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Multivariate majorization orderings are used to compare matrices ac-
cording to their dispersiveness. When applied to matrices whose rows rep-
resent distributions of different resources, the ordering that appears to be
most useful is called majorization by positive linear combinations (PC-
majorization). Two matrices are PC-majorized if all positive linear combi-
nations of the rows are ordered by ordinary vector majorization. Properties
of PC-majorization are derived; an algorithm is given to determine whether
or not one matrix is PC-majorized by another; and elementary operations
that reduce a matrix in the PC-ordering are explained.

1. Introduction

The key idea of majorization is to pre-order vectors according to a uni-
versal standard of dispersiveness. That is, any reasonable measure of dis-
persiveness of the components of a vector should imply an ordering that
is consistent with the pre-ordering of majorization. The universality of the
majorization ordering is well illustrated by the hundreds of applications men-
tioned in Marshall and Olkin (1979), and many other sources.

Several attempts have been made to extend majorization to a pre-ordering
of matrices. However, there appears to be no ‘universal’ extension, but rather
several different extensions that are useful for different purposes. For exam-
ple, Joe (1985) uses a ‘vectorized’ generalization to describe association in
contingency tables, and Tong (1989) uses uniform majorization (described
below) to obtain probability inequalities for rectangles. Several other multi-
variate majorization orderings may be found in the books by Marshall and
Olkin (1979) and Arnold (1987).

In this paper, we study multivariate majorization orderings that can be
interpreted as orderings of distribution of wealth of several resources, with
lower in the ordering meaning closer to equal division of the resources. Our
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orderings are on m X n matrices (m resources and n individuals) of real num-
bers. One potential area of application is to the monitoring and management
of economic and ecological systems, where interest focuses on interventions
that lead to more equitable consumption of resources, especially when some
resources may become scarce. In such a situation the total value of the re-
sources consumed (called wealth) by an individual or species may fluctuate,
depending on current availability of each resource. The essential criterion for
judging if a redistribution of resources leads to something ‘universally’ more
equitable is that the vector describing the distribution of wealth changes to
something smaller in the majorization pre-ordering, no matter what values
are assigned to each resource. This idea is described in more detail in Arnold
(1987, pp. 60-61).

The formal definition and basic properties of our proposed PC-majoriza-
tion ordering are given in Section 2. Section 3 contains an algorithm to
determine whether two given m X n matrices are ordered or not. The the-
ory behind elementary methods for reducing matrices in this ordering is
developed in Section 4. Section 5 contains a preliminary study of the set of
matrices that are PC-majorized by a given matrix, and suggests how this
leads to a more general method of reduction.

2. Definitions and Basic Properties

We first define vector majorization and give some of its equivalent forms
(see Marshall and Olkin (1979) and Arnold (1987) for details) that we will
use. Then we define multivariate majorization by positive comparisons (PC-
majorization), and relate it to other forms of multivariate majorization.
Through examples and results, we motivate PC-majorization as providing
the most useful interpretion for distributions of several resources. Qur no-
tation follows Arnold (1987).

DEFINITION 2.1 Letx = (z1,...,2,)andy = (%1,...,¥n) be n—dimensional
row vectors. Let the ordered z; and y; be denoted by z[;; > --- > T(n) and
Y] = -+ 2> Yn)- Then x is majorized by y (written x < y) if

k k
Sz <Dy k=1,...,n-1
i=1 =1

and 3 0L Ti = Diny Ui

Equivalent definitions of x < y are: (a) x = yD, where D is a doubly
stochastic » X n matrix (each row and column having nonnegative entries
that sum to 1), and (b) x is in the convex hull of the vectors which are
permutations of y.
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We now go on to matrices. An m X n matrix of reals is interpreted as a
distribution of m resources among n people; the it* row is the distribution
of the i** resource among n individuals and the j®* column is the vector
of amounts of the m resources for the j** individual. Negative values cor-
respond to debts. Arnold (1987) gives an interpretation of in terms of n
individuals with money in m different currencies.

Throughout this paper, X and Y are real m X n matrices, and R is the
set of m—dimensional row vectors with nonnegative elements. We emphasize
the following pre-ordering of these matrices.

DEFINITION 2.2 X <FCY or X is PC-majorized by Y if aX < aY for all
a€RT.

We shall compare PC-majorization with three other kinds of multivariate
majorization, defined as follows.

DEFINITIONS 2.3 X <YMY or X is uniformly majorizedby Y if X =Y D
for a » X n doubly stochastic matrix D.

X <XCY or X is majorized by Y through linear combinations if aX <
aY for all a € R™.

X <MM 'Y or X is marginally majorized by Y if x; < y;, i = 1,...,m,
where x;,y; are the i** rows of X and Y respectively.

Arnold refers to our Definition 2.2 as <M© for Marshall-Olkin, but Mar-
shall and Olkin (1979) have a € R™, which is a stronger condition. To avoid
confusion, we refer to the Marshall-Olkin ordering by <C.

The following simple example illustrates PC-majorization and indicates
why it is more appropriate for ordering distributions of resources than are
the other three forms of multivariate majorization.

1 3 1 3
EXAMPLE 2.4 LetX-[4 2] amdletY_[2 4].

First we verify that X <FC Y. To do this we must show that for any
a = (a1,az) € RT,

(a1 + 4a3,3a; + 2a2) < (a1 + 2a2,3a; + 4ay);

but this follows immediately, since 3a; + 4a2 > max{a; + 4a3,3a1 + 2a2}.

On the other hand, X is not uniformly majorized by Y, because the
only doubly stochastic matrix that would leave the first row of Y unaltered
is the identity matrix. Neither is X LC-majorized by Y, as can be seen
by taking a = (1,—1). Most people would consider X to represent a more
equitable distribution of resources than Y, since the second individual in Y is
clearly the richer. Uniform and LC-majorization do not make such desirable
distinctions.
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It should also be clear that X and Y are equivalent with respect to
marginal majorization; that is, X <MM Y and Y <MM X The fact that Y
can be considered as ‘smaller’ than X, in the sense of marginal majorization,
makes marginal majorization unsuitable as a pre-ordering for joint distribu-
tions of resources. O

The point of this example is that uniform and LC-majorization are too re-
strictive in determining which matrices should be ordered, and that marginal
majorization is not restrictive enough. This is made clear in the next theo-
rem, which formally relates these four types of multivariate majorization.

THEOREM 2.5 PC-majorization possesses the following properties:

Invariance by permutations. If X <FC Y, then PXQ, <FC PYQ,, for
any choice of permutation matrices P,Q;, and Q.

Invariance by addition. If X <FC Y, then X + (c1,...,cm)Te <FCY +
(e1y---,¢m)Te for real constants c;, where T stands for transpose and e is a
1 X n vector of ones.

Marginal Majorization. If X <FCY, then X <MM y,

Uniform Reduction. If X <MY, then X <C Y, which in turn implies
X <FCy.

Proor Invariance with respect to P follows from the invariance of the
domain RY of the weighting vector a. Invariance with respect to @, and
@), follows from the permutation invariance of ordinary vector majorization.
Also, vector majorization is invariant under addition of the same constant to
all components, which makes PC-majorization invariant under the addition
of constant rows.

Suppose X <FCY. Let a € R be a vector with a 1 in the ith position
and 0 elsewhere. Then aX < aY is equivalent to x; < y;. By letting 7 go
from 1 tom, X <MM Y

Finally, suppose X <YM Y. Then there exists a doubly stochastic matrix
D such that X =YD, and aX = (aY)D oraX < aY for all a € R™. Hence
X <XC Y. Restricting a to RT gives X <PFCy. O

We note also that the <MM and <YM pre-orderings possess the same
invariance properties as <FC . Further relationships among these these mul-
tivariate majorization pre-orderings are developed in Section 4, in the con-
text of finding elementary operations that reduce a matrix Y to something
smaller in the PC-majorization ordering. In particular, we will give condi-
tions under which the orderings <MM and <FC become equivalent, in which
case a reduction can be obtained by reducing one row of Y in the usual
vector majorization ordering. First, however, it is useful to know how each
of the three multivariate majorization relations is verified.
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3. Determining Whether Two given Matrices are Ordered

In this section we show for given matrices X,Y how to check whether
one or more of the multivariate majorization orderings in Section 2 holds.
Marginal majorization is easily checked since it is rowwise majorization. If
X <MMy it is logical next to check if X <FC Y. PC-majorization would
seem to require checking vector majorization for an infinite number of a but
we show that a finite number of a’s will do. Finally, if X <FC Y, the check
for uniform majorization also requires some work because there could be
zero, one, or more doubly stochastic matrices D such that X =Y D.

The main difficulty in checking for PC-majorization is that the ordering
of the components of aX and aY change as a varies over IR?. The follow-
ing example illustrates the difficulty, offers some geometric intuition, and
suggests the general solution.

EXAMPLE 3.1 Suppose that

4 3 3 5 4 1
X_[?» 3 4]’ Y—[fl 3 5]'

For any a = (a1,a2) € R, we must check if

(4(11 + 3aq,3a; + 3az,3a; + 4a2) < (5(11 + 2a2,4ay + 3az,a; + 5a2).

Let A, B, and C denote the columns of Y, so that A = [g] ,B= [g] ,

and C = [;] correspond to individuals A, B, and C. As the first resource,

whose worth is measured by a;, decreases in value relative to the second
resource, the ranking of individuals in decreasing order of total wealth goes
from (ABC) to (BAC) to (BCA) to (CBA). Assuming that we have already
checked for marginal majorization, we claim that we need to check aX < aY
only for 3 values of a corresponding to the three transitions in the rankings
of the relative wealth of individuals A, B, and C.

Some geometric intuition can be obtained by visualizing the column vec-
tors A, B, and C as points in the euclidean plane, and a as determining
a ray from the origin through the point a. For any given a, the wealth of
individuals A, B, and C is proportional to the orthogonal projection of the
points A, B, and C onto the ray determined by a. A transition in rankings
occurs when the ray is orthogonal to a line connecting some pair of points
among A, B, and C.

The transition from (ABC) to (BAC) occurs at a = (1,1); from (BAC)
to (BCA) at a = (3,4); and from (BCA) to (CBA) at a = (2,3). In par-
ticular, for a = (3,4),aX = (24,21,25) and aY = (23,24,23). Therefore Y
does not PC-majorize X.
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The argument why attention can be restricted to the above three values
of a is best given in the general setting that we now develop.

THEOREM 3.2 Suppose that X <MM Y, where the columns of Y are denoted
by Y1,...,Y,. For each (i,7) with1<i<j<m,let

Tij:{&E]R.T:Zakzl and a(Yi—Yj)=0}
k

and
T = Ui;Ts;.

Then X <FCY if and only if aX < aY for everya € T.

Proor First note that aX < aY if and only if caX < caY for every ¢ > 0.
Thus it is enough to check the definition of PC-majorization for all a such
that z] a; = 1.

For each k = 1,...,m, define

k
fir(@) =) (aY)y
=1

to be the sum of the k largest components of aY. We may also express fi(a)
as

k
fu(e) = max 3 (aY Q)
i=1

where the maximum is taken over all n X n permutation matrices. Expressed
as a maximum of linear functions, it is clear that fi(a) is convex and piece-
wise linear. Transitions from one linear section to another can occur only
when at least two of the components aY; and aY; are equal. A similar
argument shows that

k
gk(a) =) (aX)y,
i=1
which is the sum of the k largest components of aX, is also convex.

To establish the PC-majorization X <FC Y, it is enough to show that
fr(a) > gi(a) for each a € H = {a € R} : }°;a; = 1}. The assump-
tion that X <MM Y implies that fr(a) > gx(a) at the extreme points
(1,...,0),...,(0,...,1) of H. Now suppose that gi(a) > fi(a) at some
point a € H. We may assume that the components of aY are distinct, since
otherwise a € T. Let H, denote the subset of H that contains a and over
which fi(-) is linear. This is a convex set, defined by

Ha = {b E’H:bvr(i) 2 b1r(i+l)ai= L...,m- 1}7
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where 7 is the permutation that puts the components of aY in decreasing
order; that is, (aY);) = (aY)p;,¢ = 1,...,m. Since gx(-) is a convex func-
tion, if it exceeds fi(-) anywhere in the region Ha, it must also exceed fi(-)
at one of the extreme points of Ha. Each of these extreme points is contained
either in T or in the set {(1,...,0),...,(0,...,1)} of extreme points of H. It
thus follows that if gi(-) exceeds fx(-) anywhere in H, it must exceed fi(-)
on T. Hence, majorization needs to be checked only fora € T. O

In the case when m = 2,T is finite, and Theorem 3.2 is all that is needed
to check for PC-majorization. For m > 2, the sets T;; are either empty or are
convex polytopes. In this case, it suffices to check the extreme points of each
nonempty T;;. Hence overall only a finite number of a’s need to be checked.
A precise algorithm that checks for both marginal and PC-majorization in
a finite number of steps is now described.

ALGORITHM 3.3. CHECK FOR PC-MAJORIZATION. Consider the hyper-
planes

{a:) ar(uri —w;) =0}  i<j.
k

The intersection of these hyperplanes with H = {a € RY : 3 ;a; = 1}
are the convex polytopes Tj;, but notice that these hyperplanes need not
intersect H at all, as happens, for example, when the two column vectors
Y; and Y, are similarly ordered. In general, the above hyperplanes divide
A into at most n! convex polytopes (with faces T;;) such that for each a in
a particular polytope, aY always has a certain ordering. The vertices of the
convex polytopes may be found by taking m — 1 of the hyperplane equations
at a time and solving for a root a in H (if any). Since all these vertices are
similarly ordered, the following lemma (with }°; A; = 1) proves that it is
enough to check aX < aY for a’s being one of these vertices. O

The next lemma is equivalent to result 5.A.6 on page 121 of Marshall
and Olkin (1979).

LEMMA 3.4 Suppose that the vectors z7) = (zgj),...,z,(,j)), i=1...,L,
are similarly ordered and that there are corresponding vectors x\9) such that
x0) < 20). Then 3, Ax\) < 3, 0200 if Aj > 0,5 =1,...,L.

In the next section, we discuss some elementary ways to transform a
matrix Y into something smaller with respect to PC-majorization. The
simplest way is to post multiply Y by a doubly stochastic matrix D, which
leads to something smaller in uniform majorization. For a certain class of
matrices Y, which we have not yet been able to specify completely, this is
the only way to obtain something that is PC-majorized by Y.
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Also, in our study of elementary operations that PC-reduce Y, we are
interested in how a targeted X, which is known to be PC-majorized, might be
obtained through a series of elementary operations. That is, given X <FCy,
we would like to construct a sequence Y — Y7 — ... —» Y, — X such that
each step Y;_; — Y; is an elementary operation.

A valuable tool for studying each of these problems is the following check
for uniform majorization.

ALGORITHM 3.5. CHECK FOR UNIFORM MAJORIZATION (<UM). First note
that if X = Y D for a doubly stochastic matrix D, and if certain rows of Y
are linearly dependent, say bY = 0 for a b € R™, then bX = 0. However
X =YD and bX = 0 need not imply bY = 0 unless D is invertible.

Given X,Y a procedure to use is the following. First check whether
X <MM Yy Ifnot, then X,Y are not ordered by <UM. Assuming X <MM Y,
there are a few cases to consider.

(a) If Y has at least n linearly independent rows, let Yo be a n x n
submatrix of Y with n linearly independent rows, say rows i; < --- < i, of
Y. Let Xp be a n X n submatrix of X consisting of rows 4;,...,7, of X. Yy
is invertible. Let D = Y; ' Xo and Z = Y D. If D is doubly stochastic and
Z = X, then X <UM Y. Otherwise X and Y are not ordered by <M,

(b) If the number of linearly independent rows of Y is less than n, check
whether each linear dependency in rows of Y implies the same linear depen-
dency in rows of X. If not, then X and Y are not ordered by <M,

(c) Suppose the number of linearly independent rows of Y is exactly n—1.
Let Yg be a (sub)matrix of Y consisting of n—1 independent rows, and let X,
be the corresponding (sub)matrix of X. Then X <MM Y implies that the row
sum vectors corresponding to X and Y are the same. Therefore Xy = YoD
reduces to solving for (n —1)? linear equations in (n — 1)? unknowns dji, j =
1,...,n—1,k=1,...,n — 1. Note that the doubly stochastic requirement
means that dn; and dj, can be substituted for. If D = (djr)i<jk<n is
nonnegative and X = YD, then X <'MY,

(d) If the number of linearly independent rows of Y is less than n — 1,
then potentially more than one D exists. Using X = YD and D doubly
stochastic as linear constraints on the d;;, the simplex method of linear
programming, for example, can be used to see if a feasible solution exists
(any linear function of the d;; can be used as an objective function). If a
feasible solution exists, then X <M Y.

4. PC-Reduction of Matrices

The preceding results enable us to recognize when two matrices are
related by any of the <MM <PC or <UM pre orderings for dispersiveness.
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We now consider interventions that reduce dispersiveness according to PC-
majorization. These interventions take the mathematical form of special
types of linear operations on an initial matrix Y. We describe three different
types of operations.

DEFINITION 4.1  Type (A) (Uniform reduction) operations.

A type (A) operation is defined as a linear transformation ¥ — YD
where D is a doubly stochastic matrix.

That type A operations always produce a PC-smaller matrix is an im-
mediate consequence of Theorem 2.5; namely, if D is doubly stochastic, then
Y D <PC Y. We further conjecture that any doubly stochastic matrix can be
written as a product of matrices of the form AQ + (1 — A\)I where @ is an
n X n permutation matrix, I is the n X n identity matrix, and 0 < A < 1. This
conjectured decomposition would allow an arbitrary uniform reduction to be
achieved as a sequence of ‘rearrangement transfers’ AQ + (1 — A)I. An exer-
cise in Arnold (1987, p. 75) demonstrates that the conjecture is false if the
permutation matrices () are restricted to transpositions of two coordinates,
in which case AQ + (1 — X)I is called a ‘Robin Hood transfer.’

Recall Example 2.4, where a PC-reduction was obtained by permuting
elements in the second row of Y. It was shown there that such a reduction
is not obtainable via type A operations. We now devise an elementary
operation, based on majorization reduction of individual rows of certain
submatrices of Y. Toward this end, consider the following definitions.

DEFINITION 4.2 Let J be a subset of {1,...,n} with cardinality no where
ng > 2. X is said to have similarly ordered rows in J, if there is a permutation
J1y+-+5Jne Of the indices in J such that z;; > --- > Tijng s for each i =
1,...,m. If J = {1,...,n} then we will say that X has similarly ordered
rows. In the case that X has two rows, the notion of oppositely ordered rows
can be well defined, in the obvious way.

DEFINITION 4.3 Type (B) (Marginal reduction) operations.

A type (B) operation Y — X is described as follows: Let Y* be an m X ng
submatrix of Y (2 < np < n) with similarly ordered rows; let the it* row of
Y™ be denoted by y}. For each ¢, replace y; by a vector x} which is smaller
with respect to <. Assuming that the j®* column of Y* corresponds to the
kth column of Y, replace y; by z};. The result is defined to be X.

We need to show that any X resulting from a type B operation satisfies
X <PC Y. We begin with a simple lemma whose proof follows directly from
elementary properties of vector majorization.

LEMMA 4.4 Suppose X and Y differ only in the columns ji,...,Jn, where
2 < ng < n. Then X <PCY if and only if X* <FC Y*, where X*,Y* are the
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submatrices obtained from the jy,...,jn, columns of X and Y respectively.
A similar argument shows that <FC can be replaced by <M, <LC or <MM,

The key set of conditions under which PC- and marginal majorization
become equivalent are described formally as follows:

THEOREM 4.5 IfY has similarly ordered rows and X <MM Y | then X <FC
Y.

Proor Because <FC and <MM ghare the same invariance property given
in Theorem 2.5, we can assume without loss of generality that ¥ = (y;;)
satisfies y;1 > -++ > Yin, ¢ = 1,...,m. Let a be an arbitrary vector in R
Then z = aY satisfies z; > -+- > 2z, and the sum of the k largest elements
ofzis Y v, a; Z;?:l ¥i;- Let jg be the index of the £t* largest element of aX
and let z,;) be the j** largest element of the i** row of X. Then the sum of
the k largest elements of aX is Y™, a; Y5_; ;;,, and

m k m m k
Doaid T <Y a4y xy; <Y ai ) i

=1 (=1 i=1 ;=1 i=1 j=1

where the last inequality follows from the assumption X <MM Y. O

Together, Lemma 4.4 and Theorem 4.5 prove that a type B operation on
Y leads to something smaller with respect to <FC. Reduction via marginal
majorization is easy, and we have so far shown that reduction, via marginal
majorization, of an m X ng submatrix of Y with similarly ordered rows also
leads to something smaller with respect to PC-majorization.

We wish to investigate the class of matrices that can be obtained by
applying sequences of type (A) and type (B) to a given matrix Y. For this
purpose, the following definition is convenient.

DEFINITION 4.6 X is majorized by Y via simple transfers (X <5T Y) if
X can be obtained from Y via a finite number of operations of type (A) or
(B) above.

By the above results, X <5T Y implies X <FC Y. The next theorem
shows that these two orderings are, in fact, equivalent when n = 2. Section
5 contains some other conditions under which equivalence is obtained.

THEOREM 4.7 Ifn =2, then X <5T Y if and only if X <FC Y.

ProoF Suppose X <FC Y. By Theorem 2.5, X <MM Y. If Y has similarly
ordered, then by Definition 4.6, X can be obtained from Y via one operation
of type (B). Next suppose that Y does not have similarly ordered rows. Since
X <MMy foreach i = 1,...,m, there exist constants ; in the interval [0,1]
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such that z;1 = 6;yi1 + (1 — 6i)yi2, zi2 = (1 — 6;)yi1 + 6;y:i2. Suppose that
rows ¢ and ' of Y are oppositely ordered. Let a be a vector with a; = 1,
air = (Yi1 — ¥i2)/(yir2 — yin) > 0 and ax = 0, k # 1,7'. Then aY is a 2-vector
of the constant y;; + ayyi1; and aX < aY implies that aX = aY, which
can happen for this a only if 6; = 6;,. Since each non—constant row must be
oppositely ordered to either row i or 7’ and 6 can be anything (in [0,1]) for

a constant row, it follows that X = Y D, where D = [1 oio 1 0 i]. m]
— U 1

EXAMPLES 4.8 In general, there can be matrices that are <FC ordered but
not <5T ordered. The methods of Section 3 can be used to verify that

128 4 5] pcl 23 4 5]
"(‘[23451]< [14235]‘Y°

For this example, it is easily checked that the matrices X and Y are not <5T
ordered.

The example on page 59 of Arnold (1987) with ¥ = [; i g], X =

1 5 5 S 5 0
D ], and X =YD, with D=].5 0 .5]| shows that Definition

3 43 0 5 5

4.6 cannot be simplified to simple transfers of type (A) and (B) that operate
on only two columns at a time. This is one difference in going from vector
majorization to matrix majorization.

The next, and last, example shows that with X <ST Y, it is possible for
one column of X to be dominant even if there is no dominant column in Y.

2.1 25 24] sr[21 30 191 sr[4 3 0] _
X = [ ]* [2.9 4 3.1]< 14 5]7Y

This cannot happen if there is a nonnegative vector a such that aY is a
constant vector.

The following development suggests a simple operation other than (A)
and (B) that also preserves the <FC ordering, and which allows the trans-
formation from Y to X in the first of Examples 4.8.

DEFINITIONS 4.9 Let x,y, and z be n—dimensional row vectors. Then x
is z-majorized by y (written x <z y) if ¢z + x < cz + y for every ¢ > 0.
In the case where z <y, we define Syy = {z : x <z y}.

DEFINITION 4.10  Type (C) (Directed reduction) operations.

A type (C) operation is described as follows. Let Y have rows y1,...,¥m,
and let x < y;. Then y; may be replaced by x if Sxy is convex and y; € Sxy,
for each j # <.
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To prove that a type C operation produces a PC-reduction, it is neces-
sary first to develop properties of z-majorization and the set Sxy. Some
immediate consequences of the definiton of z—majorization are listed in the
following lemma.

LEMMA 4.11
(a) If x <z y, then x <.z y for every ¢ > 0.
(b) x <2y if and only if z + cx < z + cy for every ¢ > 0.
(c) If x <y, then x <e y, where e is the 1 X n vector of ones.
(d) x <z y if and only if

oo 5]

Part (a) of the lemma shows that the <5 ordering depends only on the
direction, and not the actual value, of 2. Part (b) is an alternate definition
useful in proofs. Part (c) shows that the definition is not vacuous. Part (d)
makes the key association with PC-majorization.

The role of z in x <z y is to determine a set of permutation pairs
Pyy = {(7,v)} under which

k k
;xﬂ(i) < ; Yu(i)

for each k = 1,...,n. Suppose that X and Y have the form given in Lemma
4.11d, with X <PCY. Then

1-XNz+Ax<(1-Az+Ay for 0<ALL

If ) is sufficiently close to 0, Lemma 4.11d implies that (75, 7;) must be in
Pxy, where 75 is the permutation that puts the components of z in decreasing
order. Similarly the pair (7x,7y) must be in Pxy. As A moves from 0 to 1,
the ordering of (1 — M)z + Ax changes from 75 to 7x, and the ordering of
(1 = A)z + Ay changes from 75 to my. In fact, the number of transpositions
(Hamming distance) between either (1 — A)z + Ax or (1 — A\)z + Ay and 7,
is an increasing function of A (cf. Theorem 5.2).

Lemma 4.11d describes, for m = 2, when one of the rows y of Y can be
replaced by a new row x to achieve a PC-reduction; namely, when x <z y.

We are thus interested in the question: Given Y = z , what vectors x

satisfy x <z y? It appears easiest to approach this problem indirectly, by
first fixing x and y and then relating Pxy to the key construct of Definition
4.9, Sxy.

LEMMA 4.12 The set Sxy has the following properties:
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(a) If z € Sxy, then cz € Sxy, for every ¢ > 0.
(b) If z is similarly ordered to 'y, then z € Sxy.
(c) If z is oppositely ordered to x, then z € Sxy.

PRrROOF Part (a) is an immediate consequence of Lemma 4.11a. Part (b)
follows from

k
D (x+ez)y < wa + ez < Eyw + ez = Z (¥ + cz)-

=1 i=1 =1 =1
Part (c) follows from the existence of some permutation 7 such that

k
D (y+ez)y = Z i+ ensy > K+ enny 2 3 (x ezl O

=1 i=1 =1

EXAMPLE 4.13 Lety = (1,2,3). We will show that, for each x = (21,22, 23)
<y, Sxy can be described as the intersection of half-spaces.

First note that for x = y, Sxy is all of R". Otherwise,

a) If z; # 1 and z3 # 3, then Sxy is constrained by z3 > 2.

bl) If 25 < 2, then Sxy is constrained by 2z, > 2.

b2) If 2 > 2, then Sxy is constrained by 23 > z;.

Thus there are six possibilities for Sxy. Either it is all of R"; is one of
the three half spaces {22 > z1},{z3 > 21} or {23 > 22}; or is the intersection
of two half spaces {z3 > 21} N{z2 > z1} or {z3 > 1} N {23 > 23}.

More generally, it appears that Sxy is the union of convex cones that are
subsets of sets of the form {z : 2r(1) > ... > 2y(n)}, where 7 ranges over a
subset of permutations. As the following example illustrates, Sxy need not
always be convex.

EXAMPLE 4.14 Let x = (3,5,3,1) and y = (0,2,4,6). Then Sxy is the
union of 6 regions:

Alzg2>2232202 7,
B.2y>22,2>2232>2 2
C.zy>2232222
D.z4 221223222
E.232> 24221 2 29
F. 232 242 29 2 21.

The point (0,1,.1,3) is in B, the point (1 0,.1,3) isin D, but the average
of these points, (.5,.5,.1,3) is not in the union Sxy of the 6 regions.

Although the convexity of Sxy is not always guaranteed, the following
theorem, which presumes the convexity of Sxy for a particular pair of vectors
(x,¥), can be useful for reducing a matrix Y’ when redistribution is restricted
to a single resource.



172 Harry Joe and Joseph Verducci

THEOREM 4.15 LetY have row vectors yi,...,ym. Suppose that X differs
fromY only in the ith row, and that Sx,y, is convez. Then X <FCY if and
only if x; <y, yi for each j # 1.

ProoF First suppose that X <FC Y. For fixed j # i, and k € 1,2,...,m,

let . .
c, ifk=r;
ai = { 1, ifk=j;

0, otherwise.

Then Y7o, axXk < Y ¥=qaryk implies that x; + cy; < x; + cx;, and so
Yi <x; Xi.

We prove the converse by induction on m. By Lemma 4.11(d), the con-
verse is true for m = 2. Suppose that it holds for some m — 1 where m > 3.
Then there are at least two indices in 1,...,m that are distinct from 1.
Without loss of generality, call these m — 1 and m. Then for any a € RT
define

{yk, fork=1,...,m—2;
Zp =
am-1Ym-1+ @mym, fork=m—1,
and )
2t = {zk, for k # 1;
P =

x;, fork =1.

To invoke induction, we need to verify that
(4.1) z; <z; z; foreach je€ {1,...,m - 1}\{s}.

For j < m —1, (4.1) holds by assumption. For j = m — 1, (4.1) follows from
the convexity and scale invariance (Lemma 4.12a) of Sz2,. Now define

b = %> fork=1,...,m—2;
k=11, fork=m-1.

Then

m m-—1 m—1 m

Dowx =Y bzp < Y bze = Y ayi,

k=1 k=1 k=1 k=1
where the majorization follows from the induction assumption. Thus X <FC
Y. O

Theorem 4.15 proves that type (C) operations preserve the <FC ordering:
It should be clear that a type (C) operation is distinct from types (A) and
(B). Nevertheless, even with this additional operation, repeated application
of operations (A), (B), and (C) do not generally produce all the matrices
that are <FC smaller than an arbitrary initial matrix, as the following coun-
terexample shows.
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EXAMPLE 4.16 Let X = [;: ;g ? and Y = [}1 ? g] . Using
Theorem 3.2, it can be shown that X <FC Y. It is easy to argue that X
and Y are not <5T ordered. Also, it can be shown that X is not attainable
from Y using type (C) operations. This example is a specific case of a more
detailed study of 2 x 3 matrices in Theorem 5.6.

We do not know if there is yet another simple operation, which, in combi-
nation with (A), (B), and (C), will produce all matrices that are <FC smaller
than an arbitrary initial matrix.

5. Further Properties and PC-Reductions

In this section, we obtain additional properties for the <FC€ and <ST
orderings. We show that the set Ay = {X : X <FC Y} is convex and
is contained in the convex set {X : X <MM Y}. The extreme points of
{X : X <MM ¥} constitute the set, denoted by Cy, of matrices whose rows
are permutations of the corresponding rows of Y. Methods for identifying
the extreme points of Ay are described and illustrated in the case m = 2,
n = 3. One of the methods suggests a (non-simple) PC-reduction operation
to be studied in further research.

In the course of this development, we show that, when restricted to Cy,
the <5T ordering is the same as the multivariate arrangement ordering of
Boland and Proschan (1988).

THEOREM 5.1 For fized Y, the set Ay = {X : X <FC Y} is a convez set.

ProoF Suppose X; <FC Y and X; <FC Y. Let A be in the interval
[0,1]. For a € RY, a(AX; + (1 — A)X32) = MaX1) + (1 - A)(aX;) < aY
since aX; < aY, aX; < aY and the set {x : x < aY'} is convex. Therefore
M Xi+(1-M)X<FCY. O

A natural question now concerns the extreme points of Ay and relation-
ships with convex hull results for vector majorization. First recall that Cy
is the set of the extreme points of {X : X <MM Y}, and that the extreme
points of Ay include some, but not necessary all, of the points in Cy.

Consider the <5T and the <FC orderings on Cy. The maximal matrices
in Cy with respect to <5T or <FC have similarly ordered rows. If Y has
similarly ordered rows, then by Birkhoff’s theorem, Ay is the convex hull of
the matrices in Cy. By Theorem 4.6, the <5T and <PC orderings on Cy are
the same if n = 2. For m = 2 and n = 3 or 4, the <FC and <57 orderings
on Cy can be shown to be the same by complete pairwise comparisons.
Example 4.8 shows that the equivalence does not extend to m = 2, n > 5.
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From results of Section 4, if two matrices in Cy are <5T ordered, then they
are <FC ordered.

We next note that the <5T ordering on Cy is the same as the multivariate
arrangement increasing ordering in Boland and Proschan (1988). This is the
arrangement increasing ordering or decreasing in transposition ordering of
Hollander, Proschan and Sethuraman (1977) in the case m = 2. Boland and
Proschan’s definition involve only transfers that operate on two columns at
a time. The equivalence follows from the proposition below.

PROPOSITION 5.2 LetY be a m X n matriz with similarly ordered rows
and let X be a matriz such that its it* row is a permutation of the it" row of
Y. Then X can be obtained from Y using a sequence of type (B) operations
that operate on two columns.

Proor Without loss of generality, suppose that each row of Y is increasing.
X can be obtained from Y by operating in columns (n — 1,n) followed
by (n - 2,n),...,(1,n),(n - 2,n - 1),...,(1,n = 1),...,(1,2). In the first
stage, each row involves switches of the j** column with the n* column,
j =n—1,...,1, until the n** column of X is obtained. In the next stage
switches are made until the (n — 1)** column is correct, etc. Note that the
appropriate columns are ordered correctly after each transfer of type (B) on
two columns in order that the later type (B) operations can be made. O

We now go to a further study of Ay. Consider the set Dy = {Z € Cy :
Z <5T Y} and let By be the convex hull of the points in Dy. Then clearly
By C Ay. By Theorem 4.6, By = Ay if n = 2, and it can be shown that
this is also valid sometimes when n > 2. One problem for future research is
to deduce all conditions for which By = Ay.

From Theorem 3.2, the region Ay can be specified precisely through
a finite number of linear inequalities. The extreme points of Ay can be
enumerated by using some theory from linear programming and the sim-
plex method. An alternative approach makes use of separating hyperplanes.
Both approaches are not difficult to implement on a computer for a given Y
but the combinatorial enumeration grows rapidly as m and = increase. How-
ever, both approaches led to the examples showing that the <F¢ and <ST
orderings are not equivalent, and partly with the help of symbolic manipu-
lation software, have been used to prove general results for m = 2, n = 3.
We illustrate both approaches below. The separating hyperplane approach
is shown first. Its advantage is that it suggests a more general reduction
operation which is mentioned at the end of this section.

Since each matrix in Ay has the same row sum vector as Y, Ay is a set
in m(n — 1) dimensional space. Hence By can be partitioned into simplices,
each with m(n — 1) + 1 vertices, where each vertex is in Dy. To see if Ay
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extends beyond By, for each point Y* in Cy\Dy, simplices extending from
By to Y™ can be defined and then it can be checked whether any point in
these simplices are in Ay. All such simplices can be found by enumerating
sets of m(n — 1) matrices in Dy and obtaining the hyperplane that these
matrices lie on; the hyperplane can be found by solving a linear system
or using a singular value decomposition depending on whether the matrix
consisting of the column vectors formed from the first » — 1 columns of
each of the m(n — 1) matrices has full or less than full rank. The simplices
involving Y* that need to be checked are those resulting from hyperplanes
that separate Y* from By. The ideas will be clearer from the next result
below for m = 2, n = 3 where Y has two oppositely ordered rows.

Uy Uz U
THEOREM 5.3 Let u; < ug < ug and vy < v9 < v3. ForY = [vl 02 v3],
3 V2 U1

Ay = By. Hence for this Y, if X <FC Y, then X <5TY and X <"M Y,

u Uu u u u u
PROOF LetY; =Y, Y, = [ 1" 2],Y3= [ L 3],Y4=
V3 V1 V2 V2 V3 M

Uz Uz U uz Uy U uz Uy U

20 My =3 " 2 yg=| 3 " ™| These are the 6
2 U1 U3 U1 U3 V2 1 V2 U3

points in Dy and By lies in a four-dimensional space determined by the row

T11 T12 13

sums remaining constant. Let X = - m .7:
21 T22 23

] be a generic point in
this four-dimensional space.

Let b1 = (’u,z - ul)/(vg - ’02), by = (U3 - ul)/(v3 - ’01) and b3 = (U3 -
ug)/(v2 — v1). These are the values of b such that (1,b)Y is a vector with at
least two components equal. Either by, b2, b3 are distinct or they are all the
same. In the latter case, the conclusion follows from Proposition 5.4 below.
Hence we now assume the former case. Note that b, is a convex combination
of by and b3 so that it cannot be largest or smallest of the 3 b;’s. The 15
subsets of size 4 from Dy and the equations of the corresponding hyperplanes
for the each set of 4 are:

(a) Y1,Y2,Y3,Yy: z91 + bizan

(b) Y1,Y2,Y3,Ys: 213 + bazas

(c) Y1,Y2,Ys,Ye: (v3—v1)enn + (us — uy)To1 + (v2 — v1) 12 + (uz — u2)T22

(d) Y1,Y2,Y4,Ys: (v3—v2)zn + (uz — u1)x21 — (v2 — v1)T12 — (U3 — u2)T22

(e) Y1,Y3,Yy, Ye: 212 + b3zo2

(f) 11,Y2,Y5,Ye: 211 + ba2z21

(8) Y1,Y3,Y,,Ys: (vg —vp)z1y + (us — u2)Za1 + (v3 — v1)T12 + (u3 — w1 ) 222

(h) Y1,Y3,Yy,Ye: 213 + boz23

(i) 1,Y3,Y5,Ye: 212 + b1222

() Y1,Ya,Ys, Ye: (v3—v1)211 + (ua — u1)221 + (v3 — v2)T12 + (U2 — u1)T22

(k) Y2,Y3,Yq,Ys: 12 + bozo2

(1) Yz,Y3,Ys, Ye: (v3—v2)z11 + (U2 — u1)Ta1 + (v3 — v1)T12 + (U3 — v1)T22
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(m) Y2,Y3,Ys,Ye: —(v2—v1)z11 — (us—u2)r21 4+ (v3—v2)T12+ (U2 —u1)T22

(n) Y5,Y4,Ys5,Ye: 213 + biz23

(0) Y3,Yy,Ys5,Ys: 211 + b3za.

For cases (c), (d), (g), (§), (1), (m), it is straightforward to check that
the remaining 2 points in Dy are on opposite sides of the hyperplane (by
making use of the fact the by is neither largest or smallest). The argument
for the other cases is analogous to case (a) which is given next.

The equation z3; + byz2; applied to Y;,Y3,Y3,Y, leads to the constant
a = u; +byvs = uz+byve, and when applied to Ys, Ys it leads to the constant
B = ugz + byv;. For a Y7 in Cy\Dy, suppose the equation leads to 4. The
hyperplane z1; + byz2; = « separates Y7 from Ys,Ys only if 8 < a@ < v or
B > a > v. In either case, if X is any convex combination of Y;,Y5,Y3,Y,, Y7
with a positive weight for Y7, then (1,b,)X is not majorized by (1,b,)Y;.
Hence it is not possible to extend By towards Y7.

The above argument works for the nine hyperplanes of the form (a) and
any Y7 not in Dy so that the conclusion of the theorem follows. O

PROPOSITION 5.4 LetY be a 2 X n matriz. If, for a nonnegative nonzero
vector (a1,az), (a1,a2)Y is a constant times a vector of ones, then X <FCY
is equivalent to X <MY,

PrOOF Let y1,y: be the first and second rows of Y. Then y; = ¢(1,...,1)—
a1y, for a constant c. Suppose X <FC Y. Then (a1,a3)X = ¢(1,...,1) and
x2 = ¢(1,...,1) — a3x;, where x;,x; are the first and second rows of X.
X <PC Y implies x; < y1 so that there is a doubly stochastic matrix D
such that x; = y;D. The preceding equalities imply then that x; = y,D
and hence X <MYy, O

We next illustrate the “linear inequalities” approach. Because of the
second invariance property in Theorem 2.5, we can assume that the minimum
component of each row of Y is 0 so that all components of Y are nonnegative.
In the general case, one can subtract the it row minimum ¢; from the 3t
row, find the extreme points of Ay« for the resulting Y*, and then add ¢; to
the i** row of each extreme point in Ay+ to get Ay. Note that the ordering
aX < aY = y* is equivalent to the following set of inequalities:

m

Zai(xijl + +z1]k) S. yr1]+ yfk]? jl << jkvk = ]-,'“777'_ la

=1
together with the sum constraint. The set Ay can be represented by a fi-
nite number of inequalities of the above type together with the m row sum
constraints. As in the simplex method for linear programming (see for ex-
ample Gass (1985)), nonnegative slack variables can be introduced for each
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inequality. The total number of variables, N, is now mn plus the number
of nonredundant inequalities, and the number of equations, M, is m plus
the number of nonredundant inequalities. The extreme points can now be
enumerated by setting in turn N — M of the variables to zero and solving
the resulting M X M linear system if the linear system is nonsingular; non-
negative solutions generated in this way correspond to the extreme points.
However there are too many inequalities to prove a general theorem except
for in a couple of “small” cases, given in the next two results.

These results involve one or two inversions of the second row relative to
the first. For a 2 X » matrix with a strictly increasing first row vector and
with a second row vector z = (21,...,2y,), the number of inversions is the
cardinality of the set {(j1,72) : 1 < J2,2j; > 2}, }-

THEOREM 5.5 Let u; < ug < uz, v1 < v2 < v3. ForY = [Zl
1
Ay = By.

U2 us
vz v2)’

Proor Without loss of generality, we can assume that u; = v; = 0. From
Theorem 3.2, X <FC Y if aX < aY for a = (1,0), (0,1), and (1,b) where
b = (u3z — u2)/(vs — vz). In addition to nonnegativity constraints, the linear
inequalities and equalities imposed by the three majorization orderings are:

T1j < us, T2; < vs, J=12,3,
0 = uy + bvy < 35 + bra; < ug + bvs = uz + buy, 7=12,3,

T11 + T12 + T13 = ug + ugs, Z21 + T22 + 23 = v2 + v3.

Note that the lower bound of the second set of inequalities are redundant
given the nonnegativity constraints. By adding 9 nonnegative slack variables
81,...,89, the 11 resulting equations are:

z1j+8j=us,  Tyjtsap;=v3  J=123,
Ty; + bxoj + S64; = uz + bvs, J=12,3,

11 + 212 + T13 = u2 + us, ZT91 + X2 + T23 = V2 + V3.

The extreme points can be found by setting in turn 4 of the 15 variables to
zero and solving the 11 x 11 linear system. At most one of z;; can be set to
zero and at most one of z3; can be set to zero and at most two of sz, sg, sg can
be set to zero. If four zeros are chosen in this way, then either no nonnegative
solution exists or Y@ is the solution where @ is a permutation matrix. For
other cases, one of s1,..., 6 is set to zero. By symmetry, assume that s; = 0
and z;7 = us. Substitute 213 = uy — 12, 23 = V2 + v3 — T3 — T22. The
linear system simplifies to:

Tig+ 1 =ug, T+t =12, Tap+i3=1v3, T2 +T22— 142> vy
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where t,12,13,t4 are nonnegative slack variables. Now set in turn 3 of the
7 variables to zero. 16 of the resulting systems are nonsingular, of which 4
lead to nonnegative solutions and the other 12 lead to solutions of the form
Y@ where @) is a permutation matrix. O

The last case to consider for m = 2, n = 3 is when there are two inversions

of the second row relative to the first. For example, Y = Zl :)“ Za] ,
3 V1 V2
where u; < u; < ug and v; < v2 < v3. This is interesting because it is the
simplest case where Ay is strictly larger than By. To further illustrate the
two approaches, a combination of them are used to find the extreme points

of Ay in this case. Not all details are provided.

U Uy U

THEOREM 5.6 Let u; < up < ug and vy < vy < v3. LetY = [vl v2 03].
3 U1 V2

Define u;; = u; — uj, vij = v; — vj, for ¢ > j, and d = u31v3 — uz1v3z. In

addition to the matrices in Dy, the extreme points of Ay include

(51) Z= [d'l(uslvzlul + uz2vaouz)  d~(us2vs2ur + usivaiuz) Us]
d~(us2vs1v2 + U21v2103)  d71(u21v21v2 + uspv31v3) V1)’

and the matrices obtained by column permutations of this matriz.

OUTLINE OF DETAILS. Let Y7,...,Ys be as in the proof of Theorem 5.3. Let
Y=Y,
Uy U3z U2 Uz U U3 Uz U3 U
Ys = ’ = » 110 = )
V3 V2 M M vz v m V2 U3

s Uy U U
These are the 12 points in Dy. Furthermore, let Y13 = [vl v2 v3] .
3 U1

Let X = [ 11712 M3} he a generic point in the four-dimensional
T21  T22 T23

space containing By. It is straightforward to show that the hyperplane
—v32T11 + U21To2 = uUgVy — uyv3 contains Y;,Ys, Y, Yy and separates the
other Y’s in Dy from Y;s.

Consider the simplex with vertices Y1,Y3, Y3, Yg,Y13. Let X be the convex
combination /\1}/1 + A3Y3 + /\8Y8 + Ang + /\13Y13. Let ] = u21/v31 and Cy =
u31/v3z. Since X <MM Y by Theorem 3.2, X <FC Y if (1,¢;)X < (1,¢;)Y,
j = 1,2. These two majorization orderings impose the constraints

(5.2) (w1 + c1vs)d1 +  (u2 + c1v2)As + (u1 + c1v3)As + (u2 + c1v1) Ao
+  (u1 4+ c1v2)Mi3 > g + ¢1v3 = ug + 101,
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(5.3) (uz + c1v2)A1 + (w1 + c1v3)A3 + (u3 + c1v2)As + (u1 + c1v3) Ao
+  (u2 4 c1v3)M3 < uz + ¢y,

(5.4) (u1 + cava)h1 +  (u2 + c2v2)A3 + (u1 + c2v3)As + (u2 + c2v1)Ag
+ (w1 + c2v2)A13 > ug + 04,

(5.5) (ug + cav2)A1 +  (u1 + c2v3)A3 + (u3 + c2v2)As + (U1 + c2v3) A9
+  (u2 + cav3)Ai3 < Uy + cav3 = uz + co09

on A1, A3, Ag, Ag, A13. If the inequality (5.3) is multiplied by (us+ cov2)/(us+
c1v2), then (u; + c1v;)(us + cov2)/(uz + c1v2) < u; + cavj, for (4,7) = (2,2),
(1,3), (3,2), (2,3) or (3,3). Comparison with (5.5) then makes the inequality
(5.3) redundant. Similarly if the inequality (5.4) is multiplied by (ug +
c1v1)/(uz + c2v1), then (u; + cov;)(u2 + c1v1)/(u2 + c2v1) > u; + ¢1v;, for
(4,9) = (2,2), (1,3), (2,1), (1,2) or (1,1). Comparison with (5.2) then makes
the inequality (5.4) redundant.

For the remaining two inequalities (5.2) and (5.5), substituting A3 =
1—A1—z\3—/\8—)\gleadst0

€1V32A1 + U21A3 + C1v32A8 + €1V32M9 > €103

and
€232 A1 + U21A3 + U1 Ag + U1 Ag > Ui

Other than the extreme points with Ay = 1, A3 = 1, Ag = 1, A\g = 1, the
single nontrivial extreme point from these inequalities is when Ay = u3;v91/d,
A3 = ugavs2/d, Ag = Ag = 0 (and A3 = uz2vs1/d). This leads to the matrix
given in (5.1).

Hence the separating hyperplane approach has extended Ay beyond By.
However in this case, it cannot show that Z@), where @ is a permutation
matrix, are the only other extreme points of Ay. The linear inequalities
approach can be used to complete this last step. The details are more tedious
than in Theorem 5.5.

Let u; = v; = 0 now without loss of generality. The linear inequalities
and equalities imposed by X <FC€ Y are:

T1j < us, T2j < vs, J =1,2,3,
U2 S Ty1j + C1T2; S uz + €102, .7 = 172737

ug < 215 + 2295 < €203, J=12,3,

11 + T12+ T13 = ug + u3, T21 + T22 + T3 = V2 + V3.
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Slack variables sy, ...,$1s can be added (or subtracted) corresponding to the
18 inequalities. This leads to 20 linear equations in 24 variables. At most
one of z1; can be set to zero and at most one of z; can be set to zero, so
that at least two of the slack variables must to set to zero to find the extreme
points. By symmetries and constraints, there are 21 pairs (s;,,si,) = (0,0)
that have to be considered. Once a pair of slack variables is set to zero,
the variables z;; and the remaining si’s can be expressed in terms of two
slack variables, say s;,,8;,. Symbolic manipulation software helps for the
algebra in this reduction. Extreme points from inequalities in two variables
(in symbols) can be solved by hand. The outcome of all this is that the only
extreme points are of the form Y@, Y1Q, ZQ, where @ is a permutation
matrix. O

REMARKS The two techniques for identifying the structure of Ay can in
general be implemented in computer programs. Numerical examples studied
in this way may lead to more general theorems. Further research will attempt
to determine when Ay = By and when Ay is strictly larger than By for
general (m,n) not covered by theorems in this paper. In addition, it would
be useful to discover an approach that does not require enumeration.

The derivation in the first part of the proof of Theorem 5.6 suggest the
following (non-simple) operation for extending to points in Ay \By. Choose
a matrix Yp in Cy \Dy satisfying some properties. Find a separating hyper-
plane that separates Yy from some points in Cy. Take a convex combination
of Yp and matrices in Cy that on the hyperplane. The linear inequalities
imposed by the PC-ordering will put constraints on the possible convex
combinations. A goal is to identify those Yo where the coefficient of Yy in
convex combinations can be definitely positive.

Acknowledgements. The authors thank the referee for a careful read-
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