CHAPTER 4

More properties of zonal polynomials

This chapter is a collection of results which are for the most part general-
izations and refinements of the basic results given in Chapter 3. A particular
emphasis is placed on the coefficients of zonal polynomials. In this respect this
chapter contains new results and presumably covers almost all known results.
On the other hand we do not survey various known identities involving zonal
polynomials. For this purpose the reader is referred to an excellent survey pa-
per by Subrahmaniam (1978). Actually in the discussion of the orthogonally
invariant distributions we saw that zonal polynomials satisfy an infinite number
of identities. It is a rather frustrating fact that although many identities for
zonal polynomials are already known, explicit forms of zonal polynomials are

not known.

§ 4.1 MAJORIZATION ORDERING

The proof of Theorem 3.2.1 which played an essential role for the subse-
quent development in Chapter 3 is not complete as it is. In (3.2.11) we argued
that

(1) 0= qu(kuop - Xqu)qulyq(E)yql(B),
q,

for all symmetric B and all positive semidefinite X implies (X,,, — )\,,Oq)cqq/

= 0. One objection may be that X is restricted to be positive semidefinite.
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But this causes no trouble since (1) is a polynomial and a polynomial which is
identically zero for nonnegative arguments has to be zero everywhere. A more
serious question is that the dimensionality of X and B is fixed to be k X k which
is the dimensionality of the uniform orthogonal matrix H. The same objection
applies to the proof of Lemma 3.4.1.

What we have to consider is the space of n-th degree homogeneous sym-
metric polynomials in k variables, where k is fixed. We denote this space by
Vak- Let m < k. If A=y, %) € Vg g then f(zy,...,21m,0,...,0) € Vy .
In this sense V}, ,, can be considered as a subspace of V;, ;. Now from the argu-
ment in Section 2.2 it follows that if k > n then { Mp,p € P, } forms a basis of
Vo k- Therefore if k > n, V,, ;. are all isomorphic to V5. However if k < n then
for p such that £(p) > k M, is identically 0. Therefore dim V}, ; < dim V},. In
order to proceed further we have to identify bases of V,, ;. for k < n.

For this purpose we now study homogeneous symmetric polynomials again
from the viewpoint of majorization ordering. The following is a refinement of
Lemma 2.2.2.

Lemma 1.
(2) Up=Mp+ Y apgMy
q=<p,g7#p
(3) Mp = Up + Z anUq.
q~<p,q5p
Proof. For1 <r < kleta =2 =--- = z,. Then the degree of a in M,

is gy + -+ +qr. The degree of a in Uy is py + -+ + p, because

Upla,...,0,2r41,...)
=(a+---P17P2(a® ... )p27Ps ...
(4) (@ PP (@ gy PRUTPIRR (@ gy g o )P
= ca(P1—P2)+2p2—p3)+-tr(pr—pryr)+-trpe 4 ...
= caPrttPr 4 ...

’
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where c is a term not containing a. Let Qr ={q|qg <p and q+ - +qr >
p1+ -+ +pr}. Now since the degree of a in (2) is py + -+ + pr we have

(5) Z aquq(a,...,a,xr+l,...)=0.
qEQr

Now My(a,...,a, 2,41, ..., 7;) are linearly independent if k is sufficiently large.
Therefore ay,q = 0 for ¢ € @,. Repeating this argument for r = 1,2,... we

have

(6) apq=0 if qEQ1UQ2U"'.

But if ¢ is not majorized by p there exists an r such that ¢ € Q.. Therefore
apq = 0 for every g which is not majorized by p. This proves (2). (3) can be
proved similarly. (]

Lemma 2. { Mp,p € Pu,lp) < k},{Up,p € Pu,lp) < k} are bases of
Vn,k‘

Proof. Note that Mp(z1,...,2x) = 0, Up(z1,...,2E) = O for p such that
Up) > k. Let f €V, . Then from (2.2.2)

f(zl!“-:zk) = Z GP.MP(ZI,... ,Zk)
pEPn

== Z apMp(zl,...,xk).
PEPn,lp)<k

(7)

Therefore any f € V; i can be written as a linear combination of Mp's for
which p € P,,lp) < k. Now suppose

(8) Z aqu(zl,...,Zk)=0.
qepn:f(q)sk

Then differentiating (8) p; times with respect to z;, ¢+ =1, ..., {(p), (note £(p) <
k) we obtain a, = 0. Therefore { My, p € Po,é(p) < k} is linearly independent
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in Vy, . This shows that { Mp,p € Pr, p) < k} is a basis of V,, .. To show
that { Up,p € Pu, {p) < k} is a basis it suffices to observe

Mp(z1, ..., 2k) = Up(x1, ..., 21) + Z aPlUy(zy, ..., zx)
q<p

9
9) = Up(z1,...,2) + E aPlUy(zy, ..., z4).
9<p,f(q)<k

This and (7) with f replaced by U, shows that { Up,p € P, {(p) < k} is another
basis of V;, . [ ]

Remark 1. It is known that apq in (2) is nonzero and positive if and
only if ¢ < p. This is called the Gale-Ryser theorem. (See Macdonald (1979),
Marshall and Olkin (1979).)

Now we prove the following.

Theorem 1.

(10) Yp= 3 apglg =D ";’qM‘I
q<p q=<p

Jor some real numbers apq, a;,q and { Yp,p € Pu,lp) < k} forms a basis of
Vn,k-

Proof. We first note that majorization is transitive, i.e. if p! > p2p? > p3
then p! > p3. Therefore in view of Lemma 1 the equalities involving U’s and

M’s are equivalent. Hence we prove one involving U’s. Now as in the proof of
(2), the right hand side of (3.1.10)

(11) Ew(X o WED (3 agaq, Wi i)P2 P -

11 <19

has only those monomial terms Mg(A) for which ¢ < p. Therefore we can

write

(12) r(Up) = 3 bpgMy.
g<p
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Substituting (3) into (12) and using the transitivity of majorization we obtain

(13) n(llp) = Y bhyly.
q=<p
Now let
(14) yp = E aquq.
9<p

We want to show that Qp = {q | apg 7 0, g not majorized by p } is empty. We
argue by contradiction. Suppose that Q, is nonempty. Let ¢* be the highest
partition in Q,. Then apy 7% 0 and ¢ > ¢* imply g < p. For any such ¢

(15) apqTu(Uq) = apq{qg b;q,uq:}.
q

Now ¢ < q, ¢ < p imply ¢ < p. Hence the right hand side does not have
Ugr term. It follows that Uge does not appear in

(18) Z: apqr,,(uq).
*<g¢<p
Obviously
(17) E apetu(Ug)
¢<¢*

does not involve th term either. Therefore the coefficient of Uq: in

w(Yp) = D apgri(Ug)
(18) q<p
= apq* ry(uqt) + (16) + (17)

is apg* Ayg+. On the other hand

(19) (Yp) = MpYp.
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Therefore the coefficient of U+ on the right hand side of (19) is Aypaygs . Taking
v = yg we have a contradiction (see the proof of Lemma 3.1.4 for vp). Therefore
Qp is empty. This proves (10).

To prove the second assertion we note that ¢ < p implies &q) > €p).
Otherwise py + --- + Peg) <P1t+ - - Fpgpy=n=q+- -+ e(q) and this
contradicts ¢ < p. Therefore in (10) we have only those U,'s for which ¢(q) >
{p). Now suppose that A is k X k and k < {p). Then every Uy(A) in (10)

vanishes. Hence

(20) Yp(A)=0 if A is kX kand k < {p).
Now write
(21) Up = Z a"qu.
q<p
Then
up(zl; seey Ik) = Z apqu(zlr cee ,Zk)
<r
29 9=
(22) = E aPYg(z, ..., zx).
9<p,Y(9)<k
Similarly
(23) yp(zl;--"zk)= Z quUq(zl,...,xk).
9<p,l(9)<k

In view of Lemma 2, (22) and (23) imply that { Yp,p € Py, lp) < k} forms a

basis of V, 1. [ |
In the proofs of Theorem 3.2.1 and Lemma 3.4.1 we replace all the sum-

mations by

(24) Z ’ E etc.

PEPn b(p)<k 4.9'€Pn
.l Uq) <k () <k

Then those proofs are complete. We do not repeat the steps of those proofs.

But in later proofs we will be careful.
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Remark 2. Using the Gale-Ryser theorem (Remark 1), (3.3.2), and (3.3.8)
it can be shown that a;,q in (10) is positive if and only if ¢ < p. This is stronger
than Theorem 1.

For future references we record (20) as a corollary.

Corollary 1. If A is k X k and {(p) > k then Yp(A) = 0.

With Theorem 1 we can strengthen the converse part of Theorem 3.1.1.

Theorem 2. Let integers n, k and a partition p € P, be given with {(p) <
k. Suppose that f satisfies the following conditions:

(i) f € Vn,k'
(i1) The leading term sn f s the partition p, i.e.

f= E 8pq1Yq)

9<p,l(9)<k

Jor some real numbers apq with apy 7% 0.
(i)  For some constants c,,

éw f(AW) = ¢, f(A),

for all k X k symmetric A and for all sufficiently large degrees of
freedom v.
Then f = app1Yp and cy = Myp.
Proof. From (ii)
(25) éw f(AW) = Z aquuq lyq(A)'

9<p,lq)<k

On the other hand by (iii)

(26) EWf(A“') = Cy Z Gpq lyq(A)'
9<p,l(9)<k

Hence

(27) 0= E a}’q(cu - Xuq) lyq(A)

9<p,l(q)<k
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for all k X k symmetric matrix A. Therefore by Theorem 1 we have apq(c, —
Avg) = 0 for all q. Considering ¢ = p we obtain ¢, = \,p. Then for all ¢ < p
we have apg(Ayp — Ayg) = 0. Taking v = vy we have apy = 0 for all ¢ < p.
Therefore f = ayp 1Yp. This completes the proof. (]

§ 4.2 EVALUATION OF Y,(I;)

In the sequel we often work with a normalization denoted by Y, which
has the leading coeflicient 1, namely

(1) 1Yp = Up+ Y 18pqlq.
q<p

Advantages of this normalization will become clear soon.

Remark 1. In several places we already have used the expressions “leading
term” or “leading coefficient”. Here and in the sequel “leading” refers to the
highest partition when a homogeneous symmetric polynomial is expressed in

terms of bases { Uy}, { Mp }, or { Yy }.

We shall evaluate {Yp(Ir). From Theorem 3.2.4 we know that b, =
Mep/ 1Yp(Ik) is a constant independent of k. Therefore our goal is to obtain

(2 1bp 1Yp(Ik) = Mp = Zp(Ip).

Therefore 1bp is the leading coefficient of Zp. This was needed for the unique
decomposition of the left hand side of (3.4.11). We use the following recursive

relation.
Theorem 1. If A 18 a k X k symmetric matriz, then
(3) IAI lyp(A) = lyp+(1k)(A)y

where p+(1F) = (py + L,pa + 1,..., pr + L,pps1s -+ ) € Pagr, n=p|.
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Proof.  If ¢(p) > k then 1Yp(A) = 0 by Corollary 4.1.1. In this case {p +
(1¥)) = &p) > k. Hence 1Y,(1¢)(A4) = 0. (3) holds trivially in this case. Now
let &(p) < k. We can use Theorem 4.1.2. Let f(A) denote the left hand side of
(8). Clearly f € V& and (i) of Theorem 4.1.2 is verified. With respect to
the basis { Up } the leading term in 1Y is Up. Since |A|Up(A) = U, (1x)(A)
the leading term in f is Up +(1%) and this implies (ii). Now consider

(4) Ew f(AW) = Ew{|AW] 1 Yp(AW)} = |AlEw {IW]1Yp(AW)}.

Note that we can absorb |W| into the Wishart density which is proportional to
IWI(" ~P=1)/2 exp(— %tr W). This changes the degrees of freedom of the Wishart
density, but in any case we have &y {|W]1Y,(AW)}= ¢, 1Yp(A) for some ¢,.
(Explicit evaluation of ¢, is straightforward, but we do not need it.) Hence

(5) Ew f(AW) = |A[cy 1Yp(A) = ¢ f(A)

and (iii) is verified. Therefore by Theorem 4.1.2 |A]|1Yp(A) = c1Y, +(1k)(A)
for some ¢. Comparing the leading term with respect to the basis { U} we
obtain ¢c=1. This completes the proof. [ ]

Corollary 1. (Formula(129) in James (1964))  Let p = (py,-..., pe)

and p — (pﬁ) =(p1—pe,p2 —Pt; ---,Pe—1 — P¢)- Then for an € X € symmetric
A

(®) 1Yp(A) = AP 1Y, (A)

Proof.  |AP1Y,_0(A) = |ajpe=t 1Yp—pt)+1)(4) = - = 1¥p(4). 8

Applying Corollary 1 to the identity matrices of appropriate dimensional-
ities we can evaluate by in (2).

Theorem 2.

l l l(p] i 1. 1
(7) lbp = 2P H H (5‘ - 5(1— 1) +py _pi)Pi“}’i+1’
i=1j=1
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where (a)y =a(a+1)---(a + k—1).

Proof. We prove this by induction on the length of p. Let £(p) = 1, namely
p = (p1)- Then

(®) 1Yp(h) = Up(h) =171 = 1.

Therefore

1bp = A1p/ 1Yp(11)
—1-3---(2p, —1)

(9)
" =1 (),

which is of the form (7). Now suppose that (7) is true for {p) = k — 1.
We want to show that then (7) holds for ¢(p) = k. Let p=(py,...,p;) and
p — (p¥)=(p1 — Pk, P2 — Pk, -, Pk—1 — pk). Note that €&(p — (pF)) = k- 1.
Putting I}, in (6) we obtain

(10) 1Yp(le) = 1Y, _pt)(T)
or
A
(11) 10y = 1b__, & L S
g ? (p"))‘k,p-(p,’:)
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Using the induction hypothesis

(12)
[[ ]] J = 1)+ (pj — Pk) = (Pi = Pk))(p;—p)~(pis1—ps)
1= ]—l
.2W4mﬂ._3ﬂg_
k,p—(pf)
H H -7 —1)+p;— pi)m-mﬂ
1-——1]—1
olp—(k)l . 2:” H§=l Tlp; + Bk +1-DI/T(k+1-5)]
olp—(pF)] n;s;ll Tlpj —pp +3(k+ 1= 5))/TH(k+1 - )]
— olrl I[ II (" -5 —-1)+p; —pi)p:—mﬂ
1——11—1
]](( k——(1—1)+m PE)p,
]'—1
= 2|p| ]:[ H ‘ - _(] 1) + pj— p')Pt—Pt-H
z==l]-—l
Therefore (7) holds for k = £(p) and the theorem is proved. 1

There is a curious fact about 1b,. Let k! denote 1-3---kor 2-4---k
depending on whether k is odd or even. Then as above it can be shown by
induction that

(2p; —2p; —i+j—2n @)
19) the = ,I<I; (2p; - 21’1 —i+g -1 = HW’ i+ o) - 10

Now (tr A)" = 3" dp Zp(A) = L dp 1bp 1Yp(A). From (3.4.12)

¢(p)
dp 1bp = 2"n! [[ (2p; — 2p; — i + 5)/ ] (2p; — i + Up))!

1<y 1==1
SR TR ()
(14) 1},82 —- :j - f;,, Tl zpi—i+ o) - v
pi—i+] ¢(p)
— 2” ' ]:[ (21% + J)" ﬁ (2p; _ ‘ + ﬁ(p))"

icy(2pi- 2p] —i+g5—1)!
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This is very similar to 16, 1 if we ignore the constant 2”n!. In Section 5.3 we
will see that in the complex case the corresponding quantities :ip, 1 Ep satisfy
an exact relation dp (1 bp)? = n!.

§ 4.3 MORE ON INTEGRAL IDENTITIES

In this section we evaluate the constant cp in Theorem 3.2.2 for several
distributions. The first one is the inverted Wishart distribution. See Khatri
(1966), Constantine (1963).

Lemma 1. Let W be distributed according to W(IL,v), v > 2h(p)+k—1.
Then for symmetric A

(1) EwYp(AW™!) = ¢, Y,(4),

where

) _ W —k+)-pj
P L TE (v —k+i)pi

Proof. Let A = diag(ay, ..., a;) without loss of generality. We look at the
monomial term af! ---aPt (€ = {(p)). Then as in (3.1.12) its coefficient in

(1) is
(3) é‘W{W'l(l)Pl-PZW“l(l’ 2)?2"}’8 e W-l(lr ceey g)pc}’

which has to be equal to c,. Let W= T'T where T is lower triangular with
positive diagonal elements. Then analogous to Lemma 3.1.3 t;;, ¢+ = 1,...,k,
are independently distributed according to x(v — k +¢). Then W l=1"17'-1
and T~! is lower triangular with diagonal elements reciprocal to the diagonal
elements of T. Therefore W~(1,...,r)=(t11 - - trr) 2. Hence

cp = (TP - 17,77t}
_ ﬁl‘[%(v—kﬂ)—pe]
= Th(v—Fk+ier
¢
={[[(v-k+i-2p)v—k+i—2p;+2)---(v—k+i-2)}\.

1=1
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Related to Lemma 1 -we have the following interesting identity which is
briefly mentioned in Constantine (1966). Let pj , be defined by (2.1.5).

Lemma 2. Let A be at X t positive definite matrsz. Then

Ypa=h) _ Yo (4)

“ A = Y, @y

where s > h(p), t > {p).

Proof. Without loss of generality let A=diag(ay,...,a;:). let f(A)=|A|°®
Yp(A™1). We use Theorem 4.1.2. In terms of the basis { My } We can write

(5) y,(A‘1)= Z apgMg(1/ay, ..., 1/az).
g=<p,t(q)<t

Note that ¢ < p implies h(q) < h(p). Now the degree of 1/a; in My(1/ay,...,
1/a;) is h(q). Hence the degree of 1/a; in Yp(A~!) is h(p). Now |A|*=
(ay -+ a¢)® and 8 > h(p). We see that 1/a; is canceled by |A|® and f(A) = |A|°
y,,(A-l) is a polynomial in (ay,...,a;). Clearly it is symmetric and homoge-
neous of degree st — |p|. Therefore f € Vet—p|,¢- This verifies (i) of Theorem
4.1.2. Now

- 1
IAlan(A 1)=(al"'0‘t)6 ) E m
(15-03) C(1,.,8) "o it
— 6—q1 6—qo 8—q
= Z a; l"iz eay) t.a;.l...a;.t_t

(51 ,0ie) C(1,.-t)
= Mq:’t(A)’

where 1 < j1,...,75—¢ < t are indices not included in (i3, ...,1,) and 9t =
(8...,8,8—qp,...,8—q2,8—q1). Hence by Lemma 2.1.4 the leading term in
fisay Mp: . This verifies (ii). Now consider

Ew f(AW) = Ew {|AW° Y, (A7 W)} = A E {IW° Yp(A™ W T}

As in the proof of Theorem 4.2.1 |W|® can be absorbed into the Wishart density
and we have &y {|W|°Yp(A~'W1)}=c, Y,(A!) for some c,. Therefore

Ew f(AW) = |A|%c, Yp(A™") = ¢, f(A).

This verifies (iii) and by Theorem 4.1.2 we have f(A)=|A|"yp(A-l)=cyp:t
(A) for some ¢. Putting A = I; we obtain ¢ = y,(zt)/y,,: t(Ig). s
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The second distribution is a “multivariate F” distribution. There are many
ways to generalize the univariate F distribution to the multivariate case. Here
we work with the following version. For other generalizations see Johnson and
Kotz (1972).

Lemma 3. Let the columns of X1 : k X vy, X : k X vy (v2 >2h(p)+ k—
1) be independently distributed according to N(0, X). Let W=X/(X2X})"1X;.
Then

@ ri(ve — k+i)—p;]

(6) Ew{Yp(AW)} = Tl (v — k + i)]2ps

Yp(A).

t—l

Proof. Premultiplying X, X2 by £ % we can take X=1I;. without loss of
generality. Then
Ew Yp(AW) = Ex, Ex, Yp(X1AX (X2 Xh)™!)
i —k+i) - pil

B AX\X
(7) im=1 TB(ve—k+d)2r €x, Yp(AX ) X1)
¢(p) F[l —k .
2 V2 + i) ptl
B ; AipYp(A).
i=1 T(ve — k+ )2 pYr(4)
]
Remark 1. It is more or less obvious to prove Lemma 3 for other defini-

tions of multivariate F distribution.

Our last distribution is multivariate beta distribution (Constantine (1963)).
The following derivation is essentially the same as in Constantine (1963), but
more probabilistic. Let Wj,Ws be independently distributed according to
W(Z,v1),W(Z,v2) (& : k X k) respectively. Note that W=W; + Wp ~
W(X, vy + v2). Now the conditional density of W) given W is

(Wllw)
|W1| == exp( Ztrz‘ lW1)|W2| — exp( Qtrz‘ lws)
(®) A T exp(— ftr 571w
IWll T | Wa|” il

|w|u] +ug‘—k -1
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where

_ nf=1 P[%(Vl +vop—1+ l)]
abk=D/ATE_ TR — i+ D (ra—i+1)]

(9) ¢

Note that terms involving X' cancel out in (8) . Therefore the conditional dis-
tribution does not depend on X. When W=I, f(W; | I) is called multivariate
beta density:

(10) fW | 1) = Wi [T - wy [

Since this density is orthogonally invariant the conditional distribution of W;
given W = I is orthogonally invariant. Now we want to evaluate ¢, in

(11) E{Yp(AWy) | W=1TI} = c, Yp(A).

For a positive definite A let A% =rDr! where I'is orthogonal and D is diagonal
in A=rIDI"’. Now the conditional distribution of A%WIA% given W = I is the
same as the conditional distribution of Wj given W = A. This follows from
the above mentioned fact that the conditional distribution does not depend on
X. Therefore

(12) EYplamy) | W= I} = £{Y,(W1) | W= A}

Letting A = W) + W» we obtain from (11) and (12)

(13) E(Yp(W1) | W1 + W2} = cpYp(W1 + W2).

Now taking unconditional expectation we obtain

(14) Avi1pYp(Z) = cpAuy +vz,pYp(Z).

Hence ¢p = Ny, p/\v; +v5,p. Now we have proved
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Lemma 4. Let W1 have the density (10). Then

A
(15) Ewy Yp(aW) = Y, (a).

vitvg,p
Variations of the above three lemmas can be found in Khatri (1966), Subrah-
maniam (1976).

§ 4.4 COEFFICIENTS OF U4 IN Y,

In this section we study coeflicients of U,'s when zonal polynomials are
expressed as linear combinations of U,'s. For definiteness we work with jap,
in 1Yp=Up +3 18pqUq. If rank A=1,2 all the relevant coefficients are known
and we can compute Y,(A) explicitly. We review this first. After that we study
several recurrence relations between the coefficients. When rank A > 2 these
recurrence relations are not enough to compute the values of zonal polynomials
Yp(A) for all p. Nonetheless they seem to be very useful. Coefficients of My’s
will be discussed in the next section and Ty's in Section 4.6. We discuss relative
advantages of various bases on the way.

4.4.1 Rank 1 and rank 2 cases

If A is symmetric and rank A=1 then A has only one nonzero root. Let A
= diag(ay,0,...,0) without loss of generality. By Corollary 4.1.1 Y,(A) =0
if {(p) > 2. Therefore only onepart partitions p = (p;) count. Obviously

(1) 1Y(p,)(A) = Upp)(A) = of.

Therefore in this case zonal polynomials reduce to powers of aj.

Now suppose rank A=2. Let A=diag(ay, a3,0,...,0) and A=diag(ay, as)
: 2 X 2. We have to consider only partitions with two parts p = (p1,p2). Now
we use Corollary 4.2.1:

(2) 1Y(p1,p2)(4) = 1Y (m,pz)(‘:‘) = |AP2.Y (p1 -pz)(;‘)’
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where (p; —p2) is a onepart partition. Therefore it suffices to know the value of
a zonal polynomial of onepart partition evaluated at 2 X 2 matrix A. Actually
zonal polynomials of onepart partitions are known explicitly and can be derived

as follows. If we let 8 = 1,2 = --- = ;=0 in (3.4.6) we obtain
k 1 00
)] (12072 = Eo(f’"/ n1)d(n) Z(n)(A) 1b(n),
1=1 n=

where 1b(,) = Z(,)(I1) is the leading coefficient of Z, (see (4.2.2)). Note that
(tr ©)* = U(,)(C) and with respect to the basis {Up } only Z(,)(C) contains
U(n). Therefore in (3.4.1) (tr C)"= 1y(n)(C) + - =(1/ lb(n)) Z(n)(C) + .-
Hence d(,)= lb(_nl). We have

k 00

(4) T (1 —20a;)72 = 3= (67 /n1) Z(0(A).

1=1 n=0

The left hand side can be expanded as follows.

k
II(—20a)%

=1

) = {1 - (20w —46%uq +---)) 2

B nx= 113 2p—1 p1
=100 Y e e (p )

n=0 pEPn P1 1= P2;,P2 7~ P3,---,Pg(p)
. (_])(P2_P3)+(P4 —p5)+---up(A).

This follows from the fact that U, being a product of p; terms comes only from
p1-th power term in the expansion of (1 — 20u; + ---)~!/2. Comparing (4) and
(5) we obtain

1
6 Zi = 2"n! —1)(p2—ps)+(ps—ps)+-- (2)ps u..
( ) (") n p;n( ) (p] _ pz)! . pe(p)! ¥4

Note that 1b,) = 1-3--(2n — 1), 2"n!=2 - 4---(2n), |AIP2U(, . (A)=
U(qy +p2,q2+p2) (A)= Ug, +pz,q2+p2)(A)’ Therefore combining these equalities
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we obtain
2-4---(2p1 — 2p2)
- 3-(2p1—2p2— 1)
1
. E (-1)% (2)01

(a1 — q2)!go!
(91,92)€EPpy —po (91 — 92)'g2!

1Y, ,Pz)(A) =1

u(th +p2,42 +P2)(A)'

if rank A = 2. See formula (130) in James (1964).

If rank A=3 what we have to know are the values of zonal polynomials
of twopart partitions evaluated at a rank 3 matrix A. Obviously things be-
come more and more complicated as rank A increases. However several useful
recurrence relations on the coefficients can be obtained.

4.4.2 Recurrence relations on the coefficients

We present here three recurrence relations. The first one has been already
used in deriving (7).

Lemma 1. If k> Up), k > q), then
(8) 18pg = 18y.4(1k),g4(1¥)-
Proof. Let A be k X k. Then
A 1Yp(A) = |Al{Up(A)+ D 1apgUg(A)}

9<p,l(q)<Fk

= U, 1k (A)+ E 16pqU 4 (1)(A).
p+() g<p,t(q)<k PaH)

(9)

By Theorem 4.2.1

|l 1Yp(A) = 1Yp4(1%)(4)
(10) = up+(1k)(A) + Z 18,4 (1%),¢ Uq/(A)
¢’ <p+(1%),¢(¢") <k
Comparing (9) and (10) we obtain by Lemma 4.1.2 18pg= 184 (1¥) g4+(1¥)"
]
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Remark 1. Theorem 4.2.1 has been known and Lemma 1 is almost an
immediate consequence. However it does not seem to have been explicitly
stated.

The next one is in a sense conjugate to Lemma 1. Let p = (py,...,py)
€ P, and m > p;=h(p). We denote by (m, p) the partition (m,py,ps, ...,pe)
€ Pn+m-

Theorem 1. Let m > h(p). Then

am
(11) dal, 1Y (mp)@1, .-, 0p41) = mhYpla,... ag).

Proof.  With respect to the basis { U, } let

ly(m,p)(al L ak+l)
- Z la(m;}’),quq(al’---,ak+l)
g<(m,p),9€ Pnym

(12) = 18(m,p),(m,q") d(m, ) (@1, > @k41)
(m,g) < (mp). ¢ €Pn

+ Z la(m’p),qu(al, ceey ak+l).
g€ p4m, h(g)<m

We differentiate (12) m times with respect to a1. Now the degree of aj. in

(13) Uglat, ..., appy) = (2 @)1 ~2(Y ajaj)2 0 -
: 1<y

isqr =(nn—g2)+(2—q3)+ - + qg(q)- Therefore the terms in the sec-
ond summation on the right hand side of (12) drop out. Now U(m,q:)(al, cee,
aj41) is a product of m=(m—q’l)+ e +(fe( 7) elementary symmetric functions
ur(ay,...,ap41) which are linear in a; ;. Therefore differentiating U, gy ™
times we are left with the term where each u, is differentiated exactly once.
Furthermore

d

14
(14) dapyy

u,-(al, vy ak_,_l) = u,._l(al, e ,ak).
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Therefore by the chain rule of differentiation

am
aaT U(m’ql)(al, ooy C!k+l)

—d¢ 0 _
ui(er, -, ok )} 5 uglay, ..., apyy)} 7% -
+1 Q41

(15) =m!Y aaa

/ ! /
= mlug(a, ..., 1) " Ruy(ay, ..., ap) 2% ..
= mlly(ay,...,ar)

Let f(ay,...,a) = (a'"/aag;,)ly(m,p)(al,.. .»@r4+1)- Then we have

gm
flay,..., o) = E 18(m,p),(m,q) 3m aa u(m,q)(al’ ak+l)
(18) 9<p
= m! E 1a(m’p),(m,q)uq(a1, ey Q).
9<p

We replaced ¢’ by ¢ and (m, q) < (m,p) by ¢ < p since (m,q) < (m,p) if and
only if ¢ < p. We have shown that conditions (i) and (ii) of Theorem 4.1.2 are
satisfied. We are going to show that condition (iii) of Theorem 4.1.2 is satisfied

as well.

Let A = diag(e,...,ar41) and A} = diag(ay,...,a;). Then exactly as
above we obtain

am
dap, | Y(m,p)(AW)

k
(17) =D 1% fmg W+ DT WL R+ DT
=p 31

k
’ ( E Qi " Py Wiy, -, '.t(q)r k+ 1))‘15(41)_
11 < <iy(q)

Let W be partitioned as

Wi Wiy
k+1  Pk+1,k+1
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where w4 k41 = Wk + 1) is a scalar. Let

]
(19) Witk+1 = Wit — e 1@y /Wt k41

Then by the well known identity on the determinant of partitioned matrices

we have
(20) Wiy, ... ir, k+1)= wk+l,k+lwll.k+1(i1, ey ir)
Therefore in (17) w14 = w;;’:;ﬂl‘;‘(?l"q2)+ comes out as a common
factor and we obtain
am
(21) 9ayy 1Y (mp)(AW) = mi! Z 18(m,p),(m,q) Wk +1,k+1Ug(A1 W11k 41)
q<p

= wit1 k+1 /(A1 WiLE41)-

Now if W is distributed according to W(Ix4,v) then wiy) p41 and Wyppyg
are independently distributed according to x2(v), W(It,v — 1) respectively.
(See Srivastava and Khatri (1979), Theorem 3.3.5 or Mardia, Kent, and Bibby
(1979), Theorem 3.4.6.) Therefore taking expectation with respect to W

m

)
M A = Ny (o p) o 1Y (ma)( @1 @ke1)

(22) = £W{a_af; 1y(m,p)(AWJ}

= fwi{wit k41 /(A1 Wink41)}
= (i1 p41) - Ewl{fAIWiLk41))-

Letting ¢, = )‘,,,(m,p)/é(wz“’kﬂ) we have
(23) € f(A1W11k41) = cv-1f(A1)

for all £ X k symmetric A; and for all sufficiently large v. This verifies condition
(iii) of Theorem 4.1.2 and we conclude

(24) f=ciYp

for some ¢. Comparing the leading coefficient with respect to the bases { U, }
we obtain ¢ = m! . 1
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Corollary 1. If m > h(p) then
(25) 18pg = 1%(m,p),(m,q)-
Proof.  From (11) and (15)

mi(Up + D 18pgly)

9<p
am
— ' - —
(26) m! 1 Yp dap 1Y(m,p)

= ml(lp + 3 18(m,p),(m,q) o)
q9<p

Therefore (25) holds. i

In terms of the diagram of p Lemma 1 corresponds to adding a column
to the left of the diagram and Corollary 1 corresponds to adding a row to the
top. In this sense they are “conjugate”. It might be interesting to interpret
this result from group representation theory.

E I T

Figure 4.1.

Our third recurrence relation follows from Lemma 4.3.2.

Lemma 2. If s > h(p), s > h(g), t = Up), t = Uq), then
(27) 18pg = 1053 g2 -
Proof. Let A be a t X t positive definite matrix. From Lemma 4.3.2

(28) |Al° 1Yp(A7Y) = c 1Yy (4),
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or

|A|Gup(‘4_l)+ E lapqlAPUq(A—l)
g<p,t(g9)<t
=c(Ups(A)+ Y. 1apgplg(A)),
¢<p*lq)<t

(29)

where p* = p;, and ¢ = Yp(I)/ 1Yp+(L:). Now let A=diag(ay, ..., ay).
Then

t
_ 1
lAlur (A7) = (a1 ar) Y}, ———
i1 <<y X
(30) ‘
= E A5 Qg
N<-<Jt—r
= u;—r(A).

Note that (30) is true for r = 0, ¢ if we define ug = 1. Therefore

A7) = A (A (A - (A7)0
@) = A DA g A0
= uq:'t(A)’

because g; , = (s-...,8, 8=Qy(g)r--+»8— G2, 8—qp) and K(q;,t) = t. Substituting
(31) into (29) we obtain

Ups(A) + E 10pqUgr t(A)
9<p,g)<t '
= c{upt(A) + E lap.qluq:(A)}.
¢ <p*,(¢)<t

(32)

Therefore by Lemma 4.1.2 japy = 1053 g8 0 ce=1. ]

Remark 2. Again this lemma is much easier to grasp in terms of the
diagram. See Figure 2.2.
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Looking at Table 2 in Parkhurst and James (1974) we find that the above
three recurrence relations give a large number of coefficients without any cal-
culation (except that the table is for Z, rather than for ;Y,). However it is
not clear whether this kind of approach can be further carried out to give all

coefficients of zonal polynomials.

§ 4.5 COEFFICIENTS OF M,

So far we have been mainly working with Up’s. But in view of Lemma
2.2.2, Lemma 4.1.1 etc. we could have worked with Mp’s as well. We defined
zonal polynomials in connection with the Wishart distribution and it was more
straightforward to define zonal polynomials in terms of U,'s in that setting.
But when it comes to obtaining coefficients it seems easier to work with M,'s.
In this section we translate every result in Section 4.4 into the coefficients of
Mp's. Another big advantage of working with monomial symmetric functions is
a partial differential equation by James (1968), from which he derived a recur-
rence relation on the coefficients of monomial symmetric functions in a zonal
polynomial. (Note that the recurrence relations of Section 4.4.2 were on the
coefficients of U,'s in different zonal polynomials. Here the recurrence relation
is on the coefficients in one zonal polynomial.) Actually it is possible to de-
velop a whole theory of zonal polynomials from the partial differential equation.
This is done in a recent book by Muirhead (1982) explicitly and illustratively
following James (1968). We discuss the partial differential equation and the
recurrence relation in Section 4.5.4.

Furthermore Jacob Towber (personal communication) has recently devel-
oped a combinatorial method for determining the coefficients. His method
involves several steps of counting related to the diagram of a partition. At the
moment the combinatorics involved seems to be too complicated to obtain an
explicit formula for the coefficients, but it might be carried out.

From the above discussion we see that we have much more information on
the coefficients of Mp’s than on the coefficients of Up’s. Therefore in a sense it
is pointless to work with Up's any more. However from a computational point
of view it is easier to compute Ug's once we obtain the characteristic roots and
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the characteristic equation of a matrix A. We simply multiply the elementary
symmetric functions. In the case of Mp's we have to multiply the roots in all
possible ways and sum them up. The relative advantages of My's and Up’s
should be judged from this viewpoint too.

4.5.1 Rank 1 and rank 2 cases

Let p = (n) be a onepart partition. To express Z(n) in monomial symmetric
functions we can use the integral representation by Kates. This was done by
Kates (1980). Letting r = 1 in (3.3.8) we obtain

k
(1) vAU'(1) = Y a;ul;,
1=1
where A = diag(ay,...,a;) and uy;, ¢ = 1,...,k, are independent standard
normal variables. Therefore by (3.3.2)
k
(2) Z(p) = E(Y aud)".
=1

Now the coefficient of a‘l’1 e a’é‘ on the right hand side is

( n ) Efuln .. 2p¢}_ n!  (2p1)!  (2pe)!
P1,P2,---,P¢ 1pel2Pipy! 2P¢py!

) e (m)_,, (zpe).
P1 D¢

Therefore

- 2
(4) Z(n) ni2™" Z MP(A) H ( p‘)
PEPn 1=1
This looks nicer than (4.4.8). 1Yp has the leading coefficient 1, so

e 1) (g

pEPn  i=1\Pi
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Now let A = diag(a1, e2). Then for g=(g1, g2) (91 # g2)

lAIF Mg(A) = (a102)F(ad a2 + afla®?)
(8) — a¢111+kagz+k+agl+ka<{2+k

= M(91+k,qz+k)(A)'

(The equality of the extreme left and the extreme right hand sides holds for
q1=q2 too). Therefore from (4.4.2) we obtain

1Y (p1,p2)(@1, 02)

-1
(7) _ (2p1 - 2p2) > (2q1) (2q2) " (an,a2)°
- - q1+p2,92+p2 ’
PL—p2 (91,92)EPp; —p, n 92

This takes care of rank 1 and rank 2 cases.

4.5.2 Again on the generating function of zonal polynomials

To express Ty in terms of M4’s we can simply expand 7, and count various
monomial terms. Therefore it seems easier to express the right hand side of
(3.4.9) in M,'s than in U;'s. Then we decompose the resuiting positive definite
coefficient matrix as LL' where L is lower triangular with positive diagonal
elements. The elements of L give the desired coefficients of zonal polynomials.
The development on Section 3.4 goes through in exactly the same way except
that we order { Tp,p € P} according to the lexicographic ordering of the
conjugate partition p’ (see Remark 2.2.2). We do not repeat it here.

Rather we notice here the similarity between two generating functions
(3.4.6) and (4.4.4). Let 7y, ..., 72 denote the k2 numbers e;8;, t=1,...,k,
j=1,...,k. Let C=diag(y1, ..., 7;2)- Then from (3.4.6) and (4.4.4) we have

(8) Y (6" /nY) 3 dpZy(A)Z,(B)= ) (8" /n!)Z(,)(C).
n=0 pEPn n=>0

Hence

(9) Z dy Z,(A)Zy(B) = Z(n)(C).

PEPn



68 More properties of zonal polynomials 4

Now we can substitute (4) into the right hand side. Then it reduces to express-
ing Mp(C) as a sum of products M¢(A)M(B). This seems nicer than directly
expanding the right hand side of (3.4.9).

Finally we prove that the coefficient of .M(lk) in Z, ,p€ Pis k!. Thisis
stated in James (1968).

Lemma 1. Let p € P, and A= diag(ay,...,ar). Then

ak

(10) dajdas - - da

- Zp(4) = K.

Hence the coefficient of M(lk) in Zp 13 k!.

Proof.
k 00

(11) T1(1 - 200;8;) 2 = 3 (67/nY) 3 dpZ,(A)Zy(B).
1,7 n=>0 PEPn

Differentiating this by aj,as,...,a; we obtain

(12) 1=1 j=l i,j
= (6™ /n! dp Zp(B) 7——— Zp(A).
20/ S 25 2(4)

Now 08;/(1 — 20a;8;) = 08; + higher order in 6. Hence
k k aﬂ k
(13) Ity #—- = 0”(2 ﬂj)’c + higher order in 0.
=1\ =11~ 200;8; j=1
Comparing the coefficients of ¥ we obtain

k d ok
14 N — ot J o
(14) (ng B;) pg;k b 2(B) 50 5ar 2ol A).
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But by (3.4.1)

k
(15) (Y 8 = (=B = 3 d,Z,(B).

J=1 PEP:

Comparing (14) and (15) we obtain

alc
e = k!
5ar g 24 =K

4.5.3 Recurrence relations of Section 4.4.2

Here we work again with the normalization ;Y,. Let

(16) 1Yp = Mp+ D 1bpg M.
q<p

Lemma 2. If k> Up),k > lq), then
(17) 1bpg = 1,4 (1), g4 (1):

Proof. Let A = diag(ay,...,a;) where k > {(p). Then

|AIMg(A) = (a1---a1) D0 aflalt...o¥
(f1,--4%e) C(1,...,K)
1 1
(18) = Y aitlaBti.
(81,--450) C(1,.-.,k)
= .Mq+(lk)(A).

Note that this equality does not hold for augmented monomial symmetric
functions. The equality above holds because the summation is over distin-
guishable terms and ag: e ag: is distinguishable from a;l-ll . ~a;1-t‘ if and only
if (ag--- ak)agll “ee agt‘ is distinguishable from (a; --- ak)ag.ll S a}t‘. For aug-
mented monomial functions refer to (2.2.8). Now the lemma can be proved just

as Lemma 4.4.1 if we replace Up,Uq, 18p¢ in (4.4.9) by Mp, My, 1byq respectively.
|
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Lemma 3. Let h(p) < m. Then
(19) 1bpg = 18(m,p)(m,q)-

Proof. The degree of aj41 in My(ay, ..., k1) is h(g). Hence if h(g) < m,
then
am

@—Mq(al,...,ak.’.l) = 0.
+1

(20)

If h(g)=m let g=(m, q¢’). Then clearly

am
(21) aaTMq(al,...,ak+l)=m!Mq/(al,...,ak).
k+1

(Again this equality does not hold for AMg.) Now (4.4.26) holds with My, M,,
1bpq replacing Up,U,, 1apq respectively. This proves the lemma. ]
Lemma 4. If h(p) < 8,h(q) < s,lp) < t,lq) < t, then

(22) 1bpg = 1bp7 07 ,-

Proof. Let A = diag(ay,...,a:), ¢=1(q1,-.-,q9¢), 1 < 8, £ < t. Then
(23) lAl* Mg(Aa™!) = Mgz (A).

See the proof of Lemma 4.3.2. (Again (23) dos not hold for AMg). Now (4.4.29),
(4.4.31), (4.4.32) hold with Mp, Mg, 1bpq replacing Up,Uq, 1apq respectively. This
proves the lemma. (]

We have shown that the recurrence relations of Section 4.4.2 hold in exactly
the same way for the coefficients of Ug's as for the coefficients of My's.

In the next section we discuss James’ partial differential equation and a
recurrence relation derived from it. The mathematical development will be
somewhat sketchy.
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4.5.4 James’ partial differential equation and recurrence relation

James (1968) derived a partial differential equation satisfied by a zonal
polynomial from the fact that a zonal polynomial is an “eigenfunction of
the Laplace-Beltrami operator.” Let A=diag(ay, ..., a;), p=(p1, ..., p¢) €
Pn.Then his partial differential equation is

2

[4
@) ¥ a2 o7 S YplA)+ Z N 0 Yp() = (X pilpi—i +k=1)Yp(A).

1=1 aj t 1=1

This might seem a little bit strange because it depends on the number of vari-
ables (k appears in the summation on the right hand side). Let

¢
(25) a1(p) = Y_ pilpi
i=1

Then the right hand side of (24) can be written as

(26) a1(p)Yp(A) + n(k — 1)Yp(A),  n=|p]|.

To get rid of n(k — 1)Y,(A) we notice the fact that for any f € V,,, T5_, a;
(0/0a;)f=nf. Therefore

(27) (k—1)nYy(A) = (k—1) Zla,a p(A).
But we can write

k
(28) k-1 ol Ya)= 3 T aig0-Ypla)

1=1 J=11i5#j

Now subtracting (28) from both sides of (24) and using the relation o2 /(a;— a;)

—a;=a;0;[(a; — a;) we obtain

k

(29) 2a2a"’2yp( 3
=1 15#g

yp(A) l(P)yp(A);

a; aaa
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which does not involve k as a coefficient and is valid for any number of variables.
(29) was derived by Sugiura (1973) in an elementary way. Because his expo-
sition is clear and readable (except that there are complications like a higher
order partial differential equation and differential equations for complex zonal
polynomials) we do not derive it here. Let

(30) Y p(A) = Z "pq Mq(A)
q<p

Substituting this into (29) we obtain

) bpq{Ea.a PR E ey a—a’} Mq(A)

(31) q<p 1=1 157 o
= ay(p) Z: bpg Mq(A).
q<rp
Now
(32) SRR Sl MLV
1_10'3 g TR iZ;ei— ;0o 1

can be expressed as sums of monomial symmetric functions. Then comparing
both sides of (31) we can determine the coefficients bpg. It is hard to visualize
what is going on here unless one works out some examples. Muirhead (1982)
does that very carefully using (24) rather than (29) following James (1968).
Therefore we only sketch the procedure here.

Let ¢ = (q1,-...,q¢). It is fairly straightforward to verify that

k 92
(33) 2 el g M — 3 e DMy
1= =1
a0 9 ¢
(34) 2 Mg=-— E q;(f — 1)Mg + lower order terms.

Ty da; =
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Adding (33) and (34) we obtain
(35) DMq = a1(q) Mg + lower order terms,

where

k 2 k
0 a;a; 0
D= of + L=
o1 00 Zpei— o0
It is fortunate to get only lower order terms by the differential operation. It is
this triangular nature of the differential operation that enables one to determine
bpq recursively starting from the (arbitrary) leading coefficient bpp. If one works

out “lower order terms” (which is not hard) one arrives at the following rule
by James (1968):

’

3 (i + 1) — (g5 — )by

(3) T LT ) -a@

where ¢/ is an unordered partition of the form ¢'=(qy,...,q; + r,.. g5 —
r,... ,qg(q)), (1 £ r < g;). The summation is over all (i,7,r) where i < j,
r > 1 such that when the unordered partition ¢’ is ordered we have ¢ < ¢’ < p.

Actually in view of Theorem 4.1.1 we have to consider only partitions g, ¢’
which are majorized by p.

The advantage of this method is that it is self-contained. It gives all coef-
ficients of a single zonal polynomial without computing others. Therefore it is
by far the best method if one is interested in computing few zonal polynomi-
als. On the other hand if one wants to compute many zonal polynomials then
relying exclusively on this method seems to involve a great deal of redundant
computations in view of recurrence relations of Section 4.5.3.

Remark 1. Logically the recurrence relation (38) is not complete until
one shows that the denominator a;(p)— aj(q) is never zero. James (1968) states
that (36) gives rise to positive byy’s. Since the numerator (¢;+r)— (g;—r)=(q;—
gj) + 2r is positive he seems to claim that a(p) — aj(g) > 0 for all relevant
pairs p,q. By Theorem 4.1.1 it is enough to prove

(37) ai(p)—ai(lg) >0  forp>gq.
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Then this ensures that (36) works for all cases and nonzero by,'s are positive.
(36) can be easily proved using techniques from the theory of majorization. See
Marshall and Olkin (1979). We do not go into this here.

§ 4.6 COEFFICIENTS OF T, IN Z,

In this section we study the coefficients of T,. The normalization Z, seems
to be most advantageous. An important fact about the coefficients of Tp is
their orthogonality. We derive this first. See formulas (117) and (118) in James
(1964), and Problem 13.3.9 in Farrell (1976).

For p € P, let

(1) Zy=3 90Ty
qGPn

Let Z=(Z(n), Z(n-1,1)r+ > Z(ln))’,G'=(gpq). Then (1) can be expressed in a
matrix form as

(2) Z=GT.

Now we recall that the transition matrix F in T=FU is lower triangular (see
(2.2.28)). Substituting this into (2) we obtain

(3) Z= GFU.
But Z = 8U. Hence

(4) G=gF"!
Now (3.4.11) shows

(5) 8'D8 = F'CF,

where C = diag(cp,p € P,) is obtained in (3.4.8) and D=diag(dp, p € Pn) is
known as (3.4.12). From (4) and (5) we obtain

(8) G'DG = C.
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Inverting this

(M Gcl¢'=p™.

Coordinatewise

(8) Z dp9pgdpg = Ogqr€qs (column orthogonality),
2

9) Y 9pq9pq/cq = bppr/dp,  (row orthogonality),
q

where §ppz is Kronecker’s delta.

Actually ¢g,q € Py coincide with the elements of the first row of G. To see
thislet #y =1, fg = -+ = Br=0in (3.4.7). Then clearly Tp(I;)=1 for every

p and we have

k (%)
(10) I (1 —260)7 Y2 = Y- (0"/n!) ¥ ¢, TH(A).
=1

n=0 PEPy

Comparing this to (4.4.4) we obtain Z(;)(A)=Y ¢ Tp(A) and hence cp = g(,) ,.-
Therefore (9) can be written alternatively as

(11) Y 9p49p2q/9(n),g = Spp /dp-
q

One obvious advantage of working with Tp’s is that the coefficient matrix is
readily invertible. From (6)

(12) ¢ !'=clé'p.

Therefore once we express zonal polynomials in terms of Tp's then it is easy to
express Tp's (and their linear combinations) in zonal polynomials.

(11) was used to compute zonal polynomials in Parkhurst and James (1974)
as follows. (i) Up's are expressed in Tp's. (ii) They are Gram-Schmidt orthog-
onalized relative to the orthogonality relation (11) starting from the lowest
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partition (1) upwards. Because of the triangularity of & this clearly results in

zonal polynomials.

Some gpg's can be explicitly obtained using the fact Zp(Ir)=M\i,. We
regard A\;, as a function in k. Then by (3.1.15) it is a polynomial in k of
degree |p|] = n. Now since t.(I;)=k for any r we obtain Tp(I})=kP1—P2
kp2=P3...=kP1= kh(P) Therefore putting Ij, in (1) we obtain

(13) Mp =Y gpgk"(9.
g€EPn

This uniquely determines gpq for ¢ = (n), ¢ = (n —1,1), ¢ = (1") because
these are the only partitions in P, with h(g) = n,n — 1,1 respectively. Now the
coefficient of k™ in A, is 1, hence

(14) Ip,(n) = 1.

(14) was originally used by James to determine the normalization Z,. Now let
us look at the coefficient of £*~! in App- It is

¢
- (=i + 1)+ (= +3)+--- +(—1+1+2p;—2)}

1=1

£p 1
= 2 opil(=i+ 1)+ (=i +1+2p; - 2)}
i=1
€(p)
=Y pdp;—9)
=1

= ay(p).

(15)

a1(p) already appeared in (4.5.25). Therefore

(16) gp,(n—],l) = a](P)-

This is mentioned in the introductory part of Parkhurst and James (1964) in a
somewhat different form

¢(p) 1 k)
(17) Iy (n-1,) = D Pilpi = 1) =3 3 pi{p— 1),
: =,

1=1
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where p' = (p},..., P;;(p)) is the conjugate partition of p. Using (2.1.4) it is
easy to check that (16) and (17) are equivalent.

Now the coefficient of k in A is

(18)
f(p) F— 1
(240 NI Cro-3) - =2 e - T (-257)
1=2 Pi
Hence
e(P) F—1
(19) Ip,(17) = 2"-l(p1 - 1) H (—’ 5 ) .
1=2 pi
This does not seem to have been noticed.
Now from (4)
(20) B=GF, B=({q), F=/(fpq)-

Fis lower triangular. Therefore the last column of 8 is f(jn)(1n) times the last
column of G. By (2.2.22)

(21) T(ln) =t, = (—l)n_ln(U(ln) + .- )

Hence f(jn)(1n) = (=1)""n. Therefore

¢(p) f—1
22 n)y = n\(1n ny == (—2 n-1 p -1 —‘ .
(22)  &am) = Samamgp,m = (=2 nlpr - 1) H( 2 ),,,.

1=2
Making use of (12) gives another set of identities.
(23) T=G6¢'z=c'é'pz.

Now D2 = (d(n)Z(n),...,d(ln)Z(ln))l and dpZp is denoted by Cp (3.4.13).
Therefore

(24) T= C-IG’(C(n),...,C(ln))I.
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Comparing the second element we obtain

-2
Tn—10) =11 t2

1
= ay(p)C
(25) Cin— 11)p§,, ! P

PEP
where ¢, _; 1) = n(n — 1) is given by (3.4.8). (25) was given by Sugiura and
Fujikoshi (1959) by a different method. They derive more identities of this
kind. See Sugiura (1971) too. Now looking at the last element we obtain

Tamy =tn = M)

“p) » 4

1 -1

— LS - ] (_‘ . )p
i

(26) ‘") pePa i=2
l(p) i —1
(‘n - l)' Z CP (pl B 1) 1];[2( )p.

What are advantages and disadvantages of working with Tp’s? One advan-
tage is that we do not have to compute characteristic roots of A to compute
Tp(A). (One only needs traces of powers of A.) Another advantage is the
orthogonality discussed above. A serious drawback of T, is that we have to
compute Tp(A) for all p € P, even if the rank of A is small. In usual statisti-
cal computations rank A is fixed and not too large. It is a covariance matrix
for example. Since the number of partitions grows very fast as n increases if
one wants to compute Zp(A) for |p| large it seems better to use Ug's or My'’s.
The growth of the number of partitions p with &p) < k (k : fixed) is much
smaller than the growth of the number of all partitions. See Table 4.1 in David,
Kendall, and Barton (1966).

§ 4.7 VARIATIONS OF THE INTEGRAL REPRESENTATION OF ZONAL
POLYNOMIALS

In this section we explore various variations of the integral representation
(Theorem 3.3.1) discussed in Section 3.3. We first replace U by the k X k
uniform orthogonal matrix H.
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Theorem 1. (James, 1973) For k X k symmetric A

4
= eg{ [] (HAR(QL, .. ipiPen},

1=1

(1)

where p = (p1,...,p¢) € Pn, k > £, and the k X k orthogonal H s uniformly
distributed.

Proof.  As in Lemma 3.1.2 it is easy to check that &g {A]' P2 ... APt}
€ Vp k- Therefore we can write

(2) Eg{Af TP ARy = )" 6 Z,(A).
g€Pn,l(q)<k

Replacing A by UAU’ where k X k U is as in Theorem 3.3.1 and taking
expectation with respect to U we obtain

(3) Zp(A) = Z ag\kgZq(A).
q€EPn,l(q) <k

This being true for any symmetric £ X k A we conclude from Theorem 4.1.1

1 1

aq=0; q#l” ap=—x—k;=zp(lk)'

Since (1) is independent of normalization we can have Y, instead of Zp in (1).8

Corollary 1. (Kates)  Let X : k X k have an orthogonally bisnvariant
distribution then

1=P2 | APy yp(A)eX{yp(x'X)}
(4) é‘X{All) Ae } {yp(Ik)}2 :

where A; = XAX'(1,...,1) and A is symmetric.
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Proof. We replace X by Hj XHy where H; and Hs are independently uni-
formly distributed. The distribution of X is unchanged. Now taking expecta-
tion with respect to Hy (Theorem 1) and H (Theorem 3.2.1) successively we
obtain

(5)
Ex{af™P2... AP} = &y, x m,{ H [Hi XH AHGX'HI (1, .. ., i)PiPis1}

= &x H, {yp(XﬂzAH'zX' 3} Yp(Ii)
= Yp(A)Ex {Yp(X' XD} {Yp(Li)}.

Remark 1. As in Remark 3.2.5 X can be rectangular. If X is m X k,
then {Yp(Ik)}? on the right hand side of (4) is replaced by Yp(Ix) Yp(Im).

An easy modification of the above formulas produces another set of iden-
tities.

Theorem 2. Let Uy, Us be k X k matrices whose entries are independent
standard normal variables. Then for k X k A

¢
(6) lbpzp(AA )= éu,,u, { H [hAU(1, . ,i)]zp"‘21"‘+l },

i=1
where 1bp s given by (4.2.7).

Proof. Let the singular value decomposition of A be A=I1DI» where
I, Iy are orthogonal, D=diag(é;,...,6;) and 6?, cee, 6,3 are the character-
istic roots of AA’. Since the order of 6y, ..., 6; and the sign of each §; can
be arbitrary in the singular value decomposition we see that (8) is a homoge-
neous symmetric polynomial in 612, e, 6,%. Denote the right hand side of (8)
by f(AA’). We use the converse part of Theorem 3.1.1. We want to show that
if W~ W(I,v) then

(") Ew f(AA'W) = ), f(AA')

for all sufficiently large v. Now fix v and let A, U, Uz be augmented to v X v
as in the proofs of Theorem 3.2.4 or Theorem 3.3.1. (Here we do not place ~



§ 4.7 Variations of the integral representation 81

for notational simplicity.) Note that f(AA’) does not change by this change of
dimensionality. Also in (7) W can be augmented to be ¥ X v by considering
W as k X k upper left submatrix of a Wishart matrix W(I,,v). Now let Us
(v X v) be distributed independently of U; and Us. Then

Ew f(AA'W) = &y, f(AA'U3UR') = &y, f(U3AA'US')

¢
= &u, U Us{ [] [T1U3AUR(L, ... . i)|2Pi2Pie1 )
i=1
¢
= &y, .U L [T [UsU1AUR(Y, . .. d)|2Pi2Pit
=1
(8) ¢
= &y, o, 7.1 [[ [THU1AU(Y, ... . )| 2Pi=2Pit1 )
i=1
4
= Nupéu, v 4 [] (U1 AU(1, . .. §)]2Pi~2Pinr )
i=1
= )\upf(A-A');

where T, H are as in Lemma 3.2.2. Therefore by Theorem 3.1.1 f = ¢Z, for
some ¢. To obtain ¢ we put A=I,. Then

{4

cp = & U { [T [ U2(3, ..., )]2Pi—2Pien}
i=1
¢
©) = 7,0, { H [TU(1, ... ,§)|2Pi2Pit+1}
i=1
¢
= Mpu, { H Us(1,.. .,i)2P:'-2pf+1 }.
1=1

Hence ¢ = SU{I'[f=1 U(Q,...,i)2Pi~2ri+1}, Now consider (3.3.2) and (3.3.8).
Then we see that the coefficient of af’ ---ab¢ is given just by £U{]'[f=1 ul,
...,8)?Pi~2Pi41}, Therefore it is the leading coefficient of Z, and is equal to

1bp given in (4.2.7). [

Corollary 2.

155 Z5(AA") — : §)]2Pi—2Pit1
(10) zp(lk) eHl ,Usg {i]=]l[H1AU2(lr ceey )] + }
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11 e e H AH,(1,...,5)|2Pi~ %P1},

( ) {Zp(Ik)}2 H, ,H, {,']__11[ 1 2( )] }

Proof. (10) and (11) can be proved successively as in the proof of Theorem
2. 1

Corollary 3. Let X1, X5 be independent and have orthogonally biinvars-

ant distributions. Then

[} lbp €X1 {ZP(XIX'I )} €X2 {zp(x2x'2)}
. Z(ad) FATAIL
[4

= &, { H [X1AXo(1,. .., 8|2~ 2Pit1 ),

1=1

Proof. Replace X; by H; X H3 and X2 by H;XoH3. Then taking expec-
tation with respect to Hy,Ho, H3,Hy4 successively we obtain (12). ]

Remark 2. Generalization to rectangular matrices is straightforward.





