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1. Introduction

1.0. Let JC be a complex, infinite-dimensional, separable Hilbert space and
let B(3C) be the set of bounded linear operators acting on JC. By X (3C) we
denote the compact operators, and @(3C) = B (3C)/FK(3C) is the Calkin al-
gebra. The canonical map from ®(3C) to @(JC) is denoted =, and for T e
®(3C) the spectrum of T is written o(T); 6.(T)=0o(w(T)) will denote the
essential spectrum of 7.

An operator 7' e B (3C) is said to belong to the class (QD) of quasidiagonal
operators if there exists a sequence {P,}, = of finite-dimensional projections
converging strongly to the identity operator 7 for which {|7P,—P,T|} =1
converges to 0. If TP, =P, T for all n =1, then T is said to be block-diagonal
and we write 7 € (BD). It is well known that (QD) is closed, invariant under
compact perturbations, and given € >0 and T € (QD), there exist B € (BD)
and K € X (3C), |K|<e, such that T=B+K.

An operator T is called quasitriangular (T € (QT)) if there exists a se-
quence {P,};-; as above for which lim, , . [(/—P,)TP,|=0, and T is bi-
quasitriangular (T € (BQT)) if both T'and T* are quasitriangular. Both (QT)
and (BQT') have been studied extensively (cf. [12] and its references) and
much is known about these classes. It is not hard to see that (QD) € (BQT)
and T e (QD) if and only if there is a sequence {P,};-, as above which si-
multaneously implements the quasitriangularity of 7 and 7T*.

1.1. Recall that We ®(IC) is called a bilateral (resp. unilateral) weighted
shift if there exists an orthonormal basis {e,},cz (resp. {e,},>;) of 3Cand a
bounded sequence of scalars {w,},cz (resp. {w,},=1) such that We, =w,e, .,
for all n. Up to unitary equivalence (under which quasidiagonality is invari-
ant), we may and do assume that all weights are positive. The bilateral (resp.
unilateral) shift with all weights equal to 1 is denoted by B (resp. S).

If W is a bilateral weighted shift, then we say that W is block-balanced if,
given € >0 and n > 0 an integer, there exist integers p and g such that p+n <
0<gq and

[(@ps Wpt1s @pg2s oevs Wpin) = (Wgs Wg a1 Pgs2s oees Dgpn) |0 <E.
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We have the following theorem due to Smucker.

1.2. THEOREM [21]. Let W be a bilateral weighted shift with weights
{w,lnez- Then We (QD) if and only if either

(1) 0=lim inf|w,|=1lim inf|w,|;
n=0 n<0
or

(2) W is block-balanced.

1.3. In the next section we determine necessary and sufficient conditions
for an operator of the form N® W, with W a weighted shift and N a normal
operator with o(N) 2 o(W), to be quasidiagonal. We then use these condi-
tions to produce an example for each n =1 of a biquasitriangular operator
T, for which T;* is quasidiagonal if and only if # divides k.

The reader may compare this result with that of Brown [8] and Salinas
[18], who exhibit an example for each » =1 of an operator A4, such that
Ap, An®A,, ..., A" are not quasidiagonal, although A is.

The author would like to thank the referee for some useful suggestions.

2

2.0. Itis an important theorem of Apostol, Foias, and Voiculescu [2] that
T e (BQT) if and only if the index ind(7—\) =nul(7T—\) —nul(7—A\)*=0
for all X\ € p,r(T), the semi-Fredholm domain of 7. In other words, the only
obstruction to membership in (BQT) is index. It follows immediately that
if N is normal and ¢(T) S 6,(N), then N®T e (BQOT). '
The operator
01 S
T=|10 0 I
0 00

acting on JCA JC@ IC, where S is the unilateral shift, is known not to be
quasidiagonal ([20], see also [13]). Since T =0, we have ¢(T") = {0}, and yet
if 0T e (QD) it would follow that 7e (QD) (cf. [16]). This contradiction
shows that index is not the only obstruction to membership in (QD).

If W is an essentially normal (unilateral or bilateral) weighted shift, then
Berg [4] has shown that, given N normal such that ¢(N) 2 ¢(W), NOW
can be written in the form U*(N+ K)U, where U is unitary and K € X (3C).
(This also follows from [9].) Noting that an operator 7 € (QD) if and only
if V*TV + L e (QD) for all V unitary and L compact, it is clear then that
N®W e (QD). However, as we shall demonstrate, it is possible for N®W
to be quasidiagonal even if W is neither essentially normal nor quasidiag-
onal. An example of this will be the unilateral weighted shift W with weights
(1,4,1,1,1,3,1,1,1, 1,1, 1 1,...} and the normal operator N with ¢(N) =

2 »29 2 »2339 73>
{z ||z| =1}. One of the main ingredients in Berg’s proof is the existence of
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arbitrarily long blocks of almost constant weights for W. It is this observa-
tion, combined with an argument of Smucker’s, that leads to Theorem 2.5.
Before that, however, we shall reduce our operators N and W to a suit-
able form.

2.1. We shall first deal with the case where W is a unilateral shift with
weights {w,}n=1, 0 <w,=<1. If liminf, . {w,} =0, then it is easy to see that
W e (QD) and so N®W e (QD) for any normal operator N. The nontrivial
case therefore is where lim inf,, . ;{w,} = 6 > 0. Up to a compact perturbation
of W (not affecting quasidiagonality), we may then assume that 6 <w, <1
for all n=1. Then

a(W) =Dspr(W) ={z I IZ' <spr(W)},
where spr(W) = limn_m||W"||'/ " is the spectral radius of W. We also define

re(W) = inf lim inf |wk+1wk+2 . -wk+,,|]/”.
m=ln—-wkz=m
Then r, (W) =6 and r,(W) can be thought of as the inner radius of the annu-
lus o,(W).

Recall that B denotes the (unweighted) bilateral shift, and let {r,}; - de-
note a countable dense subset of [0, spr(W#)], with each term repeated infi-
nitely often. If NV is any normal operator with spectrum Dy, ), then it fol-
lows from the Weyl-von Neumann-Berg theorem that N is approximately
unitarily equivalent to M =@, r,B (we write N=,M). Clearly N®W e
(OD) if and only if M@®W € (QD). Let 0 <\ <spr(W). Since M@ AS* is an
essentially normal operator with no nonzero index on its semi-Fredholm do-
main, M @ \S* =M + K for some K € X (3C), by the Brown-Douglas-Fill-
more theorem [9]. Then M@ W e (QD) if and only if MOAS*®W e (OD).

Before stating our theorem, we recall the following notation and theorems
from [21].

2.2. Let m=1and define X to be the Cartesian product of [0, 1] with itself
(m+1) times, so that X € X is written X = (x¢, X1, ..., X,,;). Denote by C"(X)
the normed space of real-valued functions on X with the supremum norm.

2.3. THEOREM [21]. Ifuis a function in C'(X) that vanishes identically
on the coordinate faces x;=0 (0 < j =m) of X, then the weighted shift V,
with weights {u(V;, Vi i1y s Uirm)lie —o iS in the C*-algebra generated by
the weighted shift V with weights {v;}[~ _» (0<v;<1).

2.4. THEOREM [21]. IfTe(QD), then C¥T) < (QOD).
We are now in a position to state and prove our theorem.

2.5. THEOREM. Let W be a norm-one unilateral weighted shift with posi-
tive weights, and let N be a normal operator such that o(N)2a(W). Then
N®OW e (QD) if and only if either We (QD) or A\S*®W € (QD) is block-
balanced for some r,(W) <\ <spr(W).
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Proof. We first consider the case where o(NV) = {z]|z| = spr(W)}.

If We(QD), clearly N® W e (QD). Moreover, assume there exists A,
r.(W) < \ < spr(W), such that AS*@® W is block-balanced. From above,
N®We(0D) if and only if MOAS*®W e (QD). Since M € (OD) is clear
and A\S*®@W e (QD) by Smucker’s theorem (1.2), we have N®OW e (QD).

To prove the converse, we can assume that é <w, <1 for n=1 and some
6 > 0. Also, there exist e >0 and m > 1 such that

H(@ns @nstseoes Dnam)— NNy ooy N)|w=€ forall n=1 and 0 <\ <spr(W).

Otherwise, for k = 1, let e = 1/k, m = k, and choose 0 < A\, < spr(W) and
ny = 1such that |(wn,, wny+15 eooy Ong+£) = (N Mgy oo M) |0 <1/k. If Nis any
accumulation point of {A;}g—,, it is easy to check that AS*@ W is block-
balanced. (In this case, from the definition of r,(W), it is not hard to verify
that in fact we would have A =r,(#).) Now the proof follows the lines of
Smucker’s.

Let Y be the closure in X of {(w,, @415+ Wnem)In=1, and let Z be the
closure in X of the set consisting first of the points (A, A, ..., A\), 0 <A <
spr(W), and secondly of those points X = (xg, Xi, ..., X,,) in X for which
x;=0 for at least one j, 0<j=<m. Then dist(Y, Z) = min(e, §) >0 and so
YNZ=@. By Urysohn’s lemma, there exists u € C"(X) with u(Y)=1 and
u(Z)=0. It follows that

(M@ (spr(W)-S*@W)), = (M,)D(spr(W) - S*@W),
= [(';91rn(Bu)]@(Spr(W)-S*GDW)u-

Now (B,) =0 and (spr(W)-S*® W), is a weighted shift V, with weights
v,=0if n<—m and v, =1if n> 0. By changing (if necessary) v_,,, V_,;41,
..., Ug to 0 (a compact perturbation of V'), we see that

(M (spr(W)-S*@W)), =0 (0®S) + K.

But 0@ (0@ S)+ K e (QD) if and only if S € (QD), which is obviously false
by index considerations. We conclude from Theorem 2.4 that

(M (spr(W)-S*@W)) ¢ (OD),

hence N®OW ¢ (OD).
If 0(N) 2 (W), we simply remark.the following. Since
spr(W) = lim S.ul?lwiwiﬂ“'wi+(n—1)|1/":
n—oo | =
AS*@ W is not block-balanced for any A > spr(#). Thus the proof goes
through as above for any normal satisfying o(N) = D, = {z||z| < r} with
r>spr(W). If 6(Ngprwy) = Deprawy G 0(N) & D, = 0(N,) for normals N, and
Ngprawy» then if NOW ¢ (QD) it follows that N, )@ W & (OD) (because
N®OW =, (Ngpr iy ©W) D N), and so the conclusion of the theorem still
holds. If N®W e (QD), then clearly N,@®W € (QD) and again the conclu-
sion of the theorem holds. U
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2.6. Conjecture 2 of [13] is the following.

If Te B(3C), N is normal, and o(N) is a spectral set for T, then T@® N €
(OD). Moreover, if o(N) is connected and contains the origin, then T®N
is the limit of block-diagonal nilpotents.

Using the above theorem, it is now not difficult to produce a counterexample
to this conjecture, where 7T is a contractive weighted shift and (V) is the
unit disc. In particular, the operator 7, of Section 3.1 will be shown to do
the job (cf. §3.2).

For the following corollary, we need an extension of Smucker’s theorem
to n-tuples of weighted shifts.

2.7. COROLLARY. Let Wy, W,, ..., W, be unilateral forward weighted
shifts with (positive) weights {wy ;}j~1 for Wy, 1<k =<n, and let N be a
normal operator such that o(N) 2 o(W) where W =@} _| W). Assume fur-
thermore that for each k (1<k<n) we have NOW; ¢ (OD). Then NOW ¢

(QD).

Proof. The proof is identical to that above if we replace Y by the closure
Of {(wk, rs Wk, r+1s++> Wk, r+m)}r=1,1<k<n fOI the appropriate m, also chosen
as above. First consider ¢(N) = o(W). Then we can show as before that
N@®We (QD) if and only if P} _{(M®spr(W)-S*@W,) € (OD). But we
find that (DF_ (M @ spr(W)-S*®Wy)), is a finite-rank perturbation of
0@ S, which is not quasidiagonal as S is not quasidiagonal by index
considerations. The case o(N) 2 ¢(W) is also handled as before. ]

2.8. REMARK. Using the results of Sivaramakrishnan [19], we can extend
the characterization of Theorem 2.5 to arbitrary direct sums of shifts W=

?—1 W;. However, the formulation is long, and since the original moti-
vation for obtaining the above results was to show that the operator 7,, of
Example 3.1 actually does what it claims to do, we omit this general case.
Nevertheless we shall include the case of a single bilateral shift, since it helps
lead to a conjecture of what is perhaps “really” going on.

2.9. In the case of a bilateral shift W with weights {w,}, <z, We change the
weight wg to 0 allowing us to write W as W*@W,, where W; (resp. W,) is
a forward unilateral shift acting on

3Cy=spanfe_p};—o (resp. 3C;=span{e,};-,).
The reader is left to verify that the above arguments produce the following

result.

2.10. PROPOSITION. Let W = W}® W, be a bilateral shift with weight
wo=0 and let N be a normal operator with ¢(N)20,(W). Then N©OW e
(OD) if and only if either

(1) We(QD);
(2) W e(QD), W,W,¢ (QD), and N®W, € (QD);
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(3) W,e(QD), W, W& (QD), and N©W, € (QD); or
4 w,,W,,We& (QD) and both N®OW, and N®OW, € (QD).

The bilateral and unilateral cases will share a common formulation based
on the following observation. The proof uses a technique due to Berg [4].
We use a more general version as found in [10]. The reader will find several
closely related results in [14].

2.11. PROPOSITION. Let W be a unilateral weighted shift and assume
there exists 0 <\ <spr(W) such that \S*@W is block-balanced. Then for
each ¢ > 0 there exist U unitary, V an essentially normal weighted shift, and
F block-diagonal (all depending upon €) such that W—-U(V®F)U*e X (3C)
and |W—-UV@®F)U*|<e.

Proof. Let € > 0 and choose M > 0 an integer such that =/M < ¢/2. For
each integer n = M define &k, = 2M+7 and choose sequences

- —
@i, = (05,415 Wi 425 0> D, 1 k,)

acting on orthogonal spaces such that ||w, — _)n" < ¢/2", where X, = (\,\,
., \) € R, By perturbing each & @; to )\,,, we obtain a new shift Y with
welghts {¥:}7= such that W—Y is compact and |W-Y|<e/2.
As in the proof of [17, Thm. 2.2.11], we can apply the unitaries U,, from
Berg’s technique to the subspaces acted upon by

(Vi tky /241 Vigt /2425 s Vigrky,) @0d (Vi w15 Vip, (425 o0 Vipy (+kp/2)-

Since the perturbation at the nth step is on the order of 7/2(k,/2) <e/(2-2")
and since all the perturbations are taking place on orthogonal spaces, the
result here of applying Berg’s technique simultaneously to all the subspaces
is an operator T which is a compact perturbation of norm less than ¢/2. Let
U be the unitary operator which acts as U, when restricted to the domain
(=the range) of U, and acts as the identity operator on the orthogonal com-
plement of the closed span of these domains. Then we have |Y—UTU*|<
e/2and Y—UTU*e X(3C).

In fact, a closer examination of T reveals that it is of the form V®F,
where V is the unilateral weighted shift with weights

(V1Y ees Vi 1 Vit 2o s Vigrky /20 Vig+ 1 Vig 425 w03 Vig by /20 Vig 415 .-}
and F=®_, F, is block diagonal, with F, being the weighted cycle with
weights {y; v« /24155 Yi,,,}. Then

W-UVOF)YU*=(XY-UVOF)U*)+(W-Y)e X(I)
and
|W—-UVOF)U*|<|Y-UVO®F)U*|+|W-Y|<e.

Note that V'is essentially normal since y; ,,=Nforalln=zland1=r=<k,/2.
In fact, we have shown that V is a finite rank perturbation of AS. D

Thus we may rewrite Theorem 2.5 and Proposition 2.10 as follows.
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2.12. THEOREM. Let W be a (unilateral or bilateral) weighted shift and
let N be a normal operator such that g,(N)2a(W). Then N®OW e (QD) if
and only if W is the limit of operators of the form U*(V@F)U, where U is
unitary, V is essentially normal, and F is block-diagonal.

Proof. The “only if” implication is clear from the statements of Theorem
2.5, Proposition 2.10, and Proposition 2.11.

The converse follows from the fact that, given that for » =1 we can find
U, unitary, V, essentially normal, and F,, block-diagonal such that

ﬂ w— U;(Vn@Fn)Un" < l/ns

we then have NO UV, ®F,)U € (QD) provided that N®V, e (QD). But
N@®YV, is essentially normal with zero index on its semi-Fredholm domain,
and thus N®V,=,N+ K (K compact) so NOV, e (QD). Since NOW is
approximable by quasidiagonals and (QD) is closed, N®OW e (QD).

REMARK. We have implicitly assumed o(V,) € 0,(N). If this is not the
case, then by the upper semicontinuity of the spectrum we may assume that
o(V,) lies in a small neighbourhood, say {¢.(N)};/, = {z]|dist(z, 0.(N)) <
1/n}. By replacing N by a normal N,, with ¢,(/V,) containing this neighbour-
hood, the result follows.

2.13. We note that the converse implication above has nothing to do with
W being a weighted shift, and hence works just as well for any 7 e B(3C)
that can be approximated by operators of the form U*(V@® F)U as above.
It seems reasonable to ask whether this condition is also necessary.

QUESTION. Let Te®(3C) and let N be a normal operator such that o(7) S
d.(N). Does N®T e (QD) imply that T is approximable by operators of the
form U*(V®F)U, U unitary, V essentially normal, and F block-diagonal?
If so, can we always make the difference T— U*(V@® F)U compact? It is not
too difficult to verify that this is the case when T is the direct sum of weighted
shifts (unilateral or bilateral).

3. The Example

3.0. As mentioned above, one of the motivations for the previous results
was to verify the validity of the following set of examples for eachn=1o0fa
biquasitriangular operator 7}, such that 7X is quasidiagonal if and only if &
is a multiple of n.

3.1. Temporarily fix n>1, the case n=1 being trivial. We shall suppress
the subscript # in what follows.

Let { p;};~ be an enumeration of the prime numbers. Let }# be the periodic
unilateral weighted shift with weights {w;};%;, where w;=1/p; for 1=i=<n
and w;,, = w; for i = 1. let N be a normal operator with o(N)={z]||z|<1}2
o(W). For 1 <k < nwehave W*= ®¥_, V;, where V; is a weighted shift with
weights
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[wiwi+1 Wi k=1 Wi kWi k41T Wi 2k —1 Wi 2k Wi 2k 41" Wi 3k —15 " -},

It is not hard to verify that V; is periodic with period at most » and that the
first two weights of V; are different for each i. As such, ¥, V5, V3, ..., Vi and
N satisfy the conditions of Corollary 2.7.

It follows that (N®@ W)= N*@W* =, N® (@F_, V;) is not quasidiag-
onal for 1 <k < n. However,

(NOW)'=N"OW"=,ND[(w;0;°** w,;)S"]
=, N7 (0 w,)S™.

Since each N® (w;+--w,)S is quasidiagonal (by Theorem 2.5, for example)
we conclude that (N®W)" e (OD).

Clearly, T=N®W is biquasitriangular and satisfies the conditions for
1 <k <n. The case k > n is handled similarly. Ol

3.2. Assume p;=2and p, =3 and let T, be as above, namely: T, = NOW,
where W is the periodic unilateral weighted shift with weights {3,1,1, 1,
1,...} and N is normal with ¢(N)={z||z|<1}. Then [W|=1<1, and so it
follows from the von Neumann inequality that ¢(/NV) is a spectral set for W.
Moreover, o(N) is connected and contains the origin.

As we have seen above, T, = N@®W ¢ (QD) and so, a fortiori, NOW is
not the limit of block-diagonal nilpotents either. Thus 73 is a counterexample
to Conjecture 2 of [13] (cf. §2.6).

Indeed, if » > 0 and if M and N, are normal operators with o(M) <

o(N,)=D,, then
distt M@ W, (QD)] = dist[N,®W,(QD)] =¢,>0

(cf. the proof of Theorem 2.5). In particular, M@ W ¢ (QD) for any normal
operator M.

References

[

. C. Apostol, Quasitriangularity in Hilbert space, Indiana Univ. Math. J. 22 (1973),
817-825.

2. C. Apostol, C. Foias, and D. Voiculescu, Some results on non-quasitriangular
operators IV, Rev. Roumaine Math. Pures Appl. 18 (1973), 487-514.

, Some results on non-quasitriangular operators II, Rev. Roumaine Math.
Pures Appl. 18 (1973), 159-181.

4. 1. D. Berg, Index theory for perturbations of direct sums of normal operators and
weighted shifts, Canad. J. Math. 30 (1978), 1152-1165.

, On approximation of normal operators by weighted shifts, Michigan

Math. JI. 21 (1974), 377-383.

, An extension of the Weyl-von Neumann theorem to normal operators,
Trans. Amer. Math. Soc. 160 (1971), 365-371.

7. I. D. Berg and K. R. Davidson, Almost commuting matrices and a quantitative

version of the Brown-Douglas-Fillmore theorem, Acta Math., to appear.




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Quasidiagonality of Direct Sums of Normal Operators and Shifts 467

. L. G. Brown, R. G. Douglas, and P. A. Fillmore, Unitary equivalence modulo

the compact operators and extensions of C*-algebras, Lecture Notes in Math.,
345, pp. 58-128, Springer, Berlin, 1973.

K. R. Davidson, Berg’s technique and irrational rotation algebras, Proc. Roy.
Irish Acad. Sect. A 84 (1984), 117-123.

P. R. Halmos, A Hilbert space problem book, 2nd ed., Graduate Texts in Math.,
19, Springer, New York, 1982.

D. A. Herrero, Approximation of Hilbert space operators, v. 1, Res. Notes
Math., 72, Pitman, Boston, 1982.

» Quasidiagonality, similarity and approximation by nilpotent operators,
Indiana Univ. Math. J. 30 (1981), 199-233.

» On quasidiagonal weighted shifts and approximation of operators, Indi-
ana Univ. Math. J. 33 (1984), 549-571.

, Unitary orbits of power partial isometries and approximation by block-
diagonal nilpotents, Oper. Theory: Adv. Appl., 2, pp. 171-210, Birkhiuser,
Basel, 1981.

G. R. Luecke, A note on quasidiagonal and quasitriangular operators, Pacific J.
Math. 56 (1975), 179-185.

L. Marcoux, On the distance between unitary orbits of weighted shifts, Trans.
Amer. Math. Soc., to appear.

N. Salinas, Smooth extensions and joint quasitriangularity, Oper. Theory: Adv.
Appl., 11, pp. 303-332, Birkhduser, Basel, 1983.

N. Sivaramakrishnan, Quasidiagonality of direct sums of weighted shifts, Ph.D.
dissertation, Purdue Univ., 1988.

R. A. Smucker, Quasidiagonal and quasitriangular operators, Ph.D. disserta-
tion, Indiana Univ., 1973.

» Quasidiagonal weighted shifts, Pacific J. Math. 98 (1982), 173-182.

Department of Mathematics
University of Alberta
Edmonton, Alberta T6G 2Gl
Canada






