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DYNAMICAL LAWS OF THE COUPLED GROSS-PITAEVSKII
EQUATIONS FOR SPIN-1 BOSE-EINSTEIN CONDENSATES*

WEIZHU BAO! AND YANZHI ZHANGH

Abstract. In this paper, we derive analytically the dynamical laws of the coupled Gross-
Pitaevskii equations (CGPEs) without/with an angular momentum rotation term and an external
magnetic field for modelling nonrotating/rotating spin-1 Bose-Eintein condensates. We prove the
conservation of the angular momentum expectation when the external trapping potential is radially
symmetric in two dimensions and cylindrically symmetric in three dimensions; obtain a system of first
order ordinary differential equations (ODESs) governing the dynamics of the density of each component
and solve the ODEs analytically in a few cases; derive a second order ODE for the dynamics of the
condensate width and show that it is a periodic function without/with a perturbation; construct the
analytical solution of the CGPEs when the initial data is chosen as a stationary state with its center-
of-mass shifted away from the external trap center. Finally, these dynamical laws are confirmed by
the direct numerical simulation results of the CGPEs.
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1. Introduction. The experimental realization of Bose-Einstein condensates
(BECs) in magnetically trapped atomic gases at ultra-low temperatures [1, 12, 16] has
spurred great excitement in the atomic physics community and renewed the interest
in studying the macroscopic quantum behavior of atoms. In earlier BEC experiments,
the atoms were confined in a magnetic trap, in which the spin degree of freedom is
frozen. The particles are described by a scalar model and the wave function of the
particles is governed by the Gross-Pitaevskii equation (GPE) within the mean-field
approximation [30, 18, 29]. One of the most important recent developments in BEC
was the study of spin-1 and spin-2 condensates. In contrast to a single component
BEC, a spin-F BEC is described by the coupled Gross-Pitaevskii equations (CG-
PEs) which consist of 2F + 1 equations, each governing one of the 2F + 1 hyperfine
states (mp = —F,—F+1,..., F—1, F) within the mean-field approximation [19, 28].
The spin-1 BEC was realized in experiments recently by using both 23Na and 8"Rb
[23, 31]. In fact, the emergence of spin-1 BEC has created great opportunities for
understanding degenerate gases with internal degrees of freedom [19, 5, 6, 13, 15, 20].

In this paper, we consider a rotating spin-1 BEC confined in an external trapping
potential Vet (2, y, z) = 5t (wix? +wly® +w?z?) with my, the mass of BEC atoms, w,,
wy and w, the trapping frequencies in -, y- and z-direction, respectively. We assume
that the interactions within the spin-1 BEC include the mean-field interaction with
co = 4mh?(ag+2az)/3m; (positive for repulsive interaction and negative for attractive
interaction) and the spin-exchange interaction with co = 47h%(az — ag)/3my (positive
for anti-ferromagnetic interaction and negative for ferromagnetic interaction) where
h is the Planck constant, ap and ay are the s-wave scattering lengths for scattering
channel of total hyperfine spin 0 (anti-parallel spin collision) and spin 2 (parallel
spin collision), respectively. For temperatures below the critical temperature, the
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dynamics of the rotating spin-1 BEC is well described by the dimensionless Gross-
Pitaevskii equation (GPE) with an angular momentum rotational term in the d-
dimension [19, 6, 5]

00t (3x,0) = [~ 39+ V) + By = QL.+ 5 po+ Bulor + o = p)] 04
+B. 02 + B, (1.1)
Dubalo,t) = | ~552 4 V) + Bo = OL. + B, p+ 51 + 1)
-Q&¢4¢MH+BWq+w4L x €RY t>0, (1.2)
Oub-1(8) = |37+ V) + By = 0Lt oo+ = )| s
B4R + B, (1.3)
¥i(x,0) =v)(x), xeR? j=-1,0,1. (1.4)

Here, U = W(x,t) := (¥1(x,1),%0(x,1t),¥_1(x,t))T is the dimensionless wave function
of the rotating spin-1 BEC, p; = pj(x,t) := [1;(x,t)|? is the density of the hyperfine
spin component mp = j (j = —1,0,1) and p = p1 + po + p-1 is the total density.
is the dimensionless angular momentum rotation speed, E; € R is the dimensionless
Zeeman energy of spin component mp = j (j = —1,0,1) in the uniform external
magnetic field, B € R is the dimensionless external Ioffe-Pitchard magnetic field, and
0By and (s are the dimensionless mean-field and spin-exchange interaction constants,
respectively. f* denotes the conjugate of the function f and L, is the z-component
of the dimensionless angular momentum rotation defined as

L, =—i(x0y — y0y) = —i Op := —1i Ez with Ez = (z0y — y0y) = O, (1.5)

where (r, 6, z) is the cylindrical coordinates when d = 3, and resp. (r,6) is the polar
coordinates when d = 2. The above dimensionless quantities in three dimensions (3D)
are obtained by scaling the length by the harmonic oscillator length as, = /hi/mpw,
the time by w™! and the energy by hw with w = min{w,,wy,w,}. If @ = 0, the
CGPEs (1.1)-(1.3) describes a BEC in the nonrotating frame and d can be chosen as
d = 3, 2 or 1; on the contrary, if 2 # 0, it is for a BEC in the rotating frame and d
can be chosen as d = 3 or 2. In fact, the two-dimensional (2D) CGPEs can be viewed
as a quasi-3D experimental setup with a strong confinement in the z-direction, i.e.
wy & wy and w, > w, [9, 6, 8, 7]; and the one-dimensional (1D) CGPEs when Q =0
can be viewed as a quasi-3D experimental setup with strong confinement in both y-
and z-directions, i.e. wy > w, and w, > wy [9, 6, 8, 7]. The dimensionless potential
V(x) takes the form

1 'Ygxza d= 1,
V(x)==< 722 + 0y, d=2, (1.6)
ver® +yy? + 922 d=3
with v, = <=, v, = %, Y. = “=. The parameters
47N 2 47N (az —
g, = o, N0 +205) g AN (a2 — ao) (1.7)
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with N the total number of particles in the spin-1 condensate and

~ /Yy V=/2T, d=1
Co=1{ =~ \/v./27, d=2, (1.8)
1, d=3.

Two important invariants of the CGPEs (1.1)-(1.4) are the normalization of the wave
function [19, 5]

1
No(t) = [P = [ [wGetPax= [ 3 0P

Jj=-1

= /R Z [W0(x)[?dx = Ng(0) =1, t>0 (1.9)

j=—1
and the energy per particle

1

1
Ey(t) = /Rd [ 2 <§|V1/)j|2 + (V(x) + Ej) [vy]* — Re(‘l}ﬂz%))
=1
Bn o BntBs
TRt T

(3 + %1+ 2p0(p1 + p=1)) + (Bn — Bs)p1o—1

+20:Re(¥2,05¢7) + 2BRe (v (%1 + 1/11))1 dx = Eg(0),  t=>0, (1.10)

where Re(f) denotes the real part of the function f. In addition, when B = 0, another
important invariant is the total magnetization [19, 5, 6]

1
Mat) = [ 37 dlseenPix = [ (a0 = oo 0] dx

= [ 2GR = [0, G0R ] dx = Mu(0),  ¢20 (1.11)

with —1 < Mg (0) < 1.

In the effort of exploring the rich properties of spinor dynamics, various numerical
and theoretical studies have been carried out in the last few years. From a numerical
point of view, different efficient and accurate numerical methods have been proposed
for computing the ground state and dynamics of spin-1 BEC (cf. [38, 39, 9, 6, 5, 34]
and references therein). From a theoretical point of view, different properties of spin-1
BEC have been investigated, e.g. the coreless vortices [24, 13], the quantum tunneling
phenomena in double well potential [27], the interaction of soliton solutions [33, 14],
single mode approximation (SMA) and coherent dynamics [22, 25], the effect of finite
temperature in the context of Bogoliubov-de-Gennes framework [26] and so on. To our
knowledge, there are very few rigorous mathematical results for the CGPEs (1.1)-(1.3)
of the dynamics of spin-1 BEC. The aim of this paper is to study mathematically the
dynamical properties of spin-1 BEC based on the CGPEs (1.1)-(1.3) including time
evolution of the density of each component, expected value of angular momentum (or
angular momentum expectation) and condensate width as well as the construction of
an analytical solution when the initial data is chosen as the stationary state with its
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center-of-mass shifted from the trap center. We remark that similar mathematical
results have been carried out recently for GPE of single-component BEC [10, 3] and
CGPEs of two-component BEC [37, 2].

The paper is organized as follows. In Section 2, we derive a system of first-order
ordinary differential equations (ODEs) for the dynamics of the density of each com-
ponent and other related quantities. The ODE system is analytically solved for a few
cases. In Section 3, we prove the conservation of the angular momentum expectation
when the external trap is radially symmetric in 2D and cylindrically symmetric in 3D.
In Section 4, we obtain a second-order ODE for the dynamics of the condensate width
and show that the condensate width is a periodic function in 1D without nonlinearity
and in 2D when the trap is radially symmetric. An analytical solution is constructed
for the CGPEs when the initial data is chosen as a stationary state with its center-of-
mass shifted from the trap center in Section 5. In Section 6, some numerical results
on the dynamics of spin-1 BEC are reported to confirm the analytical results. Some
concluding remarks are drawn in Section 7.

2. Dynamics of the mass of each component. Define the mass (or density)
of the spin component mp = j as

N;(t) == /Rd [, (x, 1) dx, t>0, j=-1,0,1. (2.1)

It is easy to see that, when 3, = 0 and B = 0 in the CGPEs (1.1)-(1.3), the mass of
each spin component is conserved, i.e.

N0 = [ WP de= [ iG0R dxi= N 120, j=-10.1 (22

In order to get a closed system for the above quantities, we also define the following
quantities which may have physical meaning but we will not discuss it here for brevity:

Pradt) = [ 16 (e, t) = o ). )] dx. (23)
Quk(t) = /Rd [v7 (%, )r(x, 1) + i (x, )i (x,1)] dx, -1<i<k<1, (24)
P(t) = P_10(t) + Po,1 (), Qt) = Q-1,0(t) + Qo (t), t >0, (25)

and denote
Dy — E, —2E71, o = Ey + E; — 2EO' (2.6)

For the dynamics of the mass (or density) of each component, we have the fol-
lowing lemmas:

LEMMA 2.1. Suppose ¥(x,t) is the solution of the CGPEs (1.1)-(1.4), then we
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have
Ni(t) = BPRy1(t) = Fi(t),
No(t) + B[Po,1(t) — P-1,0(t)] = —2F1(t),

N’ {(t) + BP_10(t) = Fi(t),
Po 1(t) =2B[No(t) — N1(t)] + BQ-1,1(t) — (E1 — Eo)Qo,1(t) = Fa(2),

" 10(t) + 2B [No(t) = N_1(t)] = BQ-11(t) + (E-1 — E0)Q-10(t) = —Fa(t),
L11(t) = B[Q-1,0(t) = Qoa(t)] — (B — BE-1)Q-1,1(t) = F(1),
Qo 1(t) = BP_11(t) + (E1 — Eo)Poa(t) = Fa(t),
_ (t) BP_i:(t) — (E-1 — EQ)P_l)Q(t) = —Fy(t),
L 1(t) = B[Po(t) = Po1o(t)] + (BEy — E_1)P_1 1 (t) = F5(t), t>0,

with initial conditions

- / W) Pdx = NV, j=-1,0,1,
Rd
Pa0) = [ (0060 ) = 0000 (060 dx =PI

Qui(0) = / @100 0000 + P ) (RE0) T dx = QY —1<i<k <1,

and

Fi(t) = 28, /R (9t 3u) Ak, 620,

Po(t) =28, [ Re oo (07 +971) = 2 (prvidi + proos” ) dx
Fy(t) =20, [ Re (201 = p) i+ (55)7 (02, — i)
Fi(0) =28, [ T [povi (1 = 01) = 210501 = prin)] d,
Po(t) =20, [ 1 [2(00 = poa) 0 = (55)7 (0 + 421)

where Im(f) denotes the imaginary part of the function f.
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(2.16)
(2.17)

(2.18)

(2.19)
(2.20)
(2.21)
(2.22)

(2.23)

Proof. Differentiating (2.1) with respect to t for j = 1, integrating by parts and
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noticing (1.1)-(1.3), we obtain

Ni(t)

/ (106 + 9} Outpr) dx = i / (07 )1 — 7 (iyn)] dx
Rd Rd

1
R4

B4 (o1 4 po — pr) [ 112 + Bothr (652 o1 + Bwlw;;)

(%WW + (V) + B[ — 0 Lo + Sl

- (%W% 2+ (V(x) + B[] + iQuiLaby + Bupltn |2
+8s (p1 + po — p—1) |11|? + Bsivgvt, + Bi/fflbo)] dx

=B [ g = viun) dxib [ (105 v - 0w ) ax. (2:24)

Thus (2.7) is a combination of (2.24), (2.3) and (2.19); we can get (2.8) and (2.9) in a
similar manner. Differentiating (2.3) with respect to ¢ for I = 0 and k = 1, integrating
by parts and noticing (1.1)-(1.3), we have

Py (t)

i / (W3Bun + a0l — Bodet — ¥ dudo) dx
Rd

= / [7/15 (‘%VQ +V(x)+ By — QL. + Bn p+ Bs(p1 + po — Pl)) P
Rd

1 (=5 VO + B QL+ B pt Bulor +o1) ) 0
+1o (—%Vz + V(%) + By — QL: + B p+ Bs(p1 + po — p—l)) Py
- (—%VQ F V(%) + Bo — QL. + B p+ Bulpr + pl)) o
Bl + Bltol? — 28l P00 — B (47 +7,)
o P + Blvl? = 28100015 — B 1+ 60)|
= /R \ [23 (1tof* = [a*) + (Bx = Eo) (W59 + Yoti) = B (¥2141 +¥-19])

B4 (9o — 20-1) (W0} + PEt1) + Ba (P — 201) (Y1203 +w*1¢o)]dx. (2.25)

Thus (2.10) is a combination of (2.25), (2.3),

(2.4) and (2.20); we can get (2.11) and
(2.12) in a similar manner. Differentiating (2.4)

with respect to t for =0 and k =1,
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integrating by parts and noticing (1.1)-(1.3), we have
Qo1 (t) = /Rd (Y0 0uth1 + 10itbg + o0k + Y1 Oiibo) dx
= i/Rd [—% (—%Vz +V(x)+ E1 — QL. + Bn p+ Bs(p1 + po — p—1)> (1
+1 (—%V2 +V(x)+ Eo— QL. + By p+ Bs(p1 + P—l)) Y
o (=572 + VOO + B = QL+ B, p+ Bulor + o — o) ) 0]

—1/ff <_%V2 + V(X) + EO - QLZ + ﬁn P + ﬁs(pl + pl)) 1/}0
—Bsltol*¥* 110 — Blwo|* + 28s|¢1 P0* 1100 + By (vF + ¢ )
Bl + Bltol? — 28un P10y — Bit (vn + w_n} dx

= Z'/]Rd [(El — Eo) (¢ots — ¥gin) + B (V" 191 — ¢197)
+284[001 7 (¥ 190 — Y_1155) + 2Bsp—1 (WG — Yorb})
—Bapo (W5n — Yot} — W31 + Yo" )} dx. (2.26)

Thus (2.13) is a combination of (2.26), (2.3), (2.4) and (2.22), and we can get (2.14)
and (2.15) in a similar manner. O

LEMMA 2.2. Suppose that ¥ (x,t) is the solution of the CGPEs (1.1)-(1.4) and
qgo = (E1 + E_1 — 2Ey)/2 = 0; then we have

My (t) = MO + ME [P<0> sin(pt) + Cy (1 — cos(,ult))} , (2.27)
1
P(t) = PO cos(uit) + Cysin(pat), ¢ >0, (2.28)
Q) = Q© — Z_O (PO sin(uit) + C1(1 = cos(mt))] (2.29)
1

where

(0) _2BM(0)
= /2B% + pj, c) = 22 p L
1

The above analytical solution immediately implies that: (i) the total magnetization
My (t) is conserved if B = 0; otherwise, it is a periodic function with period T =

\/2;;r+p2 = \/882+(21_E = if B#0; (i) P(t) and Q(t) are conserved if B =0 and
z _

po = (E1 — E_1)/2 = 0; otherwise, they are periodic functions with the period T if
either B#0 or po = (E1 — E_1)/2 # 0.

Proof. Subtracting (2.9) from (2.7) and noticing (1.11) and (2.5), we obtain

My(t) — BP(t)=0, t>0. (2.30)
Summing (2.10) and (2.11), noticing (1.11), (2.6) and (2.5), we have
P'(t) 4+ 2B My(t) — po Q(t) = 0, t>0. (2.31)
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Similarly, summing (2.13) and (2.14), noticing (2.5) and (2.6), we get

Q'(t) +po P(t)=0, t>0.

(2.32)

Solving the above ODEs (2.30), (2.31) and (2.32) with the initial conditions (2.16),

(2.17) and (2.18) immediately gives the analytical solution (2.27)-(2.29). O

LEMMA 2.3. Suppose that ¥(x,t) is the solution of the CGPEs (1.1)-(1.4) and

Bs = 0, then there are
(i) If B =0, we have
M) =N Ne()=Ng",  Noa@) =N,
Py (t) = B cos((Er — Eo)t) + QY sin((E1 — Eo)t),
Qo,1(t) = Qé?i cos((E1 — Ep)t) — Po(,01) sin((E1 — Eo)t),
P_1o(t) = POy cos((B—y — Eo)t) — QU] ysin((E_; — Eo)t),
(1) = QY ycos((B—1 — Eo)t) + P ysin((E_, — Eo)t),
P_11(t) = P£01)71 cos(2pot) + Q(Pil sin(2pot),
Q-11(t) = Q(_O{J cos(2pot) — P£01)71 sin(2pot), t>0.

The analytical solutions suggest that: (a) the mass (or density) of each component
N;(t) (j = —1,0,1) is conserved; (b) for —1 <1 < k <1, the quantities P, (t) and
Q1.1x(t) are conserved if B = Ey; otherwise, they are periodic functions with period

T = 27T/|El —Ek| ifEl # Ek.
(i) If By = Ey = E_4 (i.e., po = qo = 0), we have
(0)

P
Nl (t) = Ol + 02 COS()\lt) + 2—\/§ sm()\lt)

—I—% sin(Aqt) + 4i\/%(l — cos(Azt)),
No(t)=1-2C; — s sin(Aqt) — &(1 — cos(Aat))
N. C C. At PO A

_1(t) = - — ——si t
1(t) = C1 — Ca cos(Mt) 2\/58111( 1t)
+4i\/3§ sin(Aat) + 4%/55(1 — cos(Aat)),

(0)
Py1(t) = % cos(Aat) + % cos(Aat) — V20, sin(At) + PT cos(At),

(0)

(2.40)

(2.41)

(2.42)

(2.43)

P_q1(t) = —% cos(Aat) — G cos(Aat) — V2Cy sin(\t) + r- cos(At), (2.44)

2 2
P_q11(t) = P£01)71 cos(Ait) — V2Cysin(\t),
(0) NGOy
QQJ(t) = QT + Cy COS()\lt) + TM sin()\lt),
(0) \/§P(O)
Q_10(t) = A Cy cos(Mt) — ———L sin(Agt),

2

(2.45)

(2.46)

(2.47)
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Q1.(t) =Q") | + ﬁ [C3sin(Aat) + C5(1 — cos(Mat))], (2.48)

Q)=QY,  P(t) = —2v2Cysin(\t) + P cos(\it), t>0 (2.49)

with

1

N 2B G (N ENY). g (P,
A= (a-0m). cim Jplea (s v o

These analytical solutions imply that: (a) Q(t) is conserved; (b) if B = 0, all the
other quantities are also conserved; (c) if B # 0, they are periodic functions. The

period of N1(t), N-1(t), Po.1(t), P-1,0, P-11(1), Qoa1(t), @-10(t), Mw(t) and P(t)
is T = /27 /| B|, while No(t) and Q_1.1(t) have the same period T = 7/(\/2|B|).

Proof. If 85 = 0, noticing (2.19)-(2.23), the ODE system (2.7)-(2.15) collapses to

Ni(t) — BPyi(t) =0, (2.50)
No(t) 4 B[Po,1(t) — P-1,0(t)] = 0, (2.51)
N’ (t)+BP_1(t) =0, (2.52)
Po 1(t) = 2B [No(t) = Ni(t)] + BQ-1,1(t) — (Ex — Eo)Qo,1(t) =0, (2.53)

" 10(t) + 2B [No(t) = N_y(t)] = BQ-1,1(t) + (E-1 — Ep)Q-10(t) = (2.54)

" 11(t) = BlQ-1,0(t) = Qo1 (t)] — (E1 — E_1)Q-1,1(t) = 0, (2.55)
Q6,1(t) BP_1,:1(t) + (E1 — Eo)Po,1(t) = 0, (2.56)
QL1,0(t) + BP_1,1(t) — (E—1 — Eo)P-1,0(t) = 0, (2.57)
QU11(t) = B[Poa(t) — Poro(t)] + (Br — E-1)P_1a(t) =0,  t>0. (2.58)

(i) If B =0, the above ODE system reduces to

Ni(t) =0, Nit)= N (t)=0, t>0, (2.59)
Py 1 (t) — (E1 — Eo)Qo, 1( ) 0, Qp:(t)+ (E1— Eo)Poa(t) =0, (2.60)
PLyo(t) + (Bo1 — EO)Q 1o(t) =0, QLyo(t) — (E-1 — Eg)P-1,(t) =0, (2.61)
Ply(t) = (Br = E_1)Q-1:1(t) =0, QLy,(t)+ (E1— E_1)P-1.1(t) = 0. (2.62)

Thus (2.33) is the solution of the ODEs in (2.59) with initial data (2.16). With the
initial condition (2.17) and (2.18), (2.34) and (2.35) is the solution of the ODEs in
(2.60); (2.36) and (2.37) is the solution of the ODEs in (2.61), and (2.38) and (2.39)
is the solution of the ODEs in (2.62).



58 W. BAO AND Y. ZHANG

(ii) If B4y = Ey = E_1, the ODE system (2.50)-(2.58) becomes

Ni(t) — BPy1(t) =0, (2.63)
N{(t) + B[Py1(t) — P-10(t)] =0, (2.64)
N’ (t) + BP_1o(t) = 0, (2.65)
Py (t) = 2B[No(t) — Ny (t)] + BQ_1.1(t) =0, (2.66)
P’lo(t)+2B [No(t) — 1( )] = BQ-1.1(t) =0, (2.67)
P’y 4(t) = B[Q-1,0(t) — Qo,1(t)] =0, (2.68)
01(t) = BP_1:(t) = 0 (2.69)
Q" 1o(t) + BP_11(t) =0, (2.70)
Q_11(t) = B[Poa(t) = P_1o(t)] =0, ¢t >0. (2.71)

Summing (2.69) and (2.70), we get
Q'(t)=Qp.1(t) + Q-1 4(t)=0,  t>0. (2.72)

This immediately implies that Q(¢) is conserved, i.e. the first part in (2.49). Sub-
tracting (2.65) from (2.63), summing (2.66) and (2.67), we obtain

N{(t) = N'y(t) = B [Poa(t) + P-1,0()] = 0, (2.73)
Py (1) + Pl ot) + 2B [Ny (t) — N_y(£)] = 0. (2.74)

Solving the above linear ODE system and noticing the initial conditions (2.16) and
(2.17), we have

Ni(t) — N_i(t) = 20y cos(Mt) + %P(O) sin(\t), (2.75)
P(t) = Py (t) + P_10(t) = PO cos(Mt) — 2v/2C sin(\t). (2.76)
Summing (2.65) and (2.63), subtracting (2.67) from (2.66), noting (1.9), we have
Ni(t)+ N 1(t) — B[Py1(t) — P-10(t)] =0, (2.77)
Pyi(t) = Py o(t) +6B[Ni(t) + N_1(t)] +2BQ_1.1(t) = 4B. (2.78)

Solving the linear ODE system of (2.77), (2.78) and (2.71), noticing the initial condi-
tions (2.16), (2.17) and (2.18), we get

Ni(#) + Noa(t) =21 + & \f [C5sin(Agt) + Cs(1 — cos(Xat))] (2.79)
Pyi(t) — P_10(t) = C’g cos(Aat) + Cs sin(Aqt), (2.80)
Q-1a(t) =QY) | + —= 2\[ [C3sin(Aat) + C5(1 — cos(Aat))] (2.81)
Subtracting (2.70) from (2.69) leads to

Q0.1(t) = QLy () =2BP_14(t). (2.82)

Solving (2.82) and (2.68) with the initial conditions (2.17) and (2.18), we get
Qo.1(t) — Q-1,0(t) = 2Cs cos(Mt) + V2P | sin(Ait), (2.83)
P_ia(t) = P£01)71 cos(Ait) — V2Cysin(\t). (2.84)

Thus we obtain the solution (2.40)-(2.49) from (2.75), (2.76), (2.79)-(2.81), (2.83),
(2.84) and (1.9) immediately. O
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3. Conservation of the angular momentum expectation. As a measure of
vortex flux, we define the total angular momentum expectation

where

WL dx = Z/R Uiy, — 20y )b dx = —i/Rd $IL.; dx, (3.2)

(Lo)(t) = ﬁ 120, j=-1.0.1. (3:3)

w0 = [
(L

In fact, (LNZ>J(t) is the angular momentum expectation of the jth (j = —1,0,1)
component. As shown in Lemma 2.3, when 8, = B = 0, the density of each component
is conserved; thus in this case we have (L.);(t) = %
J
For the dynamics of the angular momentum expectation in rotating spin-1 BEC,
we have the following lemmas:

LEMMA 3.1. Suppose ¥(x,t) is the solution of the CGPEs (1.1)-(1.4), then we
have

% = (=) 2 /Rd zyl;Pdx,  t>0. (3.4)

j=—1

This suggests that, for any given initial data W°(x), the total angular momentum
expectation is conserved, i.e.

L0 = @0 = Y [ @460 Lufedx,  t20. (35)

j=—1

if the external trapping potential V (x) is radially symmetric in 2D, and resp. cylin-
drically symmetric in 3D, i.e. vy =y, in (1.6).

Proof. Differentiating (3.2) with respect to ¢ for j = 1, noticing (1.5) and (1.1),
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integrating by parts, we obtain

LD [ 00t + 05 L G

= [ [(=i00) L + (00 Ev]

= /R d [ 5 (Ba V201 + BV ) — (Tt Lo — Lo L)
+ (V) + B+ Bup+ Bulpr + po — p-1)) (01 Daths + 1 L0
8, (-1 (05) Loton + 0% 03 La01 ) + B (05 Lavn + L) [

= [ [ = 2wt + G+ BmEabin + 5 = Bp Lt
#80 (vor (69) Loty + 0" U3L07 ) + B (5 Lot + oLy ) | ax

(=) [ ol e dek Grle), t0, (3.

where

Gi(t) = [ 168, + B + (50 = B)p-1] Eolin dx

+2Re /R B @i+ BT ax,  tz0. (37)

Similarly, we have

<L—Z$(t) = (1 = %) /Rd 2yltbo(x, £)| dx + Go(t), (3.8)
%7;1@ = (7 — ) /Rd zylh-1(x,t)> dx + G_1(t),  t>0. (3.9)

with
Got) = (5 + 5. | (prt o) Byl
+9Re /R d (502 05 T+ B (5 +04) Do dix, (3.10)
Goat) = [ 18+ B+ (5, = B)or] Tl dx

42Re [ [Ban@? Lo + BUG L] dx, t20. @11
]Rd

Summing (3.6), (3.8) and (3.9), noticing (3.7), (3.10) and (3.11), we get (3.4) imme-

diately. O

LEMMA 3.2. Suppose that the external trapping potential V (x) is radially sym-
metric in 2D, and resp. cylindrically symmetric in 3D, i.e., vz = vy in (1.6). The

initial data ¢9(x) (j = —1,0,1) is chosen as

w?(x) = f;(r)e™? with m; € Z and f;(0) =0 when m; #0,  (3.12)
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in 2D, and resp. in 3D
1/)?()() = fi(r,2)e™? with m; € Z and f;(0,2) =0 when m; # 0. (3.13)

If Bs = B =0, for any B, and m; (j =—1,0,1), the angular momentum expectation
(L;);(t) and (L;);(t) are conserved, i.e.

(L0 = L0 = [ (0900) Lt dx, e 0 (3.14)
<]::>j(t)_<]::>j(0)_ﬁfw (00)) L) dx, £>0, j=-1,01 (3.15)

If m_1 =mg =myq :=m, for any B,, Bs and B, (]]VZ}J(t) is conserved, i.e.

(L);(t)=m, t>0, j=-1,0,1. (3.16)

Proof. 1f the initial data U°(x) satisfies (3.12) in 2D, and resp. (3.13) in 3D, when
Bs = B=0o0r m;y = mp =m_y :=m, due to the symmetry, the solution ¥(x,t) of
the CGPEs (1.1)-(1.4) satisfies
Vi (x,t) = g;(r,t)e™ % with g;(r,0) = f;(r), j=-1,0,1, (3.17)
in 2D, and resp. in 3D
b (x,t) = g;(r, 2, 1)’ with  g;(r,2,0) = f(r,2), j=-1,0,1. (3.18)

When §; = B = 0, plugging (3.17) for 2D, or resp. (3.18) for 3D, into (3.7), (3.10)
and (3.11), we obtain

G1 (t) 0, Go(t) =0, G_l(t) =0, t>0. (319)

Substituting (3.19) into (3.6), (3.8) and (3.9), noticing v, = ~,, we get

(La)1(t) _ (Lz)o(t) _ (Lz)-1(t) _
=0, df =0, oS =00 120, (3.20)

which implies the conservation of (3.14). The conservation in (3.15) is a combination
of (3.14) and (2.2). When m_1 = mg = my := m, plugging (3.17) for 2D, or resp.
(3.18) for 3D, into (3.3), noticing (3.2) and (2.1), for j = —1,0, 1, we obtain

L. (L2);(8) =i Jga Q/J;Z/zl/ij dx

Lz i - =

(L2);(t) N, () fRd O dx
i f]Rd 95 e (im) g; e dx

Jra lg;1? dx

This immediately implies (3.16). O

=m, t>0. (3.21)

4. Dynamics of condensate widths. Another important quantity character-
izing the dynamics of the spin-1 BEC is the condensate width defined as

0a(t) = VBalD) = \f6an(t) + ba0(t) + 00 1(t),  a=zy orz,  (41)
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where
Sai(t) = (a?);(t) = / 2 (x,t))?dx, t>0, j=-1,0,1. (4.2)
Rd

For the dynamics of condensate widths, we have the following lemmas.

LEMMA 4.1. Suppose ¥(x,t) is the solution of the CGPEs (1.1)-(1.4), then we
have

P5a(t)
a2 /]Rd [

+[0ath;|* — a|¢j|23a(V(X))> + Bupe + (Bn + Bs) (02 + p21 + 200(p1 + p—1))

1

5 2((0y0— dha) (2820500, + 4000, + 2”1l )

j=—1

+2(6n - 55)P1P—1 + 265R6 (UJiﬂ/fgi/ff) ] dX, t Z 0, (43)
5a(0) = 6 = / o (UL + [P + [0° ) dx,  a=u=,y,z, (4.4)
R4
§.(0) =60 =2 Z / [~ QY2 (2dy e — ydy) + Im ((19)*0at?)] dx (4.5)
j=—1

Proof. Differentiating (4.2) with respect to ¢t for j = 1, noticing (1.1)-(1.3) and
integrating by parts, we get

db,1(t d % "
(1) = —/ o1y (x,t)|?dx =/ o (p10:)7 + Y10 ) dx
dt dt Rd R4

= /Rd BO‘Q (¢Tv2¢1 - ¢1V2¢T) +iBsa’ (¢—1(¢8)2§/J1 — @/J*,ﬁ[}%@/}’f)
+Qa? (20, — y0.) [Y1|? +iBa? (Y190§ — Yivho) 1 dx

-J. lm (¥1027 = ¥ 0atpr) + iBs0® (V-r(V5) 1 = ¥11050)

—2Qalir | (20, — y0.) a + iBa? (Y19 — 1/11‘1/)0)] dx. (4.6)
Differentiating the above equation with respect to ¢, we obtain
d25a.1 (t) . * * * * T
dté = u 2ia (3t1/)13a1/11 - aﬂ/’l 8a¢1) —2Qa (1/)18151/)1 + 1/11 8151/)1) L.«
R

+i (Y1Ouh1 — 10up}) + iBa® (Y§oubr + 10uby — Yodibt — i Oibo)
+ifsa’ <1/)1(1/15)23t1/)1 + b1 (152 Oh—1 + 291951 Opty — Y Y3 Ot

—YiYgot, — 2¢*—1¢0¢f5t¢0)]dx
= [+ I+ I+ 1V +V. (4.7)
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Plugging (1.1)-(1.3) into each parts of (4.7) and applying the integration by parts, we
obtain

[ / 20 [(i001) Datst + (—i007) Dathr] dx
Rd

- / [— 0 (DatbtV2r + Bath1 V26T) — 200 (atht Loty + Datb L5
Rd
+2a (V(x) + E1 + Bup + Bs(p1 + po — p—1)) Ou |t |*

+4aRe (89219501t + Bhodathy) ]dx

1 . "
= 2/ [ - §|V¢1|2 + [0t |* + Qb3 Loapy +iQ(0ya — )bt (20, + yOu )by
Rd

— (V%) + E1 + (B + Bs)ol*| + (Bn = Be) 1) v |?
_a|¢1|28a (V(X) + (ﬁn + 6s)|¢0|2 + (ﬁn - ﬁs)|¢—1|2)

+2aRe (3,07 030,01 + BUnd,7) [ax (143)
I7:= 20 /R aL.a [ (i) — bi(~i0w7)] dx
=20 [ at.a { — 5 (VP — 9 V5) — Q5 Lot — L2
+Bs (VIwUT —vo1(96)* 1) + B (¥ivo — ¢ri) } dx
=20 | (@ya = 0s0) [m;‘(xay +y0: )1 + Q2 =y e [
2wy Tm (B0 9205 + Biﬁ%)}dx- (4.9)
I11 = /Rd (15 (1041) + b1 (—i0pp7)] dx
-/ [— S WiV 1 V20) + 2V (0 + Bl — Q0 L + 1 L105)
F2Gup+ B+ po = porlen + 2R (3.0 0301 + Biun) Jax
=2 [ |39+ V60 + Bl - 0L
(B + Balpr + 0 — p))[a? + Re (8?1805 + Bui) } dx.  (4.10)
IV iB || o (6500 + 1015 — indyi = i 0ubo) dx. (4.11)
Vimife [ o (610500 + 0052001 + 201050100

" RO — RO w*lwowratwo) dx. (4.12)
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Substituting (4.8)-(4.12) into (4.7), we obtain

Eoslll - [ [ot0s0—0.0) (@210s P =) + 202010, + 00)01)

+2|ao¢¢1|2 + (671 + 6s)|¢1|4 - 20‘|¢1|2aa (V(X))
_204|¢l|2 ((671 + 55)3a|1/)0|2 + (671 - 6s)aa|1/)71|2) dx

+2Re [ (20007 00,01 + 0.0 0301 + 2Bavndnt] + BYun] dx

+21Im /]Rd {ZQxy(ayoz — 0, ) (651/):1/)81/); + B1/11‘7,/10)
+Bs0” (V2105007 4+ VT g0* 4+ 207 1ot Do)
+Ba? (Y00 + ¥i0ubo) | dx. (4.13)

Similarly, we get

Cotll) [ [ot0s0 - 0.0) (@h0uPe? — ) + 2620300, + w2)00)
at o

+2/0at0* + Bulthol* — 2a|tb0]*0a (V (x))
208 + Bo)lol? (Ouliir]? + aa|¢_1|2)}dx

+2 Re/Rd 203, (2a¢_1¢§¢15a¢3 + ¢—1(¢3)2¢1)

LB+ 1) (65 + 2aaaw3>} ix

+2Im 202y (0o — Opcx) (2801 (¥)* 1 + By (1 + 1-1))

Rd
+2850% ((1§)*h10ep—1 + V_1(V5)* Oty + 2019510405
+Ba? ((1h1 + ¥—1) Ot + v (Ot + 3##-1))] dx. (4.14)
Lot [ o0y - 0u0) (@62 = 42+ 200067 (50, +0.)5-1)
at -

+2|0at-1]” + (Bn + Bs) [—1|* = 2a|tp—1[?0a (V(x))
—2altp_1[2 (Bn + Bs) a0l + (Bn — Bo)0alt1]?) } dx

42Re /R (28,007 0RO+ BUTURUT, + 2Batioutty + BY 1) dx

+2Im /R ) [QQxy(ﬁya — Opax) (BsWibgy™  + By 1bo)
+Bs0% (Vg 0™ | + 130T + 207 1o Oytho)
+Ba® (0™ | +¥* 10pto) | dx. (4.15)
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Summing (4.13), (4.14) and (4.15), we obtain (4.3) immediately. In addition, the
initial conditions (4.4) and (4.5) can be obtained from (4.1), (4.2) and (4.6) by setting
t = 0 and noticing (1.4). O

LEMMA 4.2. Suppose V(x,t) is the solution of the CGPEs (1.1)-(1.4) with B =0
and Fhy = Ey = E_1 := E, then we have

(i) In 1D without nonlinear term, i.e. d =1, 8, = Bs = 0 and @ = 0 in
(1.1)-(1.8), for any initial data ¥° = WO(z) in (1.4), we have

_ (1)
8:(t) = w [1 — cos(27v,t)] + 3 cos(2v,t) + gm— sin(2v,t), t>0. (4.16)
Vi Ya

(it) In 2D with a radially symmetric trap, i.e. d = 2 and v, = vy = Yr in
(1.1)-(1.8), for any initial data ¥° = WO(z,y) in (1.4), we have, for time t >0,

- (1)

_ Ee(0)+ Q<5z>(0) E [1 — cos(27y,1)]+ 062 cos(2y,t) + o
G o

where 6,(t) = 8, (8) + 8, (), 6 = 8,(0) +8,(0) and 81 := 8,,(0) + 6, (0).

Proof. (i) When 8, = 6, =0, B=0,Q2=0and F; = Fy = F_; := E in
(1.1)-(1.3), from (4.3) with d = 1, noticing (1.10), we have

5 (t)

sin(2v,.t), (4.17)

26, (t !
2o+ [ Y 2ol

j=-1

1
— 0250 +1 [ 3 (30l + (V@ + B - 48
j=—1

= —4725,(t) + 4Eg(0) —4E,  t>0. (4.18)
Thus, (4.16) is the unique solution of the second-order ODE (4.18) with the initial
data (4.4) and (4.5).
(ii) Define

kW) =25 BB g2 oo+ )
+(Bn — Bs)p1p-1 + BsRe (Uﬁﬂ/)?ﬂ/ﬁ) .

When B =0, v, =7y :=7 and By = Ey = E_; := E in (1.1)-(1.3), from (4.3) with
d = 2, we have

A2, (t)
a2 /Rz l

—wﬁx%ﬁ) 2K (W)

1

3 2<|az¢j|2 2005 (20, + yO )y — Q2@ — )y

j=—1

dx, (4.19)

1

d?s
5 - /R l 2. 2(Iaywj|2 + 20005 (20, + Yo )by + (@ — )y [

dt? ;
j=—1

—7§y2|wj|2> + 2K (0)| dx. (4.20)
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Summing (4.19) and (4.20), we obtain

25, :
dt?@ = —2v26,.(t) +/RQ ( > 2V +4K(\I/)>dx

i=—1

= —4926,(t) — AE + 4Q(L.)(t)

1
o /R 2 B'VW + (V%) + B)[5]* — Q Re(¥; L.thy) + K (W) |dx

= —4~y35r(;) +4E4(0) — 4E + 4Q(L.)(0),  t > 0. (4.21)

Thus, (4.16) is the unique solution of the second-order ODE (4.21) with the initial
data (4.4) and (4.5). O

5. Dynamics of a stationary state with its center shifted. In this section,
we assume that B = 0 in (1.1)-(1.3). Let ® := ®(x) = (¢1(x), o (x), d_1(x))T be a
stationary state of the CGPEs (1.1)-(1.3), i.e.

p11(x) = (‘%Vz +V(x)+Ey — QL. + B p+ Bs(p1 + po — p—1)> o1
+B:0% 1%,

/LOQbO(X) = <—%V2 + V(X) +Eo— QL.+ Bap+ 55(/’1 + Pl)) oo + 255¢71¢>3¢>1,

po1p—1(x) = <—%V2 +V(x)+E_1 —QL. + Bp p+ Bs(p—1 + po — Pl)) -1

+5:61 95,

where p1, po and pu—1 are chemical potentials and they satisfy

H1+ p—1 = 2#0 (51)

If the initial data ¥°(x) in (1.4) is chosen as a stationary state with its center-of-mass
shifted from the trap center, one can construct an exact solution of the CGPEs (1.1)-
(1.3) with a harmonic oscillator potential (1.6). This kind of analytical construction
can be used, in particular, in the benchmark and validation of numerical algorithms
for CGPEs. In [17, 11, 3, 36], similar kind of solutions have been constructed for the
Gross-Pitaevskii equation of single-component BEC and CGPEs of two-component
BEC. Here we extend this study to the spin-1 BEC.

LEMMA 5.1. If the initial data W°(x) in (1.4) is chosen as

T0(x) = ®(x — xo)ei(-al“-erb")7 x € RY, (5.2)
where x° = (29,...,29)T € R? is a given point, a® = (al,...,a3)T € R is a vector

and b € R is a constant, then the ezact solution of (1.1)-(1.3) with the initial data
(5.2) satisfies:

bi(x,1) = ¢ (x—x(t)) et N> xR 1>0,  j=-1,0,1, (5.3)

where for any time t > 0, x(t) satisfies the following second-order ODE system:

2 (t) = 20/ (t) + (v2 — Q%)=(t) = 0, (5.4)
y"(t) + 29" (t) + (v; — Q*)y(t) =0, t>0, (5.5)
z(0) =1, y(0) =ai, 2'(0) = Qaf +a?, o(0)=—Qa) +aj .
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Moreover, if in 3D, another ODE needs to be added:
D) 42t =0, 2(0)=al,  #(0) =0, (5.7)

In addition, a(t) = (ai(t),...,aq(t))T and b(t) satisfy

a'(t)=—Ax(t)+QJa(t), (5.8)
V() = —g|a(t)|2 - %x(t)T Ax(t)+0x(®)T Jat),  t>0, (5.9)

with initial data
a(0) = a’, b(0) = b°; (5.10)

where for d =1,

ford=2,
2
(v 0 B 0 1
() -(80)
ford =3,
¥ 0 0 0 1 0
A= 0 75 0 , J=1 -1 0 0
0 0 A2 0 0 0

Proof. The proof follows the line of the analogous result in [3] for GPE with an
angular momentum rotation term for the single component BEC. O

6. Numerical method and results. In this section, we present an efficient
and accurate numerical method to discretize the CGPEs (1.1)-(1.3) for the dynamics
of rotating spin-1 BEC and report some numerical results to validate our analytical
results in previous sections.

6.1. Numerical method. In the literature, different spectrally accurate numer-
ical methods were proposed to discretize GPE or CGPEs for studying the dynamics
of BECs (cf. [7, 2, 3, 4] and references therein). The key ideas of these methods
are: (i) using a time-splitting technique to decouple the nonlinearity; (ii) adopting
the spectral method to discretize the free Schrodinger equation without/with the an-
gular rotation term; (iii) constructing the proper spectral basis functions such that
the reduced ODE system is decoupled and thus can be integrated in time exactly.

Here we will present a spectrally accurate method for the CGPEs (1.1)-(1.3) based
on the above ideas. To do this, we first rewrite (1.1)-(1.3) into the form

10,V (x,t) = CU + DU + GV, (6.1)
where the matrices

C:dlag{Hu H7 H}7 D= diag{dlu d27 d3}7 (62)
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0 ﬁﬂbil "/JO + B 0
G=G)=| Bap10%+B 0 Babivr+B |, (6.3)
0 651/)0 1/}1F + B 0

with
1
H= _§V2 —QL., dy =V(x)+ E1+ Bup+ Bs(pr + po — p-1);
dy =V (%) + Eo + Bnp + Bs(pr +p-1), dz=V(x)+ E_1+ Bnp+ Bs(p-1+po— p1)-
Then the CGPEs (1.1)-(1.3) can be splitted into the following three subproblems:

1000 (x, 1) = CU(x, ) = <_%v2 - QLZ) W(x, b), (6.4)
10,0 (x,t) = DU(x,t), (6.5)
10y ¥ (x,t) = GU(x,1). (6.6)

For a given time step At > 0, we denote the time sequence t,, = nAt forn =0,1,2, ...
Let U™ 1= U™ (x) = (¥2(x), ¥i(x), 9" (x))T be the approximation of ¥(x,t,). Then
from time t = ¢, to t = t,,4+1, a second-order symplectic time integrator for (6.1) can
be given as follows [32, 4, §]

‘11(1) — efiCAt/Q\I/n7 ‘11(2) — efiDAt/Q\I/(l)7 ‘11(3) — efiGAt\IJ(Z),
Y@ — —iDAL/2g(3)  gntl — o—iCAL/2g(4) (6.7)

The key for an efficient implementation of (6.7) is to solve (6.4)-(6.6) efficiently on
the time interval [t,,t,+1]. Different techniques were proposed in the literature for
efficiently discretizing the subproblem (6.4) (cf. [3, 7, 37] and references therein).
Here we adopt the technique proposed in [3, 37] for rotating BEC. The nonlinear
ODE system (6.5) leaves |¢;(x,t)| (j = —1,0,1) invariant in time ¢, i.e., |¢;(x,t)| =
| (x,t,)| for ¢t € [tn,tnt+1]. Thus, the ODEs in (6.5) can be integrated exactly.
For the nonlinear ODE system (6.6), we can not solve it exactly. Here, we use the
approach applied in [8], which integrates (6.6) over the time interval [t,,tn+1] and
then approximates the integral by the second-order Runge-Kutta approximation [8].
The detailed scheme for (6.6) is

tnit
U~ W (x,t,41) = exp (—i / G(¥(x,71)) dT) U(x,t,)
t

n

o o IAH(G(IM)HG(D))/2 yn . —iALR(E") o, (6.8)
where
W= 0" — i ALG(U)" = (1,90, 1)
1 " O T12 O
ROU™) = 5 (G +G@)) = | 1 0 1
0 5 0
T23
with

ne = 2 (W) g+ I T) + B =2 (W) + Tt + B,
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Since G(¥) is a Hermitian matrix, R(¥™) is also a Hermitian matrix. Following [8],
we can explicitly compute the approximation in (6.8) as

\Ijn+1 _ e*iAt R(T™) \Ifn _ (P efiAtA (P*)T) \I/n, (69)
where
0 0 0 1 \/57”23 T12 —T12
A={0 X 0 |, P=— 0 A A
0 0 =X V2 —V2r19 T35  —T33
with

A = /|r12]? + |ras]?.

For more details, see [8, 4] and references therein.

6.2. Numerical results. In the following, we report some 2D numerical results
to verify our analytical results about the dynamics of spin-1 BEC. The CGPEs (1.1)-
(1.3) is solved in the polar coordinate (r, §) within a truncated domain Qg = {x | |x| <
R}, where R = 20 is large enough to neglect the truncation effect. We choose the
mesh size Ar = 0.005 and Af = 7/128 and the time step At = 0.0001.

ExXaMPLE 1. Dynamics of the density of each component, we choose d = 2,
N2=0.6, v, =, =1.0, B, =100 in (1.1)-(1.3). The initial data in (1.4) is chosen as

P(x) = (z+iy) o(x),  vo(x) =20(x), ¥, (x) = (x + 2iy) ¢(x) (6.10)
with
x? + y2

qs(x):%exp( 5 ) x € R? (6.11)

where the constant C' is chosen such that the initial data satisfies the normalization
(1.9). Figure 1 shows time evolution of the density of each component and related
quantities for four sets of parameters:

(i) Bs=0,B=0,E =1, Ey=2, E_; =4;

(i) Bs=0,B=2, By =Ey=FE_1 =1;

(111) 65 = 50, B= 2, E1 = 1, E() = 2, Efl = 3,

(iV) 65250,322, E1=1, E0:2, E_1=4.

From Fig. 1, we can draw the following conclusions: (i) the total density N (¢) is
always conserved. (ii) When 85 = 0, if furthermore B = 0, then the density of each
component is also conserved (cf. Fig. 1 for case (i)); otherwise, it evolves periodically
if B # 0 (cf. Fig. 1 for case (ii)). In addition, if either B = 0 or Ey = Ey = E_;,
the quantities P, ;(t) and Q; x(t) are periodic functions (cf. Fig. 1 for cases (i)&(ii)).
The above results agree with those in Lemma 2.3. (iii) If 85 # 0 but E1 + E_; = 2Fy,
only My(t), P(t) and Q(t) are periodic functions (cf. Fig. 1 for case (iii)), which
confirms the results in Lemma 2.2.

EXAMPLE 2. Dynamics of the angular momentum expectation, we choose ) =
0.6, 8, =100, By =1, By = 2, and F_1 =4 in (1.1)-(1.3). The initial data in (1.4)
is taken as

r2
PY(x) = Cre= 7 ™, j=-1,0,1, (6.12)
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F1G. 1. Dynamics of N;(t), P i(t) and Qq (t) in Example 1 for case (i) (left) and case (i)
(right).

where the constant C is chosen such that the initial data satisfies the normalization in
(1.9). Figure 2 shows time evolution of the angular momentum expectation for four
sets of parameters:

DYe=7=10=B=0,m =1 my=0,and m_, = —1;

(i) vz =7 =1,08s=50,B=2,m =1, mg=0,and m_; = —1;

(ili)yz = =1, Bs =50, B=2,m; =1 (j = —1,0,1);

(iv) 7w =1, =2,8,=50,B=2,m;=1(j =—-1,0,1).

Fig. 2 suggests that: (i) if 7, = 7,, the total angular momentum expectation
(L,)(t) is conserved for any time t > 0 (cf. Fig. 2a,b&c). Furthermore, if 5, = B =0
or m_j; = mg = my := m, the angular momentum expectation for j-th component, i.e.
(z/:>] (t), is also conserved for j = —1,0,1 (cf. Fig. 2a&c). In addition, if s = B =0,
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(L,);(¢) is also conserved for j = —1,0,1 (cf. Fig. 2a). (ii) If v, # v, the angular
momentum expectation (L.)(t) and related quantities (L,);(t) (j = —1,0,1) are, in
general, not conserved (cf. Fig. 2d). These numerical results confirm the analytical
results in Lemmas 3.1-3.2.

EXAMPLE 3. Dynamics of the condensate widths, we choose d = 2, Q = 0.6,
Brn =100, B, =50, B=0and E; = Ey = E_; = 0 in the CGPEs (1.1)-(1.3). The
initial data is chosen as

2 2 2

P(x) = Cre~=e?, ¢J(x)=20re 7T, ¢°,(x)=Cre"Te ™  (6.13)
with C' a constant ensuring that the initial data in (6.13) satisfy the normalization
condition (1.9). Figure 3 shows time evolution of the condensate widths d,(t), d,(t)
and d,(t) for two sets of parameters: (i) v, =y, = 1; (ii) v, = 1 and ~, = 2.
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F1a. 2. Dynamics of the angular momentum expectation in Example 2 for a). case (i); b). case

(it); ¢). case (i3); d). case (iv).

Figure 3 shows that the condensate width §,.(¢) is a periodic function when ~,
In addition, d,(t) = &,(t) = ,(t)/2 is also a periodic function (cf. Fig. 3a).

Vy-
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F1a. 3. Dynamics of the condensate widths in Example 3 for: a). case (i); b). case (ii).

While in general, they are not periodic when v, # 7, (cf. Fig. 3b).

In fact, the numerical results in the above three Examples not only confirm our
analytically results obtained in previous sections but also demonstrate the accuracy
of our numerical method for simulating the dynamics of spin-1 BEC.

EXAMPLE 4. Interaction of vortices in rotating spin-1 BEC, i.e., we take d = 2,
Yo =7 =1,B=0and Ey = Ey = E_; =0 in (1.1)-(1.3). The initial data in (1.4)
are chosen as follows:

Case I. Interaction of vortices with the same winding number, i.e.
Q/J?(.%',y) = ¢+ (2 + 70,9), 1/18($,y) = 2¢+(z,y), ’(/J(il(.%',y) = ¢4 (r —z0,y); (6.14)

Case II. Interaction of vortices with opposite winding numbers, i.e.

1/}?(Iay) = ¢+(I + 'IOvy)a 1/}8(:17524) = 2¢*(Iay)7 1/)0_1($,y) = ¢+($ - Io,y); (615)

where

bi(z,y) = \/%_W(xiiy)e(ﬁw?)/?, (z,y) € RZ,
represents a vortex state located at the origin with winding number 41, and z¢ is the
initial position of the vortex. In our simulations, we choose 9 = 0.6 in (6.14) and
(6.15).

Figure 4 depicts time evolution of the vortex centers when the interaction para-
meters are small, i.e. (3, = 10 and s = 5, for different rotation speed 2. In fact,
when (§, and (s are small, the dynamics of the vortices in cases I and II are quite
similar. On the other hand, the situation becomes more complicated when the inter-
action parameters 3, and (3, are large, especially in case II. Figures 5 and 6 show the
densities p;(x,t) = [¢;(x,t)|> (j = 1,0,—1) and p = p1 + po + p—1, and the phase S;
(¢ = /p;ei,j = —1,0,1) at different times, respectively, with Q = 0.6, 8, = 100
and Bs = 90, i.e. strong interaction, for case I. Figures 7 and 8 show similar results
for case II. Figure 9 displays the dynamics of the angular momentum expectation
with © = 0.6, 8,, = 100 and s = 90 for cases I and II. In Fig. 4, the symbols ‘4’
and ‘—’ represent the initial location of a vortex with winding number +1 and —1,
respectively. While in Figs. 5-8, they represent the positions of vortex centers at a
given time t.
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Q =10.6 (right): a) for case I; and b) for case II.

From Fig. 4 and additional numerical results not shown here for brevity, we have
the following observation for the vortex interaction in spin-1 BEC when the interaction
parameters (3, and (s are small: in both cases I and II, the vortex initially located at
the origin of mp = 0 component does not move during the dynamics, while the other
two vortices initially located at (0.6, 0) in spin component mp = %1 rotate around
the origin (cf. Fig. 4); for different Q, the trajectories of the other two vortices located
in mp = £1 components could be very different (cf. Fig. 4). In addition, we find that
the dynamics of the vortices in cases I and II are quite similar. For both cases, the
number of vortices is always conserved during our computational time, i.e. ¢ € [0, 10].
On the other hand, from Figs. 5-9 and additional numerical results, we can draw
the following conclusions when the interaction parameters 3, and (s are large: (i) in
case I, the vortex initially located at the origin in mp = 0 component does not move
during the dynamics, while the other two vortices initially located at (+0.6,0) in spin
component mp = +1 rotate around the origin (cf. Fig. 5). During the dynamics,
these three vortices never collide and annihilate. (ii) In case II, the vortex initially
located at the origin in spin component mr = 0 will disappear and then re-generate
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Fi1a. 5. Contour plots of the density p_1(t), po(t), p1(t) and p(t) (from left column to right
column) over the dimensionless domain [—8,8] x [—8,8] in Example 4 with Q = 0.6, 8, = 100 and
Bs =90 for case I

after some time (cf. Fig. 8); the other two vortices initially located at (£0.6,0) in
spin component mp = =+1 rotate around the origin near ¢ = 0 (cf. Fig. 7). (iii)
In case II, the number of the vortices is not conserved. During the dynamics, new
vortices are generated near the boundary of each spin component and they propagate
into the condensate and interact with other vortices in the same spin-component and
different spin-components. (iv) In addition, our extensive numerical results show that
the dynamics and interaction patterns highly depend on z( in (6.14) and (6.15). (v)
The total angular momentum expectation (L) is conserved in cases I and IT (cf. Fig.
9), which again confirms the analytical results (3.5). (vi) The motion of vortex centers
in the interaction is affected by both angular momentum rotation speed {2 and the
interaction strength 3, and (s (cf. Figs. 4,6&8). Similar to the single component
case [21, 35], the above results show that the interaction of vortices in rotating spin-1
BEC might be very interesting and complicated, especially when (3, and (s as well
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Fia. 6. Contour plots of the phase S_1(t), So(t) and S1(t) (from left column to right column)
over the dimensionless domain [—6,6] X [—6,6] in Example 4 with Q = 0.6, B, = 100 and Bs = 90
for case I

7

as || are large, and more systematic study will be carried out in our future study.

7. Concluding remarks. We have studied analytically and numerically the dy-
namical properties of the coupled Gross-Pitaevskii equations (CGPEs) without/with
an angular momentum rotation term and an external magnetic field for the dynamics
of nonrotating/rotating spin-1 Bose-Einstein condensates (BECs). Along the analyt-
ical front, we obtained a system of first order ordinary differential equations (ODEs)
governing the dynamics of the density of each component and related quantities and
solved the ODEs analytically in a few cases; proved the conservation of the angular
momentum expectation when the external trapping potential is radially symmetric
in two dimensions or cylindrically symmetric in three dimensions; derived a second
order ODE for the dynamics of the condensate width and showed that it is a periodic
function without/with a perturbation; and constructed the analytical solution of the
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Fia. 7. Contour plots of the density p—1(t), po(t), p1(t) and p(t) (from left column to right
column) over the dimensionless domain [—8,8] x [—8,8] in Example 4 with Q = 0.6, 8, = 100 and
Bs =90 for case II.

CGPEs when the initial data is chosen as a stationary state with its center-of-mass
shifted away from the external trap center. Along the numerical front, we discussed
numerical methods for solving the CGPEs and applied them to study numerically
the dynamics of spin-1 BEC. Our numerical results confirm the analytical results of
CGPEs for the dynamics of spin-1 BEC.
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”

Fia. 8. Contour plots of the phase S_1(t), So(t) and S1(t) (from left column to right column)
over the dimensionless domain [—6,6] X [—6,6] in Example 4 with Q = 0.6, B, = 100 and Bs = 90
for case II.
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