ON MAPS OF THE THREE-SPHERE INTO THE PLANE
G. R. Livesay

1. INTRODUCTION

The following theorem deals with a special case of part of the Knaster conjecture
[2].

THEOREM. Let f: S*— E? be continuous, and let p, p,, p, be points of S® which
are verlices of an equilateral triangle in E*. Then theve exists a votation r € SO(4)
such that f(rp) = £(rp,) = £(rp,).

This note consists of a proof of this theorem. Before giving the proof, let us fix
the notation. E™ is Euclidean n-space, S®-! the unit sphere of E®; SO(n) is the
group of proper rotations of ER, considered here as operating on S™-1; and P? is
real projective n-space. For xe€S3% let Gx denote the subgroup of SO(4) consisting
of rotations which leave x fixed. Let f;: S*— E! be the map obtained by following f
by the projection of E? onto E! which is defined by the rule (x,, x,) —x,. Without
loss of generality, suppose that p is a point of S® at which f, attains its maximum
value, and that this maximum is positive. It is an elementary matter to show that
there exists a rotation aeSO(4) satisfying

(1) ap=p,, ap, =p, 2a® =1 (where 1 denotes the identity element of SO(4)),
(2) a leaves some point, say ze S3, fixed.
Then Gp and Gz are conjugate subgroups of SO(4), and they carry homologous, non-
bounding, integral 3-cycles of SO(4). The proof will now proceed as follows: we
shall construct a map y: SO(4) — S3, under the assumption that the theorem is false.
Then we shall see that ¥|Gp and ¥ |G, have different degrees. Since this is im-
possible, our proof by contradiction will then be complete.

2. CONSTRUCTION OF y

This construction is well known. Define the three maps
$: SO(4) — ES, T: SO(4) —SO(4), T!: E8 - ES

by the conditions

¢(r) = (E(rp), £(rp,), f(rp,)),

T(r) = r-a,
THxy, oy Xg) = (X3, Xy, X5, Xg, X35 Xp) ©

Then ¢ oT = T'o ¢, since ap = p,, and so forth. Let
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A= {(Xn ses, Xg) GEB' X, = X3 = X5, X = X4 = Xg }.

Our theorem is false if and only if ¢(SO(4))NA is empty, for some f. Assume f to
be such that ¢(SO(4))N A is empty. Let V be the 4-dimensional linear subspace
orthogonal to A, that is, let V be given by X, + X+ X; = 0, X, + X, + X¢ = 0. Let

7: ES—V be defined by the equation )

ﬂ(x,u **% xe) = (x1 - a(x)’ X5 - B(x); X3 - C!(X), Xy - B(X), X5 - CX(X), Xe ~ ﬁ(X)),

where a(x) = (x, + X5 + %5)/3, B(x) = (x, + X, +X)/3. Let w be the origin of E®., Now
define p:V - w— &°® (where &2 denotes the unit sphere of v) by the relation

p(Xy, =25 Xg) = ('I'}‘{;:_l"’ ) %;"_) (lXI = (=% X?)l/z) ’

and observe that 70 T* = T*om, po T! = T'op. Then the mapping
Y = po mo¢: SO(4) — &3

satisfies the condition ¥ oT = T!o y.

3. THE DEGREE OF y |G,

First note that T(Gy) = G, since ae Gz. Hence t[JIGz: Gz — ©3 gatisfies
(W|GpoT=Tlo (¥ |GZ). All that is needed now, in order to conclude that the degree
of ¥ |Gz is not zero, is the following theorem of Eilenberg [1, p. 405]: If X is a
topological space with a periodic transformation A: X— X of prime period p; if P is
a simplicial polyhedron of dimension not greater than ¢, with a simplicial periodic
transformation A: P— P of period p without fixed points; if f: X— P is a continuous
mapping such that fA(x) = Af(x) for each x€X; and if X is acyclic in dimensions
less’'than ¢ over some ring J with a unit in which the equation px = 1 has no solu-
tion; then the homomorphisms

£ Hy(X, Jp) —~Hy (P, Jp), : Hy(X, 3) = Hy (P, J)

fq
are not trivial. We now set
X =G,, P = g3 J= 7, (the group of integers mod 3),

p=3, A=T onG,, A=T: on &3,

4. THE DEGREE OF v |G,

If reGp, then with ¢(r) = (x,, -**, X¢), we have x, > x,, x; > X, X, > 0, since f,
has a positive maximum at p. Therefore, x, - a(x) > 0, and since p does not change
the sign of any coordinate, it follows that if r € Gy, then Y(r) has a nonnegative first
coordinate. Hence z//(GP)zS &3, and therefore the degree of Y Gy is zero. As we
remarked in the Introduction, this completes the proof.
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