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IMPULSIVE INTERGO-DIFFERENTIAL EQUATIONS AND
STABILITY OF MOVING INVARIANT MANIFOLDS*

GANI TR. STAMOV'

Abstract. This paper study the stability of moving invariant manifolds of nonlinear impulsive
integro-differential equations. The obtain results are based on the method of piecewise continuous
Lyapunov’s functions and the comparison principle.
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1. Preliminary notes. Impulsive integro-differential equations arise naturally
from a wide variety of applications such as aircraft control, inspection process in
operations research, drug administration, and threshold theory in biology. There has
been a significant development in the theory of impulsive differential equations in the
last years [1-3].

Now there also exist a well developed qualitative theory for impulsive integro-
differential equations [7, 8].

The efficient applications of impulsive integro-differential equations to mathemat-
ical simulation request the finding of criteria for stability of their solutions.

In this paper we use piecewise continuous Lyapunov’s functions to study the
stability of moving invariant manifolds for general class of uncertain impulsive integro-
differential equations. In the few publications dedicated to the subject of moving
invariant manifold for differential equations without impulses, earlier works were done
by [5, 6-7, 10].

Our results are obtained by means of the comparison principle which permits
us to reduce the study of impulsive integro-differential equations to the study of a
scalar differential equation.

Let R™ be the n-dimensional Euclidean space with elements © = col(x1, x2, ..., T)
and norm | . |, R = (—o0, ), Ry =[0,00), S, = {z € R", |z| =p}, B, ={z € R":
2| < p}, p>0.

We shall consider the following system of uncertain impulsive integro-differential
equations

I(t) = F(ta I(t)a (T‘:C)(t)v )‘)a t 7£ Tk,
Ax(ty) = I(z(mk),N), k=1,2, ..., (1)
x(to +0) = zg, tg € Ry,

where
i) F e C(Ry x R® x R® x R4, R™) and A € R? is an uncertain parameter;
t

i) (Tz)(t) = / g(t,s,x(s))ds, g € C(Ry x Ry x R" R");

to
i) to=71<7 <. <7 <.. lim 7, = 00;

k—o0
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iv) Az(ti) = 2(m +0) — (1, — 0), k=1,2,..;
v) I, € O(R" x RLR™), k=1,2, ...

We denote by x(t) = x(t;to,xo) the solution of (1) with the initial condition
x(to + 0;to, xg) = xo.
Recall [2] the solution z(t) is piecewise continuous function with points of discon-
tinuity at the moments 7, k£ = 1,2, ... at which it is continuous from the left.
Consider the following sets
K ={a € C(Ry,Ry): ais monotone increasing in Ry, and a(0) = 0}.
PC(R4,R™) ={z: Ry — R", x is piecewise continuous function with
points of discontinuity of the first kind 7, k =1,2,... and x(1; — 0) = (1)},
Gy ={(t,z) e Ry xR": 7, <t <7p41}, k=0,1,2,...,
Wi ={(t,u) € R%_ T <t <Tp41}, E=0,1,2, ...,
Vo ={V : Ry xR"™ — Ry, continuous on Gy, V(t,0) =0, locally Lipschitz in x
and lim  V(t,x) =V (g +0,20)}.

(t,2) = (Tg20)
(t,2)€G K41

DEFINITION 1. Let V € Vy. For (t,z) € U2 Gy the upper right derivative
V(t,x) with respect to the impulsive differential system (1) is defined as

DYV (t,z(t)) = 6£%1+ infoHV(t+6,z(t) +0f(t,x(t), (Tz)(t),\) — V(t,z(t))}.

Our aim is to reduce the study of the system (1) to the study of a simple scalar
impulsive differential equation with impulses at fixed moments and uncertain para-
meter.

For convenience let us state the following hypothesis.

(Ap) wo,w : Ri — R, are continuous on (7x, Tp+1] X Ri, there exist and are
finite the limits

w(T + 0, ug, u) = lim w(t, u, 1), wo(rk + 0,ug, 1)= lim wo (L, u, @),
(tsu,p) = (Tg w0, 1) (tyu,p) = (T ug, 1)
(t,u)EWE 4 q (t,u)EWgE g

wo(t,u, p) < w(t,u,pn), h(t;to,up) is the right maximal solution of the impulsive
differential equation

= w(t,u,,u), t 7& Tk t> tOu
Au(r) = u(te + 0) — u(r, — 0) = g (u(me), p), k=1,2,..., (2)
u(to +0) = ug, to € Ry,

existing on [tg, 00) and 7(t,t°, vg) is the left maximal solution of
0= ’U}O(t,’U,M), 3 7& Tk, t > to,
Av(1) = v(1 +0) — v(1, — 0) = YL (v(1k), 1), K =1,2, ...,
v(t%) = vy > 0,

eXiSting on tO S t S toa wka 1/)2 € C(RivR)a wk(unu)a 1/}2(’07:“)5 k = 071527"' are
nondecreasing in u for p € Ry, and 7, < 741, klim T = O0.
— 00
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(Al)VGVOandfort>to, r e Ey
DJFV(tv:E(t)) < w(tv V(t,x(t)),,u), 3 7£ Tk

(D+V(t, 2(8)) = w(t, V(t,z(t), ), t # Tk), k=0,1,2,..
where
Ey={xz € PC[R4+,R"]: V(s,z(s)) <n(s,t,V(t,z(t))), to <s <t}
and

V(t,z(t) + I (x(t),N) < e (V(t,z(t)), 1), t =7
(V(t,x(t) + Iu(z(t), \) > wk(V(t,;v(t)),u),), t=1p k=1,2,...

THEOREM 1. Assume that conditions (A) are hold.
Then, if x(t) = x(t;to, o) is any solution of (1) existing on [tg, o0), we have
V(t,z(t)) < h(t;to,uo), t > to, provided V(tg + 0,x0) < ug
or
V(t,z(t)) > h(t;to, uo), t > to, provided V(tg + 0,z0) > ug.

Proof. The proof of Theorem 1 is analogous of Theorem 3.8.1. in [3].

Now we consider the following definitions with respect to moving invariant
manifolds of the systems (1) and (2).

DEFINITION 2. Let 1, = r(\) > 0, £k =0,1,2,.... Then we say that the manifold
Q, where

Q=021 %, Q= {$ e R": (t,.’L‘) € Gy, |$| = rk}, k=0,1,2,...
is invariant and is uni formly asymptotically stable (UAS) with respect to (1), if
i) |xzol =10 = |z(t)| =71k, t € (Th, Tht1], K=0,1,2, ...,
ii) for given e> 0 and ty € Ry

(a) there exists 6 = §(¢) > 0 such that
ro—0<l|xo|<ro+d = rp—e<|zt)| <rp+e, t€ (h, k4], K=0,1,2,...,

(b) there exist dp > 0 and T'= T'(¢) > 0 such that if to + T € (77, 7141] for some
[=0,1,2,... then

ro—0 <|xo|<ro+d = rm—e<|z@t)|<r+e te (to+T,Tit+1]
and

rp—e<|r@t)| <rp+e, t€ (Th o], K <I+1,
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if to + 71 = 7, + 0 for some p = 1,2, ..., then

ro—0<|xo| <ro+06 = rr—e<|x(t)| <ri+e, tE(Th,Trt1], k> D,
where x(t) = x(t;t0, zo) is solution of (1).

DEFINITION 3. Let Ry = Ri(u) > 0, k = 0,1,2,.... Then we say that the
manifold u

u=U ug, up ={u€eRy: (t,u) € Wy, u= R}, k=0,1,2,..
is invariant and is uni formly asymptotically stable (UAS) with respect to (2) if
i)up=Ro = Rip=ul(t), t € (tk,Tk41], £k=0,1,2, ..,
ii) for given € > 0 and ¢y € Ry
(a) there exists § = d(¢) > 0 such that
Ry—d<ug<Ro+d = Rr—e<u(t)<Rp+e, t€ (tx,m6+1], k=0,1,2,..;

(b) there exist dp > 0 and T'= T'(¢) > 0 such that if to + T € (77, 7141] for some
[=0,1,2,... then

Ry—d<ug<Rop+0 = Ri—e<u(t)< R +e, te(to+T,m41],
and
Ry —e<u(t) < Rp+e, t € (mh, 1], k2141
if to + 1 = 1, + 0 for some p =1,2,..., then
Ry—d<ug<Ry+d = Rr—e<u(t)<Rip+e, t € (h,Tkt1], k> p,

where u(t) = u(t; to, up) is the solution of (2).

We denote, for simplicity the following sets

E® = {2, € By, 2(t) eR"\ B, }, k=0,1,2, ...,

ES = {z; v € Ey, 2(t) € B, US,}, k=0,1,2, ...

2. Main results.

THEOREM 2. Assume that:

(Ho) For each A € R? there exist a sequences {rg}3, v = ri(\) such that
re(A) > 0 and r(A) — 0 as |A| — 0, r(A) — 00 as |A| — oo for each k =0,1,2,....

(Hy) There exist functions V € Vy and a,b € K such that

b(|lz|) <V(t,x) fort# Tk, x € E%k)



IMPULSIVE INTEGRO-DIFFERENTIAL EQUATIONS 73

and
V(t,z) <a(lz|) fort#, x€ Eék), k=0,1,2,....
(Hz)
DYV (t,x) <w(t,V(t,z),re) for t # 1, v € BEP
and
DTV (t,x) > w(t,V(t,z),1) fort # 1, x € Eék), k=0,1,2,....
(Hs)
V(ri+ 0.2+ Ii(2, ) < en(V (), ), for v € B
and

Vit + 0,2+ Ix(x,\) > p(V(t,x), 1) for x € Eék), k=0,1,2,....

(Hs) For each sequence {ri}32,, rr = rp(A) > 0 there exists a sequence
{Ri}32, such that R, = R(ry) > 0 such that R, — 0 as r, — 0 and R, —
o« as rp — oo, k = 0,1,2,... and u = R, R = U2 Ry is tnvariant and
UAS relative to (2). Then if for any r, > 0, a(ry) = b(rg) =
R(ry), the manifold Q = U | Qy is invariant and is (UAS) relative to (1).

Proof. Assume that condition (Hy) be fulfilled for some {74}, % = r%(A) > 0.
First we shall prove that the manifold € is invariant with respect to (1).

If not there would exists a solution of (1) with |zg| = ro and t2 > t; > to such
that either

i) ifty1 € (7, Tot1] and to € (7, Ti41], k& > 1, then |x(t1)| = &, |z(t2)| > 11, x € Ey
such that z(t) € R*\ B,_, t € [t1,t2], where 0o =k asl =k, or c =k, k+1,...,1 as
>k

From (Hy) and (Hz) for V (¢, z(t)) it follows that

D+V(t,$(t)) < w(t,u(t;tl, V(tl,I(tl))),TU) Zf t e [tl,tQ] \ {Tg S [tl,tQ]},

Vite +0,2(75) + Ip(2(75), A) < o (V (70, 2(75)),76) for 75 € [t1,1a]
or
ii) if t1 € (TkaTk-i-l] and ty € (TluTl-i-l]u k> 1, |5L‘(t1)| = Tk, |$(t2)| <r,xz€ Ey
such that z(t) € B,, US,_, t € [t1,t2], wherec =k asl=k,and o =k, k+1,...,] as
>k
From (H;) and (H>) it follows that

D+V(t,$(t)) > w(t,u(t : tl, V(tl,I(tl))>,Tg) ’Lf t e [tl,tQ] \ {Tg S [tl,tQ]},

Vi(te +0,2(15) + In(x(75), ) > Vo (V (70, 2(75)),76) for 7o € [t1,t2],

where wu(t, t1, V(t1, 2(t1))) is the solution of (2) through (t1, V (¢1,z(t1))).
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Using comparison Theorem 1 in case (i) we have
V(t, z(t) <ul(t;t, V(t,z(t1))), t1 <t < to,
or in case ii)
V(t,z(t) > u(t;tr, V(t, z(t1))), t1 <t <ts.
Hence in i) we obtain

b(ro) < b(|z(t2)]) < V(t2, 2(t2)) < ulta;tr, aljz(t1)]) =

= u(ta;t1,a(ry)) =b(ry) =a(ro = Ry), o =k, k+1,...,1,

which is a contradiction.
In case ii) we obtain

a(re) > aflz(tz)]) = V(te, x(t2)) = ultz, tr, b(Jx(t1)]) =

= u(ta, t1,b(rs)) = b(ry) = a(ry) = Ry, o =k, k+1,...,1,

which also is a contradiction.

Let ¢ > 0 and ¢y € R4 be given. Suppose that « = R is US. Then since a(ry) =
b(ry) = Ri, k=1,2,... given a(ry —e), b(ry + €), there exist e >0, 61 >0, 6 >0
such that

Rp+d6 =a(rp+9) <b(ry+¢)=Rp+e1, k=0,1,2,...
and
Ry — &1 :a(rk —6) < b(’l”k —5) :Rk—él, k:0,1,2,....
Satisfying Ry — 61 < ug < Ro + 1 implies R, —e1 < u(t) < R +¢e1, t > tg, k=
0,1,2,... where u(t) is solution of (2). We claim that with this § > 0 the manifold
is US, that is

ro—0 <l|xo|<ro+d = rp—e<|z(t) <rp+e, t>ty, k=1,2,....

If this is not true, there would exist a solution z(t) of (1) with ro—9 < |zg| < ro+9¢
and to >t > t1 such that either

(a) |x(t2)| = mi+e, |x(t1)| = rx+9 and x € Eg such that z(t) € R"\(B,,US,,), t €
[t17t2]7 ty € (TkuTk-‘rl]a ly € (TlaTl-‘rl]a 1> ku 0= k7k+ 17"'71'
or

(b) |x(t2)| =1 —e, |z(t1)] = ri — § and = € Ep such that z(t) € B,_, t € [t1, 2],
t1 € (T, Tht1], t2 € (1, 141), L2k, o=k, k+1,...,1L.

Consider (a). As before, we have

V(t,x(t) <ult;ty, V(t,2(t1))), t € [t1,t2]
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and therefore, we arrive at the contradiction
b(re+e) =b(|x(ta)]) < V(ta, z(t2)) < ulte;tr,alre+9)) < b(ro+¢), o =k, k+1,...,1.
Similarly, in case (b) we first get
V(t, z(t)) > u(t,t1, V(t1,2(t1))), t € [t1,t2],
and then it follows that
a(re—e) = a(|z(te)]) > V(te, x(t2)) > u(te;t1,a(re—9)) > alpe—¢), o =k, k+1,...,1

which is a contradiction. Hence € is US.
To prove UAS of the set Q let us first fix e, = ri, &k = 1,2, ... and designate by
0k = 6(ry) so that we obtain

b(ry — k) <wug < a(ry+6) = 0<u(t) <b2r), t >ty, k=0,1,2, ...
and
0 —50 < |I0| < T +50 = 0< |I(t)| < 2r, t > to, k= 0,1,2,....

Assume that v = R is UAS and let § = d(¢) be the same number corresponding
to € is US. Then given b(ry + 9), a(ry — J), there exists T = T'(¢) > 0 such that
iii) if ¢o + T € (7, T141] for some I = 1,2, ... then from

b(ro — do) < wo < a(ro+ o) = a(r;—9) <wu(t) <blri+90), t € (to+T,7141]
and
a(ry —0) < u(t) <b(ry +9), t € (7, Tkt1], k> 1+1,
iv) if to + T = 7, for some p = 1,2, ... then from
b(ro — 0o) < ug < a(ro+0d0) = a(ry —90) <u(t) < blry +9), t € (1k, Tkt1], k> p.

Since Q is US it is enough to show that there exists t* € (74, 7441] C (to,t0 + T)
satisfying rq — ¢ < |z(t*)| < 74 + 0. If t* not exists, then for to + T € (7, T41] we
have either

(a) x € Ey such that z(t) € R"\ B, 45 for allt € [to, to+T|\{7s € (to,to+T], 0 =
1,2,...,1}

or

(b) x € Ey such that z(t) € By, 45 U S, 15 for all t € [to,to + T \ {75 €
(to,to-‘rT], o= 1,2,...,1}.

Then we get relative to (a)
b(re +0) < V(to+T,z(to+T)) <ulto+ T;to,alry + o)) < b(re +9),
for 0 =0,1,2,...,] which is contraction. Similarly, in case (b), it follows that

alre —0) > V(to+ T, z(tog + T)) > u(to + T;to, b(re — do)) > a(re — 9),
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for o = 1,2,...,1 which is again a contraction. Hence there exists t* € [t,to + T
satisfying 7, — ¢ < |z(t*)| < 74 + ¢ and the proof of Theorem 2 is complete.

Remark 1. We denote that the main results in the paper follows from the estimate

of Lyapunov’s functions on the minimal class Ey of assumption (A;). This class
depends on the choice of the functions wo(t, v, 1), and ¥?(v,u), k = 1,2,... and the
special cases of these choices are considered in [3,4].
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