MODELS FOR COMMUTING CONTRACTIONS
Arthur Lubin

1. INTRODUCTION

Let L denote the unilateral shift on a vector-valued H2 space Héf . Let M be
a closed invariant subspace for L, let P project H?‘w onto M1, and denote by T

the restricted shift T = PL [M_L . G.-C. Rota showed by an amazingly simple argu-

ment that T* is a universal model for a large class of operators; that is, if S is a
contraction on & of norm less than 1 then S is similar to some T*. Rota’s tech-
nique was refined by L. de Branges and J. Rovnyak to yield a model up to unitary
equivalence: S is unitarily equivalent to some T* if and only if ”S ” <1 and

S™ — 0 strongly. (Both these resuits and basic background material on shifts and
vectorial function theory can be found in [3].) Using restricted shifts as models, an
extensive structure theory for operators has been developed; see [10].

D. N. Clark [1] extended Rota’s theorem to the case of N commuting contrac-
tions by using the maps T, = PL; [M 1 as a model, where

ka(zl s "y ZN) = Zkf(zl s %y ZN)

in the polydisc space H2(UN). (See [6] for a basic reference.) Clark also character-
ized the commutant of {Tl y "ot TN}, and hence, up to similarity, the commutant of
N commuting contractions; this extended the one variable results of D. Sarason [7]
and B. Sz.-Nagy and C. Foias [10]. In this paper, we modify the de Branges-Rovnyak
technique to construct a unitary equivalence model for N commuting contractions by
using a weighted shift analog of the maps T, , and we extend Clark’s description of
the commutant to this case. We explain our notation below; for the basic theory of
one variable weighted shifts the reader can consult [8].

2. NOTATION AND MODELS

For a fixed positive integer N, we use the notation z = (zl y Ut zN),

eif = (eui)1 , el¢N), and J = (j;, '+, jn) 2 multi-index of either nonnegative inte-
gers, which we indicate by J > 0, or arbitrary integers. We let e) denote the multi-
index J with j, =1 and j, = 0 otherwise; J + e, has the obvious meaning except
that by using J - e, we imply that j, > 1. We use J-¢ =j;é; + - +indns for

J >0, IJI =jpteectins I =00 ind, zJ = zjl1 Z'I\TN; and given commuting

operators Sy, -, Sy, st = SJIl S%\IN. We let UN and TN denote the N-dimen-
sional unit polydisc and torus respectively.

For a separable Hilbert space &, L2 = LCZ% (TN) and H2 = Héf (U™ denote the

standard Lebesgue and Hardy spaces of square summable vector-valued functions
from TN into s¢: f € L2 has Fourier expansion

Received November 13, 1975.

Michigan Math. J. 23 (1976).

161



162 ARTHUR LUBIN

27 fyel ¢ with f7e op, 27 |f5]2, < o,

I
H
and f € L% is in H? if and only if f7=0 unless J > 0. For f ¢ H2, we freely iden-
tify f(ei®) with f(z), its analytic extension to U™. We define L, on HZ to be the
unique bounded linear map such that

J') J+e

I~_.k(xz = Wy X2 k Wik = (Gt /(]3] +1))t/2

forall xe ¥, J >0, k=1, ---, N.
A simple computation shows that for x e &%, J >0, k=1, -+ N,

J—ek . .
WI-ey kX2 if ji > 1

ilt(XZJ) =
0 if jy = 0.

Clearly, ij f,k = ik ij s SO {ﬁk} is a family of commuting weighted shifts in N
variables.

For J >0, let gy = (J1/|J]|1)1/2 and define the weighted H2 space
HE = HE & (U™) to be the set of all # -valued power series EJ>0 i1 z” such that
b4 paty

27 \£5]28% < . We define Ly on H§ by Ly f=z.f, k=1, -, N. Let W map-
ping HZ2 to Hé be the unique linear map such that W(xz7) = ([J|1/31)1/2x27 . Itis
easy to see that W is unitary and ik =W*L; W, k=1, ---, N. Hence, the maps ik
and Li( are easily identified and can be used interchangeably. This is directly anal-
ogous to the one variable result in [8]. It can be shown in general that any family of
commuting weighted shifts in N variables is unitarily equivalent to the family of
unilateral shifts on a weighted H 2 space in N variables; details concerning this will

appear elsewhere [4]. The maps {L{}, or equivalently {L{*}, will serve as our
model; we will denote the compression of ﬁk or Lj to a space of the form Mt by
"f‘k or Ty respectively, where M is invariant under f..k or Ly, k=1, -+ N
respectively.

We note that each I~_.k is a direct sum of one variable weighted shifts. For the
case k = 1, let J* be an arbitrary multi-index of (N - 1) nonnegative integers
(jZ’ 313, "y ]N) = J*’ and let

o0
n_J* 2
HJ* =< 27 f,2,2, € H" ¢,  where z, = (z;, -, z2n) -
n=0

Each HJ* clearly reduces I':1 , HZ = ® EJ* HJ* and L, IHJ* is a weighted shift
having weight sequence {((n + 1)/(n + |J*| + 1))1/2}. Hence, since L; is the un-

weighted unilateral shift on Hg = { 2 fpel 2 le)? < oo}, we see from [8] that the
spectrum of L; is {z: |z| <1}. It is also easy to see that L; is not similar to an
unweighted shift operator. By [9], it follows that each L, |HJ*’ and hence L, is

subnormal. By symmetry the same results hold for ﬁk, k=2, -, N. However, the
maps L, do not have commuting normal extensions; we also note that

N ~ ~ ~
Zkzl LkL}i = I. This last condition characterizes {Lk} among the commuting
weighted shifts. Details will appear elsewhere [5].
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3. THE REFINED ROTA-CLARK THEOREM

THEOREM 1. Let Sy, '+, SN be commuting contvactions such that

N
2 s¥s, <1, and 2 byS’x
k=1 >0

converges fov all x € H . Then theve exist a closed subspace M C HZ invariant
undev {Ly: k=1, ---, N} and a unitary W: # — M+ C H2 such that
WS, W* = L¥ |, = TF.

Proof. Let R=[I - (S*S; + -~ + 8&Sn)1'/? be the unique positive root of the
positive operator. We define W_on &£ by

Wx = 2 byRSTx)z7, where by = 851 = (Ja[1/ant/2.
7>0

We note that

Irs" x| = |°x])% - = s’ “kx?,
k=1

and
N N
DERT SJ+ekx2: D (E(lJl_l)!)SJ 5
JI:M szl “ ” |J|:M+1 k=1 (J - ep)! “ X"
= (lJl-l)!(E]k)“s
| 7]=M+1
- DO ere 2 e,
|7|=M+1 7| -M1
Hence,
M
”Wx”2 = lim E bJ ”RSJXHZ

- M M N
= lim 27 b2 "SJXHZ- 27 b;zr 22 ||SJ+ekx”2J

Moo | [3]-0 o]0
- M M+1
= 1lim 2 vi|sTx|2- 2 pi|s’x|?
M—eo| |T[=0 |7]=1

1]

el - ym 2 31T = ),
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since the series EJ>O by s x converges. For x e &,

. \1/2
o - | ]
Tywx = 22 byif(RSTxz)) = 20 CIE.S Rs? xz” Ok
: : Tl
J>0 J>0
(J-eq) J-
= 2 by, RS N(sxz <= 2 byRST(S, 027 = WS x.
k
J'ZO JZO

(Recall that by our convention, the second and third summations are taken over

J >0, jx > 0.) Hence, iﬁW = WSy, so the range of W, which is closed since W is
isometric, is invariant under iﬁ, k=1, -, N. Hence, W maps & unitarily onto
ML for some M invariant under {ik} and the theorem follows.

Note that equivalently we have Sy unitarily equivalent to T1'<* in Hé . Also, if

211:1:1 [Sk]l? <1, then {8} satisfies the hypothesis of the theorem. Given any
commuting contractions S;, -*+, Sy, then for C sufficiently large (any C > N will
suffice) Theorem 1 applies to C-1 S1, 0, c-! Sy - Multiplying by a constant does
not affect the invariant subspaces of the operators or their commutant, which we
consider below.

4. THE COMMUTANT

Clark’s description of the commutant [1] extends immediately to the case of
{T}} on H3. We give the terminology of [1] necessary to state the theorem below;
the proof follows verbatim from [1].

For z € UN, let u(z) be a bounded operator on # depending analytically on z
and suppose that u(z)x € HZ for all x € 2. We call u(z) an operator-valued func-
tion and note that (uf) (z) = u(z) f(z) € Hé for all polynomials f € HE; that is,

f=23 szJ where fy = 0 except for finitely many J. We say u is compatible with a
subspace M if and only if uf € M for all f € M such that uf ¢ Hé For any sub-
space K C Hé, let Kp denote the projections onto K of all polynomials in Hé . For
any u compatible with M, define T, on (M1)p by

T,f = Pug,

where P projects onto M+, and g is a polynomial such that f = Pg. By the com-
patibility of u, T, is a well-defined (possibly unbounded) operator defined on a
dense subspace of M. We say u € 9 = #(M) whenever T, has a (necessarily
unique) bounded extension to all of M.

THEOREM 2. Any opervator T' on Mé- C HZ that commutes with T, Ty
has the form T' =T, wheve u is an opevator-valued function compatible with M

and u € B. Conversely, every such T, comwmutes with T'l, ey Ty

As we remarked earlier, this describes the commutant of any N commuting
contractions up to unitary equivalence. Clark showed in [1] that u cannot neces-
sarily be chosen such that || T,|]l = sup [|u(z)||; see [2] for an example where

z€ Un
sup |Ju(z) || = +w.
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