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CONSTRUCTION OF THE PARALLEL TRANSPORT IN THE
WASSERSTEIN SPACE*

LUIGI AMBROSIOf AND NICOLA GIGLI#

Abstract. In this paper we study the problem of parallel transport in the Wasserstein spaces
P5(R?). We show that the parallel transport exists along a class of curves whose velocity field is
sufficiently smooth, and that we call regular. Furthermore, we show that the class of regular curves
is dense in the class of absolutely continuous curves and discuss the problem of parallel transport
along geodesics. Most results are extracted from the PhD thesis [8].
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1. Introduction. In the last few years, starting from the seminal papers [14, 4,
12, 9], the geometric and differential properties of the space #5(R%) of probability
measures in R? with finite quadratic moments, endowed with the quadratic optimal
transportation distance, have been deeply investigated. Motivations for this analysis
come from PDE’s, Functional Inequalities, Riemannian Geometry. We refer to [16]
for a comprehensive presentation of this wide and continuously expanding research
field.

A complete theory of the first-order differential properties of &23(R%) has been
estabilished in [1] (starting from the heuristics developed in [14]), without any extra
regularity assumption, either on the measures involved, or on the velocity fields. These
results lead to a complete theory of gradient flows in &25(R?) which extends, as a
matter of fact, also to the case when R? is replaced by more general spaces (see for
instance [3, 13, 15]), for instance an infinite-dimensional Hilbert space. We recall the
basic facts of the first-order theory in Section 2.

On the other hand, much less is known on the second-order properties of &5 (R9):
the only paper we are aware of is [10], where the parallel transport equation and the
curvature tensor of (M) are computed, mostly at a formal level, when M is a
compact Riemannian manifold; in Section 7 we borrow some computations of the
sectional curvature of Z25(R9) from [10].

In this paper, whose content is essentially extracted from Chapter 6 of [8], we
focus on some analytic aspects: we introduce a class of curves p; in Z5(R9) along
which the parallel transport of tangent vectors can be defined. In the case when
e = pL?% (L4 being the Lebesgue measure), the PDE corresponding to the parallel
transport of a gradient vector field Vi, is, in accordance with [10],

V- (((%Vg@t + V2g0t . Ut)pt) =0. (11)

Existence and uniqueness for this evolution problem can presumably studied by direct
PDE methods, although difficulties obviously are due to the degeneracy of p;, which
results in a lack of uniform ellipticity. Moreover, additional difficulties appear if one
is willing to consider unbounded densities p;, and even (in the same spirit of the
theory in [1]) measures p; that have a singular part with respect to £%. For these
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reasons, using a suitable Riemannian analogy described in Section 3, we provide a
geometric construction of solutions to (1.1). The advantage of this construction is that
it provides easily the properties that parallel transport should have. Nevertheless, our
construction still requires some regularity condition on the tangent velocity field to
u:. However, we prove in Section 6 that our class of “regular” curves is dense in
the class of all absolutely continuous curves. We discuss also in detail the problem
of parallel transport along geodesics, see Proposition 5.19 for a positive result in the
case of “forward” transport, and Example 5.20 for a counterexample in the case of
“backward” transport.

Finally, in Section 7 we introduce the covariant derivative starting from the par-
allel transport (in contrast with the usual procedure on manifolds) and explain why
this covariant derivative should be qualified as the Levi-Civita derivative on %5(R?).
Finally, we discuss the possibility of defining a distance in the tangent bundle of
Py(RY).

2. First order differentiable calculus in Wasserstein spaces. In this sec-
tion we recall the main features of the first order differentiable calculus in Wasserstein
spaces. We assume that the reader is already familiar with the basic facts regarding
optimal transportation and Wasserstein distance, and we shall denote by

L(p,v) = {y € PR xRY) : y(Ax R?) = pu(A), v(R* x B) = v(B)}

the set of admissible plans between y, v € Z5(R%), and by T'g(u, ) the set of optimal
plans, i.e.

VeToluy) e v eT(ur) and [ fo - ydy(e.y) = W),

We shall denote by Id the identity map, and use the notation Tl for the push-forward
operator from Z(X) into Z(Y) induced by a Borel map T': X — Y. We also use
extensively the short notation L and |Jul|,, for L?(1; R?) and ||u|| ,2(,,;ra) respectively.

Let (E,d) be a metric space. Recall that a curve z; : [0,7] — E is said to be
absolutely continuous if there exists g € L*(0,T) satisfying

d(z(s),z(t)) < / g(r)dr Vs, t €[0,T], s <t.

It turns out that for absolutely continuous curves there exists a minimal function
g (of course up to Lebesgue negligible sets) with this property, the so-called metric
derivative, given for a.e. t by (see for instance [1, 1.1.2])

In order to describe the differentiable structure of the Wasserstein space we start
with purely heuristic considerations, as in [14]: the continuity equation

d
— it + V- (vppig) =0 (2.1)
dt
describes the evolution of a time-dependent mass distribution p; under the action of
a velocity field v;. In this perspective Otto suggested to consider the tangent space
at p as —V - (vu), where v runs in Li; furthermore, since optimal transport maps
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are gradients, when looking for “minimal” velocity fields it is natural to restrict the
admissible velocities to be gradients only. Otto suggested to endow the tangent bundle
with the metric inherited from Lﬁ:

(-5 ()= - () i= [ o) de

We shall consider the tangent space at u directly as a subset of Li, retaining the link
with the continuity equation. The following result, proved in [1, 8.3.1], provides a
complete differential characterization of the class of absolutely continuous curves in
the Wasserstein space and makes rigorous this picture.

THEOREM 2.1. Let piy : [0, T] — Po(R?) be an absolutely continuous curve. Then
there exists a velocity field v, € L7 with |vl|,, € L'(0,T) such that the continuity
equation (2.1) holds and

[oellwe < [l for ae. t €(0,T). (2:2)

Conversely, if (ps,ve) satisfy (2.1) and |Jve]|,, € L(0,T), then py is absolutely con-
tinuous and

[oellwe = il for a.e. t € (0,T). (2:3)

The previous result shows that, among all velocity fields v; compatible with
(in the sense that the continuity equation holds) there exists a distinguished one, of
minimal Lit norm. This vector field is clearly unique (up to a negligible set of times),
thanks to the linearity with respect to v; of the continuity equation and to the strict
convexity of the Lit norms.

It turns out that the “optimal” vector field constructed in the proof of the first
statement of Theorem 2.1 satisfies, besides (2.2), also

2

vne{Vp:pe CgO(Rd)}L““ for a.e. t € (0,7). (2.4)

This, and the previous heuristic remarks, motivate the following definition.

DEFINITION 2.2 (Tangent bundle of %5(R?)). Let u € P(R?). We define

Tan, (25 (RY) = (Vo : g € Co @D} .

We shall call tangent velocity field the vector field vy provided by Theorem 2.1
and we shall denote by P, : L? — Tan, (2, (R%)) the orthogonal projection.

It turns out that v, besides the metric characterization based on (2.2), has also
a differential characterization based on (2.4).

PROPOSITION 2.3. Let (s, v¢) be such that (2.1) holds and ||ve],, € L*(0,T).
Then vy is tangent if and only if vy € Tan,, (Z2(R?)) for a.e. t € (0,T).

Proof. We already said that the tangent vector field satisfies v; € Tan,,, (Z2(R?))
for a.e. t € (0,7). Conversely, if this property holds and w; is the tangent velocity
field, then V- ((vy — we)pe) = 0 as a space-time distribution. This easily implies that

V- ((v¢ — wi)pe) = 0 in RY, for a.e. t € (0,7,
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so that v, — w; is orthogonal in L?(y;) to all functions Vi, » € C(R9). But since
vy — wy € Tany, (P2(R?)), this proves that v; = wy. O

Having defined a tangent velocity field, a satisfactory theory of evolution prob-
lems in #3(RY) based on these concepts can be built on these grounds. We refer
to Chapters 10 and 11 of [1] (see also [5, 16]) and we just mention in particular the
characterization of gradient flows for convex functionals F : %5(R?) — R U {+o0},
based on the evolution variational inequalities

%%Wf(ut, o)+ F(ut) < F(o) in (0,7), for all ¢ € P5(RY).

The link between this formulation and the most classical ones is provided by the
following purely geometric results (see [1, 8.4.6] and [1, 8.4.7]). The first result relates
the tangent field to the infinitesimal behaviour of optimal transport maps (or plans)
along the curve; the second result, which is actually a consequence of the first one,
provides an explicit formula for the derivative of the Wasserstein distance.

THEOREM 2.4. Let p; be an absolutely continuous curve and let v, be its tangent
velocity field. Then:
(i) for a.e. t € (0,T), for any choice of plans yn € To(put, pe+n), the rescaled
transport plans

B y—
= (z, T)#%

converge in P2(R% x RY) to (Id x vy)4puz.
(ii) for all o € P5(R?) and a.e. t € (0,T) we have

d1

G3Wano) = [u@)a —p)dr(ey) ¥y € Tolun,o),

In the particular case when the transport plans «; are induced by transport maps
Ty, (ie. (Id X Th)gpe = vn), statement (i) is equivalent to

Ty —Id

lim

in L? . 2.5
lim vy in Ly, (2.5)

3. The case of a manifold embedded in R%. Throughout this section, M
will be a C* manifold embedded in R? with the induced Riemannian structure. We
describe a possible construction of the parallel transport in M, in order to exemplify
the construction that will be performed in the Wasserstein space.

Let y(t) : [0,1] — M be a fixed C* curve and let v(t) = %(t) € Ty)M, t € [0,1],
be the velocity vector of (). We will think to the tangent space V; := T, ;)M at the
point (t) as a linear subspace of R? (i.e. we translate it to let the origin be included)
and we denote by P, : R? — V; the orthogonal projection of R¢ onto V;.

Let u(t) : [0,1] — V4 be a regular vector field along the curve. In this setting the
Levi-Civita derivative of u(t) along v(t) is given by:

wa@>—3(%@0- (3.1)

More generally, if u, v are vector fields in M and P, denotes the orthogonal projection
on T,M, V,u(z) can be defined as P,(@'(0)), where u(t) = u(vy(t)) and ~(t) is
uniquely determined by the conditions 4(0) = z and () = v(~(¢)).
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Recall that this covariant derivative is uniquely identified, among the other con-
nections, by the following two properties, called compatibility with the metric and
torsion free identity:

), )y = (Tu (r(0) 0 ()

+ (! (Y1), Voyu® (1)) 1) (3.2a)
Vau? = Veu' = [ub,u?], (3.2b)

where u!, u? are tangent vector fields. The fact that there is at most one connection

Vyu for which the previous equations are satisfied is a consequence of the Koszul
formula:

2(Vyu, w) = v((u,w)) + u({v,w)) = w((u,v)) + ([u, 0], w) = ([u, w], v) = ([v,w], u),

valid for any vector fields u, v, w defined on the whole of M, and any connection V,u
satisfying equations (3.2). Given that the formula expresses the covariant derivative
in terms of the Riemannian metric and the Lie bracket only, the uniqueness follows.

The vector field u(t) is said to be the parallel transport of the vector «(0) along

(1) if
P, (%‘(t)) 0. (3.3)

Observe that it is easy to prove the uniqueness of the solution of this equation: indeed
by linearity it is sufficient to show that the norm is preserved in time, and this follows
by:

d ) d
@) = 2(Zu(), u(®) = 2(P (Zu(®)),u(®) = 0.

Therefore the problem is to show the existence of a solution of (3.3) for a given
initial datum w(0). This is usually done by using coordinates and solving an appro-
priate system of differential equations. However, this technique cannot be applied to
the space Z5(R?) (we have neither Christoffel symbols, nor coordinates). Here we
are going to show how the parallel transport can be constructed using tools which
have a Wasserstein analogous.

Let us start with a useful concept.

DEFINITION 3.1 (Angle between subspaces). Let Vo, Vi C RY be two given sub-
spaces, and let P;, i = 0,1, be the orthogonal projections of R™ onto V;. Then the
angle 0(Vo, V1) € [0,7/2] is defined by:

cosO(Vp, V1) = inf |Py(vo)l.
v €V

lvgl=1

It is not difficult to see that, letting ViJ-, 1 =20, 1, be the orthogonal complement
of V;, it holds

sinf(Vo, V1) = sup |vg — Pi(vg)| = ||P1L|V0||
vgEVQ
lvgl=1

L - 1ol
= sup (vg,v1) =sinO(Vi—, Vi),
vo €V, lvol=
virevik, |vi|=1
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where P, i = 0,1, is the projection onto V-.

In general 6(Vp, V1) = 0(V1,V,) does not hold: for instance, if Vo C V4 we have
0(Vo, V1) = 0, while (V1,Vy) = 7/2 if the inclusion is strict. By applying this concept
to a smooth curve on M, we clearly have that both functions (t,s) — 6(V, V),
(t,s) — 6(Vi,V4) are Lipschitz. Therefore, for some constant C' depending on v, we
have:

lu — Ps(u)| < Clulls — ¢, Vi, s € [0,1] and u € V4, (3.4a)

|Ps(ut)| < Clut||s — t|, Vt, s € [0,1] and ut € V-, (3.4b)
The idea of the construction is based on the identity:
VU(O)Pt(u) =0, Yuel. (35)

That is: the vectors P;(u) are a first order approximation at ¢ = 0 of the parallel
transport. Taking (3.1) into account, (3.5) is equivalent to

|Po(u — Py(u))] = o(t), u € V. (3.6)
Equation (3.6) follows by applying inequalities (3.4) (note that v — Pi(u) € V;-):
|Po(u — Pi(u))] < Ctlu — Py(u)| < C*t3|ul.

Now, let P be the direct set of all the partitions of [0, 1], where, for P, Q € B, P > Q
if P is a refinement of Q. For P={0=ty <t1 < --- <ty =1} € Pandu € V)
define P(u) € V; as:

P(u) = Py (PtN—l(. o (Pto (u)))

Our first goal is to prove that the limit P(u) for P € P exists. This will naturally

define a curve t — u; € V; by taking partitions of [0, ¢] instead of [0, 1]: the final goal

is to show that this curve is actually the parallel transport of u along the curve ~.
The proof is based on the following lemma.

LEMMA 3.2. Let 0 < s1 < s9 < s3 <1 be given numbers. Then it holds:

| Pey (1) = Pey (Psy (u))]| < C2Julls1 = solls2 = s3], Vu € Vi,

Proof. Since P, (u) — Ps,(Ps,(u)) = (Ps;(Id — Py,))(u), the proof is a straight-
forward application of inequalities (3.4). O

From this lemma, an easy induction shows that for any 0 < s; < -+ < sy <1
and u € Vi, we have

‘PSN () = Psy (Psy_, (- (Ps, (u)))‘
< ‘PSN (u) - PSN (PSN—I(U’))’ + ’PSN—I(U) - (PSN—I(. o (PS2 (u))>’
< ...
B N-1
< C?|ul Z Is1 — sil|si — sip1| < C?ul|sy — sn|?. (3.7)
=2

With this result, we can prove existence of the limit of P(u) as P varies in ‘B.

THEOREM 3.3. For any u € Vy there exists the limit of P(u) as P varies in L.
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Proof. We have to prove that, given € > 0, there exists a partition P such that
P(u) — Qu)| < [ule, YQ=7P. (3.8)

In order to do so, it is sufficient to find 0 = t; < t; < --- < ty = 1 such that
i ltis1—ti]? < e/C?, and repeatedly apply equation (3.7) to all partitions induced by
Q in the intervals (¢;,t;+1) (see Section 5 for a more detailed proof in the Wasserstein
setting). O

Now, for s < t we can introduce the maps Tst : Vo — V; which associate to the
vector u € Vs the limit of the process just described (taking into account partitions
of [s, t]).

THEOREM 3.4. For any t1 < te <t3 € [0,1] it holds
T o T =T (3.9)

Moreover, for any u € Vy the curve t — uy := Tt (u) € Vi is the parallel transport of
u along .

Proof. We consider those partitions of [t1, 3] which contain t3 and pass to the
limit first on [t1,t2] and then on [ta,t3]. To prove the second part of the statement,
observe that due to (3.9) it is sufficient to check that the covariant derivative vanishes
at 0. Note that from (3.7) it follows that |P;(u) — us| < C?#2, therefore the thesis
follows from (3.5). O

4. Angle between tangent spaces in #(R?). The construction we did on
regular manifolds embedded in R? shows that the key step which allows to prove
the existence of the parallel transport is the Lipschitz property of the angle between
tangent spaces. In this section we introduce the analogous notion of angle for the
space P5(R?%) and analyze its properties.

An important difference with the case of a manifold embedded in R? is that the
two spaces Tan, (Z2(R%)) and Tan, (%3(R?)) are not (affine) subspaces of a larger
Hilbert space, therefore we cannot directly imitate the definition of angle given in
the previous section. However, a natural way to embed L2 into Li is given by the
composition with a map T pushing p into v. Thus, we give the following general
definition.

DEFINITION 4.1 (Translation of vectors through a map). For any pair of measures
w, v € Po(RY) and any transport map T between p and v we define the translation
Tr of a vector f € L? into the vector 7r(f) € LZ as the map tr(f) := foT.

Clearly the translation through a map 7' is an isometry from Li to L2. The
definition of angle comes out naturally.

DEFINITION 4.2 (Angle between tangent spaces through a map). Let u, v €
P5(R?) and let T be a transport map from u to v. Then the angle O7(u,v) € [0,7/2]
between the tangent spaces at p and v through the map T is given by

cos 0 (1, v) := inf | Py (v 0 1)

where the infimum is taken among all v € Tan, (P(R?)) such that |v|, = 1.

It is important to note that the angle between the tangent spaces at two measures,
strongly depends on the transport maps used. Observe also that, even if we assume
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that the transport map T is invertible, the angle 67 (u, v) is in general not equal to
the angle O7-1 (v, u): this corresponds to the fact that there exist two angles between
subspaces Vi and V5 of R?, depending on whether we are considering projections from
V1 onto V5 or from V5 to V;.

The fundamental bound on the angle we are going to use in the sequel is given
by the following proposition: the key requirement is the Lipschitz property of the
transport map, while there is no regularity assumption on the measures involved.

PROPOSITION 4.3. Let p, v € P2(RY) and let T € Li be a transport map from
w to v. Suppose that T is Lipschitz. Then it holds

sin O (u,v) < Lip(T — Id). (4.1)

Proof. The statement is equivalent to
IVpoT — Pu(VeoT)|. < Vol Lin(T — Id), ¥y € CF(RY). (4.2)

Let us suppose first that 7 — Id € C2°(R?). In this case the map @ o T is in C°(R?),
too, and therefore V(p o T) = VT - (Vy) o T belongs to Tan,(Z2(R?)). From the
minimality properties of the projection we get:

IVooT = Pu(VeoT)|y < [[VeoT =NVT - (Ve)oT|,

= ([ 10 =97 Vet i) 1/2

1/2
< ([ 1T @19 - 1)) Bydut)
< Vel Lin(T — 1d),

where I is the identity matrix and ||V (Id—T)(x)||p is the operator norm of the linear
functional from R? to R? given by v — V(Id — T)(z) - v.

Now turn to the general case. Find a sequence (T}, — Id) C C2°(R%) such that
T,, — T uniformly on compact sets and lim,, Lip(T,, — Id) < Lip(T — Id). It is clear
that for such a sequence it holds ||T'— T}/, — 0, and we have

Vo oT — Pu(Veo D), < [VpoT - V(g o Ty,
< |VpoT = VpoTul,+ Voo Ty - V(g o T,
< Lip(Ve)|T = Tul, + [V 0 Tl Lin(T, — Id).

Letting n — 400 we get the thesis. O

5. Regular curves and parallel transport along them. In this section we
introduce a class of sufficiently regular curves in the Wasserstein space along which a
parallel transport can be defined.

Having the Riemannian analogy in mind (see in particular (3.6)), we would like to
say that u; € Tan,, (%2(R?)) is a parallel transport if || P (u(t+h)) — u(t)|| ., = o(h),
where P} are suitable projections from Tan,, ,, (Z2(R?)) to Tan,, (%2(R%)) induced
by maps pushing p to peyn, as in Definition 4.1. It is natural to relate these maps
to the tangent vector of the curve, see also Remark 5.15.

We know from the classical Cauchy-Lipschitz theory that, if the tangent vector
v; of py satisfies fol Lip(v¢)dt < 400, then the flow maps exist and are Lipschitz
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functions of the space variable. More precisely, there exists a unique family of maps
T(s,t,x) : [0,T] x R — R? which we call the flow of the curve p, absolutely
continuous with respect to ¢t and Lipschitz with respect to x, satisfying

T(s,s,z) = x,
d
—T(s, T, x)|T: = v (T(s,t,2)),

dr t
T(t,r, T(s,t,2)) = T(s,r, ),

T(Sa t, ')#/LS = M-

Here all the equations except the second one hold for all z € R? and s, t € [0,1].
The second one holds, given z € R% and s € [0,1], for a.e. t; it can be written in a

pointwise way, including also the first one, as T(s, ¢, x) — x = f; v (T(s,7,))dr.

DEFINITION 5.1 (Regular curves). Let u; : [0,1] — P25(R?) be an absolutely
continuous curve and let vy € Lit be its tangent velocity field. We say that pg is
regular if

T
/ Lip(vy)dt < +o0.
0

Observe that we are making no regularity assumption on the measures p;. Strictly
speaking, in the definition of regularity we mean that v; has, for almost every t, a
Lipschitz continuous version, and that the (smallest) Lipschitz constant of this version
is integrable in time (recall that v; are uniquely determined only up to ps-negligible
sets).

In the following we will always assume (this is not really restrictive, up to a
reparameterization) that the regular curve is parameterized in [0, 1].

The key property of regular curves needed to prove the existence of the parallel
transport is the following bound on the Lipschitz constant of T(s,t,-) — Id:

Lip(T(s,t,-) — Id) < exp (

/ Lip(v,)dr
t

)—1, t,s€0,1]. (5.2)

This inequality is a simple consequence of equations (5.1), and we recall its proof for
the sake of completeness.

PROPOSITION 5.2. Let T(s,t,-) be the flow maps of a regular curve us. Then:

Lip(T(s,t,-)) < exp (

/ Lip (v, )dr

t

/ Lip (v, )dr
t

), t, s €10,1],

Lip(T(s,t,-) — Id) < exp (

)—L t, s €0,1].

Proof. The first equation follows by a direct application of Gronwall lemma to
the differential inequality

%|T(s,t,x) —T(s,t,9)|* =2(T(s,t,2) — T(s,t,5),v:(T(s,t,2)) —v:(T(s,t,9)))
<2|T(s,t,x) — T(s,t,y)|> Lip(v).
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For the second one, observe that

%'T(Svtu :E) — L= T(Svtu y) + y|2
< 2<T(Sv t, I) — &= T(Sv t, y) + Y, v (T(Sa i, x)) - vt(T(Sa t, y))>
< 2|T(Sa t, 'r) — &= T(Sv t, y) + y”I - y| Llp(vt) Llp(T(Sa t, ))7

therefore the conclusion follows by integrating from s to ¢ the inequality

d S
E'T(S’t’ x) —x —T(s,t,y) +y| < |r —y|Lip(v,) exp (}/ Lip(v,)dr
t

).

DEFINITION 5.3 (Absolutely continuous vector fields). Let u; be a reqular curve
and let uy € Lit be a vector field along it. We say that us is absolutely continuous
if the maps uy o T(s,t,-) € Lis are absolutely continuous for any s € [0,1], where
T(s,t,-) are the flow maps of ;.

For an absolutely continuous vector field u;, we will write %ut S Lit for its
derivative, defined by:
ut+hOT(t7t+h’a') — Uy d

d .
Eut = %{% L - %(UTOT(S,T,'))lT:tOT(t,S,'), Vs € [07 1]
(5.3)

Given that the right composition with T(s,¢,-) is an isometry from Lit to LZS, it
is clear that a vector field wu; is absolutely continuous if and only if for some s € [0, 1]
the curve t — u; 0 T(s,t,-) € L7, is absolutely continuous. Using the second identity
in (5.3) one can easily prove the chain rules

d12 d12 1d2

E<ut’ut>#t = <Eutvut>#t + (uy, Eutﬁw (5.4)

%<V77, ut)p, = (V20 v, ug)p, + (V0 %uﬁm v e C*(R?). (5.5)
for a.e. t € (0,1), whenever u', u?, u are absolutely continuous. Notice also that
t — |lut||,, is absolutely continuous whenever u; is absolutely continuous.

It is important to underline that the definition of derivative of an absolutely
continuous vector field allows us to take derivative of a function u; whose range
belongs to different L? spaces as t varies: actually these spaces can be quite different
from each other, if the support of u; does depend on time.

In the following we will use, without explicit mention, the fact that for any ¢ €
C>(R?) the vector field t — Vo € Lit is tangent and absolutely continuous. Its
derivative in the sense of the above definition is easily seen to be equal to V2 - v;.

We now give a precise definition of parallel transport along a regular curve.

DEFINITION 5.4 (Parallel transport along regular curves). Let u; be a regular
curve and let u; € Tan,, (P5(RY)) a vector field defined along the curve. We say that
uz 1s a parallel transport if it is absolutely continuous and

P, (%ut) =0 for a.e. t€(0,1). (5.6)
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Equation (5.6) may be equivalently written as:

T(t,t+h,) —
lim P, (“”ho ( ’h+ ) “t) —0  inI%, forac te(0,1). (5.7

Another equivalent characterization, thanks to (5.5), is:

d
2 (V) = (V20 v, up),,  for ae. t € (0,1), for all n € C°(RY),  (5.8)

or, in integral form

(Vn, us)py — (Y, we)p, = / <V2n-vr,ur>wdr forallt <s e (0,1),n¢€ C’é’o(Rd).
t

(5.9)

Observe that this equations makes sense even if the underlying curve p; is not
regular, but only absolutely continuous. We will come back to this point at the end
of section 7.

It is also easy to check that also the concept of parallel transport is invariant
under reparameterization: if u; is a regular curve, u; is a parallel transport along it
and r : [0, R] — [0,1] is a Lipschitz reparameterization of [0, 1], then fis := pi,(s) is
regular in [0, R] and @, := u,(s) is a parallel transport along it.

PROPOSITION 5.5 (Linearity and conservation of norm). Let u¢, uy, u? be parallel
transports along a reqular curve py and let X', N2 € R. Then ||ul|,, is constant and
Mut + N2u? is a parallel transport.

Proof. The claim on Mu; + A\2u? follows directly by the linearity of equation
(5.6). To prove that the norm is constant, just recall that ¢ — [lu[|2, is absolutely
continuous and that, thanks to (5.4), its derivative is given by

d. d d
EHutHM = 2<ut, Eut>#t = 2<ut7PMt (Eut) >#t =0.

O

As a direct consequence we get the uniqueness of the parallel transport and the
conservation of the scalar product.

COROLLARY 5.6 (Uniqueness of parallel transport). Let p; be a reqular curve and
let ug € Tany,,(P2(RY)). Then there exists at most one parallel transport u; along ju
such that ugp = u.

COROLLARY 5.7 (Conservation of scalar product). Let u}, u? be parallel trans-
ports along the regular curve p. Then t — <u},uf>#t is constant.

Observe that for parallel transports we have an explicit bound on the norm of
%ut which depends only on the Lipschitz constant of the vectors v;.

PROPOSITION 5.8. Let puy be a regular curve and let us be a parallel transport
along it. Then

< Juo|| o Lip(vy) for a.e. t € (0,1). (5.10)
Mt

d
—U
dt "
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Proof. We will prove that equation (5.10) is fulfilled at any Lebesgue point ¢ of
the function s — Lip(vs). Fix such ¢t and observe that

Hus o T(tv S, ) - utHMt < HPM (us o T(tv 5, )) - utHMt + ”Pult (us o T(tv S, ))”Hr

Dividing by |s —t| and letting s — t we have that the first term goes to 0 by definition
of parallel transport, while for the second one we have the following estimate, based
on Proposition 4.3 and Proposition 5.2:

Pl (us o T(t,s,- . 1
lim sup il ( Dl <lim sup —tHuth Lip(T(¢t,s,-) — Id)
g —

s—tt s—1 s—tt

' efts Lip(v,-)dr _ 1
< timsup |y
s—t

= [luolluo Lip(ve)-

The case s — t~ is analogous. O

Now we turn to the proof of the existence of the parallel transport: u; will be
a fixed regular curve, v; its tangent vector field and T(¢,s,x) its flow. In order to
enlighten the notation we define

D(t,s) := eJi Lintwndr _ 1 g
D(t,s):=D(s,t) 0<s<t

Then we denote by 77 be the linear isometry from L? to L7 given by the right
composition with T(s, ¢, -). Note that from the group property of T(s,t,-) it follows

T =701, Vit s,r€](0,1]. (5.11)
Moreover we define
P () = P, (7 (w)).

Observe that the maps & are non-expansive and that, by inequality (5.2) and Propo-
sition 4.3 we get:

122wl <lwllu,D(t,s),  t, s €[0,1], w e Tan, (F2(RY), (5.12a)
|17 () = 28 W)l <llulln, D(t,s),  t.s€[0,1], u€ Tan,, (P2(R?)).  (5.12b)

To prove the existence of the transport we proceed as in the first section: let 8 be the
direct set of all partitions of [0, 1], where, for P, Q € P, Q > P if Q is a refinement
of P. For P={0=1ty < t; < - <ty =1} € P and u € Tan,, (P2 (R?)) define
P(u) € Tan,, (P2(R?)) as:

P(u) = Pl (P (25 (W)

Finally, we set D*(P) := Y, D*(t;, tit1).

We will prove first that there exists a unique limit 7' (u) € Tan,, (P3(R?)) of
P(u) as P varies in B; then we will define a curve u; with u; = 7¢ (u) € Tan,,, (22(R?))
by considering partitions of [0,¢], and finally prove that this curve is the parallel
transport of u along the curve u;.
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LEMMA 5.9. It holds

D(tl, 81) < D(fz, 82), V[tl, 81] C [tg, 82] C [O, 1], (513&)
n—1
D Ditites1) < D(ts), t=t1<...<ty=s, (5.13b)
i=1
D2(t
lim (t5) _ =0 for a.e. t €10,1], (5.13¢)
s—t |S — t|
lim D?(P) = 0. 5.13d
Mo, D( ) (5.13d)

Proof. Equation (5.13a) is clear. For (5.13b) we need to prove that e —1+e?—1 <

at+b _ 1 for positive a, b, which is obvious.

e
The convexity of ¢ — €“—1 in [0, fol Lip (v, )dr] gives

efol Lip(vy)dr _ 1 s .
D(t,s) < | —g——— / Lip(v, )dr, (5.14)
fo Lip(v;.)dr ¢

from which, taking the integrability of Lip(v;) into account, (5.13c) follows at every
Lebesgue point of ¢ — Lip(v;). Finally, from (5.14) we get

ZD tiint cz</ " Lip vr)d>

tit1 1
< C'max {/ Lip(v,) dr} / Lip(v,) dr,
¢ ti 0

from which (5.13d) follows, taking the absolute continuity property of the integral
into account. O
The following lemma corresponds to Lemma 3.2:

LEMMA 5.10. Let 0 < s1 < s2 <s3 <1 and let u € Tan, (23(RY)). Then:

2

| 252 (u) — 955(953(@)“#53 < ullp,, D(s1,82)D(s2, 53). (5.15)

Proof. Observe that, thanks to the semigroup property (5.11), we have
P w) = Z3(75 (w) = Z5(15 (u) — 3 (u),
and that 72 (u) — 2232 (u) € Tamts2 (23(R9)). Therefore the thesis follows by a direct
application of inequalities (5.12). O

COROLLARY 5.11. Let P = {t =ty < t1 < -+ < t, = s} be a partition of
[t,s] C [0,1] and let Q be a refinement of P. Then:

IP(w) = Q). < llull, D*(P)  for every u € Tany, (F2(RY)). (5.16)

Proof. Without loss of generality we may assume [t,s] = [0,1]. Fix ¢ < n such
that (¢;,ti41) contains some element of Q and write QN [t;, tir1] = {ti = 10 < 8i1 <
- < 8i k(i) = tip1} for some k(i) > 1. Now, we claim that
125557 (ue,) = P (Pl (- (P ) ey, < e, D (s tisr)
(5.17)
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for all uy, € Tany, (P2 (R9)). Indeed, the right hand side of (5.17) can be estimated
by

P (ur,) = P80 (PO Fue ),
F N2 (P50 () = 280 (P - (25w e,
< ||utl| utiD(Sz 05 Si,k(i)— 1) (Sz k(i)—1> Si,k(i))
F 1280 (ur) = P (P s - (P (we))) e,
k(i)—1 k(i)—1
<, Y D(si0,5i5)D (i 8i501) < el D(tistivn) > D(sij,sijt1)
=0 =0

< ||uti||ﬂtiD2(ti7ti+l)-

Now, let us assume that (¢g, 1) contains some element of Q and let P’ = [t1,1] NP,
Q' = [t1,1]NQ, u € Tan,, (P2 (R%)) and v,w € Tan,,, (P2(R?)) be such that P(u) =
P’(v) and Q(u) = Q'(w). Then, the inequality (5.17) with ¢ = 0 reads

lv = wll, < llulleD?(to, tr),
(the estimate is trivial if @' N (¢o,¢1) = 0, because v = w) so that

IP(u) = Q)l,,, < IIP'(v) = Q(W)llu,,, + 112 () = Q' (W),
<IP'(w) = Q@)llus, + llullee D* (to, t1).

Since ||v]|¢, < ||ulls, we can apply repeatedly (5.17) in the intervals (¢;,¢;4+1) to obtain
IP(u) = Qu)llu, < llullu,D*(P). O
The following result follows directly from the previous corollary and from (5.13d).

THEOREM 5.12 (Existence of the limit of P(ug)). Let uy be a regular curve and
let ug € Tan,,(P5(RY)). Then limpeg P(ug) ewists.

Define 7;!(ug) as the vector obtained by the limit process described above and
observe that, by repeating the arguments to the restriction of y; to the interval [¢, s],
we can define a map 7;° : Tan,, (Z3(R?)) — Tan,, (%22(R?)) whenever ¢ < s. Fur-
thermore, by considering the curve t — u1_+, we can define the maps 7;° even for
t>s.

PROPOSITION 5.13 (Group property). Let p; be a regular curve and let T,° :
Tany, (22(R?)) — Tan,_ (P22(R)) be defined as above. Then

TPoT!=T5  Vr, s tel01]. (5.18)

Proof. Let us first assume r < ¢ < s. In this case it is sufficient to observe that,
by definition of limit over a direct set, the limit over all partitions coincides with
the limit over all partitions which contain the point ¢. The thesis then follows easily.
For the general case it is suﬁicient to prove that 7, = (7!)~!, or, without loss of
generality, that 7 = (7;°)~!. The latter equation will follow if we show that

Im lu =P (P)y =0 Vu € Tan,, (Z2(R)), (5.19)
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where Pt : Tan,,, (Z2(R?)) — Tan,,,(%2(R?)) is defined by
PHu) = P (2P 277 (W)

for the partition P = {0 =ty < t1 < --- < t, = 1} (and, in particular, it is not
the functional inverse of u — P(u)). Observe that for any u € Tan#ti(gzg(Rd))
the identities u = 27 (/7" (u)) and P,"** (u) — 7./** (u) € Tany,  (Z2(R%)), in

i+1
conjunction with inequalities (5.12), yield

125 (21 () =l =NPEL (L (@) =7 (W),

t; ti
<[220 () = 77 (W)l ae, D (i i)
LJul|u, D?(ti, tis1)-

For any u € Tan,, (%2(R%)) we obtain

lu = 28, (- (21" (P (W)l o
< llu—= ZLULE @)l + 120 (25 () = 2, (21" (P()) o
< lully D*(0,t1) + o = 22 (- (P4, _, (P (@),

where v = ' (u) and P’ = {t; < --- < t,,} (so that P’(v) = P(u)). Since vl <
|lull o We can continue in this way, to arrive at

lu = 25 (- (21" (P@)Dlso < Ntll oo D (P)

and this, taking (5.13d) into account, leads to (5.19). O

THEOREM 5.14 (Existence of the parallel transport). Let u; be a regular curve,
let up € Tan,, (Z2(RY)) and let T, be the maps defined as above. Then the vector
field uy := T (ug) is the parallel transport of ug along the curve.

Proof. Consider any interval [t,s] C [0, 1], its trivial partition P = {¢, s} and any

(finer) partition (). Applying inequality (5.16) and passing to the limit on Q we get

128 (w) = T2 (W, < llulluD*(t.5)  Vu € Tan,, (P2(R7)). (5.20)
Coupling this equation with inequality (5.12b) we get

75 (W) = T2 (Wl <II7(w) = 25 W], + (125 () — T2 ()|
<lullu, D(t, ) (14 D(0,1)) Vu € Tany, (Z2(R)),
which gives the absolute continuity of ¢ — 7 (ug).
Now, pick a Lebesgue point ¢ of the function ¢ — Lip(v;) and observe that in-
equality (5.20) gives
o 128 - T )

s—t |S —tl

B2 =0 for all u € Tan,,, (P2 (R%)).

In particular, choosing u = 7 (ug), we obtain || 2 (u) — us||,, = o(s — t). Therefore,
to conclude it is sufficient to prove that

t s _
1im P#t (TS(L@t (u)t) u
S —

s—t

> -0 Yu € Tan,, (P2(RY)).
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Observe that 277 (u) — 77 (u) € Tanﬁs (Z3(R9)), therefore from inequalities (5.12) we
get

[P (e (25 () = wllpee = 125( 2% (u) = 75 (w) L,
< (127 (u) = 77 (W)l Dty 5) < [Jull, D (2 5)-

d

REMARK 5.15 (Parallel transport along a flow). Observe that the approzimation
argument presented in Section 5 to build the parallel transport, works as well if, instead
of assuming that the curve p; is regular, we assume the existence of a family of
maps X (t,s,x) having the group property X(t,s, X (r,t,z)) = X(r,s,x), satisfying
X(t, 8, )t = ps and such that the Lipschitz constant of X (t,s,-)—1Id is bounded by a
function D(t,s) having the properties (5.13). In other words, we drop the requirement
that X 1is the flow of the tangent vector field, but just choose a vector field v; with
fol Lip(9:) dt < oo for which the continuity equation holds. Recall also that

d

E“t ==V (Dept) in the sense of distributions in (0,1) X RrR?

=V (vepe) =
implies V - (0y — ve)pe) = 0 for a.e. t, i.e. Py, () = v for a.e. t € (0,1).
Using X we would obtain tangent fields @; € Tany, (P2 (R?)), which we call par-
allel transport along the flow X, such that t — wus o X(s,t,-) € Lis is absolutely
continuous for every s € [0,1] and satisfying

X(t,t+h,)—
Pm(lim tepn o XL L4 D) Ut>=O for a.e. t € (0,1)
h—0 h
and
d 2 ~ d oo (Mo d
a<vﬁaut>m = <v U ’Utvut>#t + <V777 %U’O#t VU € Oc (R ) (521)

for a.e. t € (0,1). However, we shall prove in Section 7 that the choice of the tangent
vector field is more natural.

In the rest of the section we analyze some simple examples of parallel transport.

EXAMPLE 5.16 (Equation in the smooth case). Assume that us(z) = Vi(x)
for some smooth functions ¢, smoothly varying in time. Then it is easy to see that
equation (5.6) becomes:

V- ((@cht + VQQDt . Ut)ﬂt) =0. (522)

Equivalently
1
/ /<atwt + V2, vy, V)dpedt =0 Ve C°((0,1) x RY). (5.23)
0

EXAMPLE 5.17 (Constant vector fields). Let y; be a regular curve, let v € R% and
let C, be the function on R¢ constantly equal to v. Define ug := C, € Tan,,,(P(R?)).
The parallel transport u; of ug along i, is given by u; = C,, for all ¢ € [0, 1]. The proof
is immediate: it is sufficient to observe that u,(z) = V(t, z), where p(t,x) = (z,v)
and to verify that ¢ satisfies equation (5.22).
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EXAMPLE 5.18 (Geodesics). Consider a geodesic p; defined on the interval [0, 1]:
we want to prove that in any interval of the form [e,1 — ¢] with € > 0 the geodesic
is regular. Fix ¢ € (0,1); it is well-known (see [1, 7.2.1] for instance) that there
exists only one optimal plan between u; and pq and that this plan is induced by a
Lipschitz map Ty with Lipschitz constant bounded by t~. We know also [1, 7.2.2]
that for s € [t,1] it holds pu, = (Id + $=%(T} — Id)) s, the transport map T} being
optimal. Computing the velocity vector vy as limit of the optimal transport maps as
n (2.5), we get v, = (1 —t)~1(T} — Id), therefore its Lipschitz constant is bounded by
(1+t)(t(1 —t))~L. Our claim on the regularity of p; in all intervals [, 1 — ¢] follows.

Now assume that the geodesic [0,1] 2 ¢ — p; is regular. Such a p; must be
induced by a Lipschitz optimal map 7. In this case its flow is given by

T(t,s,-) = (Id+s(T(-) — Id)) o (Id + +(T(-) — Id))~"
and the velocity vectors satisfy

vo =T — Id,
vs =v0T(t,s,),

therefore a direct calculation shows that v; is a parallel transport.

Let us consider now a locally regular curve in (0,T], i.e. a curve p; such that
the function Lip(v;) belongs to Li ((0,T]): for instance, this is the case of constant
speed geodesics in [0, 1], that are locally regular in (0,7] for all T € (0,1). In the
following proposition we show how existence of the “forward” parallel transport can
still be achieved along locally regular curves.

PROPOSITION 5.19 (Forward parallel transport along locally regular curves). Let
we be an absolutely continuous curve in [0,T], locally regular in (0,T], and let uy €
Tan,, (P5(RY)).  Then the parallel transport of ug along w; exists, i.e. a locally
absolutely continuous vector field uy € Tany,, (P2(R?)) in (0,T] which is a parallel
transport in (0,T] and satisfies ugpe — uopto as t | 0 and ||uel|p, = ||wolluo-

Proof. We will use the inequality

17°(Ve) =

pe < Lip(Vo)Li (pr), (5.24)

where L5 () is the length of p,. restricted to the interval [¢, s]. This inequality is a
consequence of the fact that s — 7,°(Vy) — Vo € Tan,_(P2(R?)) is an absolutely
continuous vector field in [t, 7] and of the differential inequality

d
£II7?(V90) — Vo2, = 2T (V) — Vi, = (TS(V%?) Vé)) .
d
=T (Vo) = Voo, (T (Vo)) = Vi),

= 2T (V4) - Vo, B, (- (T (V) — Vg 02)),,
= AT (V) - Ve, B (V20 va)),

= AT (V) - Ve Vi),

< 2T (V¢) ~ Vel Lin(Ve)loall.
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Start assuming that ug is the gradient of ¢ € C°(R?). Fix ¢ > 0, think V¢ as a
vector in Tan,_(%2(R?)) and define the vectors uf := T (V) for any t € [¢,T], so
that we have ui = V. From

lug —uill = llug =il = 175(Ve) = Vel <Lip(Vew(e) 0<e’ <e<t<T,

with w(e) =[5 [|ve]lu,dt, we get that for any ¢, the family {uf} converges in
Tany,, (22(R%)), as ¢ — 0, to a vector u, satisfying [|u§ — ul|,, < Lip(Vp)w(e).
The limit vector field w; is easily seen to be a parallel transport in the interval (0, T7:
indeed from the uniform bound (5.8) we get its local absolute continuity, and we
conclude by the stability of the solutions of (5.9).

From

el = tim 1, =i [, = tim [ Ve
we get that the norm of w; is constant, and equal to ||V¢|,,. Finally it holds
<u€a 77>N5 = <u€ - uiﬂﬁus + <u§a 77>H5 =R. + <v</)a 77>N5 Vn € Cgo(Rdde)v

where the term R, is bounded by ||u; — u§||,, sup || < w(e) Lip(Ve) sup |7|.

For the general case, just approximate ug with smooth gradients ug, apply the
construction above to obtain the existence of forward parallel transports uj of ug
and use the fact that (clearly) ||u} — u"||,, = |Juf — ui*|lu, to get that for any t
the sequence (u}') strongly converges to some u; satisfying |lu||,, = ||uol|u- By the
stability argument used above we get that u; is a parallel transport on (0, 7], so we
need just to prove that u; weakly converge to ug as t — 0. To prove this, observe that
since [0,7] 3 ¢ — u} is a forward parallel transport, passing to the limit as ¢t — 0 in
(5.9) we get

t
()~ Vi, = [ ), dr < Lin(Vn)o(t) iy € C2<(RY),
0

Letting n — oo in the above inequality the weak convergence follows. O

Now we give an example of a geodesic along which a parallel transport does
not exist globally: we proved in Proposition 5.19 that the forward parallel transport
exists in [0,1) for all constant speed geodesics u; : [0,1] — Po(R%). We will see,
on the other hand, that for T' € (0,1) the backward problem of a transporting ur €
Tan,, (Z2(R%)) to some ug € Tan,,(P2(RY)) does not have solution in general.
The obstruction to the construction we made of the parallel transport is the fact
that supp(uo) is not necessarily homeomorphic to supp(u:) for ¢ > 0. This change
of topology cannot happen along a regular curve: indeed, the flow maps T(¢,s, )
are (actually, can be extended to) bi-Lipschitz homeomorphisms of R? into itself.
Therefore, since supp(us) = T(t, s,supp(pt)), the supports of ¢, as ¢ varies, are all
homeomorphic. We will see that, in this situation, not only the parallel transport
can’t be built with flow maps, but also that it may happen that the parallel transport
does not exist.

EXAMPLE 5.20. Let Q = [0,1] x [0,1] be the unit square in R? and let Ty,
i =1,2,3,4, be the four open triangles in which @Q is divided by its diagonals. Let
po = xQ-L? and define the function v : Q — R? as the gradient of the convexr map
max{|z|, |y|}, as in the figure. Set also w = v*, the rotation by 7/2 of v, in Q and
w =0 out of Q. Notice that w is a divergence-free vector field in the whole of R2.
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Set py == (Id + tv)gpo and observe that, for positive t, the support Qi of p is
made of 4 connected components, each one the translation of one of the sets T;, and
that puy = xq,-L>.

Ha [

1t is immediate to check that py is a geodesic in [0,00), so that from Example 5.18
we know that the restriction of u; to any interval [, 1] with € > 0 is reqular. Fixe >0
and note that, by construction, the flow maps of p: in [e,1] are given by

T(t,s,-) = (Id + sv) o (Id +tv) ™', Vt, s € e 1].

Now, set wy := wo'T(t,0,-) and notice that w; is tangent at pt, because wy is constant
in the connected components of the support of pi. Since wipp o T(t,t + hy-) = wy,
from (5.7) we obtain that w: is a parallel transport in [e,1]. Furthermore, since
V - (wpo) = 0, we have wy = w ¢ Tan,,(P2(R?)). Therefore there is no way to
extend wy to a continuous tangent vector field on the whole [0,1].

6. Density of regular curves. Aim of this section is the proof of a density
result for regular curves. It is well-known that the set

PyRY) = {pe PRY : p< L%

is a geodesic subspace of Z5(R?) (i.e. any geodesic between two points in Z¢(R%)
is entirely contained in 22§(R%)) and the same is true for the subsets {u = p.Z? :
lpllo < C}. Our approximation will be obtained with measures in this class, and
preserves these upper bounds on the densities, if any.

The delicate point in our approximation result is due to the fact that regularity
imposes a Lipschitz condition on the tangent velocity field. The typical approxima-
tion schemes for solutions to the continuity equation, on the other hand, produce a
regularized vector field that is compatible with the regularized density, but it is not
tangent in general. Therefore a further projection of the regularized velocity on the
tangent space is needed.

The following lemma will be used in the reduction to compactly supported mea-
sures.

LEMMA 6.1 (Monotone approximation). Let py : [0,1] — Z2(R9) be absolutely
continuous and let vy be its tangent velocity field. Then there exist absolutely contin-
uous curves pf : [0,1] — Po(R?) and z, T 1 satisfying:
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(i) znpu} T pe for all t € [0,1] and sup, Wa(u, ) — 0 as n — oo;
(i) the tangent velocity field of u} is ve, and there exists a closed ball By, such
that supp uf C By, for all t € [0,1].

Proof. Let € be the Banach space of continuous maps from [0, 1] to R? and let
er :  — R? be the evaluation maps at time ¢, i.e. e;(w) = w(t). According to [1,
8.2.1], we can represent y; as the law under e; of a suitable probability measure 7 in €2,
concentrated in the set of absolutely continuous solutions of the equation w = v¢(w).
Let

1
Q= {w € Q : w is absolutely continuous, |w(0)| < n, / |wldt < n}
0

and set 7, = X, 7, 2n = N(Q) = 7, (Q) and uf = 2, (er)nn. It is easy to check
condition (i), and that the support of u? is contained in the ball Ba,(0). Since also
7 18 concentrated on curves solving the ODE w = v;(w), it turns out that v, is an
admissible velocity field for uf (i.e. the continuity equation holds, see again [1, 8.2.1]
for instance). We conclude that v; is the tangent velocity fields noticing that, because
of condition (i), v; € Tan,, (% (R?)) implies v; € Tan,p (P2 (R?)). O

We can now state our approximation result.

THEOREM 6.2 (Approximation by regular curves). Let u; : [0,1] — P25(R?) be
an absolutely continuous curve. Then there exist reqular curves uf : [0,1] — Po(R?)
satisfying:

(i) sup, Wa(ut, ) — 0 as n — 4o0;

(i) py = pp L™, sup, [|p} e < +00, pf are smooth, the smooth tangent velocity

fields v} are gradients of smooth maps ¢ : R? — R satisfying sup, Lip(v}) <
oo and {p} > 0} is a bounded open set with a smooth boundary;

(iii) if vy € Lit is the tangent field of p:, we have that vy uy weakly converge to

vy and

tin [ fop Pt = [ o
n—oo

Proof. Step 1. Regularization of 1-periodic solutions.

By Lemma 6.1 and a diagonal argument we can assume that the supports of
are contained in a fixed compact set. By a scaling argument, we can also assume with
no loss of generality that the union of these supports is a compact subset K of (0,1)9.
We consider the 1-periodic extension ub® of yuq, still solving the continuity equation
with the 1-periodic extension v}*" of v;, and the regularized densities

OF =My * Xn,
still 1-periodic. Here x,, is a family of smooth and symmetric w.r.t. 0, convolution
kernels converging to o whose support has a diameter equal to 2v/d. With this choice
of xn, we have inf; inf o} > 0, and standard properties of convolution yield

per

sup ¢} < sup 1y (-1, 2]%) sup x», = 3% sup xn.

Analogous bounds hold, of course, for all higher order derivatives of g}'. Passing to
the velocity fields, we consider as in [7, 1] this regularization:

(08 ™) * Xn

oy

J—
wy =
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which satisfies, thanks to the lower bound on g, sup, Lip(w}') < co (and the same
holds for higher order derivatives) and preserves the validity of the continuity equation.
Eventually we consider the projection v;* = V} of wi* on periodic gradients by solving
the PDE

V- (Veior) =V - (wi'or)

From the variational formulation of the PDE we obtain

[ wPardr< [ o (6.1)
(0,1)¢ (0,1)¢

We can use standard elliptic regularity theory to obtain that sup, Lip(v}') < oo.
Moreover, using Jensen’s inequality as in [1, 8.1.10], we have the local estimate

[ rtaas [ [ e - owartw. 62

Step 2. Construction of the approximating sequence.

We build pf = pp2? € 23(RY), with the same velocity field v}, from the
periodic measures of'.#¢. To this aim, we shall first consider o' as measures in
the flat d-dimensional torus T? ~ (0,1)¢, with velocity field v7'. We denote by P
the Lebesgue measure on T?, by X"(t,z) : [0,1] x T¢ — T% the smooth flow of v}
(starting from s = 0), and by 7, the probability measure in C([0,1]; T¢) defined by

Nn = Xn(ta )#(QSP)

Equivalently, 7, is the law of the random variable z — X"(-,z) € C([0, 1]; T%) under
opP. Classical representation results for solutions to the continuity equation with a
Lipschitz vector field ensure that ofP = X"(t,-)x(0pP), and since e, o X"(-,z) =
X"(t,x) we obtain

(er)pnn = 0P Vte[0,1], neN. (6.3)
From (6.1) and (6.2) we get

1
sup/ / [of |20l dP(x)dt < oo
n Jo Jrd

and this, using Prokhorov theorem as in [2, 11], gives that (n,) is a relatively com-
pact sequence in Z(C([0,1]; T%)). It is not restrictive, extracting if necessary a sub-
sequence, to assume that (n,) weakly converges, in the duality with continuous and
bounded functions in C([0,1]; T?), to some probability measure 1. Passing to the
limit as n — oo in (6.3) we obtain that (e¢)xn = pf'” for all ¢ € [0,1], and this means
that n-almost all the paths w are contained in K (here we denote by K the image of
K in T¢ and we consider uf" as probability measures in T4).

Now, let § < 1 be such that K is contained in the interior of [§,1 — §]¢ and define

N = zglxg((;)nn, where
Q(6) := {w € C([0,1]; T%) : w(t) mod(1) € (5,1 —6)* vt € [0,1]}, Zn = N (Q(0))

(in other words, we remove the trajectories that cross 9(8, 1—6)?). Since n is supported
on paths contained in K, we have that z, — 1 and still 7, weakly converge to
X5 = 1. We define
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where &;(w(t)) = w; mod(1) € [0,1)%. The measures u? can also be represented by
pi =2 Y () (e (9) 052, (6.4)

where Y (t, ) = X"(¢,2) mod(1) and E"(§) = {z € (0,1)? : X"(-,x) € Q(J)}.

By construction uf are probability measures in R? concentrated on [§,1 — §]¢. It
is immediate to check that the tangent field to uj is vj* (because 7, is concentrated
on solutions to the ODE & = v} (w) in T%, and v} are gradients). In particular u}' are
regular curves and the convergence of up to u; follows at once from the convergence
of N, to m, using the evaluation map é;. Notice also that the inequality 2,7, < 7,
and the fact that the mass of their difference is infinitesimal imply

s} < Qf 2t and  lim (02— z,)((0.1)) = 0. (6.5)
Step 3. Convergence of velocity fields.
Notice first that (6.1) and (6.2) give

limsup/|vf|2d,ut <hmsup/|vt et (W) dnn (w —hmsup/|vt | of

n—oo n—oo

< hmsup/|w”|2gfd]P>

n—oo

<timsup [ / (0o — y)dodi™(0) = [ Joudp

n—oo

Now, recall (see for instance [1, 9.4.3]) that the functional

_ [P it = guvith g e 22z,

+00 otherwise

G(v, )

is jointly lower semicontinuous in %5(R%) x %5 (R?) with respect to weak convergence
in the duality with C,(R?), to obtain that any weak limit point o of v?u? as n — oo
has the form oy, for some ¢ € L2, with [|8]|,, < [[v¢]|,,. On the other hand, passing
to the limit in V - ((w} — v}*)e}) = 0 and taking into account the weak convergence
in the duality with C.(R?) of w}o? = (v up*") * xn to vP" ub and the convergence
to 0 in (0,1)¢ of oP.#% — u? (ensured, even in the strong sense, by (6.5)) we get
V- (o —v)pe) = 0. Since vy is tangent and ||0]|,, < ||velly,, it must be o = v. This

proves the weak convergence of velocity fields that provides also, thanks to the lower
semicontinuity of GG, the lim inf inequality

liminf/|vf|2d,u? > /|vt|2d,ut.
n—oo

Step 4. Eventually we can regularize the characteristic function of the set E™(J)
n (6.4), by smooth functions x™ such that {x,of > 0} is smooth and bounded, to
approximate the curve p by curves with the same velocity field and smooth densities
with respect to .Z¢, with smooth supports. 0

7. Additional remarks and extensions. In this section we describe in a more
informal way, referring to [8] for more details, some additional construction made
possible by the existence of the parallel transport along a sufficiently large class of
curves.



PARALLEL TRANSPORT IN WASSERSTEIN SPACE 23

7.1. Covariant derivative and curvature operator. It is well known that,
in the classical Riemannian setting, the definition of parallel transport leads to the
one of covariant derivative via the formula

V. yult) = lim 220 —u®) (7.1)

s—t S—t ’

where 7(t) is a smooth curve, u(t) € Ty M is a smooth vector field and T7, for any
s, t, is the parallel transport map from 7', M to T',;) M along 7.
The same construction may be used in the Wasserstein setting:

DEFINITION 7.1 (Covariant derivative). Let u: be a regular curve, let vy €
Tany,, (22(R%)) be its velocity vector and let uy € Tan,, (P5(RY)) be an absolutely
continuous vector field along ui. The covariant derivative of us along vy is:

THug) —
Vo, tg := lim —2———— (us) — e

s—t s—t ’

where T} are the parallel transport maps along p; and the derivative takes place in
L? .
Kt

Using the definition of absolutely continuous vector field, it is not difficult to check
that the covariant derivative exists for a.e. t and that the function ¢ — ||V, u|, is
integrable. Indeed, inequality (5.20) implies that the covariant derivative satisfies:

Plug) — uy _p, ( us o T(t, s, ") —ut> .

lim

Vo, ug = lim
s—t s—t

s—t s—1

(7.2)

If the vector field u; is given by the gradient of smooth functions, i.e. if u; =
V¢ () for some @y € C°(R?) smoothly varying in time, the previous equation reads
as

Ve = P, (:V 0 + Vi - vr). (7.3)

Equation (7.3) and the analogous one (5.22) were first given in [10], although
from a formal viewpoint and under stronger assumptions on the measures ;.

Having defined the covariant derivative, our first goal is to prove that it is the Levi-
Civita connection on (%3(R9), W3). Recalling the discussion made for the classical
case of Riemanniann manifolds, we need to prove that it is compatible with the metric
and torsion-free. The compatibility with the metric is a simple consequence of the
definition: indeed, for a given couple of absolutely continuous vector fields u;, u? €

Tan,, (Z22(R?)) along the regular curve p;, we have:

d d d
E<u%’u§>llt = <%u%7ut2>ut + <U%, Eu§>ﬂt
d d
= (P, (Eu}) Ju7),, + (ugs P, (E“?> i» (7.4)

= <V'Utu%7 u%>m + <u1}7 vvt”%)#t7

having used the Leibnitz rule (5.4) and the fact that both vector fields are tangent.
To prove the torsion-free identity, we need first to understand how to calculate

the Lie bracket of two vector fields. To this aim, let u?, i = 1, 2, be two regular curves

such that p§ = pd =: p and let uf € Tan,i (Z2(R?)) be two absolutely continuous

7
t
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vector fields satisfying uy = v3, ud = v}, where v} are the tangent fields of ui. We
assume that the velocity fields vf of p! are continuous in time (for instance with
respect to the convergence considered in Section 7.2), to be sure that (5.5) holds for
all t with u = u® and the initial condition makes sense.

Let us consider vector fields as derivations, and the functional p +— F,(u) =
[ ndp, for n € C (R9) fixed. By the continuity equation, the derivative of F, along
u? is equal to (Vn, uf)ug, therefore (5.5) gives:

d d
dt<V77aUt> 2|t—0 = <v UM U(2)au0> <V777 dtu%|t:0>u

<V2T] u07u0> <V775 vvgu%>

ul (u? (Fy)) () =

Subtracting the analogous term u?(u*(F,))() and using the symmetry of V21 and

the identities u}) = vy, i =0, 1, we get

[u17u2](F77)( ) =(Vn,V, LUy —Vugubu'

Given that the set {Vn}yece is dense in Tan, (2% (R?)), the above equation charac-
terizes [ul, u?] as:

[ut, u?] = Vuéuf - Vugu%, (7.5)

which proves the torsion-free identity for the covariant derivative.
In the case of the parallel transport along a flow, considered in Remark 5.15, given
that the right composition with X (t,s,-) is an isometry from L2 to L2 , it holds

<u;= u§>#s = <u; o X(t,s,), U? o X(t,s, ')>#t7
subtracting (u}, ut> , dividing both terms by s — ¢ and letting s — t we get that the
Leibnitz rule holds even using the maps X (¢, s, -):

d d
utl,uf)m (—ulo X(t,s, )| :t,ufmt—i—(ul —u?o X(t,s,-)

ds b ds |5:t>““

et
for any couple of vector fields ui such that ¢ — u} o X(s,t,-) is absolutely continuous
for 4 = 1, 2. From this formula it follows that the parallel transport along any flow
X compatible with u; preserves the scalar product.
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Of course, different parallel transports define different covariant derivatives @Utut
via (7.2): they are expressed by

~ d
Vvtut . Pltt (EUS O)((t,S7 .)|s—t) .

Denoting by v; the velocity field of X, we get that the covariant derivative of the
vector field u; := Vi, p € C2(R?), is given by V.,V = P,, (V¢ - ). It is easy to
check that a generic covariant derivative is not torsion-free. Indeed, assume that it is
and observe that in this case the two following equations hold:

(Voo VE*, VE), + (VO Vo Ve®), = (Vo VP, Ve?) | +(Ve?, Ve Ve?)
Vv Vo2 = Vg2 V! = Vo Ve — V2 Ve

for any ¢! € C° (Rd), i = 1, 2, 3. From these equalities, with some algebraic ma-
nipulations (more explicitely, by following the calculations indicated in the Koszul
formula), it follows that <va,1V902,V<p3>M = (@v¢1Vg02,Vg03>H, so that the two
covariant derivatives coincide. Furthermore, we can consider in the identity

Py (V- (s —v)) =0 Vo e CE(RY)

test functions ¢ € C%(R?) with uniformly bounded second derivatives (by a simple ap-
proximation argument based on the finiteness of the second moments of ;). Choosing

o(z) = [{z,€)|* gives
/g—zwt — v, Edpur =0 Ve CP(RY), € e R

This means the symmetric part of the distributional derivative of the vector-valued
distribution (0; — v ) vanishes; Korn’s inequality gives that the distribution is equiv-
alent to a constant. By integrability, this constant must be 0, i.e. v, = vy ps-a.e. in
R

The definition of covariant derivative allows us to define the curvature tensor and
to check, at least formally, that (22, (R?), W) is positively curved by proving that its
sectional curvatures are always non-negative. The spirit of the foregoing discussion
and the calculations we do, are basically borrowed from Lott’s work [10].

Given four vector fields pu — Vi, € Tan,(P(R%)), i = 1,...,4, the curvature
tensor R calculated on them is defined as:

(R(Ve,, Vor) (Vo) Vou) . : = (Vv (Ve Ver), Veu),
— (Vv (Vver Vi), Veu),
3 4
_ <V[V‘Ph7v‘f’ﬁ]vc‘0:‘“ VQD#>#.
With the same calculation used in the classical Riemannian case, it is easy to check
that R is actually a tensor, i.e. that its value at the measure p depends only on the
value of the four vector fields at p. Therefore in order to evaluate it, we can consider
the simpler vector fields p — V! € Tan,(22(R?)), i = 1,...,4, where the functions

©' do not depend on the base measure p. This will simplify the calculations. Under
this assumption we have

V.,V = P, (V0 0) Vo € Tan,(P2(RY)). (7.6)
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In order to give an explicit formula for R, it is useful to introduce the function
Eu(pt p?) € L2 as

§ulph, %) == Py (V29" - V?) = V3! - V» — Vg, Vo' ().
Observe that from V2p! - Vo? 4+ V20?2 - Vol = V((Vel, V?)) € Tan, (22(R?)) we
get Eu(p', ¢%) = —Eu(¢?, ¢").

PROPOSITION 7.2. The curvature tensor is given by

(R(Ve!, Ve?)(Ve®), Vo), =(€ul(@", 0), 69?0, — (€9, %), €l M)
— 2(6u(0", 9, 6u(#®, 0") -

Proof. Define iy = (Id + tV¢')gp and F(v) = [ndv with n = (VZ? -
V2, Vet). Evaluate the derivative at t = 0 of F(u;) to get

d d

EF(ut”t:O = E /’I] [¢) (Id + tvspl)d/”t:() = <v7’], VQP1>#'

On the other hand, using equations (7.6) and (7.4) we have

d _ d 2 3 2 4

%F(/’Lt)hzo - E<V 2 VSO 5V<P >Mt|t:0
d

= E<Vv§a2vw3(ut),vw4>m|t:0

= (Vo (Vo2 Ve), V'), + (Ve Ve, Vo V') .

Coupling the last two equations and then using the trivial identity (P, (v), P,(w)), =

o
(v,w), — (P (v), Pj(w))u, valid for any v, w € L7, we obtain the equality
(Vou (Ve Ve?), V'),
=(V((V?¢* - V§*, V")), V'), = (Ve Ve?, Vo V'),
=(V((V?¢® - V¢?, V")), Vo), — (V26 - V?, V2 - Vel),
+ (€u(2%, %), Eule™, 1) -
The computation of the gradient of (V23 - V2, Vi) gives
(Voo (Ve Ve?), Vol ,
z/Vggog(chQ, V!, Vol )du + (V2P - Vit V22 . Vg01>u (7.7)
+ (€u (@, 0%), Eule®, ©1)) -
Analogously, it holds:
(Vve2 (Ve Ve?), Vol
:/vsw(v(pl,v(p{v@?)d%L (V2% - Ve, V2! - Ve?) (7.8)

+{€u(¢®, 901 60, 07) 0
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so that, subtracting (7.8) from (7.7), the symmetry of V33 gives
(Vyei (Ve Ve?), Vol), = (Ve (Ve Ve?), V'),
=(V2p® - V!, V292 - Vo), — (V29 - V!, V2! - V), (7.9)
+ (€u(9% 0, €0, 1)) — (€u(@%, 1), a9, 07)) e

Recalling equation (7.5) we get

<V[V<p1 V2] V<P37 VQP4># =

V2S03 . PM(V2Q02 . VQOI _ v2g01 . VQO2),VQ04>#
Pu(V?p? - Vo' — V2! - V), V2 - Vo',
v?w?) . V<p4, v2902 . ngl _ V2Q01 . V<p2>#
Eu(0? 0, 6u(@®, 0N, + (a9, 07), Eu(6°, M) 0

o~~~

—~

Subtracting the last equations from (7.9), all the terms except those involving the
functions &, cancel, and the thesis follows. O

From the representation formula of the curvature tensor, it follows immediately
that the sectional curvatures of %;(R%) are non-negative (for the definition see [6],
Chapter 4, section 3). Indeed, it holds:

(R(Vo, V)V, V), 3lI€ue", @)

KV, Vi) (p) = - -
Vi, V) () IVeIZIVEIZ = (Veo, Vio)s  IVRlZIVYIZ = (Ve, Vi)

7.2. A distance on the tangent bundle. Recall that, for a Riemannian man-
ifold M, it is possible to endow the tangent bundle T'M with a natural Riemannian
metric, the so-called Sasaki metric, in the following way (see also [6], Chapter 3,
exercise 2).

Fix a point (p,u) € TM and choose two regular curves [0,1] 3 t — o'(t) € TM,
i = 1,2, such that a'(0) = a2(0) = (p,u). Let (p'(t),u'(t)) := ai(t) and vi(t) :=
(p'(t)), i = 1,2. Clearly V' := (a')'(0) € T(p)(T'M), i = 1,2. The scalar product
{-,-)" between V! and V? is defined as

(VEVH" = (01(0),v%(0)) + (V1 u' (0), V2 u?(0)).

It is possible to show that this is a good definition, that is, it depends only on V!, V2
and not on the particular curves al(t), a?(t) chosen, therefore it defines a metric
tensor on T'M. It is then easy to see that the distance d on T'M induced by this
metric tensor is given by

(' ). 0%, 0%)) = inf (L))" + T (") - P (7.10)

where the infimum is taken among all the smooth curves «(t) in M connecting p! to
p?, L(7) is the length of v and 7 (u') is the parallel transport of u! along « to the
point p2.

Now turn back to the space (Z2(R?), W). Define the tangent bundle as

Tan (22(R?)) := {(p,u) : p€ Po(RY), u € Tan,(P2(R%))},
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and say that a sequence (fn, up) converges to (p,u) if:
n—oo
Jim flun e, = llulu, (7.11)

lim (u,, Vo), = (u,Ve), VYpeCZRY).

Even if we do not have a differential structure on the tangent bundle, and therefore
we cannot mimick directly the definition of the Riemannian distance on it, equation
(7.10) suggests the introduction of the following function on [Tan (5 (R%))]2:

fmmmww%=%{wwm”ﬂw—ﬁwmﬂ,

where the infimum is taken on the set of regular curves py : [0,1] — P5(R?) such that
o = p and p1 = v, L(u) is the length of py and 7;° are the parallel transport maps
along p;. In particular we define d((u, u), (v,v)) := 400 if there is no regular curve
connecting p to v.

The function d behaves like a distance on Tan (Z3(R%)), the only problem being
that it is not real valued. Given that regular curves are dense in the set of absolutely
continuous curves, a natural candidate for a relaxation of d is its lower semicontinuous
envelope d*, defined by:

d* ((n,u), (v, v))

= inf{liminfd((un,un), (Vnsvn)) ¢ (ftnsun) — (o), (Unsvn) — (v, v)}

n—oo

However, it is not clear to us whether the function d* is sufficienly well-behaved,
for instance,whether the triangle inequality holds. Therefore we modify a bit the
definition, and we introduce the function D as:

D((,Uﬂ U), (Va 1)))
= inf {d* (1, Vo). (v. V) + = Vgl + o= Vel = . w0 € CRRD}.
With the introduction of D we are allowed to regularize the vectors u, v, provided we

pay the L? difference between the regularizations and the vectors themselves.
The following result is proved in Chapter 6 of [§].

PROPOSITION 7.3. D is a distance and metrizes the convergence in Tan (P2(R%))
in the sense of equations (7.11). Furthermore, for any absolutely continuous curve
(e, ug) in Tan (P2(RY)) the curve g is absolutely continuous in (P2(RY), Ws) and:

li D((MS,US), (/Lt,Ut))
m
s—t |S — t|

> [Jve]| e for a.e. t, (7.12)

where v, is the tangent field of .

Conversely, if us is a regular curve and us is a parallel transport along it, the map
(pe,ug) is absolutely continuous in (Tan (P2(R%)),D) and equality holds a.e. in
(7.12).

This proposition suggests a definition of weak parallel transport along an ab-
solutely continuous curve j;: u; € Tan,,, (ZP2(R%)) is a weak parallel transport along
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uy if equality in (7.12) holds for a.e. t. For a weak parallel transport it is possible to
show that the map ¢ — (u;, V), is absolutely continuous and that its derivative is
given by (5.8).

However, it is not clear to the authors whether the weak parallel transport
preserves the scalar product, or whether the parallel transport is unique. Fur-
thermore, the density of regular curves is not enough to gain existence of weak
parallel transport through an approximation argument. The key problem is that
the space (Tan (P(R?)),D) is not complete, as it may happen for a sequence
((tnsun)) C Tan (P2(R%)) to converge to some (u,u) with u ¢ Tan, (P2(R?)): pre-
cisely, it may happen that W (g, ) — 0, Uppt, — up in duality with C.(R?) and
lvnllw, — |lv|lu- Example 5.20 shows that it might be impossible to extend a (weak)
parallel transport “backward” to the initial point of a geodesic.

REFERENCES

[1] L. AMBROsIO, N. GIGLI, AND G. SAVARE, Gradient flows in metric spaces and in spaces of
probability measures, Birkhduser, 2005.

[2] L. AMBROSIO, S. LISINI, AND G. SAVARE, Stability of flows associated to gradient vector fields
and convergence of iterated transport maps, Manuscripta Math., 121 (2006), pp. 1-50.

[3] L. AMBROSIO, G. SAVARE, AND L. ZAMBOTTI, Existence and stability for Fokker-Planck equa-
tions with log-concave reference measure, ArXiv Mathematics e-prints, (2007).

[4] J.-D. BENAMOU AND Y. BRENIER, A computational fluid mechanics solution to the Monge-
Kantorovich mass transfer problem, Numer. Math., 84 (2000), pp. 375-393.

[5] J. A. CaRRILLO, R. J. MCCANN, AND C. VILLANI, Contractions in the 2-Wasserstein length
space and thermalization of granular media, Arch. Ration. Mech. Anal., 179 (2006),
pp. 217-263.

(6] M. P. po CARMO, Riemannian geometry, Mathematics: Theory & Applications, Birkhauser
Boston Inc., Boston, MA, 1992. Translated from the second Portuguese edition by Francis
Flaherty.

[7] L. C. Evans AND W. GANGBO, Differential equations methods for the Monge-Kantorovich mass
transfer problem, Mem. Amer. Math. Soc., 137 (1999), pp. viii+66.

[8] N. GIGLI, On the geometry of the space of measures in R endowed with the quadratic optimal
transportation distance, Scuola Normale Superiore, Pisa, 2008. (Paper can be downloaded
from “http://cvgmt.sns.it”)

[9] R. JorDAN, D. KINDERLEHRER, AND F. OTTO, The variational formulation of the Fokker-
Planck equation, SIAM J. Math. Anal., 29 (1998), pp. 1-17 (electronic).

[10] J. LotT, Some geometric calculations om Wasserstein space, Comm. Math. Phys., 272 (2008),
pp. 423-437.

[11] J. LoTT AND C. VILLANI, Ricci curvature for metric-measure spaces via optimal transport,
Ann. Math., (to appear).

[12] R. J. McCANN, A convezity principle for interacting gases, Adv. Math., 128 (1997), pp. 153—
179.

[13] S.-1. OHTA, Gradient flows on wasserstein spaces over compact alexandrov spaces, tech. rep.,
Universitat Bonn, 2007.

[14] F. OTTO, The geometry of dissipative evolution equations: the porous medium equation, Comm.
Partial Differential Equations, 26 (2001), pp. 101-174.

[15] G. SAVARE, Gradient flows and diffusion semigroups in metric spaces under lower curvature
bounds, C. R. Math. Acad. Sci. Paris, 345 (2007), pp. 151-154.

[16] C. VILLANI, Optimal transport, old and new, Springer Verlag, 2008.



30

L. AMBROSIO AND N. GIGLI



