SUBNORMAL TUPLES QUASI-SIMILAR
TO THE SZEGO TUPLE
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In what follows, if 3C is a Hilbert space then & (3C) denotes the set of bounded
linear operators in JC. All the Hilbert spaces occurring below are separable and
all the measures are compactly supported positive regular Borel measures on C".
Recall that if Sy, ..., S,, are m commuting elements in B (JC), then the operator
tuple S = (Sy, ..., S,,) is called subnormal on 3C if there exist a Hilbert space JC’' D
JC and m commuting normal elements Ny, ..., N,, in B (3C") such that N;3CC JC
and N;/3C=S; for 1 =j=<=m. If H?2(B?") denotes the Hardy space of the open
unit ball B27in C” [i.e., H2(B?™) is the completion of polynomials in L2(c), ¢
being the surface area measure on the unit sphere $277-1], and M{? denotes multi-
plication by z; on H2(B2"); then the multiplication tuple M* = (Mz(f )y oo, M),
hereafter referred to as the Szego tuple, is an example of a subnormal tuple More-
over, M%) is cyclic. Recall that an operator tuple S = (S, ..., S,,) on JC is called
cyclic if there exists a vector u in JC (called a cyclic vector for S) such that the
smallest subspace of JC containing « and invariant under Sy, ..., S, is all of 3C.
The constant function 1 of course serves as a cyclic vector for M. The follow-
ing proposition is a well-known fact about cyclic subnormal tuples [3].

PROPOSITION 0. Suppose S=(Sy, ..., S,,) is a subnormal tuple on 3C with a
cyclic vector of norm one. Then there exists a probability measure p with com-
pact support in C™ and a unitary operator U from 3C onto H2(p) [H?(p) is the
completion of polynomials in L*(p)] such that Uu=1 and S;=U*M{U, 1<
Jj = m; where M{? is multiplication by z; on H?(p).

DEFINITION. Let S = (S, ... S,;) be a subnormal tuple on JC, and let 7T =
(T}, ...T,,) be a subnormal tuple on . We say that S is quasi-similar to T if
there exist bounded linear operators 4: 3¢ - X and B: X — JC such that Ker 4 =
{0}, Ker B={0}, RanA =X, Ran B=3C, and AS=TA, SB =BT, that is, AS; =
T;A and SB; = BT; for 1 <j <m.

A function-theoretic characterization of subnormal tuples quasi-similar to the
multiplication tuple on the Hardy space of the unit polydisc was obtained in [3].
In this note we observe that a similar characterization holds for subnormal tuples
quasi-similar to the Szego tuple. Our characterization allows us in particular to
recapture a result in [2] that the Bergman tuple is not quasi-similar to the Szegd
tuple. [If 42(B27) denotes the completion of polynomials in L2(V), V being the
volumetric measure on the closed unit ball B2, then the multiplication tuple on
A?%(B2m) is called the Bergman tuple.]
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Crucial for our purposes is the following specialized version of an approxima-
tion theorem related to the solution of the inner function problem on the unit
ball B2 (Theorem 3.5 in [4]).

THEOREM 0. Suppose that

(@) x:B2™m— (0, ) is continuous, and
(b) 0 is a positive measure on S2m—1,

Then there exists a sequence {p;} of polynomials such that

(1) |p;|<x on B2,
(2) lim;_, ,, p;(z) =0 uniformly on every compact subset of B>", and
(3 lim;, o|pj(§)|=x(£) a.e. [0].

PROPOSITION 1. Let S=(S,, ..., S,;) and T=(T,, ..., T,,) be subnormal tuples
on 3C and X respectively and let A: 3C - X and B: X — 3C be bounded linear op-
erators such that Ran A =X and Ran B= 3C, with AS=TA and SB=BT. If T'is
cyclic then so is S, and A and B are injective; in particular, S is quasi-similar to T.

Proof. The proof is a straightforward generalization of Lemma 2.4 in [1] and
depends crucially on the fact that the commutant {7}, ...,7,,}’ of the polynomial
algebra generated by T3, ...,T,, is equal to {M,: o€ H>(p)NL>(pn)}, where M,
denotes multiplication by ¢ on H?(u) and where p is the measure associated with
T as in Proposition 0. (The last-mentioned fact is in turn a straightforward gen-
eralization to cyclic subnormal tuples of a result of Yoshino [5] for cyclic sub-
normal operators.) Ll

Propositions 0 and 1 show that to discuss subnormal tuples S quasi-similar to
the Szego tuple, we need only consider S = MZ(") for some compactly supported
measure p on C”, We choose to call a function f in H2(u) cyclic if f is a cyclic
vector for MM, Hereafter, v will always stand for a fixed positive regular Borel
measure on S2m—1,

PROPOSITION 2. Let u be a compactly supported measure on C™ Suppose
there exists an operator B: H2(v) — H2(u) with dense range such that M{")B=
BM). Then pn|S2m~1 is absolutely continuous with respect to v and there is a
cyclic function g in H?(p) such that § | p|?|g|?du <§|p|?dv for every m-variable
polynomial p.

Proof. We may assume B has norm one. If g = B1, then clearly g is cyclic in
H?2(p). Define, for any Borel set E C S27~1, y(E)={.|g|?>dr. Then

JIppans<| |p|2|g|2dl£=§IBplszSS|p|2dv.

If x is any positive continuous function on S27—1then it can be extended to a
positive continuous function on B2 (still denoted x), and one can choose a se-
quence {p;} of polynomials corresponding to § =%+ » as in Theorem 0. In view
of (1) and (3) of Theorem O, it is clear that §x dy=<{xdv. This shows that 5 is
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absolutely continuous with respect to ». Thus {;|g|*dn=0 for every Borel set
E c S?m—1gsuch that »(E) =0. Since g is cyclic, however, g does not vanish on a
set of positive u-measure and it follows that u(£) =0 for »(E) =0. 0l

PROPOSITION 3. Let p be a measure supported on B2™. Suppose also there
exists an operator A: H?(p) — H2(v) such that A has dense range and AMP =
M A. Then v is absolutely continuous with respect to p|S?"~! and there exists
a cyclic function f in H%(v) such that §|p|2| f|?dv <[|p|?>d(n|S?"~1) for every
m-variable polynomial p.

Proof. We may assume A has norm one. If f=Al, then clearly f is cyclic in
H?2(v). Let x =1in Theorem 0 and choose a sequence {p;} of polynomials cor-
responding to 8 = v+ (u|S27-1), Then, for any m-variable polynomial p,

SlAp|2dv= lim S|pj]2|Ap|2dv= lim SlApijdvs lim S[pjp|2dp

Jo o j—or oo jor oo
= lim SIp,-plzd(ulsz'"“)=Slp|2d(u|52m—l).
J—o©

Thus §|p|?|f|?dv <§|p|?>d(pr|S¥"—1) for any m-variable polynomial p, and ap-
pealing to Theorem 0 again we conclude that § x| f|?dv < §xd(p|S?"~1) for any
positive continuous function x on S27—1, Since f is cyclic, however, f does not
vanish on a set of positive »-measure and it follows that » is absolutely continu-
ous with respect to p|S2m-1, : O

THEOREM 1. Let p be a positive regular Borel measure with compact support
in C™ Then M is quasi-similar to M) if and only if

(@) there exists a cyclic function f in H?(v) such that

S|P|2|f|2d”5 S |p|2d(n|S2m-1)

for every m-variable polynomial p, and
(b) there exists a cyclic function g in H%(p) such that

[1p21gP dn < |pI2av
for every m-variable polynomial p.

Proof. Suppose M " is quasi-similar to M{*). By Proposition 1in [3], x has its
support in B27, Condition (a) in Theorem 1 now follows from Proposition 3 and
condition (b) from Proposition 2.

Conversely, suppose (a) and (b) are true. We define A: H2(u) —» H?2(v) and B:
- H2?(v) - H2(p) by requiring Ap=fp and Bp=gp for every m-variable poly-
nomial p. [The boundedness of 4 and B is of course a consequence of conditions
in (a) and (b).] Since f and g are cyclic, A and B are seen to have dense range.
Now apply Proposition 1. O
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REMARK 1. The characterization of subnormal tuples quasi-similar to the Szegd

tuple is obtained by choosing v in Theorem 1 to be the surface area measure ¢ on
SZm—l.

REMARK 2. Since the restriction of the volumetric measure ¥ on B2 to S2m-1
is zero, o is not absolutely continuous with respect to ¥'|S?”—1! and our observa-
tions above show that the Bergman tuple is not quasi-similar to the Szeg6 tuple.

REMARK 3. Condition (b) in Theorem 1 actually guarantees that p has its sup-
port in B27, [Justification: Let « be any vector in C” with the Hermitian norm
|| less than or equal to one. If (b) holds and - denotes the Hermitian inner prod-
uct on C”, then for any positive integer » we have

S [Z'alznlglzdﬂs j‘ ’Z'OZIZ” dv = 5 ”2"2”"0{"2” dv <p(S2m-1),

This shows that |g|2 dp has its support in Njoj<1{z:]|2-&|=<1}=B2". Because g
is cyclic in H2(u), however, p has its support in B2}
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