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MOMENT INEQUALITIES WITH APPLICATIONS
TO REGRESSION AND TIME SERIES MODELS

BY TZE LEUNG LAI' and CHING ZONG WEI*
Columbia University and the University of Maryland

Herein we review several important moment inequalities in the literature and discuss
their applications to strong (almost sure) limit theorems for linear processes and for least
squares estimates in multiple regression models.

1. Introduction and Summary. A classical model for random noise in the regression
and time series literature is that of equinormed orthogonal random variables€,,, i.e.,
(1.n E(e;e) =0 fori # j,

=g? fori=j.

Such random variables have the important mean square property that for all constants c;,
1.2 EGr.c€)? =023,  foralln=m.
For example, the so-called Gauss-Markov model in multiple regression theory is of the
form
(1.3) z=Bitiy+ ... + B T+ €(=1,2, ...)
where #;; are known constants, z; are observed random variables, B;, ... , B are unknown
parameters, and €; are equinormed orthogonal random variables that represent unobserv-
able random errors. Throughout the sequel we shall let T, denote the design matrix
(ti)1<i<n, 1<j<k, and let Z,, = (zy, ..., z,)’. For n=k, the least squares estimate b, =
(buts .- » b)) of B= (B, ... , Bx)’ based on the design matrix T, and the response vector
Z,is given by
(1.4 b, = (T, T,)'T,Z,
provided that T',T,, is nonsingular. From (1.1), it follows easily that
(1.5) cov(b,) = (T, T,)",
and therefore b, is weakly consistent (i.e., b, P, B)if
(1.6) (T, T,)" > 0as n»ox,
If o #0, the condition (1.6) is also necessary for the weak consistency of b, (cf. Drygas
(1976)).

In time series theory, it is well known that every wide-sense stationary sequence {y,}
with zero means and an absolutely continuous spectral distribution can be represented as

(1.7) y, = Lim, ,2_,a €,

where {e,} is an orthonormal sequence (i.e., o=1in (1.1)), {a,} is a sequence of constants
such that 3%_ _ a2 < «, and 1.i.m. denotes limit in quadratic mean (cf. Doob (1953), page
499). From this representation, it follows that
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ECGn_1y)? = 37 _o(37-1a;)* = o(n?),
and therefore {y,,} satisfies the weak law of large numbers:
(1.8) nse .y Bo.
The representation (1.7) also provides an important stochastic model in the engineering
literature, where the sequence {€,,} is a white noise sequence and {y,} is the output sequence
obtained by passing {€,} through a linear filter defined by {a,} (cf. Kailath (1974)). We
shall call the sequence {y,} in (1.7) a linear process generated by {€,,}.

In order to strengthen the weak consistency result on b, into its strong consistency under
the minimal assumption (1.6) on the design constants, or to strengthen the weak law (1.8)
into the corresponding strong law, we have found it necessary to introduce additional struc-
ture into the noise sequence {€,}. Indeed, Chen, Lai and Wei (1981) gave a counter-exam-
ple to show that the condition (1.6) is not sufficient for the strong consistency of b, in the
Gauss-Markov model. A very useful additional assumption on {e,,}, which is satisfied by
many important classes of random variables that are natural models for random noise, and
which yields the desired strong limit theorems, takes the form of the following moment
inequality, to be satisfied for some p>2 and all constants c;:

1.9 E37_ci€ff < K, (37_,c)P? for all n=m.

Given p>0, a sequence of random variables {e,} is called a lacunary system of order
p, or an S, system, if there exists a positive constant K, such that the moment inequality
(1.9) is satisfied for all constants c;. The concept of S, systems was introduced by Banach
(1930) and Sidon (1934). If {€,} is an S, system for all p>0, then it is called an S, system.
In view of (1.2), an equinormed orthogonal system is an S, system, and the moment in-
equality (1.9) can be regarded as an L, extension of the L, property (1.2). In Section 2,
we give some basic properties and examples of S, systems, and in this connection, review
some important moment inequalities in the literature. In particular, we also discuss how
the moment inequality (1.9) in the case p>2 is related to the almost sure limiting behavior
of the sequence {3/% ,c; €,;}.

While the moment restriction (1.9) appears more restrictive than the equinormed ortho-
gonal situation (1.2) in the sense that it considers the p™ absolute moment with p>2, it
is also less restrictive than (1.2) in the sense that it replaces equality in (1.2) by an upper
inequality (<). If we replace equality in (1.2) by a lower inequality (=), then we get a
Bessel-type inequality. A sequence of random variables {€,} is said to satisfy the Bessel
inequality if there exists K>0 such that for all constants c;,

(1.10) E_c€)?=K3"_,c?  foralln=m
(cf. Gaposhkin (1966)). Since E|Y|? = (EY?)?'2 for p>2, the inequality (1.10) in turn im-
plies the existence of a positive constant A,>0 such that for all constants c;,
1.11) E[3t ce|P= A3 ,cHP'?  foralln=m.
Gaposhkin (1966) showed that if {€,} is an S, system for some p>2 and if it also satisfies
the Bessel inequality, then it is a Banach system, i.e., there exists A(=A,) such that (1.11)
holds with p=1 for all constants c;. Clearly, if {€,} is a Banach system, then for every p=1,
there exists A,>0 such that (1.11) holds for all constants c;.

Replacing equality in (1.2) by the upper inequality (1.9) (with p=2) and the lower in-
equality (1.10) enables us to substantially enlarge the equinormed orthogonal model for

random noise and include random errors that are correlated and have different variances.
Assuming (1.9) for some p>2 in addition often enables us to extend the mean square con-
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vergence properties in classical regression and time series models with equinormed ortho-
gonal errors to the corresponding almost sure convergence properties. For example, as
shown by Lai and Wei (1983), if the random errors €, in the linear process (1.7) form an
orthonormal S, system with p>2, then the weak law (1.8) can indeed be strengthened into
the strong law, i.e.,
n'37_1y;»0  as.
To establish the strong consistency of the least squares estimate b, = (b1, ... , bur)’

in the multiple regression model (1.3) when the random errors €; form an S, system with
p>2,wefixj=1, ... , kand note that b,;can be represented for all large n as

(1.12) bnj_ Bj = (2t=1an€)/ (E’il= 103.'),

where {a,; : 1<<isn, n=1, 2, ... }is atriangular array of constants such that

(1.13) S Qi = 2T 105 forn=m

(cf. Lai and Wei (1982), Lemma 2). Thus, to study the limiting behavior of the least squares
estimate b,,;, it is useful to consider more generally linear transformations of the form

1.14) X = e oollni€;

where a,,; are constants such that 372 _.a?; < « for every n. Since {€,} is an S, system with
p>2, the series in (1.14) indeed converges a.s. (see Section 2). Partial sums x,, = 37-,y;
of the linear process {y;} defined in (1.7) can also be expressed in the form (1.14). In Section
3, we consider the almost sure limiting behavior of such linear transformations of S, sys-
tems and discuss applications of the results to regression and time series models.

2. Lacunary systems, Banach systems, and related moment inequalities. We now
give some examples of S, systems and Banach systems, and in this connection, also review
some important moment inequalities in the literature.

Example 1. If {€,} are i.i.d. standard normal random variables, then since E|37_,,c€.|”
= (37— mcHP?EIN(0,1)PP, { €} is an S.. system and a Banach system.

Example 2. Let {e,} be i.i.d. Bernoulli random variables such that P{e, = 1}' = P{e,
= ~1} = Y. Then by an inequality of Khintchine (1924), for every p>0, there exist positive
constants A, and B,, such that

(2 1) Ap(zr;=mclg)p/2 = Elz’i'=mci€i'p = Bp(Er[g:mC%)pIZ
for all n=m and all constants c;. Thus, Khintchine’s inequality implies that {e,} is an S.,
system and a Banach system.

Khintchine’s inequality was generalized to general independent random variables by
Marcinkiewicz and Zygmund (1937) who showed that if €, are independent random vari-

ables with zero means, then for every p=1, there exist positive constants A, and B, depend-
ing only on p such that

@2 A= €)' < E|Z - melf < BE{(3-n€)"?}

for all n=m. In the case p>1, the moment inequality (2.2) was extended from independent
random variables to martingale difference sequences {e,} by Burkholder (1966). Some
other important martingale extensions of the Marcinkiewicz-Zygmund inequality can be
found in Burkholder’s survey paper (1973) and the references therein.

Making use of Burkholder’s inequality (2.2) for martingale difference sequences and
Minkowski’s inequality, Lai and Wei (1983) obtained
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Example 3. Let p=2, and let {¢,} be a martingale difference sequence (i.e., E{€,l€;,
j<n-1} = 0 for all n) such that $P'P Ele,[P<o. Then { €,} is an S, system. If furthermore
i},‘fEle,,|>0, then it follows from Lemma 4 of Burkholder (1968) that {e,} is also a Banach
system.
Let r be a positive even integer. A sequence of random variables { €,,} is said to be multi-
plicative of order r if

(2.3) E(e;, ...€;) =0foralli, <i; <... <i,.

When r=2, this reduces to orthogonal random variables and therefore forms an S, system
if S‘ilp Ee? < . For r=4, Komlé6s (1972) obtained the following

Example 4. Let r=4be an even integer, and let {€,,;} be a multiplicative sequence of order
rsuch that *{P Ee} < . Then as shown by Koml6s (1972), {e,,} is an S, system. Obviously,
if "’f Ee? > 0, then {e,} satisfies the Bessel inequality, and this in turn implies that {€,.}
is a Banach system since it is an S, system (r>2) satisfying the Bessel inequality.
Longnecker and Serfling (1978) introduced three different ways to weaken the multiplica-
tive condition (2.3) and showed that these three different classes of weakly multiplicative
systems of order r are also S, systems if S‘i’p Ee; < o, They also showed that certain station-
ary mixing sequences and Gaussian sequences are special cases of these weakly multiplica-
tive sequences.

The following maximal inequality plays an important role in the theory of S, systems
withp>2.

LEMMA 1. (Méricz (1976)). Let p>0 and o>1. Let {x,,} be a sequence of random vari-
ables. Suppose that there exist nonnegative constants d; such that

(24) Elxn_xmip < (2’;=m+ldi)tl forn>m>m0.

Then there exists an absolute constant C,, o, such that

(2.5) E( max |x;—=x,") < Cp o(37—pm+1d)* forn>m=my.
msisn

As a consequence of the maximal inequality (2.5), we obtain the following corollary
on the almost sure convergence of {x,;} and also its order of magnitude in case of divergence
(cf. Lai and Wei (1983), Lemma 3.2).

COROLLARY 1. With the same notation and assumptions as in Lemma 1, define
2.6) Dy =3 16

(i) Iflim D, <, thenx,convergesa.s.andinthe L,—norm.
n—-»x
(ii) Iflim D, = , thenfor everyd >0,
n->o
Q.7 x, = o({D¥P(log D,,)""P(log log D,) ' *¥'7})  a.s.

Remark. Suppose that {€,} is an S, system for some p>2 and {c,} is a sequence of con-
stants. Let x, = 3/_,c;e;. Then (1.9) implies that {x,} satisfies (2.4) with a = p/2>1, d;
= K7’c? and my=1. Therefore Lemma 1 and Corollary 1 are applicable to {x,}.

The special case p=a=4 in Lemma 1 was first established by Erdos (1943) for lacunary
trigonometric series. The result of Erdos was subsequently extended by several authors (cf.
Moéricz (1976) and the references therein), and Méricz (1976) considered in addition to
the case a>1 in Lemma 1 also the cases a=1 and 0<a<1. The latter two cases are quite
different from the case a>1; instead of the absolute constant C,, , in (2.5), the correspond-
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ing maximal inequalities in these two cases involve constants of the form C, (m,n). These
results generalize the classical Rademacher-Mensov inequality for orthogonal random vari-

ables (cf. Doob (1953), page 156): If€,, ... , €, are orthogonal random variables with finite
variances a3, ... , 02, then
log4n
2 2
(2.8) E{ max, (¥-ie)} < (fogz Vim0t

The following recent generalization of this kind of maximal inequalities is due to Méricz,
Serfling and Stout (1982).

LEMMA 2. Letg:{1, ... ,n} X {1, ... , n}- [0,%) such that for some Q = 1

2.9) gli,j)) + g(+1,k)<Qg(i, k) fori<j<k,
(2.10) g, ) <g(,j+1) forisj.
Lete,, ... ,€,berandomvariables such that for some p=1and a=1,
Q.11 E|3i_ P <g*(i,j) foralllsisj<n.
() Ifa>1and Q<2 then there exists an absolute constant C,, o o such that
2.12) E(_ max |Y_,el) <C, q,08%(1,n).

Isj<n

(i) In the case =1, we have the maximal inequality
(2.13) E( max [Sio,efP) < (Sfog10821 0 Py o(1,n).
Isj=n

For the case Q=1, inequality (2.9) says that g is superadditive and implies (2.10). In
this case, as pointed out by Longnecker and Serfling (1977), there exist nonnegative con-
stantsd,, ... ,d, such that

2.14) gll,n)=3"u, and g(ij)<i_u, for I1<isj<n,

and therefore the maximal inequality (2.12) reduces to that of Lemma 1.
For the case where g(i,j) takes the form g(i,j) = g(j—i+1), (2.9) becomes

(2.15) g() +g(G-i)<Qg() forisj.
Another maximal inequality of this nature but under an assumption different from (2.15)
is
LEMMA 3. (Lai and Stout (1980)). Let g:{1, 2, ...} (0, ©) be a function satisfying
(2.16) liminf g(Kn)/g(n) > K for some integer K=2,
n—»o

and
(2.17)  forall3>0, there exists p=p(8)<1 for whichlimsup{ max g(i)/g(n)} <1+d.
n-©  pnsisn

Lete,, €;, ... be random variables such that for some p>0,

(2.18) E|Zy2r e|P<g(n) forallv=0andn=1.

Then there exists a positive constant C such that

2.19) E( rlnax |2t efP)<Cg(n) forallv=0andn=1.
\j\

3. Linear transformations of S, systems and their applications. In this section we
first consider the multiple regression model (1.3) where the random errors €; form an S,
system with p>2, and apply Corollary 1 to establish the strong consistency of the least
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squares estimate b, = (b,,;, ... , by)' under the assumption (1.6) on the design constants.
This is the content of

COROLLARY 2. Suppose that in the multiple regression model (1.3) the random variables
€; form an S, system for some p>2. Let V, = (V)1 <;j<i = (T, ). Fix j=1, ... , k.
If hm vl(,") 0, then for every 3>1/p,

(3.1) bni—B; = o{(v{)"*log vi|'P (logllog v  a.s.

Proof. By (1.12), b,—B; = (27-1a,; €)/ (37— a%;) for all large n, where a,,; are constants
satisfying (1.13). Letx,, 2= 1a,€;. Since {€,} is an S, system, for n>m,
3.2) EptuxolP = E|S7 1 (@ptm) € + Ziemir10nel?

<K,{2 M (O Opi)” + 2T a2
LetD, = 3"_,a%, d, = D,~D,_,(Dy=0). It follows from (1.13) that forn >m
S (Onm)” + X8 = 218i— 272103 = DD,
and therefore by (3.2), for n>m
E|x,~xnP < Kp(Dy-Dp)?'* = K, (37— s 1d P2

As n»o, D, = 1/v}j") - o (cf. Lai, Robbins and Wei (1978)), and therefore we can apply
Corollary 1 (ii) to obtain that for every 8>1/p,
(3.3) x, = o({DY*(log D,)""P(loglog D,)%}) a.s.
proving the desired conclusion (3.1). o

Corollary 2 extends the result of Lai, Robbins and Wei (1978) who considered the special
case p=4. The above proof also shows that the linear transformation x,=27-1a, €; of an
S, system {e;} has the asymptotic behavior (3.3) if D, = X} _,a%; > « and if the constants
a,;satisfy (1.13).

More generally, let{a,,; : n=1, —0<i<o} be a double array of constants such that
3.4 3% a2 <oforeveryn.

Thus, a, = (8,).cic-€¢?, and we shall let ||a,|| = (22 _.a%)" denote the £* norm of
a,. Let{€,}—w<n< be an S, system with p>2. Define

(35) Xn = 2?=—°°am€i!

noting that the series in (3.5) converges a.s. and in the L, norm in view of Corollary 1(i)
and(3.4). By (1.9),

(3.6) E |xn—xm|p = Kp{zt——w(ani‘amt)z}p 2 = p”an"am"p

If furthermore {e,,} satisfies the Bessel inequality, then E(x,—x,,)> = K 3= _ oo@pi—@ymi)* by
(1.10), and it then follows from (3.6) that

(37) E Ixn_xnlp <K }l){E (xn__xm)Z}p/Z.

This inequality in turn enables us to relate the L, properties of {x,} to its L, and spectral
properties. Making use of this observation, Lai and Wei (1983) obtained the following

THEOREM 1. Considet the linear process y,, defined in (1.7) where the random errors
€, form an orthonormal S, system with p>2. Let f be the spectral density of {y,}. If ess

SUPg<p<2f(0) < ®, then {y,,} is an S, system. Consequently, 33 c;y; converges a.s. and
inthe L, norm for all constants c; such that 373 < .

In view of the inequality (3.6), the random variables x, = %72 _.a,€; satisfy moment
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inequalities of the type in Lemma 1 or 2 or 3 if the function h(m,n) = ||a,-a,,|| satisfies
corresponding conditions of the type h(m,n) < (X7=,,+1d)*?, or h(m,n) < g (m+1,n),
or h( m, n) < g'/P(n-m) for n>m. Under such assumptions on ||a,-a,,||, we can therefore
apply the maximal inequalities in these lemmas to obtain almost sure limit theorems of the
type in Corollary 1 above or in Corollary 3.3 of Lai and Wei (1983) for linear transforma-
tions x, = 27 _a,;€; of S, systems {g,} satisfying the Bessel inequality. Such maximal
inequalities can also be applied in conjunction with exponential bound of the type

(3.8) P{|x,| > 7(6)(D,loglog D,)""?} = 0(exp(-0 log log D,,)),

where D, = 37 _..aZ, 6>1 and 1(8)>0, to establish laws of the iterated logarithm for x,,
(cf. Lai and Wei (1982), Theorem 4). Using this approach and certain truncation tech-
niques, Lai and Wei (1982) obtained the following law of the iterated logarithm for double
arrays of independent random variables and applied the result to regression and time series
problems.

THEOREM 2. Let ... , €_;, €9, €, ... be independent random variables such that

3.9) Eey, = 0 and E€? = o* for all n, and sup,E|e,p <  for some p > 2,
and let{a, : n = 1,—%<i<}be a double array of constants such that (3.4) holds and

(3.10) D, =37 _wtyi>,
(3.11) SUP g2 = o(D,(log D))  forallr>0.
Letx, = 22 .a,¢€.

(i) If there exist constants d;=0 and \>1/p such that

(3.12) la,—anl < (Zi=m+1d)*  forn>m=my, and

(3.13) G d) =0D)?) asn>,

then

3.14) limsup |x,|[/(2D, loglogD,)""* <o a.s.
n—

(i) If ||a,—a|| < g'"P(n—m), where g : {1, 2, ...}—(0,®) satisfies conditions (2.16) and
(2.17) and g(n) = O(DZ'?), then (3.14) still holds.
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