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EXISTENCE, CLASSIFICATION AND STABILITY ANALYSIS OF
MULTIPLE-PEAKED SOLUTIONS FOR THE GIERER-MEINHARDT
SYSTEM IN R'*

JUNCHENG WEI' AND MATTHIAS WINTER?

Abstract. We consider the following Gierer-Meinhardt system in R':

_2al _ay A _
A =€ A A+Hq z e (—1,1),t >0,
AT
HS

A=A =H((-1)=H(@1) =0,

rHy = DH — H+

z e (—1,1),t >0,

where (p, q,r, s) satisfy
1<— T i, 1<p<+
o0, P o0,
(s+L-1)

and where e<<1l, 0<D<oo, 72>0,

D and 7 are constants which are independent of e.

We give a rigorous and unified approach to show that the existence and stability of N —peaked steady-
states can be reduced to computing two matrices in terms of the coefficients D, N, p,q,r,s. Moreover, it
is shown that N—peaked steady-states are generated by exactly two types of peaks, provided their mutual
distance is bounded away from zero.
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1. Introduction. Since the work of Turing [26] in 1952, many models have been es-
tablished and investigated to explore the so-called Turing instability [26]. One of the most
famous models in biological pattern formation is the Gierer-Meinhardt system [11], [16], [17],
which in one dimension can be stated as follows:

AP
_ 2 _ _
Ay =eAA A+Hq x € (-1,1),t>0,
AT
(1.1) THy = DAH —H+ 2w (-1,1),1>0,

A'(£1,t) = H (£1,1) = 0,
where (p, g, r, s) satisty

< a
(s+1)(p—1)
and where e<<1, 0<D<oo, T2>0,

< 400, 1< p<+oo,

D and 7 are constants which are independent of e.
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120 J. WEI AND M. WINTER

Problem (1.1) has been studied by numerous authors. Let us mention several important
results which are related to our present paper.

1) (Existence of symmetric N—peaked steady-state Solutions)
I. Takagi [25] first established the existence of N-peaked steady-state solutions with
peaks centered at

2j — 1

IJ:—1+ N )

for e << 1, \/—% << 1.

Such solutions are symmetric and they are obtained from a single spike by reflection.
We call them symmetric N—peaked solution since all the peaks have the same heights.
Takagi’s proof is based on symmetry and the implicit function theorem.

2) (Stability of symmetric N—peaked solutions)

Using matched asymptotic analysis, D. Iron, M. Ward, and J. Wei [15] studied the
stability of the symmetric N-peaked solutions for 0 < 7 < 75 (where 79 > 0 is independent
of €) and the following results are established (formally):

Result A. There exists a sequence of numbers Dy > Dy > ... > Dy > ... (which has been
given explicitly) such that for ¢ << 1: If D < Dy, the symmetric N-peaked solutions are
stable, while for D > Dy, the symmetric N-peaked solutions are unstable.

In the shadow system case (D = o) the existence of single- or N-peaked solutions is
established in [1, 2, 3, 13, 12, 19, 20, 31, 32, 33] and other papers. In the two-dimensional
strong coupling case (D < 00), the existence of 1-peaked solutions is established in [37], and
the stability of N-peaked solutions is studied in [38, 39]. Results similar to Result A are
proved.

3) (Existence of asymmetric N—peaked solutions)

By using the same matched asymptotic analysis in [15], M. Ward and the first author in
[28] discovered that problem (1.1) has asymmetric N —peaked steady-state solutions which
bifurcate off the branch of symmetric N-peaked solutions at D = Dy, where Dy is given
by Result A. Such asymmetric solutions are generated by two types of peaks — called type
A and type B, respectively. Type A and type B peaks have different heights. They can be
arranged in any given order

ABAABBB..ABBBA..B

to form an N —peaked solution. The existence of such solutions is surprising. It shows that
the solution structure of (1.1) is much more complicated than one would expect. The stability
of such asymmetric N—peaked solutions is also studied in [28], through a formal approach.
We remark that asymmetric patterns can also be obtained for the Gierer-Meinhardt system
on the real line, see [8].

The purpose of of this paper is to provide a rigorous and unified theoretic foun-
dation for the existence and stability of general N—peaked (symmetric or asymmetric)
solutions. In particular, the results of [15] and [28] are rigorously established. Moreover,
we show that if the N peaks are separated, then they are generated by peaks of type A
and type B, respectively. This implies that there are only two kinds of N-peaked patterns:
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symmetric N—peaked solutions constructed in [25] and asymmetric N—peaked patterns
constructed in [28].

The existence proof is based on Liapunov-Schmidt reduction. Stability is proved by first
separating the problem into the case of large eigenvalues which tend to a nonzero limit and
the case of small eigenvalues which tend to zero in the limit e — 0. Large eigenvalues are
then explored by studying nonlocal eigenvalue problems using results of [35] and employing
an idea of Dancer [5]. Small eigenvalues are calculated explicitly by an asymptotic analysis
with rigorous error estimates.

A particular feature of the study of small eigenvalues is that one needs to expand the
eigenfunction up to the order O(e?) term. This step is different from the single interior peak
case [35] and the result is given in Lemma 9.4. We remark that a similar expansion is also
needed in the study of small eigenvalues for single boundary spike solutions (see [4] and
341).

We believe that our approach here, combined with the techniques in [15] and [28], can
be very useful in the study of other reaction-diffusion systems as well. With our results we
solve a conjecture which was raised in [18].

It turns out that in the case of symmetric N-peaked solutions for increasing D the first
instability always arises from the small eigenvalues in contrast to the multi-pulses on the
real line [6], [7], [9], where the first instability arises from the large eigenvalues.

In [14] the spectra of asymmetric solutions are studied near the point at which they
bifurcate off a symmetric branch. It is confirmed that all such solutions are unstable in a
neighborhood of the bifurcation point and an explicit expression for the leading order terms
of the critical eigenvalues is derived.

A similar analysis for the Fitzhugh-Nagumo model has been carried out in [22]. We note
also that in [27], H. van der Ploeg used an alternative dynamical systems approach to study
the stability of symmetric spikes.

Before we state our main results in Section 2, we introduce some notation. Let L?(—1,1)
and H?(—1,1) be the usual Lebesgue and Sobolev spaces. With the variable w we denote
the unique solution of the following problem:

(1.2) {w”_wwp_o in R',

w >0, w(0) = maxyepw(y), w(y) =0 asly]— o0

In fact, it is easy to see that w(y) can be written explicitly

0 = (251 (o (5

Let Q = (—1,1) and Gp(x, 2) be the Green’s function of

(1.4) { DGp(x,2) — Gp(x,2) +0.(x) =0 in (~1,1),

Gp(—1,2)=Gp(1,2) =0.

We can calculate explicitly

sinh(26)
(1.5) Gp(@2) =9 o cosh[f(1 — )] cosh[f(1 4+ 2)], z <z <1

) = b~ cosh[f(1 + z)] cosh[d(1 — 2)], —1 <z < 2,
sinh0(20)

where

§=D"12
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We set

- ooz

1
(1.6) Kp(lx — z|) 2\/56
to be the non-smooth part of Gp(x,z) and by Gp = Kp — Hp we define the regular part
Hp of Gp. Note that Hp is C* in both z and z.

We use the notation e.s.t to denote an exponentially small term of order O(e~%/€) for
some d > 0 in the corresponding norm. By C' we denote a generic constant which may
change from line to line.

We shall establish the existence and stability of N—peaked steady-state solutions to
(1.1). The steady-state problem for (1.1) is the following:

AP

eQA”—A+m:O in (—1,1),
pi —H+ 2 in (—1,1)
(1.7) Hs mATs Y
A(z) > 0,H(z) > 0, in (—1,1),
A(-1)=A(1)=H (-1)=H (1) =0.

Since the 1—peaked interior solution has been well-understood in [15], [21], [35] we will
assume throughout this paper that

(1.8) N >2.

This paper has the following structure: In Section 2 we introduce our three main hy-
potheses, (H1) — (H3) and state our three main results, Theorem 2.1, Theorem 2.2 and
Theorem 2.3. In Section 3 we study the spectra of a few nonlocal eigenvalue problems on
the real line. In Section 4-6 we prove the existence of multiple-peaked solutions: In Section
4 we construct suitable approximate solutions, in Section 5 we use the Liapunov-Schmidt
method to reduce the existence of solutions to (1.7) to a finite dimensional problem, in
Section 6 we solve this finite-dimensional problem. In Section 7, we completely classify all
possible N-peaked solutions, provided the N peaks are separated. In Section 8 we study
the large eigenvalues of the linearized operator. In Section 9 we study the small eigenvalues
of the linearized operator and give a complete description of their asymptotic behavior in
Lemma 9.1. Finally, in the Appendix we compute the eigenvalues of the two main matrices
explicitly in the case of symmetric N-peaked solutions.

Acknowledgements. The work of JW is supported by an Earmarked Grant of RGC of
Hong Kong. MW thanks the Department of Mathematics at CUHK for their kind hospitality.
We thank Professor M. J. Ward for valuable discussions.

2. Main Results: Existence and Stability. Let -1 <) <--- < t? <<t <1
be N points in (—1,1) and w be the unique solution of (1.2).
Put

(2.1) € = (6/ W' () dz><p1><s+1)qr'
R

We introduce several matrices for later use: For t = (t1,...,tx) € (—1,1)" let

(2.2) Gp(t) = (Gp(ti,t;))-
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Recall that
Gp(ti,t;) = Kp(|t: — t;]) — Hp(ti, ;).
Let us denote aiti as Vi,. When i # j, we can define V;,G(;,t;) in the classical way. When

i=j, Kp(|ti —t;|) = Kp(0) = ﬁ is a constant and we define

0
VtiGD(ti,ti) = —%h:tiH(I, tz)

Similarly, we define

=2 lomt, 2 ly=t, Hp(x,y) if i=j
23 V V G tz t:) = ox |I—t1 By |y—t1 D 9 s
( ) t; Vit D( ) J) { vtivtjGD(tiatj) if 275]

Now the derivatives of G are defined as follows:
(2.4) VGp(t) = (Vi,Gp(tit)), V?Gp(t) = (Vi, Ve, Gp(ti,t))).

We now have our first assumption:
(H1) There exists a solution (€7, ... ,§N) of the following equation

N
(2.5) Z W N(EN T =), i=1,..,N.
Next we introduce the following matrix
(2.6) by = Gp(t, (€771 B = (byy).

Our second assumption is the following:
(H2) It holds that

p—1
qr—s(p—1)

where o(B) is the set of eigenvalues of B.

(2.7) ¢ o(B),

REMARK 2.1. Since the matrix B is of the form GpD, where Gp is symmetric and D is
a diagonal matrix, it is easy to see that the eigenvalues of B are real.

By the assumption (H2) and the implicit function theorem, for t = (¢1,...,t5) near
to = (t9,...,t), there exists a unique solution £(t) = (£, (t),...,En(t)) for the following
equation

N o
(28) S Goltn e =&, i=1,.,N.
j=1
Set
(2.9) H(t) = (€ (t)d))-

We define the following vector field:

F(t) = (Fi(t),..., Fn (b)),
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where
N ~Aqr

(2.10) Fi(t) =Y Vi.Gp(ti, t)§
=1

= —VtiHD(ti,ti)éiﬁ_s + Z VtiGD(tiytl)élﬁ_sv 1= 15 ey N.
[
Set,
(2.11) M(t) = (§ 1V, Fi(t)).

Our final assumption concerns the vector field F(t).
(H3) We assume that at to = (¢9,...,t%):

(2.12) F(to) = 0,

(2.13) det (M(to)) # 0.

Let us now calculate M(t%): Therefore we first compute the derivatives of f . It is easy
to see that £(t) is C! in t and from (2) we can calculate:

N N
A r PO LN | o 0 L
Vi, & = (pq_ - =) Y Goltit)&FT T VL& + Y 5 (Gt )&
=1 =1 7
For i # j, we have
2 qr N L —s—1 - L —s
Vi, = (p — ) > Golti )€ Vi, &+ Vi, Gol(ti, t)E7 " .
=1
For ¢ = j, we have
. qr N AT 51 - N9 e
Vi, & = (p — " )Y Gpl(tit)] Vil + ) E(GD(tia t1)&r
=1 =1 "

T

N N

r L —s—1 o L —s Aﬁfs

= (pq_ 1~ s) E Gp(ti, t)&"~ Vi,& 4 Vi, Gp(ti, t:)&] + E Vi, Gp(ti, t)§; ,
=1 =1

since %Gp(ti,ti) = 2VtiGD(ti,ti).
Note that

(Ve,Gp(ti t;)) = (VGp)".
Therefore if we denote the matrix

(2.14) VE = (Vi)
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then we have

N
(215)  VE®) = (1~ (L~ )GoH )T (VGn) HET 00 B ()

Let

3
(216) Q= (ay) = (€T + Tyy)

We can compute M (t%) by using (2.15): we note for i # j:

—S

N " e
Vi, O Vi Goltu )& = (Vi, Vi, Gplti t))5]

=1

and for i = j

=1

N qr_ __
Vi ( Z Vi.Gp(ti, tl)) §7

qr

—vtl( > W GD(tl,tz)> P (Vo Vi Hp (b )€
l

=1,...,N,l#t
N A T—s 1 2L —s 2 —s
Z t“ tl - (EKD (0))51}77 + Vti vti Gp (tiv ti)gz}F
;03 e L g
= 9251 B ?g + Vtivti GD(tia ti)gip71
and hence
(2.17) M(@®) = H Y (V3Gp — QH-1
+H*1(pq_7"1 — §)VGpHr 157N — (pq_rl — 8)GpHr 15N (VGp) TH TS,
To simplify our notations, we introduce the following matrices
(2.18) Py = (I + sGpHr-1 5171
(2.19) Py = (I — (pq_T1 — §)GpHFT )L

Our first result can be stated as follows:

THEOREM 2.1. Assume that assumptions (H1), (H2) and (H3) are satisfied. Then for
€ << 1, problem (1.7) has an N -peaked solution which concentrates at t5,...,tS5, or more
precisely:

x — 1

€

N . ,
(2.20) A(z) ~ > & (&) 7w )
j=1
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(2.21) H () ~ &£, i=1,...,N,

(2.22) te—t) i=1,...

REMARK 2.2. In the case of symmetric N-peaked solutions, conditions (H2) and (H3)
are not needed, as in the construction of solutions one can restrict the function space to the
class of symmetric functions (see for example [25]). Note that for small e (and not only in
the limit e — 0) the peaks are placed equidistantly.

REMARK 2.3. Our results here can be applied to give a rigorous proof for the existence
and stability of N—peaked solutions consisting of peaks with different heights.

In [28], by using matched asymptotic analysis, Ward and the first author constructed
such solutions and studied their stability. We now summarize their main ideas. First (1.7)
is solved in a small interval (—I,1):

2 " Ap .

€A —A—i—m:() in (=1,1),
(2.23) DH —H+ 7o =0 in (=1,0),

A(z) >0,H(z) >0 in (=1,1),

A=A\ =H (-)=H (@) =0.

Then the single interior symmetric spike solution is considered which was constructed by I.
Takagi [25]. By some simple computations based on (1.4), we have that

(2.24) H(l) ~ e(D)b(—=),

where ¢(D) is some positive constant depending on D only and the function b(z) is given by

__ tanh®(2) . (p—1)
(2:25) T AT FE

The idea now is that we fix I and try to find another [ # [ such that the following holds

l l
vD VD
which will imply that H(I) ~ H(l). This shows that if there exists a solution to (2.26),
we may match up H(I) and H(l). In other words, we may match up solutions of (2.23) in
different intervals.
It turns out that for D small, (2.26) is always solvable. Now (2.26) has to be solved
along with the following interval constraint:

(2.26) b( ), 0<l<l<l,

) = b

(2.27) N11+N2f:1, Ny + Ny = N.
For a solution [ of (2.26) and (2.27) and j =1,..., N we define

(2.28) lj=lorl;=1
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where the number of j’s such that I; = [ is N; (and consequently the number of j’s such
that [; = lis Ny). We call the small spike with l; =l type A and the large spike with [; = !
type B.

Then we choose t? such that

[t —t3 1l =1+ 11, j=0,..,N,

where t§ = —1,%,, = 1.

By using matched asymptotics, we now have N; type A and N; type B peaks. This ends
our short review of the ideas in [28]. Let us now use Theorem 2.1 to give a rigorous proof
of results of [28]. In order to apply Theorem 2.1, we have to check the three assumptions
(H1), (H2) and (H3).

To this end, let us set

(2.29) €2 = (2VD)tanh (¢;), j=1,...,N,
where
l,
2.30 0, = ——.
(230 ' VD

It is difficult to check (H1) directly. Instead we note that G is a tridiagonal matrix.
(See [15] and [28].) More precisely, we calculate

m B 0 0
B v B

Gp' = (ai5) =2VD o
Bi—1 v B 0

0o . 0 Byn—1 N
where

Y1 = COth(91 + 92) + tanh(@l),
Vi = coth(6‘j_1 + 9J) + COth(ej + 9j+1), 1=2,...,N—1,
IN = coth(HN,l + 9]\[) + tanh(@N),

6j:—CSCh(9j+9j+1), j=1...,N—-1
and 6; was defined in (2.30). Note that

(231) aij = 2\/5(6_751(],1) + ’Yjéij + 6j+15i(j+1))-

Verifying (2.5) amounts to checking the following identity

N
(2.32) > ) = (€,
j=1
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which is an easy exercise.

It remains to verify (H2) and (H3).

To this end, we need to know the eigenvalues of B and M. In the same way as for the
matrix Gp, one can show that B! is a tridiagonal matrix. Even with this piece of infor-
mation, it is almost impossible to obtain an explicit formula for the eigenvalues. Numerical
software for solving eigenvalue problems of large matrices is indispensable. Then (H2) has
to be checked explicitly. Numerical computations in [28] do suggest that assumption (H3)
is always satisfied.

A natural question is the following: Are all N —peaked solutions generated by two types
of peaks as the solutions which were constructed in [28]?

Our next theorem gives an affirmative answer. It completely classifies all N-peaked
solutions, provided that the N peaks are separated.

THEOREM 2.2. Suppose that for e sufficiently small, there are solutions (Ae, He) of
(1.7) such that

Noo,o, e
(2.33) Ac(x) NZéf’l(éjé-)ﬁw(z - )
j=1
and
(2.34) H(t5) ~ &8, i=1,...,N,

where & is given by (2.1),
(2.35) € — >0t -t 10 £ i£j, i,j=1,...,N.
Then necessarily, we have
(2.36) Li=t)—t2 , e{l,1},i=1,..,N,
where t3 = —1,1 and | satisfy (2.26) and (2.27) with Ny being the number of i’s for which
l; =1 and Ny being the number of i’s for which l; =1 (hence Ny + Ny = N ).

Theorem 2.2 shows that an N —peaked solution must be generated by exactly two types
of peaks — type A with shorter length [ and type B with larger length . This shows that
the solutions constructed in [28] (through a formal approach) exhaust all possible separated
N —peaked solutions. In particular, it shows that there are at most 2V N—peaked solutions.
If the assumptions (H1)—(H3) are met, then there are exactly 2V N—peaked solutions.

Finally, we study the stability of the N —peaked solutions constructed in Theorem 2.1.

THEOREM 2.3. Let (A¢, He) be the solutions constructed in Theorem 2.1. Assume that
e << 1.

(1) (Stability) If
(2.37) r=2, l<p<borr=p+1,1<p<-+oo

and furthermore

(2.38) ( il —s> min o > 1
p—1 o€eo(B)

and

(2.39) 7(M) C {o|Re(0) > 0},
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there exists 7o > 0 such that (Ae, He) is linearly stable for 0 < 1 < 9.
(2) (Instability) If

(2.40) ( T s> min o <1,
p—1 oco(B)
there exists 7o > 0 such that (Ae, He) is linearly unstable for 0 < 7 < 9.
(3) (Instability) If there exists

(2.41) o€ a(M), Re(o) <0,
then (Ac, H¢) is linearly unstable for all 7 > 0.

REMARK 2.4. In the original Gierer-Meinhardt model, (p,q,7,s) = (2,1,2,0) or
(p,q,7,8) = (2,4,2,0). This means that condition (2.37) is satisfied. In the general case,
one has to study a nonlocal eigenvalue problem (Theorem 3.1), which is difficult since the
operator is not self-adjoint. See [5], [40] for progress in this direction.

REMARK 2.5. For the stability, we have to assume that 0 < 7 < 7y for some 75 > 0
which we do not know explicitly. Stability in the case where 7 is large has been investigated
in [29] and [30] for symmetric spikes.

For the case of asymmetric spikes, the stability problem with respect to the large eigen-
values remains mainly open. It is expected that there is stability with respect to the large
eigenvalues for some range for D > Dy if D is sufficiently close to D and 7 is small enough.

We remark that stability in the case of large 7 for the shadow system has been studied
in [5].

REMARK 2.6. By Theorem 2.1 and Theorem 2.3, the existence and stability of
N —peaked solutions are completely determined by the two matrices B and M. They are
related to the asymptotic behavior of large eigenvalues which tend to a nonzero limit and
small eigenvalues which tend to zero as € — 0, respectively. The computations of these two
matrices are by no means easy. We refer to [15] and [28] for exact computations and numer-
ics. For the reader’s convenience, we include in the Appendix A a sketch of the computations
of the eigenvalues of the matrices B and M in the symmetric N—peaked case. Combining
the results here and the computations in [15], the stability of symmetric N —peaked solutions
is completely characterized and the following result is established rigorously.

THEOREM 2.4. Let (Ac n, He n) be the symmetric N—peaked solutions constructed by
I Takagi [25]. Assume that e >> 1.
(a) (Stability) Assume that 0 < T < 19 for some 179 small and that

(2.42) r=2, l<p<borr=p+1,1<p<-+oo
and

1
(2.43) D < Dy =

N2(log(va+ va +1))?’

where « is given by (2.25), then the symmetric N -peaked solution is linearly stable.
(b) (Instability) If

(2.44) D> Dy,

where Dy is given by (2.43), then the N -peaked solution is linearly unstable for all T > 0.
The proof of Theorem 2.4 is given in Appendix A.
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3. Some preliminaries. In this section, we consider a system of nonlocal linear oper-
ators. We first recall

THEOREM 3.1. Consider the following nonlocal eigenvalue problem

r—1
(3.1) 8" — ¢+ pur~to —(p - 1)wa7T¢wP = a¢.
Jrw

(1) (Appendiz E of [15].) If v < 1, then there is a positive eigenvalue to (3.1).
(2) (Theorem 1.4 of [35].) If v > 1 and (2.37) holds then for any nonzero eigenvalue o of
(3.1), we have

Re(a) < —¢p < 0.

(3) If y#1 and o = 0, then ¢ = cow’ for some constant cy.

In our applications to the case when 7 > 0, we have to deal with the situation when the
coefficient 7 is a function of Ta. Let v = y(7«) be a complex function of 7. Let us suppose
that

(3.2) v(0) e R, |y(ra)| < C for agr >0, 7 >0,

where C' is a generic constant independent of 7, . A simple example of o(ra) satisfying
(3.2) is

2
Vvi+Tta+1

o(ra) =

where v/1 + Ta is the principal branch.
Now we have

THEOREM 3.2. Consider the following nonlocal eigenvalue problem
fR ’UJT_1¢
Jrwr

where y(Ta) satisfies (3.2). Then there is a small number 79 > 0 such that for T < 19,
(1) if v(0) < 1, then there is a positive eigenvalue to (3.1);
(2) if v(0) > 1 and (2.37) holds, then for any nonzero eigenvalue o of (3.8), we have

(3.3) ¢ — ¢+ puPto —y(ra)(p — 1) w? = ag,

Re(a) < —¢p < 0.

Proof. Theorem 3.2 follows from Theorem 3.1 by a perturbation argument. To make
sure that the perturbation argument works, we have to show that if ag > 0 and 0 < 7 < 1,
then |a| < C, where C' is a generic constant (independent of 7). In fact, multiplying (3.3)
by ¢ — the conjugate of ¢ — and integrating by parts, we obtain that

"2 2 _ P 162) = —a 2 lra) (p — warilgb wPd
B [0S 16— o) = —a [ o —strayp - ) IETE [ g

From the imaginary part of (3.4), we obtain that

|| < Cily(ra),
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where a = ag + v/—1ay and C} is a positive constant (independent of 7). By assumption
(3.2), |v(ra)] < C and so |ay| < C. Taking the real part of (3.4) and noting that

Lh.s. of (3.4) > C’/ |p|>  for some C € R,
R

we obtain that ag < Cs, where Cs is a positive constant (independent of 7 > 0). Therefore,
|| is uniformly bounded and hence a perturbation argument gives the desired conclusion. O
Next, we consider the following system of linear operators

Lo =3 — &+ puw’ 'd

(3.5) —qr({ + 88)718(/ w“lfb)(/ w") " rw?,
R R

where B is given by (2.6) and

b1

P2

=1 . € (H*(R)™

N
Set
(3.6) Lou:=u —u+pw’ 'u, whereue H%(R).

Then using Remark 2.1 the conjugate operator of L under the scalar product in L?(R)
is

L =0 — U+ pw? ' ¥

(3.7) —arB7 (14587 ([ wrw [ wn e,
where
1
wo | [ eurmy
.

We obtain the following
LEMMA 3.3. Assume that assumption (H2) holds. Then

(3.8) Ker(L) =Xo® X0 @ -+ 4 Xo,
where

Xo = span {w, (y)}

(3.9) Ker(L™) = Xo® X0 @ --- ® Xo.
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Proof. Let us first prove (3.8). Suppose
L® =0.
Let us diagonalize B such that
P'BP =,

where P is an orthogonal matrix and by Remark 2.1 J has diagonal form, i.e.,

g1 O
g2
J =

0 ON

with suitable real numbers ;, j=1,2,...,N.
Defining
® = Pd

we have
(3.10) " — &+ pur'd - qr(/ wr)_l(/ w" NI+ 5J) " T®)wP = 0.

R R

Forl=1,2,..., N we look at the I-th equation of system (3.10):

~ 1

®, — ‘i)l +pwp71<i>l

11 - N2 / r13)wP = 0.
(3.11) o[ w) N [ Bwr 0

By Theorem 3.1 (3), the last equation (3.11) tells us that (since by condition (H2) we know
QT%SLUL #p—1)

(3.12) ®; € Xo.
Continuing in this way for [ =1,..., N, we have
(3.13) d, € Xy,l=1,...,N.

(3.8) is thus proved.
To prove (3.9), we proceed in the same way for L*.
Using o(B) = o(BT) the I-th equation of the diagonalized system is as follows:

~ 11

\I/l — \i/l —I—pwp_l\i/l

14 - L pe— /P\I/ r=1— .
(314) o [ wn) P w0

Multiplying (3.14) by w and integrating over the real line, we obtain

gl P
v, =0,
1+sal)/Rw l

(p—1-gqr
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which implies that
since qr—2— #p — 1.

/ ’LUp\Ifl = O,
R
14+s0;

Thus all the nonlocal terms vanish and we have

(3.15) Lo¥; =0, 1=1 N.

geeey

This implies that ¥; € Xo for {=1,...,N. O
As a consequence of Lemma 3.3, we have

LEMMA 3.4. The operator
L: (H*(R)Y — (L*(R)™
is invertible if it is restricted as follows
L:(Xo@®- ®Xo)" N(H*R)N = (Xo@ - & Xo)" N (LA(R)V.
Moreover, L™ is bounded.

Proof. This follows from the Fredholm Alternatives Theorem and Lemma 3.3. O

Finally, we study the eigenvalue problem for L:
(3.16) LD = ad.

We have

LEMMA 3.5. Assume that all the eigenvalues of B are real. Then we have:

(1) If (qul — s) minge, 3y > 1, then for any nonzero eigenvalue of (8.16) we must
have a < —¢g < 0.
(2) If there exists o € o(B) such that (L - s) o < 1, then there exists a positive

p—1
eigenvalue of (3.16).

Proof. Let (@, «) satisfy (3.16). Suppose ag > 0 and « # 0. Similar to Lemma 3.3, we
diagonalize (3.16)

(3.17) 3" —‘I>+pwp_l<1>—q7’(/

wT)_l(/ w4 )" I )P = ad
R R

and the [-th equation of system (3.17) becomes

o — @ p=1gp, — il /T—l/ "1 )P = adb,.
l 1+ pw l qT1+Sal(Rw) (Rw Dw ad;

(i) By Theorem 3.1 (1) and the fact that

qr ol
p—11+4 so;

we conclude that

= =Py=0
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or
a< —cy<0.

Since by assumption the eigenfunctions are non-vanishing the second alternative holds. (1)
is proved.

(ii) if oy (% - s) < 1 for some o; € o(B), then the equation corresponding to oy

becomes

<I>;/ — &+ puwP O — gr o (/ wr)_l(/ W' ) = ad.
1 + S0 R R
By Theorem 3.1 (2), we know that there exists an eigenvalue ag > 0 and an eigenfunction
dq such that

al
1+ soy

Lo®g — qT(/ w") Y / w T 0g) = ap®o.
R R

Let us take ®; = ®¢ and ®; =0 for j # [. Then (P, «) satisfy (3.16). (2) is proved. O

4. Study of the approximate solutions. Let -1 <t < --- < t?— <% <1be N

points satisfying the assumptions (H1) — (H3). Let &0 = (é?, ,ézov) be the unique solution
of (2.5). Let

(4.1) t9 = (9,...,1%).

We now construct an approximate solution to (1.7) which concentrates near these pre-
scribed N points.
Let —1 <t; <---<tj <--- <ty <1besuch that t = (t1,...,tn) € B/ (t’). Set

(4.2) wj(:v)=w<x_tj>,

€

and

1, . 1 .
(4.3) ro = E(mm(t?—i—l,l—t?v,irgﬁl;lﬁg—tﬂ)).

Let x : R — [0,1] be a smooth cut-off function such that x(x) = 1 for |z| < 1 and
x(z) =0 for |z| > 2. We now define our approximate solution

(4.4) w;(r) = wj(z)x(——

Then it is easy to see that w;(z) satisfies

(4.5) i —w; + it = e.s.t.
in L2(—1,1).

Let £(t) = (€1, ....£x) be as defined by (H1).

Put

N
(4.6) We () = Zé?/(pfl)u?j (x).
j=1
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Fix any function A € H?(—1,1) and define T'[A] to be the solution of

=0, -l<z<l,

(4.7) (T[A])*
1) =

where

qr
1

(4.8) Q:&Awwﬂzg,

(Recall that & was first defined in (2.1)). The solution T[A] is unique and positive.
Let A = wct, where t € B.s/a (to). Let us now compute

(49) T; *— T[A](tl)

From (4.7), we have

Tz—Ce/_lGD(tu )(T[A Sd

«/‘fw

N
_ Z / bk, 2 (2)757* d2(1 + O(e))

N gr 400
= ceez P [GD(ti,tj)/ wi(y) dy + O(e)

N
Z: QJATTﬂ+m) (by (4.8)).

Thus we have obtained the following system of equations:
N T
(4.10) T = Z Gp(ti, t;)Ef " 7;7° 4+ Ofe).
j=1

Since the matrix
PO L
I+s (GD(tivtj)@kl )

is clearly nonsingular (note that Gp(t;,¢;) > 0), by the implicit function theorem and
assumption (H1) the equations (4.10) have a unique solution

i=&+0(), i=1,..,N.
Hence

(4.11) T[A](t:) = & + O(e).
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Now let x = t; + ey. We calculate for A = w, ¢:

1 T

T{A)(x) - T[A](t:) = . [ [1Gp(@:2) = Golt, )l s

=N wy
= ¢ /_1[GD(3:, z) — Gp(t;, 2)] TTAD): (2)dz

car o 1 . w}
—i—cEij /_I[GD(x,z) — Gp(ti, 2)] A" (2)dz

J#i

aar 1 @r
=l [ Kol == = Kot~ ) gy () dz

car 1 T
_Cefi /_1[HD(J:,Z) - HD(ti,Z)] (T[A])S (Z) dz

T

Tee ;éﬂ% ‘/71[GD(‘%.’ Z) - GD(tiv Z)] (TQ[UZ])S (Z) dz (letting z=t;+ ey)

aar _g [T 1
_ 2 p—1 |y — T
= eedl " [ gplel— gl =l (=0) (1 + OCly))

+e&7 T [~yVe Hp(ti, ) + O(ey®)]

+ed [yVuGoltity)§] ™+ Ofey?)]

J#i
(4.12)
=e|&7 T TRy = &7 YV Hpltot) 4y Y Ve Go(ti )G+ 0(e?)|
JFi
where
(1.13) Iy R A R M (S
" .. 2D"'" 2D

Note that P; is an even function.
Let us now define

AP

(414) S[A] = €2A” —A + m,
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where T'[A] is defined by (4.7). Let us choose A = w, ¢ and compute S|w,¢]. In fact,

p

9 1 w67t
Slwed] = Swee —wee + g "o
N v
q/ p— 1) - We
— ) + t.
=28 )+ Fweays T O

£q/(p— 1)~,
- |= (Tﬁw BT = —qu“’ Vg | + et

(4.15) = F1 4+ Es +e.s.t.

in L2(—1, 1), where

O ) L SN
(416 e B o T D A

and

(I &/ Vg yp (I W gy

(T[we ] () (Twe6](t5)7

(4.17) By =

For E; we calculate using (4.11)

o (Zjvd éq/ - w;) - £q/(p—1) ~p
(4.18) B = T T ) ;@‘ E

N gqp/(p 1) . N )
Z<€q+0 gq/p )) 5 0(@2%1/(1% )12)5.

j=1 j=1

Thus we have
(4.19) HEIHL2(71/5,1/5) = Ofe).
For F5 we calculate
N £q/(p—1) ~
(& w;)”
FEy=— —  C _ (Tfwey|(x) — Twe](t;
2 Zq(T[weﬁt](tj))(rkl ( [ ;t]( ) [ ;t]( J))

j=1

N
(Z we t we,t] (tj) |2d’§‘))
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N N
_ _ Zqéq/(pfl)wp T[we,t] - T[we t]( Z p
25 T 0y 2.)
N 1 agr
=—e» g€l ﬁﬁ{ﬁ’l P;(lyl)
j=1
o L T 2.2 >
(4.20) —&7 T YV Hp(t, 1) + 91D Vi, Gt ) ]+ 0(Ey? Y ah).
1# =1
This implies that
(4.21) B2l 2(~1,1y = Ole).

Combining (4.19) and (4.21), we conclude that
(4.22) 1STweal 1.1, = O(€)

The estimates derived in this section provide the main steps that will make our approach
work in the rest of the paper.

5. The Liapunov-Schmidt Reduction Method. In this section, we use the
Liapunov-Schmidt reduction method to solve the problem

(5.1) Slwet +v] = Zﬁj d;

for real constants §; and a function v € H 2(—%, %) which is small in the corresponding
norm, where w; is given by (4.4) and we ¢ by (4.6).
To this end, we need to study the linearized operator

Let s H*(Q) — L2(Q.)
defined by

- , " AP~ AP /
Levi=8lAlo = ¢ — 6+ (s — agrpyarr (T 1419),

where A = we g, Qe = (—1, 1), and for a given ¢ € L?(Q2) we introduce T'[A]¢ as the unique
solution of

(5.2)

’

T'[Al¢) (=1) = (T"[A]$) (1) = 0.

We define the approximate kernel and co-kernel, respectively, as follows:

dw;
Ket :=span {E

{ D(T'[Al¢)" — (T [A]¢)+crAT lp=0, —-1l<z<l,
(

i:LHWN}CH%%L
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dw;
Ce,t 1= span {%

i_l,...,N} c L*(Q.),

Recall the definition of the following system of linear operators from (3.5):

L :=AD —d+puP 1@

(5.3) —qr(/R w" (T + SB)_lB(I))(/ w") P,

R
where
$1
o — sz e (H*(R)N
.

By Lemma 3.3 we know that
L:(Xo® @ Xo)'N(HX>R)Y - (Xo@® - @ Xo) n(L2(R))N

is invertible with a bounded inverse.

We will see that this system is a limit of the operator iQt as € — 0. We also introduce
the projection 7 : L*(€) — C; and study the operator L := wijt o L. By letting
e — 0, we will show that L.y : ICét — Cét is invertible with a bounded inverse provided e
is small enough. This statement is contained in the following proposition.

PROPOSITION 5.1.  There exist positive constants e, 8, X\ such that for all € € (0,8),
t € QN with min(|1 + t1],|1 — tn|, mingz; [t; — t5]) > 6,

(5.4) [Letdllz2(0) = Mol a2(0.)-
Furthermore, the map

Ly = wét o Le,t : /Cel)t — Cit
18 surjective.

Proof of Theorem 5.1. This proof follows the method of Liapunov-Schmidt reduction
which was also used in [3], [4], [12], [13], [10], [23], [24], [33] and [36].

Suppose (5.4) is false. Then there exist sequences {e}, {t*}, {#*} with e — 0, tF €
QN min(|1 + 5], [1 — [, miniy; |6 — t5]) > 5, ¢F =, € K- ., k=1,2,... such that

Rtk
(5.5) ”Lek,tk¢k”L2(Qék) — 0, as k — oo,
(5.6) ||¢k||H2(Q€k) =1, k=1,2,....
We define ¢4, i =1,2,..., N and ¢ nv41 as follows:
(57) esla) = dula (), w e,

N
SeN+1(2) = dc(x) = D deil), wEQ.
=1
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At first (after rescaling) ¢, ; are only defined on €2.. However, by a standard result they can
be extended to R such that their norm in H2(R) is still bounded by a constant independent
of € and t for € small enough. In the following we will study this extension. For simplicity of
notation we keep the same notation for the extension. Since fori = 1,2, ..., N each sequence
{¢F} = {¢e,.i} (k = 1,2,...) is bounded in H? _(R) it has a weak limit in H? (R), and
¢1

P2

therefore also a strong limit in L2 (R) and L$°

loc

(R). Call these limits ¢;. Then ¢ =

loc :
N
solves the system

Lo = 0.

By Lemma 3.3, ¢ € Ker(L) = Xo @ --- @ Xo. Since ¢* € Kj;c z, Dy taking k — oo we get
¢ € Ker(L)*. Therefore, ¢ = 0.
By elliptic estimates we get ||¢, il|g2(ry — 0 as k — oo fori =1,2,..., N.
Furthermore, ¢ y+1 — ¢n+1 in H?(R), where ® 1 satisfies

A¢N+1 - ¢N+1 =0 in R.

Therefore we conclude ¢y41 =0 and ||¢5; || m2(r) — 0 as k — oc.

This contradicts ||¢k||H2(Q%) = 1. To complete the proof of Proposition 5.1 we just
need to show that the operator which is conjugate to L ¢ (denoted by L;t) is injective from
KL to CL. Note that L () = me g o LY with

pAP~1) / APy

Ly =AY — ¢+( TTA) —qT [A](W)'

The proof for Ly ; follows exactly along the same lines as the proof for L.+ and is therefore
omitted. O
Now we are in a position to solve the equation

(5.8) T 0 Se(wee + ¢) = 0.

Since Le |+, is invertible (call the inverse L7!) we can rewrite this as
€, )

(5.9) ¢p=—(LgomyoSec(wer)) — (Lt om0 Net(9)) = Me (),
where
(5.10) Net(9) = Se(wes + ) — Se(wes) — S, (wes)d

and the operator M, ¢ is defined by (5.9) for ¢ € H?(e). We are going to show that the
operator M, ¢ is a contraction on

Bes ={¢ € H*(Q)l[0]l 20,y < 6}

if 4 and e are small enough. We have by (4.22) and Proposition 5.1

[ Mete(d) |20,y < A (17 © New(@) 220y

T e o Sewe) | o)
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< ALO(e(6)8 + o),

where A > 0 is independent of § > 0, € > 0 and ¢(d) — 0 as 0 — 0. Similarly we show

[ Me(6) — Met(6)l| 120,

<ATC(e(8)8)]1¢ — ¢ Nl 20

where ¢(§) — 0 as 6 — 0. If we choose 0 = € for v < 1 and e small enough, then M, ¢
is a contraction on B s. The existence of a fixed point ¢, now follows from the standard
contraction mapping principle and ¢ ¢ is a solution of (5.9).

We have thus proved

LEMMA 5.2. There exist € > 0 0 > 0 such that for every pair of €,t with 0 < e <€
and t € QN, 141, > 68, 1 —ty >0, 3|t; — t;| > 0 there is a unique ¢cy € Kj)-t satisfying
Se(Wet + ¢et) € Cer. Furthermore, we have the estimate

(5.11) |fetll 2y < Ce?,

where o < 1.

REMARK 5.1. By one more iteration, it can actually be shown that

(5.12) (e

H2(Q.) S Ce.

6. The reduced problem. In this section we solve the reduced problem and prove
our main existence result given by Theorem 2.1.

By Lemma 5.2, for every t € Bs/a(tg), there exists a unique solution ¢ € /Cﬁjt such
that

(61) S[ws‘yt + d)e,t] = Vet S Ce,t-
Our idea is to find t€ = (¢5,...,t5) near t° such that also
(6.2) Slwe e + e e] L Cege

(and therefore Swe te + Pete] = 0).
To this end, we let

1A N1 9 ! dw;
Wei(t) =€ (&) T’*l/ S[we,t-f—(be,t]—d dx,
1 Xr

We(t) := (Wea(t), .., We n(t)) : Baya(to) — RN,

Then W,(t) is a map which is continuous in t and our problem is reduced to finding a
zero of the vector field W,(t).

Let us now calculate W (t).

We calculate:
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e (1 di;

=e (&) T /_1 S[we,t]d—x
> q 1 / dﬁ)
YA aw;
+e (51) ‘/71 Se[we,t](be,t dx

SN db;
- e e
@) [ NG T

=05+ 1+ I,

where I, Is and I3 are defined by the last equality.
The computation of I3 is the easiest: note that by Taylor expansion for (5.10), the first
term in the expansion of N, is quadratic in ¢ . So

(6.3) Is = O(e).

We will now compute I; and Is. The result will be that I; is the leading term and
_[2 = O(E)
For I, we have

. o 1 da; . o [P duy
— YN T 2 A = e HEN T L
L=¢"(&) /71(E1 + E») . de =¢ (&) /71 Es T dz + O(e),

where F; and E; were defined in (4.16) and (4.17), respectively, using that F; is an even
function.

We calculate by (4.20)

1 -
2 q dw;
1 1— i
i) Pl E
€ (&) /71 2~ du

N e, ,
=~ Vi Gt t)& ] [ e wyay+ 000

N o
_ (L /R WS VLGt t)ET ]+ O(e).

p+1 pur
Thus we have
N e,
(6.4) I = Z% /R W ()dy(> Vi, G (b t)EF T+ 0(e).
j=1

For I, we calculate

o q 1 ’ d Ni
(@ h = [ 86 G
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1 p—1 D .
_ 2 - PWey Pet B We g / dw;
-/ l Adet =0t e f)o w1 [wfv“‘i’ﬁ“} Ir

1 ~ ~ ~ p—1

dw; dw; dw; PWc
_ 2A (2 7 7 €, .
/_1 [e de  dz * dx (T[wgt])q] Pet

b we % di;
et diw;
_q/—l W(T [we.t]oee)

_/1 égﬁ)fil _ ﬁ);lofl Qb @
1 p(T[wE,t])q P “tdx

1 f , J Ni
_q/ ] (T[Q:UW(T [wé,t](be,t)% — 0(&2),

since

cq ~p—1
p&l oy

Thoee P Veallizan = 06),

II(

|Betll 2 () = Ofe),

’

T [wet](¢et)(t:) = O(e),

’

T [wee) (@ee)(ti + ey) = T [we e (e,6) (85) = O(€[y).

Combining I; and I, we have

q 1
Wéit = —0 ’LUerX
A(t) p+1/R

N
D ViGpltit)sl | +0(e)
j=1

where F;(t) was defined in (2.10).
By our assumption (H3), at t°, we have F(t°) = 0 and

det(Veo F(tY)) #£ 0.

Therefore we have W (t) = —ci H(t2) M (%) (t — t°) + O(Jt — t°|? +¢€), where ¢; is given
by

(6.5) = S S
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Then Brouwer’s fixed point theorem shows that for € << 1 there exists a t° such that
Wé(te) =0 and t€ € B63/4 (to).
Thus we have proved the following proposition.

PROPOSITION 6.1. For e sufficiently small there exist points t¢ with t¢ — t° such that
We(t€) = 0.

REMARK 6.1. A more detailed computation reveals that
(6.6) [t€ —t°| = O(e).

Finally, we prove Theorem 2.1.

Proof of Theorem 2.1. By Proposition 6.1, there exists t¢ — t° such that W, (t€) = 0.

In other words, S[we e + Gege] = 0. Let Ac = €27 (Wete + Pete ), He = ET[we g + Pe ge]-
By the Maximum Principle, A. > 0, H. > 0. Moreover (A, H.) satisfies all the properties
of Theorem 2.1. O

7. Classifying the N—peaked solutions: proof of Theorem 2.2. Let (A, H.) be
a solution of (1.7) satisfying (2.33) and (2.34). We now show that (A, H¢) is generated
exactly by two types of peaks, that is, we prove Theorem 2.2. First we make the following
scaling

_9_ . ~
Ae - EpilAE;HE - geHe
where &, is defined at (2.1). Hence (A, H,) satisfies

EAA, — A +4 g 1<r<,

+ 7a
(7.1) . . éA'r‘
DAHe—H€+cEH; =0,-1l<z<1,

where ¢, is defined in (4.8).
Now (2.33) and (2.34) imply that

_ t€
ZCtJ N

), He(tS) = &

€

N
(72) en S0 () u
j=1
Letting € — 0, we assume that

é; — ég), 5 — t?, j=1,...,N.

We see that H, — ho(x) where ho(x) satisfies

(7.3) D,Aho - ho/"" Z;'Vzl(é?)%is&x —t9) =0, -1 <z <1,
ho(—1) = ho(1) = 0.

In other words, we have

(7.4) ho(x) =D ()77 G (a,1).



EXISTENCE AND STABILITY ANALYSIS 145

Since ho(t}) = A;-), j=1,..., N, we have from (7.4) that (€2, ..., £) must satisfy the following
identity:

N
(7.5) Z W ANEN™T =€), i=1,..,N.
This is the same as (2.5).
Define
~ X T — tg-)
Ae,j = AeX( ~ )
7o

where 7 is a very small number. Then /Nle,j is supported in the interval I; = (—fo—i—t;, 70 —l—t;).
We may choose 7 so small that I7 N[5 = () for i # 5. Then

N ~
= ZAEJ +e.s.t.
j=1

Now we multiply the first equation in (7.1) by A ; and integrate over (—1,1). We obtain

1 AAE:D ., A? L
0= [ [GmAL ~ (G A

Ap
_—2/§(Hg)A + e.s.t.

p/if/l qu+1
:_2/5[ HY ot ]“L”t
glp+2) [ A+t
(7.6) =kt S, et + e.s.t.

By the equation for I;TE, we have that

and thus for z € I5,

N
He(x) =) Gpla, t)(E)7 1 +O(e)

(7.7) ZWGD ) (EE) 7T+ O(e).
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Substituting (7.7) into (7.6) and using (7.2), we obtain the following identity

(7.8) Z Vi Gp(t5,ty) (€)7 T =o(1)
and hence
(79) thOGD tk (gk) :Ov.] = 17"'7N7

which is the same as (2.12).
Note that by the expression for hg in (7.4), (7.9) is equivalent to the following

where hz)(tg?—l—) is the right-hand derivative of hg at ¢ and hg(t?-) is the left-hand derivative
of hg at t?. On the other hand, from the equation for hg, we have that

(7.11) D(ho(t9+) — hy(t2-)) = —(€2)7T 7=, j = 1,.., N.
Solving (7.10) and (7.11), we have that
(7.12) ho(194+) = —ho(t9—) = _i(gg)%—s <0,j=1,..,N.

Since hy satisfies Dhy = ho > 0 in each interval (2 Y 5t9),5 =2,..., N, we see that there
exists a unique point s;_1 € (£J_,,2)) such that ho(sJ 1) = 0. Since ho( 1) = 0, by using
symmetry, we see that
Sj—1+8;

2
where we take s) = —1,sy = 1. Let 2]; = s, — SJ 1,j =1,..., N. Note that on each interval
(=1 +19,1; +13), ho satisfies DAhg — ho + (50) T7°5(t — 19) = 0 with Neumann boundary
conditions at both ends. Thus from (1.4) it is easy to see that

(7.13) =t),j=1,..,N,

(714) (é?)ﬁiSil =2V Dtanh(%)d =1, '7N7
&
. ho(lj) = ——L—.
(7.15) oty cosh( l]b)

Since hy is continuous on (—1,1), we have
(7.16) ho(l1) = ho(l2) = ... = ho(ln)-
Using (7.14) and (7.15), we see that (7.16) is equivalent to
Iy la In
—)=b(—=) =...=b(—=),
B B TR
where the function b was defined in (2.25). Suppose without loss of generality that I; < lo,
then we take Iy = [ and (7.17) implies that I € {l,1} and that I; € {l,{} for j = 2,...,N.
Thus [ must satisfy (2.26) and (2.27).
This finishes the proof of Theorem 2.2.

REMARK 7.1. The proof of Theorem 2.2 implies that if t° = (¢, ...,tQ;) satisfies (H1)
and (2.12), then necessarily, we have tJ — 9 | = I; € {I,I}. That is, there are at most 2V
solutions satisfying (H1)—(H3).

(7.17) b(
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8. Stability Analysis: Large Eigenvalues. In this section, we study the eigenvalues
with Ae — Ag # 0 as € — 0 (or, more precisely, with nonzero accumulation points).
We need to analyze the following eigenvalue problem

P g, AT Ap

Pt = S0 =0t @lagy ~ TatAd
(8.1) = Ae@e,
where 1. satisfies

" A:71 A: .
(82) Dd}e - 1/}6 + Tcem(be - SCEW1/JE - TAewe-

Here A, is some complex number, A = we tc + ¢t with t° determined in Section 6.

In this section, we study the large eigenvalues, i.e., we assume that there exists ¢ > 0
with |A| > ¢ > 0 for € small. If Re(\.) < —c, we are done.(Since then X, is a stable large
eigenvalue.) Therefore we may also assume that Re(A\.) > —c.

We first present the analysis of (8.1), (8.2) for the case 7 = 0. At the end, we shall
explain how we proceed if 7 > 0 and is small.

By (8.2) we have

(8.3) e = T'[A ().

First of all, since we are concerned only with those eigenvalues such that Re(\.) > —c,
we see that by following the same argument as in the proof as (2) of Theorem 3.2, we have
that [A| < C for some positive constant C' (independent of ¢ > 0).

Recall the definition of ¢, ; given in (5.7).

From (8.1) and the facts that Re(A.) > —c and that we ¢« has exponential decay, we
have that

K
De = Z@J +e.s.t.
j=1

Then we extend ¢, ; to a function defined on R' such that

||¢e,j|

Without loss of generality we may assume that ||¢c|[c = ||¢c| g1 (q.) = 1. Then ||¢c [l < C.
By taking a subsequence of €, we may also assume that ¢.; — ¢; as e — 0 in H'(R) for
j=1,...,K.

Sending € — 0 with A — Ao, this implies (as in Section 5)

m () < Cllde il @), ji=1...,K.

L®=AD— P+ puP 'd

(8.4) —qr(I + sB)*lB(/

wTﬁlB@)(/ w") P = \®,
R R

where
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Then we have

THEOREM 8.1. Let Ac be an eigenvalue of (8.1) and (8.2) such that Re(\.) > —c for
some ¢ > 0.

(1) Suppose that (for suitable sequences €, — 0) we have Ao, — Ao # 0. Then Ao is an
eigenvalue of the problem (NLEP) given in (8.4).

(2) Let Ao # 0 with Re(X\o) > 0 be an eigenvalue of the problem (NLEP) given in (8.4).
Then for € sufficiently small, there is an eigenvalue \e of (8.1) and (8.2) with \e — Ao as
e — 0.

Proof. (1) of Theorem 8.1 follows by asymptotic analysis similar to Section 5.
To prove (2) of Theorem 8.1, we follow the argument given in Section 2 of [5], where
the following eigenvalue problem was studied:

21 p—1p _ _qr Joui'h o, :
(8.5) {eAh h+puP~"h u? = Achin

s+14+7Ae fQ ur
h =0 on 99,
where u, is a solution of the single equation

eAue —ue +uP =01in Q,

ue > 01in Q, u. = 0 on ON.
Here1<p<Z—J_r%ifn23and1<p<+ooifn:1,2,%>1amdﬂcfi”isa
smooth bounded domain. If u, is a single interior peak solution, then it can be shown ([35])
that the limiting eigenvalue problem is a NLEP

qr fRN w e
s+14+7Xo [y w"

(8.6) Ap— ¢+ pwP Lo — wP = \go

where w is the corresponding ground state solution in R™:
Aw —w+wP =0,w > 0in R",w = w(|ly|) € H(R").

Dancer in [5] showed that if A\g # 0, Re(Ag) > 0 is an unstable eigenvalue of (8.6), then
there exists an eigenvalue A, of (8.5) such that A — Ao.

We now follow his idea. Let Ag # 0 be an eigenvalue of problem (8.4) with Re(Ag) > 0.
We first note that from the equation for 1), we can express 1. in terms of ¢ (as in (8.3)).
Now we rewrite (8.1) as follows:

AP e A?
P P g .

(8'7) ¢e = _Re()‘e) Hg Hq+1

)

where R¢()\.) is the inverse of —A + (1 + A.) in H?(R) (which exists if Re(\) > —1 or
Im(\) # 0), and ¢, = T.[Ac](¢¢) is given by (8.2). The important thing is that Re(\) is
a compact operator if € is sufficiently small. The rest of the argument follows in the same
way as in [5]. For the sake of limited space, we omit the details here. O

We now study the stability of (8.1), (8.2) for large eigenvalues explicitly and prove (2.38)
and (2.40) of Theorem 2.3.

Suppose now that we have

(8.8) ( r —s> min o < 1,

p—1 oco(B)
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by Theorem 3.1 (1), there exists a positive eigenvalue of (8.4) and thus by Theorem 8.1,
there exists an eigenvalue A, of (8.1) and (8.2) such that Re(A.) > ¢y for some positive
number ¢y > 0. This implies that (A, H.) is unstable.

Suppose now that

(8.9) ( il s> min o > 1,

p—1 B oceo(B)

and (2.37) is satisfied, then by Theorem 3.1 (2), we know that for any nonzero eigenvalue
Ao of L we have

Re(Ag) < ¢ <0 for some ¢y > 0.

So by Theorem 8.1, for € small enough all nonzero large eigenvalues of (8.1), (8.2) all have
strictly negative real parts. We conclude that in this case all eigenvalues A, of (8.1), (8.2),
for which |A.] > ¢ > 0 holds, satisfy Re(A.) < —c¢ < 0 for € small enough. They are all
stable.

Finally we comment that when 7 £ 0 and 7 is small, we use Theorem 3.2 to conclude.
In this case, the matrix B will have to be replaced by a matrix B, which depends on 7.
(In fact, one just replaces the Green’s function Gp by the following Green’s function:

(8.10) DAG — (1+7X\)G +6. =0, G (+1,2)=0).

It is easy to check that the new matrix will have eigenvalues satisfying (3.2). The rest follows
in the same way as before.

In conclusion, we have finished the study of large eigenvalues. It remains to study small
eigenvalues only.

In the next section we shall study the eigenvalues A which tend to zero as e — 0.

9. Stability Analysis: Small Eigenvalues. We now study small eigenvalues for (8.1)
and (8.2). Namely, we assume that \c — 0 as € — 0.
Let

(91) We = We te + (bé,teu E’e = T[wé,te + (bé,te]?

where t° = (t7,...,t%).
After scaling, the eigenvalue problem (8.1), (8.2) becomes

wP ! wP

(92) €2A¢é - ¢e + p——g(be - QW% = A€¢€7
Ar—l Ar

(93) DAU)E - U)E + CeTﬁd)é - SCeHTild}e = )\57-1/}6-

where ¢, is given by (4.8).

We take 7 = 0 for simplicity. As 7A. << 1 the results in this section are also valid for 7
finite. As we shall prove, the small eigenvalues are of the order O(e?). Unlike in the single
interior peak case [35], we need to expand the eigenfunction up to the order O(e) term.
(Such an expansion is also needed in the study of boundary spikes for the shadow system
(see [4] and [34].))
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Let us define
T — t;

To

(94) "I}e,j(x) = X( )ﬂ}e($), j=1,..,N,

where x(x) and ry are given in (4.3) and (4.4). Similarly as in Section 5, we define

P = span{a |j = 1,..., N} € H*(Q0),

Crew = span{a, ;lj =1,...,N} C L*(Q).

Then it is easy to see that

N
(9.5) :Z ) +es.t.

" r—t§

Note that . ;(z) ~ €7 w(—=2) in HZ (—1,1) and W, ; satisfies

(e,5)"

eQAﬁ;Eyj—d)w-—F i +e.st. =0
Thus dz;j = d?;’j satisfies
- _ ~p
L/ ! p(wej)p ! ~ Wej 7
9.6 EAD,  — W, + 2w _ +est.=0
(9.6) €J € (H.) €J q(He)qul €

Let us now decompose
N
(9.7) O =€ Z ajw, ; + gbel
j=1
with complex numbers af, (the factor e is for scaling), where
1L
¢ L KIS

Suppose that |[¢c||z2(q.) = 1. Then |a§| < C.
Similarly, we can decompose

N
(98) Pe = GZ a;we,j + ’@[JeJ_v

j=1

where 1) ; satisfies

u—jz‘fl s U_]T
(99) DA'I/}ed - 1/)€1j + ceT?we)] SCe == H5+1 ’1/}6 g = 0

and ¢ satisfies

’I‘

(9.10) DAY — o+ cor 5 ¢L Hs+1¢L
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Both (9.9) and (9.10) are solved with Neumann boundary conditions.
Substituting the decompositions of ¢, and 1) into (9.2) we have

N . _
€ (w ;])p 7’ (wf)p
qez ( ot e et Ve

Jj=1

pu?~t w?
+EApt — ot + i o qﬂg+1¢j AedT + e.s.t
N
(9.11) =Ac [ €) aSa,,
j=1

Let us first compute

N ~ _
ooy (el )

4 Z Z Ok gt q+1

J=1k#j

We can rewrite I, as follows

AR iy
(9.12) = —qez ZafC Fotl (1/15 E— Hjjk) + e.s.t..

=1 k=1 €

Let us also put
- pwl”!

(9.13) Lot = EAgE — - + 7 ot — Hqu/}L
and
(9.14) a. = (a$,...,a%)".

Multiplying both sides of (9.11) by u?;l and integrating over (—1,1), we obtain

N 1

’ ’

r.h.s. = e E ag/ W, ;W
j=1 71



152 J. WEI AND M. WINTER

(9.15) —AaE /R (w (9))* dy (1 + O(c)
and
N N 1 u~}p ) _,
Lhs.=(—qeY > df H;fl (Ukk Héajk)wél
j=1k=1 - ¢

1 =P

_ q we,l
7 1

o HIT

(W we)(1 +o(1))

= (Jig+ J2u + J30)(1 4+ o(1)),

where J; 1, ¢ =1,2,3 are defined by the last equality.
We define the vectors

(9.16) Ji=Jix, 0 Jin)t,i=1,2,3.

The following is the key lemma.

LEMMA 9.1. We have
(9.17)

Iy = it [(v2gD QM sngH%*HPl(ng)TH%*S} ac + o),

(9.18) s = o(e),
and
(9-19) J5 = cr M1 {pq_”1VGDHJH—S—1P2(VQD)TH:H—S

VGRS T PG I Py (V) THI T fac + o),

where ¢1 s given by (6.5) and Py and Ps are defined by (2.18) and (2.19), respectively. Recall
that Gp are H are introduced in (2.2) and (2.9), respectively, and a. is given in (9.14).

By Lemma 9.1, Theorem 2.3 can be proved. Indeed, note that

sVGpH?P TP (VGp) THP T~*
ar_ g T ar_ g ar__ g
—sVGpH T 1}%73191,%@71 1Py (VGp) TH

qr
p—1

= sVGpH» 1Py <I - gDHP"G—S*PQ) (VGp) T Hr1~*
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(9.20) = sVGpH» 1 1Py (VGp) TH» 1.
Combining the estimates for Jq, J2 and J5 and using (9.20), we have

l.h.s. = Jl + J2 + J3 _ ClezH%_l

x ((v% — QM (T - s>ngHP"ﬁ—s—1P2(ng>THiﬁ—S) a. + o(€?)
= 01627'(%./\/1(1:E)aE + o(€?).
Comparing with r.h.s. we have
(9.21) 1@ HPE M), + o(e?) = )\EH%ae/ (w' ()2 dy (14 O(e)).
R

Equation (9.21) shows that the small eigenvalues A, of (9.2) are
Ae ~ 2o (M(t?)),

where ¢y = < 0. This shows that if all the eigenvalues of M(t°) are positive, then

Jr@)? (
the small elgenvalues are stable. On the other hand, if M(t°) has a negative eigenvalue,
then we can construct eigenfunctions and eigenvalues to make the system unstable.

This proves Theorem 2.3. O

Lemma 9.1 follows from the following series of lemmas.

We first study the asymptotic behavior of ¥ ;.

LEMMA 9.2. We have

(9.22) (Ve — How)(t5)) = —H71*VGpPT + O(e).

Proof. Note that for [ # k, we have

(we,k - E[;(Skl)(tle) = we,k(t;)

,lI}T' *T‘
=c.r / Gp( S kdz—ce GDtl, )Hs+1z/16kdz

N

(023) = —Vu G t)E T s S Golth s ants)én T T 4 0.
m=1
Next we compute ., — _; near tj:
=c. /11 GD(x,z)Z—:
+o0 D @,
= Ce - KD(|Z|)H (3:—|—z)dz—cé/ Hp(z,z) g dz
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+CeZ/ Gsz

kAl
So
_, +°°K aly ! J i w’“;ld
E—ce/m T ) —/ O
1
—|—C€Z/ Gplx,z) d
k#l
1 _
_scellGD(x,z)H +1H dz.
Thus

= :—scé/ Kp(|lz — 2|) S+1

—ce/VHDa:z +CEZ/
—1

k£l

1 mj}:,l N 1 ’Lf)g
—c. B Hp(x,z) o Wei — CeS B GD(x,z)Fwéyl).

Therefore we have,

1
HUE) ~ bealt) = —cc [ 9 (1,2) 3 / VGt 2) ek
—1

k£l

~(s+1)

—Vie Hp(tf )&~ — s> Gp(tf 1) Yea(ts) + Ofe)

(9.24) — Vi Hp(t, )& =53 Gl )& pt) + 0(e).

k=1

Solving the equations (9.23) and (9.24), we have (9.22). O
Similar to Lemma 9.2, we have

LEMMA 9.3. We have

(9.25) (ek — Ho0u)(t + ey) — (Ve — Hoop)(t)

AT
= —ey | Vi Vie Gp(t], t)) — qwou | §
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N
AL —(s+1
—eys Z Vi Gp (it 1) Ve r(t,)Em (4D + O(%y?)

m=1
where qui. is defined at (2.16).
We next study the asymptotic expansion of ¢-. Let us first denote

N

N
1 q pe-1 Lo 1,_261
(926) ¢6,j — lg_l (p__ lgl 1 thglwe,l> ) ¢e = Ej:1 a/j¢6,j'

Then we have

LEMMA 9.4. For e sufficiently small, we have

(9.27) l6& — Ol uz(—1/e,1/0) = O(€?).

Proof. Before we prove Lemma 9.4, we first obtain a relation between Yt and ¢-. Note
that similar to the proof of Proposition 5.1, L is invertible from (K**)+ to (CI**)*. By
Lemma 9.2 and the fact that L. is invertible, we deduce that

(9.28) 162 | 2~ 1,1y = OCe).

Let us decompose

9.29 A ks
(9.29) EJ_TX( To )-
Then

N ~

(;56L = ez Ge,j +e.5.1.
j=1
Suppose that
(9.30) bej — ¢; in H.
Let
(I)O = (¢17 ey ¢N)T

Then we have by the equation for 1> (similar to the proof of Lemma 9.2):
r—1

N 1
w ~
=e> e Gp(t, 2)—— ¢ 1 d
Ek_lw/l oG 2) Ty Gen s

€

—CeS / GD _Hz/JJ‘dz—i—est

r—1
— tE te A p 1 ) —s f w ¢k
er E Gp( fR "t
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N
(9.31) —s 3 G, et eér T v o).
k=1
Hence
1 r—1
(932) (W), V()T = —aPiGpH IR}UT@ 0.
R

Substituting (9.32) into (9.11) and using Lemma 8.2, we have that in the limit ®q
satisfies

A‘I)O — (I)o —|—pwp71<1)0

—sz " 1(1)0 wP
Jrw

g HFE TP Gy H S

+qHTT P (VGE) THP T a%wP = 0

where
a’ = lim a“.
e—0
So
T q a(r—1) -1 q qr
e _L( TR PG ) HAT Py (VGp) THF T "l
p—1 p—1
q qr -1
[ ﬁ* o %7571 T _75 0
= p—lH (I (p—l s)GpH ) (VGp) H?
(9.33) - ——HP 5Py (VGp) TH P *a%w

p—1

Now we compare ®¢ with ¢!. By definition

Zak Z ( p 1 vtékémwe,m>

Mz

(9.34)

N
E vté ma/k w67m.
k=1

On the other hand

N
i EZéW» +e.s.t.
j=1
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N
(9.35) =) o;(—2L)+0().

Using (9.33) and (2.15), and comparing (9.34) and (9.35), we obtain (9.27). O
From Lemma 9.4, we have that

2T IPy (VG ) THP T 4 O(e2)

(936) (W), ()T =

and
e (15 + ey) — 2 (t5)
N . 71)_8 w” 1¢
:—62yrzvt5GDt t6)§ B fRwaT i
k=1
al —(s+1)
(9.37) —sey »_ Vi Gp(t5, 1) (1) T + O(3y%).
k=1

Finally we prove the key lemma — Lemma 9.1.

_ Proof of Lemma 9.1. The computation of Jy follows from Lemma 9.3: In fact, since
e =o(1),

Jag = —%Zak H"H (1/Je,k - H;élk) ﬁ);yl + e.s.t.

= —qe Z aj H‘”l ([we,m) — . (@)0u] = e (1) = HL(4)00]) 6., + ole?)

— ¢ /R (ywPw' (y))dy x £

N N

ppT s € p T +1 €
S VeV Golt, )& +5 30 Vi Gt te e (t5)én " |ag + o)
k=1 m=1

which, by Lemma 9.2, proves (9.17).
(9.18) follows from Lemma 9.4 and the fact that at t§

H(t5) =&+ O(e?), H.(t5+ey) — H.(t) = e x_odd function + O(e?).

/ (vl

It remains to prove (9.19):
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boag 1
- ququ1( E(‘T)_ e(lﬁ))wel
boag, I
€, € ! 2
=- qﬁqﬂ( e (x) =¥ (t))we; + oe”).
—1 €

Now (9.19) follows from (9.33), (9.36) and (9.37). O

10. Appendix A: Computation of the Eigenvalues of 5 and M and the proof
of Theorem 2.4 . In this appendix, we give a sketch of the computations of the eigenvalues
of B and M in the case of symmetric N-peaked solutions. Then Theorem 2.4 follows from
Theorem 2.3. For more detailed computations, we refer the reader to [15] and [28].

We need to consider the three matrices Gp, VGp and V3Gp.

Recall that

2j — 1 1
7 + N 3 ) ) ) \/5
By definition, it is easy to compute
0 62 63
= ———(aij), VGp = ——==(bij), V*Gp = ———(cij),
9o sinh(20) (a), Vb sinh(29)( 1) VG sinh(20) (¢a)
where
cosh((1 + 7)) cosh(8(1 — 13)), if 7 < j;
(10.1) Qi = 0 0Ny e s s
cosh(0(1 —t7)) cosh(0(1 + t7)), if i > j,

sinh(0(1 4 t7)) cosh(A(1 —19)), if i < j;
(10.2) bij =< 3sinh(20t9), if i = j;
—sinh(0(1 — 7)) cosh(9(1 +19)), if i > j,
and
—sinh(0(1 + t7)) sinh(8(1 — t9)), if i < j;
(10.3) cij = —sinh((1 +t9)) sinh(6(1 — t2)) + & sinh(26), if i = j;
—sinh(8(1 — 9)) sinh(0(1 + 19)), if i > j,
In the symmetric N —peaked case, £ = £J = ... = £, = &. Hence
H = ol

One can compute éo explicitly

o L tanh(Z)
10.4 p-1 =9 N7/
( ) 0 9
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Hence
93 93

(105) 2=(3 - 2 tanh (<)

).

The following three observations make the computation easier:
Observation I: QBI is a tridiagonal matrix. More precisely, we have

di fir 0 .0
i e1r f1 O
(10.6) Got=vD| .. .. .
0 fi e N
0 0 fi &
where

dy = coth(20/N) + tanh(6/N), eq = 2coth(20/N), f1 = —csch(20/N).

Since gg,l is a symmetric tridiagonal matrix, we can easily compute the eigenvalues and
eigenvectors of Gp as follows:

(10.7) Aj=06(e1+2f1 cos(m))*l, ji=1,..

[2 7(j—1 1. .
qQ; = N(COS(%U—%)),]:2,...,N,l=1,...,N.

In summary, if we take

then we have

A O 0 0

0 Ao O 0
(10.8) PIlGoPi=| .. Aj 0

0 0 0 AN

Observation II: (V2Gp — %I)_l is a tridiagonal matrix. That is
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d> f1 0 .0

-

2 0 -3 fl oo :

(10.9) (V gD—gf) =0 - hoe i
0 .0 fi do

where

dy = coth(20/N) + coth(8/N).
Since V2Gp — %I is a symmetric tridiagonal matrix, we can easily compute the eigenvalues
and eigenvectors of V2Gp as follows:

63 (g —1).. ¢ .
(10.10) W= 0%(e1 +2f1 cos(%)) Lji=2,..,N,

93
=g 0%(er — 2f1) 71,

vy = —(15 _1a 17 sy (_1)N+1)7

2)—‘

2 i1 1
v = —(sin(w(l — ), j=2.,N,1=1,..N.

Thus, if we take

then we have

g 00 0

0 e O 0
(10.11) Py'ViGpPa=| . o 4 0

0 0 0 pun

The last observation makes the connection between VGp and the other two matrices
QD and VQQD.
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Observation III:

vp 0 0 0

0 v O 0
(10.12) Py'VGpPi=| . 0 w0

0 0 0 vy
where
(10.13) vj = csch (20/N)sin(n(j — 1)/N)X;, j=1,...,N.

Now let
§=s— 1 5=§7°"1
p—1 o

Then by (10.8), (10.11) and (10.12), we have that the eigenvalues of M are given by
mj = wj — qo — 5’71/]2(1 +89\)7 j=1,...,N,

where f1; is given in (10.10), v; is given in (10.13), and

3 03
=5 2tanh(%)
For stability, we need
(10.14) —Eﬁj:rﬁi.r.l’N A >1
and
10.15 i i > 0.
(10.15) jmin | m; >

The first condition (10.14) gives us the following criterion (see [15]):

1 N
(10.16) D < Dy = R Onq1 = 310g[a+ va? —1],
N1

where a = 1+ [1 + cos(F)](-X5 —s—1)7 "

(357
The second condition (10.15) gives us another critical threshold (see [15]):
1
(10.17) D < D% = g7 02 = Nlog[\/B++/B+1],
N2

where # = (25 — (1+3)) 7.

It is easy to see that D}, > D3%. Thus we obtain the stability of symmetric N—peaked
solution for D < Dy = D3 and instability of symmetric N—peaked solutions for D > Dy.
(Note that the estimates for small eigenvalues involve no 7.)

This proves Theorem 2.4. 0
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