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1. Introduction. Let N > 3,1 < k < N and RY = RF x RV, Write
= (y,2) € R¥ x R¥N=F We are concerned with classifying non-negative solutions of

u2*(t)—1(w)

—Au =
lyl*

, z eRVN, (1.1)

where 0 < t < min{2,k}, 2*(t) = 2(157\,:2t)'

We will use D'[RM), 1 < p < N, to denote the completion of

C®(RYM), the set of C* functions with compact support in RY, under the norm
1

lull pr.omyy = (/N |Vu|p> " By the Gagliado-Nirenberg-Sobolev inequality,
R

[ 42, g, < COV-D) e

Thus we use Dll(ﬁ(]RN ) to denote those functions u which satisfy, on all compact

subsets K of RN, u € L% (K) and Vu € L*(K). It is the same as H} (RY), another
standard notation which denotes the set of functions u satisfying u, Vu € L?(K) for
all compact subsets K of RY.

A Dllt;i (RY) solution of (1.1) is in L$.. This can be proved by arguments similar
to those used by Trudinger in [19] in proving the L® regularity of H'! solutions to the
Yamabe equation, see [8] and [16] where Holder regularity of solutions of (1.1) were
also studied. Clearly a positive solution u of (1.1) is C*° in {(y,2) | y # 0}. See [1],
[4], [5], [7], [8], [10], [11], and the references therein for related studies.

Since u is superharmonic, non-negative and nonzero, it follows from the maximum
principle (see, e.g. [13]) that

: : N-2
‘;I‘lgf2u($) > 0, ‘;‘nzfl(|x| u(z)) > 0. (1.2)

Our first result is
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THEOREM 1.1. For N >3,2<k < N, and t = 1, let u € D>(RN)\ {0} be a
non-negative solution of (1.1). Then

N—2
u(y, z) = p= 2 uo(py, pz + 2o)

for some pn >0 and zy € RN7F, where
_N-2
2

uo(y, z) = en e (1 + [y)* + [2]°)

N-—2

with eng, = (N —2)(k—1)) % .

REMARK 1.1. If u is in D2(RY), the result was proved by Mancini, Fabbri and
Sandeep in [16]. Theorem 1.1 does not make any assumption on v near infinity.

We make the following

CONJECTURE 1. For N > 3,1 <k < N and 0 < t < min{2,k}, there exists
some positive U = Un s € DV2(RY) N CO(RY) such that all non-negative solutions
uwe DP2(RYY\ {0} of (1.1) must be of the form

loc

N-—-2
u(y,z) =p 2 Ulpy, pz + zo0)
for some >0 and zy € RN7F,

We present some partial results towards proving the above conjecture. In particu-
lar, we prove that D,;>(RN) non-negative solutions of (1.1) must belong to D'2(RN).
We also prove that if if we replace the exponent 2*(¢) — 1 by some p < 2*(¢) — 1, then

Dl1 (;3 (R™) non-negative solutions of the equation must be identically zero.

THEOREM 1.2. For N >3, 1<k <N, 0<t<min{2,k} andp <2*(t) — 1, let

u € Dllf;i (RYN) be a non-negative solution of

P
—Au:”—(‘f), z € RV, (1.3)
lyl
Then u = 0.
Define for z € RY and A > 0 the Kelvin transform of u by

Uz A (2) = ( A )N_2u( M), i eRN,

|Z — x| |z — x|?

THEOREM 1.3. For N > 3,1 < k < N and 0 < t < min{2,k}, let u €
D2(RN)\ {0} be a non-negative solution of (1.1). Then

loc

For every x = (0,2) € {0} x RN, (1.4)
there exists A(z) € (0,00) such that Uy 3 (z) = Uy
For every & = (7, 2) € (RF\{0}) x RNF 0 < X\ < |g], uz.r < u in RN\ By(z). (1.5)
Consequently,
u € DV2(RY),
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and, for some positive constant . and some z € RN K,

N N—2 _
W(y,z) = pu = u(py, pz+ 2) (1.6)

satisfies, for some constant d > 0,

0(0,2) = ()T, LeRrNH (1.7)
3 d2 + |Z|2 3 3 *
and, with w(s,7) = a(s,0,---,0,7,0,---,0) where (5,0,---,0) € RF and
(7-705 e 70) € RN7k7
a(y,z) = w(lyl, |2)), V¥ (y,2) € RY, (1.8)
dsw(s,7) <0, dyw(s,7) <0, 95 (s 2w(s, 7)) >0, Vs,7>0. (1.9)
2570,w(s, 7) + (d* 4+ 7% — 520, w(s, 7) + (N — 2)7w(s,7) = 0, (1.10)

Moreover, for P = (—d,0,---,0) € RN the Kelvin transformation of 1,

. 2d \N-2. 4d*(z — P)
@)= (o) WP T )
satisfies
U(?jlaﬂ%"' agkag):v( |gl_d|2+|2|2’g27"' 7gk70)' (111)

Note that (1.8) implies
w(—s,7) =w(—s,—7) = w(s,—7) = w(s,t).
Note also that a standard calculation shows that the equation of v is

4d?

_Av(f) = (m

in RY, (1.12)

) o(@)* O,
where Q = —P.

If k =1, v is a radially symmetric (with respect to @) solution of (1.12)

The proofs of our results make use of ideas in the new proof of the Liouville-
type theorem of Caffarelli, Gidas and Spruck ([6]; see also Gidas, Ni and Nirenberg
[12] for the result under some decay assumption near infinity) given in [15] and [14],
which is based on the method of moving planes and full exploitation of the conformal
invariance of the problem.

2. Preliminary results. In this section we present some results which will be
used in the proofs of Theorem 1.1 and Theorem 1.3.

Denote B,.(z) = {£ € RN | | —z| <r} for r > 0 and write B,.(z) as B, if x = 0.

Let u € D2(RN)\ {0} be a non-negative solution of (1.1).

loc

LEMMA 1. For any x = (0,z) € R¥ x RN=F there exists \o(x) > 0 such that for
any A € (0, xo(z))

Ug x < U, in RN\ By (z).
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Proof. Without loss of generality, we assume x = 0 and write ug,\ as uy.
Step 1. We prove that there exist 0 < Ay < A2, which may depend on z, such
that

un(€) < ul(€), VO<A<AL A< <o (2.1)

Indeed, for & € OBy, fg—f € By,. Thus

N-2 _
u(@) = (2)" P u(25) < ()Y 2 supeer,, ulé)
<infpp,, u (by choosing A1 = A1(A2) small)

< u(§).
The above inequality, together with u) = u on dB) implies that
(75 S u on 8(B)\2\B)\) (22)

for all A € (0, A1(A2)).
We will show, for sufficiently small A2, that for A € (0, A1(\2))

uyx < u in BAQ\B)\. (2.3)

In the proof of (2.3) as well as in the proofs of Lemma 2 and Lemma 6, we make
use of the “narrow domain technique” of Berestycki and Nirenberg [2].
For ¢ = (&1,&) € RF x RV=% we have

w01

_— in RN
&t

~Aufe) =

)

us D7)

W, in RN\{O}7

—Aux(§) =
which yield

“A@E) ~ur) = Fr 1) —ud 7N
5 t: (Ou+ (1 — 0)uxr)> D=2(u(€) — ur(§)).

1

(2.4)

Multiplying both sides of (2.4) by (u — uy)- := —min{0,u — u)} we obtain
[ WP
Bx,\Ba
1 o
=(27(t) - 1)/ £ (Ou + (1= 0)un)” O72[(u(€) — ua(§))-
By, \By Jelt
2N
Jo
Ba\Bx 6|

=2l u—uy)_|? .
) AQJBJV( N (2.5)

s<2*a>—-1></; e (=9

scp/ (Il + lus) ¥

2\
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Suppose that [ By V(U — ux)—|? # 0 then we have, for some constant C
2

independent of Ag,

2t 2-t
1§O(/ (|’UJ|—|—|’U,>\|)A§JX2)T§0(/ |u|1\?§2)T7
B, \Ba By,

which is a contradiction if A is chosen to be small enough.
Thus, for small A, [ \Bx |V(u—ux)_|? =0. So (u—wuyx)_ =0 on By,\By and
2
(2.3) is proved.

The values of A\; and Ay are fixed by now.
Step 2. We show that for some small Ag(x) € (0, A1),

ux(€) <wu(f), VO<A<(z), [& >N

Let p(§) = (%")Nf2 infpp,, u. Since ¢ is harmonic on RM\{0} and ¢ < u when
|€] = A2 we have

A2\N-2 .
w2 () w2 (26)
inf Noz
Denote A\g = inf{)\l,)\g(w> }. For any 0 < A < Ag, |€] > A2 we have
By, U
A N—2 A% Ao\ N—2 A2\ N-2 .
U = (— u(—=) < (— supu < (— inf u < u(§),
A(é) (|§|) (|§|2)— (|§|) B}; = (|§|) dBx, (5)

where in the last inequality (2.6) has been used. Lemma 1 is thus proved. O

With Lemma 1, we can define, for z = (0,2) € RF x RV—F,

Mz)=sup{p >0 | upr <uinRV\ By(z), VO<A<pu}.

LEMMA 2. If M) < oo for some = (0,2) € R¥ x RN=F then

~ Proof. Without loss of generality we assume z = 0 and denote ug x by uy and
A(0) by A. By the definition of A(0) we know

uy <u in RV \ B;.
This is equivalent to
Uy > U in By.
If (2.7) does not hold, then by the strong maximum principle

inf s —u) >0, VO<eée <A 2.8
BH\@ilg}xuw’v)(uA W) ‘ (28)
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To see (2.8) we make use of

—Au(é) T, &= (&4,&) € By,

=_——u
€1

- 1
131K

Using uy > u, and using the fact that {0} has zero (Newtonian) capacity, we
obtain in the sense of distribution that

—Aus(6) WD), €= (&1,6) € By \ {0}

A(u —u3) >0, in B5. (2.9)

So if u —uy5 = 0 does not hold, we must have (2.8). So, for 0 < § < A, there exists
some ¢(6) > 0 such that

inf(uz — u) > c(0) (2.10)

where
Ks={x € By | dist (z,0 (B \ ({0} x RN"%))) > 5}

By the uniform continuity of u on the compact set Ky, there exists small ;7 = €(d) €
(0,) such that

uy —u>c(6)/2, on Kas, VA<SA<A4e. (2.11)

Using the “narrow domain technique” as in the proof of Lemma 1, we can show that
for some small § > 0,

uy —u >0, on B\ Ky, VA< A< A +e.

This and (2.11) lead to a contradiction to the definition of \. Lemma 2 is established. 0

LEMMA 3. Either A(x) = oo for all x = (0,2) in {0} x RN=F or \(z) < oo for
all z = (0,2) in {0} x RN=F,

~ Proof. Suppose that there is a point = (0, %) € RF x RN=F such that 0 <
A(Z) < 00, then by Lemma 2

o o -
u(€) = ( A(_w)_ ) (@ + M). (2.12)
€ -zl € — x|
Multiplying (2.12) by [£|¥~2 and sending |¢| to oo, we obtain
|£1|im 1€ 2u(e) = AN 2(2)u(z) < oco. (2.13)

On the other hand, for all z = (0, 2),

Uz (€) <u(€),  VI]E—z[>\ 0< A< Na),
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leading to
lim inf €N 72u(€) > MWV 2u(z), V0 <A< Az). (2.14)

|§]—o0
Letting A — A(x) in (2.14), we have
1im‘5‘inf €IV 2u(€) = AN (@)u(x),
which implies, in view of (2.13), that A(z) < oo for all z = (0,2). Lemma 3 is

established. O

LEMMA 4. For 1 <k < N,y # 0,7 = (,2) € RE x RN=* and X € (0, |y]), we
have the following inequality

A e _ B ek
\r) 7+ 20| >1,  VO<|]p—3F[ <A o= (y,2) €R* xRV (215)

Proof. Tt is easy to see that (2.15) is equivalent to
Nyl = [Ny + (|z — 2)* = M)l
which is equivalent to
—2)\%(y,7) < (V= |z — z*)[g],
which is equivalent to
—2X{y —5,9) < (3N — |z — 2*)g*. (2.16)
Inequality (2.16) follows from the following simple calculation:
=2X%(y — 7,9) < 2X°[y — 7llgl < 2A*(A[g]) < 20%[g* < (BN — |2 — 2 )y

Lemma 4 is established. O

LEMMA 5. Let T be as in Lemma 4. Then there exists \o(Z) € (0, |g|) such that
for any X € (0, \o(Z))

uza(z) <ulz), V€€ RY\By(2).

Proof. Given (1.2), and given the smoothness of u near Z, the proof is the same
as that of lemma 2.1 in [14]. O

Let

AN@) =sup{p | 0<p<|glusr<uinRY\Br(Z),, VO<A<pu}.

LEMMA 6. Let Z = (7, 2) be as in Lemma 4. Then \(Z) = |y|. Namely
uz A () <u(x), ¥Yr=(y,2) R\ By\(2), VO<A<]|yl (2.17)
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Consequently, with w(s, z) := u(s,0,---,0,2),

u(ya Z) = 1D(|y|, Z)v v (yv Z) € RN, (218)

Ost(s,2) <0, s (sN2w(s,2)) >0, Vs>0zeRVF (2.19)

Proof. Without loss of generality we assume that z = 0. We prove it by contra-
diction argument. Suppose the contrary, then 0 < A(Z) < |g|. Using Lemma 4 we
have, for any A € (0, |7]),

1 *
—Augz a(z) > ?ui,,\(x)z -1 VO<|z—2 <A (2.20)
Y

Indeed, for |z — Z| < A,

A (N2 Mz —27)
—Auz - —A 2
’U,))\(JJ) (|£L'—,f|) ( u)(Z + |£L‘—f|2 )
_ ( A N+2 1 2*(t)_1(j n )\2(.%' — (E))
o —al® g+ R o~ af?
A2 ly| ¢ 1 2% (t)—1 1 2% (t)—1
= = —) - (uza () > — (uz A (7) ;
where in the last inequality Lemma 4 has been used.
By the definition of \(Z),
U — Uz 3(z) = 0, in RV \ BS\(E)@)-
This is equivalent to

With this, we derive from (2.20) and the equation of u that
A(upa@ —u) 0, in By (@) \ {z}.
Since {Z} has zero (Newtonian) capacity, we deduce from this and (2.21) that
A (u@;\(i) - u) <0, in By (%), in the distribution sense. (2.22)

Since A\(Z) < ||, both u and Uz x(z) are smooth near 9By ;) (). Also, ug 5z is
smooth near {(0,2) | z € RV=*}, and therefore, in view of the equation of u, Uz X(7)
can not be equal to u. Thus, by the maximum principle,

inf  (ug 50z —u) >0, V0 < e <\).
By (@)

With the above information, essentially the same arguments as in the proof of Lemma
1 and Lemma 2 yields, for some € > 0, uz x > uw in Bx(Z) \ {Z} forall A\ <A < A +e.
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This is equivalent to u > uz x in RN\ By(Z) for all A\ < A < X+ ¢, which violates the
definition of A. (2.17) is proved.

For Y1 < 0< Y, Y = (glaov"' 50)7 A= |g| =, (217) with Yy = (ylvoa"' 70)5
z € RN7% and 2 = (y, 2) leads to, after sending 7; — o0,

u(_ylvoa"' 7072) < u(ylvoa"' 7072)'

By the symmetry of the problem, up(y, z) := u(Oy, z) satisfies the same equation for
all orthogonal matrix O € O(k), so we also have

UO(_ylaou' o 7072) S uO(yluoa" . 7072)7

which implies that u is radially symmetric about the origin in the y—variables. Namely
(2.18) holds.

For 0 <y <a<y,y= (glvoa"' 70)5 T = (gao)v :&: (avoa"' 70)3 A= |§—2§| =
71— a, (2.17) with y = (y1,0,---,0), 2 € R¥N=% and z = (y, 2) leads to, after sending

Y1 — 00,
w(2a —y1,0,---,0,2) <u(yy,0,---,0,2), Vze RN (2.23)

which implies @(s,z) < w(r,z) for s > 7 > 0,2 € RN=*. Thus 9,1(s, z) < 0. Since
O0sw satisfies a linear second order elliptic partial differential equation, by applying
0s to the equation satisfied by @, and since @ must depend on s, a fact easily seen
from the equation of u, we obtain the first inequality in (2.19) by using the strong
maximum principle.

For $ <y <s<g,let \=s—y1 € (0,11), y = (¥1,0,---,0), . = (y,0)
(91,0,---,0), & = (3,0). Clearly | — x| = §1 —y1 > A. By Lemma 6, u, x(Z)
ie.

(yl — Y1 2

N Ri(51,0) — iy + -

yl_y17

0) > 0.

Since the left hand side is equal to 0 for §; = s = y1 + A, so the derivative of the left
hand side in ¢; at s is > 0. Namely

N -2

S—=UY1

20,10(s, 0) + i(s,0) > 0.

Sending y1 to § in the above leads to

0

— (V7 %i(s,0)) = sV 2 (8512)(5, 0) + N=

S

2
0 > .
P sw(s,())) >0, Vs>0

Since the problem is invariant under translation in z—variables, we obtain the second
inequality in (2.19). Lemma 6 is established. O

LEMMA 7. For a > 0,0 € (0,1],

—f"(y) = ?f(y)“, fy) >0, y>0 (2.24)

has no solution.
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Proof of Lemma 7. We write h(f) = f¢. First we claim that

f'(y) >0, for any y > 0.

Indeed, if for some yo > 0 we have f’(yo) < 0, then by the mean value theorem

') = (o) + f" (@) (v — wo) <0, Yy > yo.

So for all y > y1 > yo,

f'y) < f'(yp) <0

and therefore
1) = Fn) + [ 5605 < F) + ')y = )

Sending y to co and using f'(y1) < 0 we have
fly) = —o0 as y — oo,

contradicting the positivity of f.
Now since f is increasing and h is non-decreasing

h(f(t)) > h(f(s)), Yt > s > 0.

Thus
" 1 .. 1.,
—f(t) = t_gf (t) > t_ef (s), YVt > s> 0.

It follows by integrating over (s,t) and using f’ > 0, we have

F(5) > £'(s) = 1'(8) > h(f(s)) / yOdy.

Sending t to oo, we get f/(s) > co. A contradiction. O

LEMMA 8. Fora>0,t <2,

L sy — 1 fa
{ fo{ﬁz}c/()r);z T;foo, =0 T (225)
has no solution.
Proof. We first show that
lim (rf'(r)) = 0. (2.26)

r—0t

Since (rf")" < 0, lim, o+ (rf’(r)) exists. If the limit is not 0, then there exists
some constant b > 0 such that 7|f’(r)| > b for small r > 0. It follows that r|f’(r)|* >

b*r~—1 for small r, violating fol r(f'(r))? < co. (2.26) is proved.
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Since (rf’)" < 0, we know from (2.26) that
f(r)<0 Vo<r<oo. (2.27)

Integrating the equation of f, we have, in view of (2.26),

—rf'(r) = /T ' f(5)ds.

0

Another integration gives

R r
F(1) > £(1) — F(R) = / /0 Ll (s)odsdr, V1< R < oo,

Sending R to oo in the above gives

/ / r s T f(8)¥dsdr < .
1 Jo

Interchanging the order of integration (Fubini theorem), we obtain

1 oo
/ / r s T f(8)¥drds < .
0o J1

A contradiction. Lemma 8 is established. O

LEMMA 9. (1.4) holds.

Proof. By Lemma 3, we only need to rule out the possibility that A\(z) = oo for
all z = (0,2) € {0} x R¥N~F, Indeed if this occurs, then, by lemma 11.3 of [14],

u(y,z) =u(y,0), VyeR"

By Lemma 6, u(y, z) is radially symmetric in the y—variables, so v(y) := u(y, 0)
is a radially symmetric positive solution of

L2 (-1 .
—Av(y) = T y € R". (2.28)
We also know that
/I |<1(|W|2 +u¥3) < 0. (2.29)
y|<

For k = 1, we know from Lemma 7 that (2.28) has no positive radially symmetric
solution.

For k = 2, we know from Lemma 8 that (2.28) has no positive radially symmetric
solution satisfying (2.29).

For 3 < k < N, (2.28) has no positive radially symmetric solution satisfying
(2.29). Indeed, let

k+2-2t 2t

4
) » P
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It is easy to check that p < £. Thus, according to proposition 5.2 in [18] by Serrin and
Zou, radially symmetric positive solutions of (2.28), if any, satisfy lim, .o |y|*u(y) =
2N

A, for some positive constant A. But a(5=5) = N, and therefore u does not satisfy

(2.29). This leads to a contradiction. Lemma 9 is established. O

LEMMA 10. There exist some > 0 and z € RN =% such that 4, defined by (1.6),
is radially symmetric in the z—wvariables. Moreover, for w defined in Theorem 1.3,
Orw(s, ) <0, Vs,7>0.

Proof. Applying lemma 11.1 in [14] to u(0, z) we know that there exist a > 0,d > 0
and z € RNV~* such that

a N-—-2
u(0,2) = (Ni) 2
d? + |z — z|?
For y = a,
N N—2 _
Wy, z) = pu = u(py, pz + 2) (2.30)
satisfies the same equation as u, and
1 N2—2
1(0,2) = (55— 2.31
(0, 2) (d2—|—|z|2) ) ( )

where d = a~d.
By Lemma 9, applied to 4, (1.4) holds for 4. For any z = (0, z), multiplying
Uy 52 (%) = 4(T) by |Z|V 72 and sending |Z| to infinity lead to, in view of (2.31)

Az) = a(z) 72 = /@ + |22 (2.32)

For 21 <O<Zlv zZ= (21705"' 70)5 geRka T = (ga‘%)v z = (21507"' 50)7:6:(032) €
RY | we have, in view of Lemma 9 and (2.32),

aw,j\(;ﬂ) (i.) = ’&(JJ),

where \(z) = \/d? + |21 2.

Sending z; to oo in the above leads to
’ll(:lj, _21507 e 50) = ﬂ(gj,%l,(), T 50)

Namely 4(y, z) is symmetric with respect to the hyperplane plane {z; = 0}. Since
the problem is rotationally invariant with respect to the z—variables, we obtain the
radial symmetry of @ in the z—variables.

Fora>0,0< 2 <a<z,§€RF &= (,32),2=(2,0,---,0), 2 =(0,2) € RV,
we have

G A (T) < 4(T),
where A\ = |21 — a| < M(z) = \/d? + |z1]2. Sending z; to oo, we have
ﬁ’(ga2a_21507"' 70) < ﬁ(gaglvoa"' 70)

It follows that d;w(s,7) < 0 for s,7 > 0. Since d;w(s,T) satisfies a linear second
order elliptic partial differential equation, we deduce by using the strong maximum
principle that 9;w(s,7) > 0 for s,7 > 0. Lemma 10 is established. O
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3. Proofs of Theorem 1.1 and Theorem 1.3. First we give

Proof of Theorem 1.1. By Lemma 9, (1.4) holds. Thus u € DY2(RY), and the
result follows from [16]. Theorem 1.1 is established. O

Now we give the

Proof of Theorem 1.3. We have proved in the last section that (1.4), (1.5), (1.2),
(1.7), (1.8), (1.9), and u € DY2(R¥Y). As shown in the proof of Lemma 10, for some
p > 0and z € RV~ 4 defined in (2.30) satisfies (2.31). Furthermore, for any
z = (0, z2),

where \(z) is given in (2.32).

Let P, = (=d,0,---,0) € R, P = (P,,0) € RN, and Q = (Q1,0) = —P.

By (2.32), the spheres {0Bj;)(2) }2=(0,2)e {0} xrN -+ are exactly the set of spheres
going through the (k — 1)—dimensional sphere {(y,0) € R¥ x RN=F | |y| = d} €
R* x {0}.

Consider the Kelvin transformation of @ with respect to the Mobius transforma-

2 _
tion z — P + % which maps Bag(P) to (RN \ Bag(P)) U {oo} :
_ 2d  \N-2 4d*(z — P)
S N R Y - Sl A
v(Z) (|5C—P|) (P + |z — P2 )

We know from (3.33) that 4 is symmetric with respect to
{0Bx()(T) }a=(0,:)ef0yxN -+, and the Mobius transformation maps the
(k — 1)—dimensional sphere {(y,0) € RF x RN=F | |y| = d} € R*F x {0} to
the (k — 1)—dimensional plane

MP1 = {(7,0) e R x RY" [ (5 — Q1) - Q1 = O}

For k =1, M° = {Q}; while for 2 < k < N, M*=1 = {(0,y2,--- ,yx,0)}.

If k = 1, then v is, see e.g. [3], symmetric with respect to all hyperplanes in RY
which go through @. Thus v is radially symmetric with respect to Q, i.e. v(Z) = v(&)
if |2 -Q|=12-@Q|

If £ > 2, then v is symmetric with respect to all hyperplanes in R which go
through M*~!. Thus v satisfies (1.11).

Now we prove (1.10). Write @ = w=2/(N=2), ,
(r,0,---,0), z = (0,2), § = (5,0,---,0), 2 = (7,0,---,0), £ = (9,2). By (3.33),
evaluated at Z, i.e.

<|§|2 il T|2> 0 ( il O N i T)) =0(3,7).  (3.34)

PP Pl — P PP

For (3,7), 7 #0, let

§2 +712 _ d2
27 '

It is easy to see that

57 + |7 = 7 (3, 7)> = d® + |7,
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P22
For= % (3.35)

Applying % to (3.34) and evaluating it at 7 = 7%(3,7) lead to

—w(8,T) + 80;w(5,7) + (7 — 7%)0:w(8,7) = 0,
which, together with (3.35), yields (1.10). Theorem 1.3 is established. O

4. Proof of Theorem 1.2. In this last section we give the

Proof of Theorem 1.2. The ideas of the proof are already in the proof of Theorem
1.3. We only need to point out some changes.

Note that (1.2) holds if u is not identically zero for the same reason, and we still
have u € L5 (RV).

Lemma 1 still holds but we need to make the following changes.

Proof of Lemma 1. Follow the proof of Lemma 1 until (2.3). To prove (2.3), we
note that the equation of u) becomes

A>N+22t(N2)p ui(é) _ ui(é),
€] [STE ST

Thus, using (1.2) and the fact that u € LS (RY),

oc

in RV \ B,. (4.36)

—Auy(§) = <

CAG(E) - un(€) = %P

Multiplying both sides of the above by (u — uy)— and integrating by parts, we find,
following (2.5) with obvious modification, that

(u(§) —ux(§)), in RV \ Bj.

. 2
[ Nu-wpsc =)
By, \Ba By, \Bx |€1]

< C|B\\ByF / IV (u— un)_ %
Bx,\Bx

We reach a contradiction by taking A2 small enough. In (2.5), we did not use the
fact that u € LS (RY). O

oc

Lemma 2 and Lemma 3 can be put together as
LEMMA 11. A(z) = oo for all x = (0,z) in {0} x RN 7F,

Proof of Lemma 11. Lemma 2 still holds, and the proof is essentially the same,
since the differential inequality (4.36), instead of an equality, is really what is needed
in the proof. Lemma 3 still holds and the proof is the same. Now, since p < t*(¢) — 1,
i.e. the exponent N + 2 — 2t — (N — 2)p in (4.36) is positive, there is no way to have
U = Uy (). Indeed that would lead to

uP(§)
€]t

3 N+42-2t—(N-2)p ui e )
= —Au(§) = —Auy 5 (&) = (|§ (_x)x|> %

B 5\(.’[]) >N+2—2t—(N—2)p ’U,p(g) v
= (|§—x| &l ¢
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This is impossible since N + 2 — 2t — (N — 2)p > 0. Therefore \(z) = oo for all z.
Lemma 11 is proved. O

As before, A\(z) = oo implies that u(y, z) is independent of the z—variables. But,
for the same reasons given in the proof of Lemma 9, equation (1.3) does not have any
positive radially symmetric solutions in Dllo’i (RYN). Therefore u = 0. Theorem 1.2 is
established. O

Added to the proof: We have recently been informed, by the authors, of the
following related works: [9] and [17].
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