Lemmas 1 and 2. O

THEOREM 2. Assume that § is a constant such that 6 <§; then

4 (2 dt )2 4
A= — S = —K 2’
dz( o ~1—gsin2¢ d? (@)

where o > 0 depends only on 6.

REMARK 4. 0= (2/157)2(a/M)?. This was proved in [7].
COROLLARY. A> w2/d>

This is the main result in [10].

Proof of Theorem 2. By (1.4) we get
Vol <A(1+a)G(H) <A1 +a)W(5)
b2—v2 ™ - ¢ )

Let g, and g, be two points in { such that v(g;)=—1 and v(gq,) =1, and
let y be a minimal geodesic joining them. Then
1 dv S arcsin(1/b) dt

—= .
-1 IVUI arcsin(—1/b) VA +a)W(¢)

a,
dzs dnzS
q,

Therefore,
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arcsin(1/b) dt

arcsin(—1/6) ¥ (1+a)W(t)

3

arcsin(1/b) 1 1 dt
SO (\/(1+a) w(t) + V(1 +a)W(—t) )

1 arcsin(1/b) 1
B So N(1+a)(A—Bcos?t)

d

( ; 1 )
_ + : di
N1+4(2Bcsint/(A—Bcos2t)) ~1—(2Bcsint/(A—Bcos?t))

arcsin(1/b) dt

SO V(1+a)(A—Bcos?t)

S arcsin(1/b) dt
0 V1+c—2Bc(l14+a)—(1+a)Bcos2t

arcsin(1/b) dt
dso V1+c—2Bc(1+a)—Bcos?t

Let b —1; then

/2 2
A= iz(s dt ) . (1.6)
d*\)y 1+a—2Ba(l+a)—Bcos?t

If a+ 0, then (1.5) and an argument analogous to that above shows that

/2 2
A= iz(g dt ) . 1.7
d*\J)y +1—aEcos?t
Choose € = ¢(B) so that

SWIZ dt >Svr/2 dt
o ~Nl1+s—2Bs(1+s)—Bcos2t Jo ~1—(B/2)cos?t

holds for 0 <s=<e, and let

o =min{B/2, min(d, em)} = min{26/15,1/8, em].

(1.8)

Then

4 (™ at oa(t™  dt \
b et 30 )
dz(o 1—ocos?t d?\J 1—osin2¢

using (1.6) and (1.8) if @ <€ and using (1.7) if a > e. O

2. Several Lemmas

LeEMMA 1. If a C® function y: I - R! satisfies the following conditions:

(1) y(t)=G(¢t) foreverytel;
(ii) there exists some xy € Q such that t(xg) =ty and y(to) = G(t,);
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(iii) y(¢)> 0 for every tel; and
(iv) y'(tp)(sinty+c) =0,
then the following inequality is valid:

1 C . 26 2
G(ty) < to— t
(t0) 1+a+ 14a Sitfo I+a €08 to
1 ’ : 1 "
- 2(1+a)y (tp) cos tp[(2+a) sin t0+c]+5y (to) cos? to. (2.1)
Proof. Define J: Q- R! by
\v/ 2
J(x)= [ﬂ——/\(l+a)y(z‘)} cos?t, (2.2)
b2—yp2

where ¢ = arcsin(v(x)/b). Obviously,
J(x)<0 forevery xeQ, and J(xp)=0.

Therefore J achieves its maximum on Q at x,.
If Vu(x,) =0, then
0=J(x9) = —M1+a)y(ty).

This contradicts (iii). Therefore

Vu(xy) #0. (2.3)
(2.3) and Lemma 1 in [10] imply x, € Q. By the maximum principle, we have
VJ(x9)=0 (2.9
and
AJ(x0)=0 (2.5)
Rewrite (2.2) as
J(x)=—bl—2|Vv|2—)\(l+a) y(t)cos?t. (2.2)

(2.4) and (2.5) are equivalent to

'1,2_22”!""'1’ =A(1+a)cost[y’cost—2ysintli; 2.4)
i X X
and
2 2 2 ’ ” 2 2
0= "'—'EUU+——'EU,UUJ—A(I'FG)[()’At’*'y |Vt| )COS t
b2 " b*ij
—4y’cos t-sint|Vt[* 4 yA cos? t]} (2.5
Xo

Choose a normal coordinate around x, such that v;(xy) # 0 and v;(x,) =0
for i=2. Then (2.4’) gives

bA(1 .
Uit lx, = —%l[y'cost—Zy sin ]

b

X, (2.4")

vl,-lx0=0, i=2.



Eigenvalues of Schrédinger Operators on Convex Domains

Under the given local coordinate at x;,

> vy = Vu-V(Av) + R(Vv, Vv) = VoV(Av),
i,j

where R(-, -) is the Ricci curvature of S” or R". We have:

Vu-V(Av) = —Av —2v(log ) —2v vy (log £y,

v . .
7=Asmt=cos tAt—sint|Vt]?,

1 |Av
At =
cost[b

+sin t|Vt|2]

2
AcosztzA(l—ﬁ) b22 vVv—2cos?¢|Vt|?,

2
| 5 =A(1+a)y.
v

|V
|Vef? = h2—

Putting (2.6)-(2.11) into (2.5"), we obtain, at xg,

0> — E v,j—2A2(1+a)y cos? t +A%(1+a)y cos t(sinf+c)

—/\2(1+a)yy cost sint —A2(1+a)%yy”cos®t

+4A%(1 +a)2yy'c0s tsint —2A%(14+a)ysint(sinf+c)

+2X%2(1+a)?y?cos?t.
Putting (2.4”) into (2.5”), we obtain, at x;,
0= 123 (1+a)*(»")? cos? t+2X%(1 +a)%y?
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(2.6)

(2.7)

(2.8)

(2.9

(2.10)

(2.11)

(2.5")

—2X2(1+a)ycos?t+X2(1+a)y’cost[sint+c+(1+a)ysint]

—X2(1+a)?yy”cos?t—2M2(1+a) ysint(sint +c)
+48)\%(1+a)y cos?t,

where we have used

2A(1+a)

4 .
— voy(log f);+ (log f)1[y'cost—2ysint]

T p2
and

(=log f)u _ (~log f)u
A - M
Dividing both sides of (2.5”) by A%2(1+a) y, we obtain
G(t0) =y(to)

1 c . 20
< {o—
1+a+ 1+a Sttfo

> 6.

b X,

(2.51”)



266 JUN LiING

1

_ sint0+c
2(1+a)

Y(to)

Y'(tp) cos to[ +(14+a)sin to]

+- %y”(to) cos? £,

1 c .
= 14a + 14+a Sinfo=
1
2(14+a)
In the last inequality we have used the conditions

Y (to)(sinty+c)=0 and y(ty)=G() <1. O

2
cos“t
14a 0

Y'(tp) cos tp[(2+a)sinty+cl+ %y”(to) cos? t,.

LEMMA 2. Let A, B be as in Theorem 1. Then the function
W(t)=A+2Bcsint—Bcos?¢
satisfies the following system: For every t €I,

(14+a)W’cos®*t —W’cos t[(2+a)sint+c]
—2(1+a)W+2+2csint—46cos?t <0,

| 2.12
W'(t)(sint+c)=0, and @.12)
w(t)>0.
‘ Proof.
| W' (t)y=2Bcost(sint+c);
| W'(t)(sint+c)=2Bcost(sint+c)2=0;
W”(t)=2B(1—csint—2sin?¢).
Therefore,

(1+a)W”cos?t—W’cos t[(2+a)sint +c]l—2(1+a)W+2+2csint —48 cos® ¢
=cos2 t{2B[2+2a—c?—(4+2a)csint —(4+3a)sin? t] — 45}
+2{1—(1+a)A+[1—-2(1+a)B]csint}
2(1+a)(8+6a+ac?)B —45}
44 3a
+2f—c+2Bc(1+a)+[1—-2(1+a)B]c}
<4cos?t{(15/4)B—6} <0,
and

< cos? t{

ylmin=y|sint=—c=A_B(1+c2)

_ 2 1 _ 2 1 _ 1
=(1+c) ((1+a)(1+c) B>Z(1+C) ((1+a)(1+c) 4)>0' -

LEMMA 3. Assume that a+0. Let the C® function y:I— R! satisfy the
conditions:
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(i) y(¢)= H(¢) for every tel;
(ii) there exists some x( € ) such that t(xy) =ty and y(ty) = H(t,);
(iii) y(¢)> —1/c for every t € I'; and
(iv) ¥'(20) = 0.
Then the following inequality is valid:

H(ty) <sinty— 2—: cos? ty—y'(to) cos to sin ty+ —;—y"(to) cos? t,. (2.13)

Proof. An argument analogous to that used in the proof of Lemma 1 gives
H(to) = y(t0)

. 20 2 1 sinty+c
<Ssinty——cos“ty——=y'(ty)cost +sint
0= 0 2)’(0) 0[1+ (o) o]
+%~y”(to) cos? t,.
By (iii), (iv), the above inequality, and
sinfo+c
————— =>5sinfy,
14+cy(tp)
we obtain (2.13). O

LemMmA 4. Let E be as in Theorem 1. Then the function

_(4/m)(t+cost-sint)—2sint

U(t) =U,(t)+ Uy(t) = — —Ecos?t

satisfies, forte[—=/2, w/2],
U(—=/2)=-1, U(x/2)=1, |U@t)|<];
U(t)y=0; and (2.14)
sin# —(28/c)cos®t—U’cos t sinf+3U"cos? t < U(t).

Proof. One checks readily that the function U, satisfies, for t € [—7/2, /2],

U(=n/2)=—1, Uyx/2)=1;

Ui(t)=0; and

sint —Ujcos tsint+3Uj cos? t = Uj;
as well as

. 1
—-2—3 cos?t—U,—Uj cos t sin t+5U5’c0s2 t

= {—2—5 +2F —4E sin? t} cos?¢

< —4Esin®t cos?t<0.
We are going to show that m in Theorem 1 satisfies
m=7w/9V3. (2.15)
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Define a function Z: [—x/2,0] —» R! by
14sint—(4/x)(cost+tsint)

Z(t) =
(1) cos4tsint
Then
Iim Z(t)= lim Z(t)=+o.
t—-0" t——x/240
Therefore there exists some 7 € (—w/2, 0) such that
m=Z(f) (2.16)
and
0=2Z'(¢)
_ (4/m)cos’t—cos* t+4sin? ¢ +4sin* 1 — (16/7)(cos ¢ sin’ £ + ¢ sin® r)
B cos’ ¢ sin%¢ (=7
(2.17)
(2.16) and (2.17) yield
_ cosf—4/xw T 1 T
=Z(t)= = —= —— — — = .
m=2Z(1) 4cosfsin3f 48 fmax cos37sinf 9v3

Therefore (2.15) holds. So
U'(t) =Uj(¢) + Ux(?)

_,{4/m)(cost+12sint)—1 —sin?¢
- cos3t

+ E cost sin t}

=0,

by (2.15) for t e [—n/2,0] and by Uj(¢) =0 and sin¢ =0 for t € [0, w/2]. [

LEMMA 5. Let f be the first Dirichlet eigenfunction of (0.1), with f >0in
). Then there exists ¢ > 0 such that the function log f is strictly concave in
the e-neighborhood of 911.

Proof. Choose a normal coordinate around x, € 3Q such that 9; = d/dx;
is the outward unit normal vector field on Q2. Take a point ¥ in Q with
small distance d to 912, d=dist(x, xo) =dist(x, d12). Then f Ix0< 0, by the
Hopf lemma, and f;|, =0, i =2, because d/9x’ (i = 2) are tangent vectors.
Therefore,

Silz~ad, c1=—fi(x9)>0.
and
fils~0O(d) when i=2.

Here “~A/d*” means “=(A+o0(1))/d*” with o(1)—0 as d—0. Let w=
log f; then

wilz=(fi/f)|z and
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wij |z = = fi i 12 =T  fe Y| 5,
where I‘,-’j- are the Christoffel symbols. Hence we obtaiq
wi |z~ O(1/d) — fE/d? |,

and
wi|s~O(/d), i=2.
When i, j =2,
Jijlx=0i0; f—(V53i9;) f | s ~ O(d) — V5;8; f | x,-
Now
V3i0; f 1x,= V38, 038 f | x, = (V3i055 0D f11 x,
and

(0,3 =0, j=2,
where (-, -) is the scalar product on the tangent bundle of S” or R”, and
0=0,¢0y, 0;) = (Vj;0y, 3j) +40;, V5; 9
=h;;+(V,;0;,0,),
where (4;;), -1, ,—1 is the second fundamental form of dQ? via 9. Therefore,
Jijlz~ O(d)+h,-jf1|xo and w;;~h;; fy for i,j=2.
Hence we obtain
fEld? O(1/d)
o1/d) (—hii f)n-1,n-1]

Noting that (h;;),_; ,—; is positive definite, we have now completed the
proof. O

(_wij)n,n IJ? -~ [

FiNaAL REMARK. Theorems 1 and 2 are valid for Riemannian manifolds for
which the conditions V2(—log f)(9;, 8;) > 0 and Ric(M) = 0 are satisfied.
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