ON A THEOREM OF HENRY BLUMBERG
by

Casper Goffman

The theorem [1] asserts that for every real function f(x) on I = (0, 1)
there is an everywhere dense set E suchthat f(x) is continuouson E rel-

ative to E.

It seems plausible that an analogous result should hold for one-one
‘transformations; i.e., that for every one-one correspondence f(x), f-1(y)
between I =(0,1) and J =(0,1) there should be sets E and f(E), every-
where dense in I and J, respectively, such that f(x), f"l(y) is a homeo-
morphism between them. The purpose of this note is to show that thisis

not true:

There is a one-one correspondence f(x), f'l(y) between I = (0, 1)
and J =(0, 1) such that, for every E which is everywhere dense in I,
f(x), £-1(y) is not a homeomorphism between E and f(E).

Consider the following two sequences of subintervals of I. For evelry
m +

.t. . t d =0’ e ey n _ ,1 . = —, —.
positive integer n andevery m 1 2 1, let(I m — - )

2 -2

Let 0<aj<...<a <-..-<1 beanincreasing sequence of positive num-
bers which converges to 1. Label the semi-open intervals (0, a,], (al, as}l,

» (agrapqls to:oas I“ = (0, a;], 112 =(a;,a;], I3 —(az,a3] -, so
that there~is an I, for every positive n and m =0,1, <y 2?1 - 1. The
intervals I, are mutually disjoint, their union is I, and if n; > n, or if
n] =np, mj] > mj then Tn im) is to the rlght of Inzmz Consider also the
two sequences J,., and T, of subintervals of J obtained in the same

way..

Now, for each positive n and m =0, 1, ---, 2% -1, let SymcIlnm
and T,.,, € J,,, be non-empty, perfect, nowhere dense sets such that the
sets S, are mutually disjoint and the sets T,,, are mutually disjoint.
Let S=U S, and T = U Thm: Observe that both S and its complement
intersect every subinterval of I in a set of cardinal number & and that T
has the same property relatwe to J ‘For each n and m, let S =Tr.1rn - S,
Tnm = Jn - T. and let S=vu S and T = U Tnm ‘

It is clear that the Snm' as well as the "‘I{}_yn’ are mutually disjoint,
that I=SUS, J=T U T, and that every Sam’ Sam’ Tam and T, has
cardinal number c. The correspondence f(x), f-1(y) is defined by means
of arbitrary one-one correspondences between S, and Tnm and between

gnm and Tnm for every n and m.
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(a) Observe, first, that if EC S is everywhere dense in a subinter-
val I' € I, then f(x) is discontinuous at every point of E N I' relative t o

E. For, if x € E N I', thensinceeach S, is nowhere dense, there are
x; € ENI, i=1,2, ., such that x; € Snllrnl and x -11_1'01'1(; xl, where
n1<n2<---*. <n < ... and Of_mis_an- 1. But then 11m f(x;) l;éf(x)

since f(x) € Jn mj’ for every i. By the same argument, 1f ECT is
’ everywhere dense in a submterval J‘ C J, then f- 1(y) is d1scont1nuous at
‘cvgry pomt of E n J relatwe to E.

o (b) Suppose next that E C S is everywhere dense in I. -Then E(\Tnm
is non -empty so that E N Snm’ and therefore f(E) 1 T, isnon-empty,
for every n and m. Hence f(E) meets every J,,, and so is everywhere

dense in J

. The result of this note follows from (a) and (b). For, let E be every-
where dense in 1.and let E); =ENSand E; =EN S. If E; is not no-
where dense then, by (a), f(x) has points of discontinuity on E; relative
to" El’ hence' on E relatlve to E. Ii E1 is nowhere dense, then E, is
everywhere dense in I so that, by (b), f(EZ) C T is everywhere dense in
J so that, by (a), £l(y) is discontinuous on f(Ej)) relat1ve to f(EZ) hence
on f(E)’ relatlve to f.(E) ‘

‘ Flnally, it is, 1mp11c1t in the proof that the given f(x), if restricted
_to the set S, isnot continuous on any everywhere dense subset E. C S rela-
_tive to E. This''shows that Blumberg's theorem really needs the second
category propert1es of the space [2] on which f(x) is defined. Since S has
non-denumerable intersection with every interval, this shows: -

There is a set S which has non-denumerable intersection with every
interval, .and areal f(x) definedon S suchthatfor every E which is every-
qwhere dense in S, £(x) has a point of discontinuity on E relatlve to E.
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