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1. INTRODUCTION

Let P,+;(C) denote the (n + 1)-dimensional complex projective space with the
Fubini-Study metric of constant holomorphic sectional curvature 1, and let
Z0, Z1, "'y Zpnt+] be a homogeneous coordinate system of P, ,;(C). Let

Qn :{(ZO’ Zy, "t Zn+1) € PI‘H‘](C)I E Zi2= 0}

Then, with respect to the induced Kaehler structure, Q, is an Einstein manifold with
scalar curvature n/2, and it is complex analytically isometric to the Hermitian sym-
metric space SO(n + 2)/SO(2) X SO(n). We call Q, an n-dimensional complex
spheve. In [3], the second author proved the following.

PROPOSITION. Let M be an n-dimensional complete Kaehley submanifold im-
mersed in P (C). If the Ricci curvature of M is evevywhere grealer than n/2, then
M is lotally geodesic.

The purpose of this paper is to prove the following theorem, which gives a local
characterization of complex spheres.

THEOREM. Let M be an n-dimensional Kaehler submanifold immersed in
Pn(C). If the Ricci curvature of M is evervywhere equal to n/2, then M is locally
Qn in some Ppi1(C) in Pm(C).

For notation and terminology, we follow [4], unless it is otherwise stated.

2. PRELIMINARIES

We prepare a brief summary of some basic facts. Details are found in [4].

Let M be an n-dimensional Kaehler submanifold immersed in P,,(C). Let
g, S, and p denote the Kaehler metric, the Ricci tensor, and the scalar curvature of
M, respectively. If we denote by 0 or A, the second fundamental form of the im-
mersion, then

n+1

(1) S, ¥) =

g(X, Y) - 222g(AX, V),

(2) p=nn+1)-|ol?.

Moreover, 0 and A, satisfy the differential equation
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®  Salof?=lvol2-eu (Dag) - D aa02 + 252 o] 2,
It is also shown in [4] that

(4) 2 (tr myAp)? <5l

DN | =

and that equality holds if and only if rank (tr Ay Au) < 2. Geometrically speaking,
the equality in (4) holds if and only if the dimension of the first normal space (the
complex vector space spanned by the image of the second fundamental form) is at
most 1.

3. PROOF OF THE THEOREM

Since the Ricci curvature of M is everywhere equal to n/2, we see that S=5g

N s

and hence p = n2. Therefore, from (1), (2), (3), and (4) we obtain the inequality
| v'o||2 <0, which implies that

Ve =0

and that the equality in (4) holds. Hence the first normal space is parallel and of
dimension 1, which implies that M is immersed in some P_,;(C) in P (C) (com-
pare Theorem 2.3 in [1]). Therefore, by a result of S.-S. Chern [2], M is locally

Qn-
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