Chapter 1

Mathematical prerequisites

This chapter contains some basic material from mathematics and probability
theory. To some extent the purpose is to provide the notation, in particular in
relation to multilinear forms, differentials, moments and cumulants. Another pur-
pose is to list some results to be used later on. Most of these results are well known,
but a few are more advanced, especially those in Section 5. Proofs are omitted for
most of the results, and references are given only to less familiar results. In some
cases proofs are given even for well-known results, mainly because the technique
used is in line with the theory developed in later chapters and thereby gives some
useful background knowledge.

Notations and concepts used in subsequent chapters are described in Sections 1-
4. Sections 1 and 3 consist entirely of such notations although the induced norms
described in the paragraphs containing equations (1.19) to (1.25) are rarely used
and may be skipped at first reading. In Section 2 the notations are described in the
first part, ending at expression (2.12), the remaining part of the section contains
results that may be looked up in connection with their applications. Similarly, in
Section 4 the notation part ends with Definition 4.8. The rest of the section and
the lemmas 4.4 and 4.5 are used for reference purposes only. Section 5 contains
some results that, although they are essential for the theory developed, are of a
technical nature and may be consulted when needed.

1 Multilinear mappings between vector spaces

In this section we introduce some notations for multilinear mappings from one
finite-dimensional vector space to another, together with some basic definitions
and results.

Throughout this section let V, W, V1, V3, ... denote finite-dimensional real vector
spaces. Occasionally, in later sections, we shall be dealing with complex vector
spaces, but the modifications required for these cases are quite trivial and will not
be commented upon.

Definition 1.1. A mapping A : V3 X --- X Vi, = W is said to be k-linear if, for
any j =1,...,k, the mapping
ijA(vl,...,vj,...,vk), vjEV, (1.1)
is linear in vj for any fixed set of v;’s, i # j. The space of k-linear mappings of
Vi X +-+ X Vi into W is denoted Lin(V1,...,Vi; W).
Notice that the space of k-linear mappings between finite-dimensional real vector

spaces is also a real vector space of finite dimension. For the special case V; = --- =
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2 SECTION 1.1 Multilinear mappings between vector spaces

Vi we use the abbreviation Ling(V; W) to denote the space of k-linear mappings
of V¥ into W.

Definition 1.2. A k-linear mapping A € Ling(V; W) is said to be symmetric if,
for all vy,...,vx € V and any permutation o on the set {1,...,k},

A(vl,...,vk) = A(v,(l),...,vo(k)) . (12)

The space of symmetric k-linear mappings of V* into W is denoted Sym, (V; W).

In the case W = R we speak of k-linear forms and of k-linear symmetric forms.
The space V* = Lin(V;R) denotes the dual space of V, and it is a vector space of
the same dimension as V.

We generally use superscripts on vectors to denote repetitions, i.e.,

=(v,...,v) € V¥ (1.3)
for v € V,k € N. Thus, in particular, if A € Ling(V; W),
A(v*) = A(v,...,v) e W. (1.4)

In coordinates the objects above may be written as follows. Let the vector spaces
be equipped with bases and use square brackets to denote coordinates, i.e., [v1]; de-
notes the ith coordinate of v; € Vi, etc. Then a k-linear mapping A € Ling(V; W)
has a coordinate representation of the form

(w0l = 2 DA ol - [
= [} o]y - [0 (1.5)

which expresses the jth coordinate of A(vy,...,vx) € W, and we have used some
generally adopted tensor notations, cf. McCullagh (1987), namely that indices may
appear as superscripts as well as subscripts and that summation over any index
that appears twice in a term is understood. In the case W = R the coordinates
of A make a k-dimensional array of numbers. If k¥ = 2 it reduces to the familiar
matrix representation of a bilinear form.

A key feature of symmetric k-linear forms is that they are determined by their
values on the ‘diagonal’, i.e., by the values of the form in (1.4). Explicitly, this
follows from the polarization identity, cf. Federer (1969, Section 1.9.3),

A(vy,... o) = (k12F)7 Z (H a]) A { (Z aj'vj)k} , (1.6)

for any A € Sym,(V;W),vy,...,vx € V, where the first sum is over all sequences
(a1,...,ak) € {—1,1}*. Notice that we use the word ‘diagonal’ in a different sense
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than a matrix diagonal. The relation does not imply that, e.g., a bilinear symmetric
form is determined by the diagonal values in a particular matrix representation.
Any function, f : V — W, of the form

f(v) = wo + A1 (v) + A (v*) + -+ + Ak (v*),, (1.7)

where wo € W and A; € Sym;(V;W);j = 1,...,k, is called a polynomial on V
with values in W and the A;’s are called the coefficients. The largest j for which
Aj is non-vanishing is called the degree of the polynomial.

We shall frequently need mappings obtained from, e.g., A € Lin(V4,...,Vi; W)
by ‘plugging in’ some of the arguments. Thus, for fixed v; € V,..., v, € V,m < k,
we let

A(vy,...,vp) € Lin(Vipy1,. .., Vi; W) (1.8)

denote the mapping
(vm+1,...,vk)r——> A(vl,...,vk) (1.9)

although this is, strictly speaking, misuse of notation. In coordinates A(v1,...,vm)
would be the £ — m + 1 dimensional array with entries

[A(v1, ., vm) ] = [A]2 % [01];, - - [Om]in- (1.10)

In particular, any bilinear form, A € Liny(V;R) may in this way be identified with
a linear function of V into V*, by the identification

vy — A(vy) € Lin(V;R) = V*
{A(v1)} (v2) = A(v1,v2) (1.11)
Thus, notationally we do not distinguish between the two mappings A € Liny(V;R)
and A € Lin(V; V™).
A bilinear form A € Liny(V;R) is said to be positive semi-definite if, for all

veV,
A(v,v) >0 (1.12)

and positive definite if, for all v # 0,
A(v,v) > 0. (1.13)

A symmetric positive definite bilinear mapping, A € Sym,(V;R) defines an inner
product on V, denoted

(vl,vg)A = A(vl,vg), M,V € V, (1.14)
or just (vy,v7) if A is understood. This inner product induces a norm on V,

lolla = (v, 04)%,  wveV. (1.15)
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A real vector space equipped with an inner product is called a Euclidean space. Ifit
is only assumed that the symmetric bilinear form A above is positive semi-definite
then we refer to (1.14) and (1.15) as a pseudo inner product and a semi-norm,
respectively. An inner product norm on V is a norm that is induced by an inner
product by (1.15). Similarly we shall speak, slightly incorrectly, of an inner product
semi-norm for a semi-norm induced by a pseudo inner product.

Any two norms ||-||1 and ||-||2, say, on a finite-dimensional real vector space V
are equivalent in the sense that there exist two positive constants a and b, say,
such that

alloll < [loll2 < bllolls

forallveV.

To any inner product corresponds a uniquely determined Lebesgue measure,
namely the one that assigns unit volume to the unit cube spanned by an orthonor-
mal basis. The Lebesgue measure induced by A € Sym,(V;R) is denoted A 4.

If A € Sym,(V;R) is positive definite, it has an inverse A™! € Sym,(V*;R)
which is also positive definite and is defined as follows. Consider A as a mapping
in Lin(V;V*), cf. (1.11). This mapping can be shown to be one-to-one and onto
V* such that it has an inverse A~! € Lin(V*; V). By the reverse construction of
(1.11), A~1, defined in this way, can be identified with a mapping in Liny(V*;R),
defined by

A7H(v],03) = 03 (A7 (v])) €R, (1.16)

where vi,v} € V*. This mapping, A~! € Lin(V*;R), can be shown also to be
symmetric and positive definite. Hence, it induces an inner product on V*, denoted

(vi,v3)a = A7(v},v;) €R, vi,v; €V, (1.17)

although the notation with subscript A=! would be correct, according to (1.14).
Because A and A~! are mappings in different spaces there is no risk of ambiguity
by using A as subscript, which we prefer when the inner product is constructed as
above, starting from A. In coordinates, A~1 is the usual matrix inverse of A, i.e.,

[AJ7[A™ ]k = 8, (1.18)

where 6 is the Kronecker delta that equals 1 if i = k, 0 otherwise.

Any vector v € V may also be considered as an element of V**, the dual of V*,
by the identification v(v*) = v*(v), for v* € V*, and, in fact, V may be identified
with V**. Hence, the construction above that leads from an inner product on V' to
an inner product on V* may also go the opposite way. Finally, an inner product
A on V may also be used to identify V and V*, simply by identifying v € V' with
A(v) € V*. In this way any orthonormal basis on V is mapped into an orthonormal
basis on V* with respect to the inner products induced by A, and the coordinates
of v and A(v) would be the same with respect to two such corresponding bases.
The matrix of A with respect to such two bases would, of course, be the identity
matrix, and any mapping defined on either of V or V* would be identified uniquely
with one defined on the other, with the same coordinate representation.
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Assume now that V is equipped with an inner product (-,-)4 and consequently
with the norm ||-||4. If W is also equipped with a norm, |- | say, not necessarily
induced by an inner product, then a norm, also denoted ||-||4 (when the norm on
W is understood, e.g., if W = R), is induced on Sym(V; W) through the definition

|Blla =sup {|B (v*)| :ve V,|lv[|la <1}, (1.19)

when B € Sym,(V;W). An important inequality, due to Hormander (1954),
cf. Federer (1969, Section 1.10.5), that we shall use frequently, is

|B(v1,...,v)| < | Bllalloalla -~ [|vklla, (1.20)

for all v1,...,vx € V, but it depends on the fact that the norm on V is induced
by an inner product. For later use we record that the process can be continued to
the space dual to Sym,(V;W). Thus, if D € Lin (Sym,(V; W);R), then

1 Dlla = sup {|D(B)| : ||Blla < 1}. (1.21)
Notice that a set {vy,..., v} of vectors in V define such a mapping D, namely by
D(B) = B(v1,...,vk), (1.22)

in which case
IDlla < Mlvilla---|lvella (1.23)

follows immediately from (1.20).

We shall extend the definitions in (1.19) and (1.21) to cover the case when ||| 4
is a semi-norm on V. Then the definition (1.19) implies that || B|| 4 may be infinite,
namely if B(v*) is non-zero for some v # 0 with ||v|| 4 = 0. We shall then refer to
(1.19) as an extended norm on Sym,(V;W). Notice that the inequality

|B(v*)| < [|Blla llll% (1.24)

is still valid whenever ||B||4 is finite. In fact, also (1.20) holds for an extended
norm whenever ||B|| 4 is finite. This is seen by the following continuity argument.
Choose a sequence of inner product norms, ||-||», indexed by n € N, such that ||v||,,
is decreasing and converges to ||v||4 for any v € V. For any B for which ||B|| 4 is
finite (1.24) holds, also if ||v|| 4 is replaced by ||v||n. Thus

|1 Blln < [|B]l4

and consequently (1.20) holds if we replace ||vj||4 by ||vj||» for all j. A simple
continuity argument now shows that (1.20) holds for the semi-norm ||-|| 4 also.



6 SECTION 1.2 Differentiability of functions between vector spaces

Next, we admit the extended norm ||B]|4 to be used in the definition (1.21). It
is easy to see that this defines a semi-norm, i.e., ||D||4 may be zero for non-zero
D, but infinite values cannot occur. The inequality

|D(B)| < [|ID]l [l Blla (1.25)

holds whenever ||B|| 4 is finite, and the inequality (1.23) is therefore still valid.
Finally we recall that the transpose (or the dual) of a linear mapping, f €
Lin(V; W), is the unique linear mapping, f7 € Lin(W*;V*), satisfying

w*{f(v)} = {fT(w)}(v) (1.26)

for all v € V and w* € W*. The matrix representing f7T is the transpose of the
matrix representing f, when dual coordinate systems are used on (V,V*) and on

(W, W™).

2 Differentiability of functions between vector spaces

Throughout this section U, V,W, and V3, V,,... denote finite dimensional real
(or complex) vector spaces. We assume that all vector spaces are equipped with
norms, denoted ||:||. It does not matter for the concepts of differentiability that are
introduced below, which norms are chosen because all norms on finite dimensional
vector spaces are equivalent.

First we need to define the 0 and O symbols. Let g and h be two functions
defined on a subset of V in which z¢ is an inner point. Then we write g(z) =
o(h(z)) as ¢ — =z if for any € > 0 a neighbourhood, U say, of z¢ exists such that
llg(z)|| < €||h(z)|| for all z € U, where ||h(z)|| = |h(z)| if h(z) is real. The notation
g(z) = O(h(z)) as £ — =z implies the existence of a neighbourhood U of z¢ and
a constant ¢ > 0 such that ||g(z)|| < c||h(z)|| for all z € U.

Definition 2.1. A function f : B — W, B C V, is said to be differentiable at
zo € int(B) if there exists a linear function, D f(zo) say, of V into W, such that

f(z) = f(20) + {Df(20)}(z — zo) + o([|z — 2ol|) (2.1)

as ¢ — zo. The function D f(z) € Lin(V; W) is called the (first) differential of f
at xp.

Notice that because any function in Lin(V; W) is continuous, any function that
is differentiable at 2 is also continuous at zg.

Definition 2.2. A function f : B — W, B C V, is said to be differentiable in
By if By C B is an open subset of V and f is differentiable at any point in By. If,
furthermore, the function

Df : By — Lin(V; W)
z — Df(z) (2.2)
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is continuous at xg € By or in By, then f is said to be continuously differentiable
at xo or in By, respectively.

If f: B — W is differentiable in Bp C B C V and the function in (2.2) is
differentiable at z¢o € By, then f is said to be twice differentiable at zo. In that
case the function

D(Df)(zo) € Lin(V;Lin(V;W)) (2.3)

may be identified with a function, denoted D? f(zo), in Liny(V; W) by the identi-
fication

{D? f(z0) }(v1,02) = {(D(Df)(20))(v2) } (1), (24)

where v;,v; € V. The function D? f(z,) is called the second differential of f at
zo.This process may be repeated to the following inductive definition of higher
order differentials.

Definition 2.3. A function f : B — W, B C V, is said to be k times (con-
tinuously) differentiable at zo € int(B) if it is k — 1 times differentiable in a
neighbourhood By of z¢, and the function

DF1f: By — Ling_1(V; W) (2.5)

is (continuously) differentiable at zo. In that case we define the kth differential of
f at zo as the k-linear function

DF f(zo) € Ling(V; W),
{Dkf(zo)}(vl,...,'vk) = {(D(Dk'lf)(a:o))(vk)}(vl, ey Vk=1)s (2.6)

where vy,...,v, € V.

For a function of several variables we shall use the notation D% f for the kth
differential of f with respect to the variable z.

If f is k times differentiable at zo then (2.1) generalizes to the kth order Taylor
series expansion

f(2) = f(@0) + {Df(@0)}(z = 20) +++++ 1 {D¥ f(z0)}{(& ~20)*} +0 (llz - 2oll*)

(2.7)
as ¢ — zo, where (z — 29)* = (z — zo,...,2 — z9) € V* by convention, cf. (1.3).
To avoid the many parentheses required for such expansions we shall prefer the
simpler, though less precise, notation

f(z) = F(a0) + Df (z0)(z ~ o) +++++ 1 D* f(z0)(@ ~ 20)* +o ([lz = moll*) (2.8

as £ — 2o, instead of (2.7) when there is no risk of ambiguity. Notice that the
expansion (2.8) looks exactly the same as for one-dimensional functions. This is
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no coincidence since (2.8) is really an expansion of the function f(zo + k(2 — o))
as a function of h € R. More precisely, this follows from the identity

k
Dkf(xo)(a: - :L'o)k = (%) f(ZO + h(a: - .’L‘o)) (29)

evaluated at A = 0. This identity holds whenever f is k times differentiable at zo.
More generally we have

0

Dkf($0)(’vl, son svk) = 5’1_];;

0
——f(a:o + hivg +--- +hk’0k), (210)
ohy

evaluated at h; =0,...,hy =0, where h; e Rand v; € V for j = 1,...,k.
An important, well-known result is the following. The proof may be found, e.g.,
in Federer (1969, Section 3.1.11).

Lemma 2.4. If f: B — W, B CV, is k times differentiable at o € B, then
Dk f(zo) € Sym,(V; W), i.e., the kth differential at z is symmetric.

Thus, from the fact that a symmetric k-linear function is determined by its
values on the diagonal it follows that the kth differential is determined by the kth
derivatives of the one-dimensional ‘directional’ functions in (2.9).

It may be seen from (2.10) that the coordinate representation of D* f(z¢) is the
(k + 1)-dimensional array of partial derivatives

i1k 0

0
[Dkf(zo)]J = %z, "'5;}‘1(33) (2.11)

evaluated at z = zg, where f;(z) is the jth coordinate of f(z) € W and z; is the

ith coordinate of z € V. Thus, except for the error term, the coordinate version
of (2.8) is

k
fi(z) ~ fi(zo) + Z %[Dmf]?'"i"‘ [z — zo]i, -+ - [z — z0)i- (2.12)

It is often necessary to provide a bound for the remainder in Taylor’s formula (2.8).
If we let

k
Ry(®) = f(z) - f(z0) = 3 %Dm F(@o)(z — z0)™, (2.13)

m=1

and assume that f is k + 1 times continuously differentiable at any point z¢ +
h(z — o) with 0 < h < 1, then

Ri(z) = /0 1 kl!Dk+1 f (2o + h(z = 20)) (z — z0)*}(1 - h)* dh. (2.14)
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Hence, for any such function we deduce that

|Re(z)| < (k+1)' sup { | DF*1 f (z0 + h(z — 20)) (2 — zo)**1:0<h <1}

: ('IETIT)!””” — o[+ sup { | D¥*1 f (a0 + Az — 20))]| 0 < < 1}
(2.15)

Of course, the result (2.14) and the first inequality in (2.15), identified through
(2.9), hold under the weaker condition that the function h — f(zo + h(z — z¢)) is
(k + 1) times continuously differentiable on 0 < h < 1.

Beside the elementary rules of differentiation we shall need a few results on
higher order differentials that we record below for later reference.

For a product, (fg)(z) = f(z)g(z), of two functions f,g: B — R where BC V,
Leibnitz’ rule, cf. Federer (1969, Section 3.1.11), states that

k

Do) = 3 (5) (D@} D@y (219

§=0

for v € V, whenever f and g are k times differentiable at z € int(B). We shall
need this formula in a slightly more general setting, in particular as a formula for
the differentiation of a composite linear function with respect to a parameter. For
this purpose we only need to generalize the product from above to a more general
kind of product, namely any mapping 7 € Lin(Vj, Vo; W) for which a constant
¢ > 0 exists, such that

[ (v, v2)l| < eflon | [|vz]] (2.17)

for all v; € V; and v; € V,. Then, if f; : B—V; and f : B — V5, where BC V,
are both k times differentiable at 2o € int(B), Leibnitz’ rule applies to the product
mapping

m(f1, o) rz o 7 (fi(z), fo(z)) EW

in the form

k
wwmmmmﬁ=2@%@MmWwﬁ%mmM»(m&

=0

for all v € V. As mentioned above, the main application of (2.18) is to compositions
of linear functions depending on a parameter. Thus, if fg : Vi — V; and g :
Vo — V3 are linear functions indexed by a parameter 5 € B C V), say, then
differentiation of the composition gs o fg with respect to 8 obeys (2.18) in which
7 denotes composition of the two linear functions.

Related to the products is the differentiation of reciprocals. We shall give this
result only in a special case. Consider a function f € Lin(V; W), where dim(V') =
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dim(W). Let R denote the mapping
R(f) = f~! € Lin(W; V) (2.19)

defined on the subspace of one-to-one linear mappings of V into W. Then R is
indefinitely often differentiable at any point fy in this space and

DFR(fo)(h*) = (-1)*k! fy  oho fylo---0ho f3! € Lin(W;V) (2.20)

for any £ € N and h € Lin(V; W), where h appears k times and f, appears k + 1
times on the right. A more familiar expression of this result is in terms of the
Taylor series expansion

(foth) 7V~ ot = f hfgt + fo hfg T hfgt = - € Lin(W5 V). (2.21)

Also the chain rule generalizes to higher order differentials, cf. Federer (1969,
Section 3.1.11). Thus, consider two mappings f : By — By and g : B, —» W,
where B; C V] and B; C V3, and assume that they are k times differentiable at
z1 € int(B;) and z2 = f(z1) € int(By), respectively. Then the composite function
go f: By — W is k times differentiable at z; and

D (go f)(e)()
= Y H{DZg(en)} {(DFa)) ..., (D fan) ()™ } / T] st )

a€T(k)
(2.22)

for any v € V;, where T'(k) is the set

k
T(k):{(al,...,ak)eN'g:Zjajzk}. (2.23)

j=1

Notice that in (2.22) each component of the form D7 f(z,)(v?) is a vector in V5.
Sometimes it is more convenient to apply the formula for higher order differentials
for composite functions in terms of the sets

Sm(k) = {(al,...,am)ENm:Zajzk}, (2.24)

defined for m,k € N satisfying m < k. Each sequence a in Sy, (k) corresponds to a
sequence a(a) = (a,...,ak) in T(k), namely by identifying a; with the number
of a’s from the sequence in S,,(k) that are equal to j. Now, it may be seen that
for any function a — g¢(a) on T'(k) this identification induces a function g, say, on
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Sm(k) for m = 1,...,k, namely by j(a) = g(a(a)), satisfying

-1 k
> (Haﬂ) TOEDDEDY %g(a). (2.25)

«€T(k) m=1a€S, (k)

By use of this relation we may re-express formula (2.22) as
D¥(g o f)(z1)(v*)
k
=3 Y S D @)™ (0% S0 )} T ot

m=1a€Sn(k)
(2.26)

For computations related to expressions of the form (2.22) or (2.26) we shall be
using the relation,

2 (Hai!)_lz > %=%(Z:11) (2.27)

a€Tm(k) a€Sm (k)

where T, (k) is the subset of T'(k) on which Y a; = m. From this it is furthermore
seen that

> ([es)” (Se)e> = 3 (2 20)

a€T(k) m=1
=7(y+1* 1, (2.28)

for any v € R, cf. Federer (1969, Section 3.1.24).

3 Analytic functions between vector spaces

In this section let V' and W denote finite dimensional normed real (or complex)
vector spaces and consider a mapping f : B — W where B C V. The definition
of analytic functions in this setting, cf., e.g., Federer (1969, Section 3.1.24), does
not rely on complex function analysis, but agrees with the traditional definition of
analytic functions in that framework.

Definition 3.1. A function f: B — W, B C V, is said to be analytic at a point
zo € int(B) if it is infinitely often differentiable at zo and satisfies the following
two conditions:

(1) There is a constant ¢ < co such that

ID* £(zo)(v*)II < Kt e¥lv]|® (3.1)
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for all k € N.
(2) For all z in some neighbourhood of z,

f(2)= Y 5 D*f(zo)(@ = 20" (32
k=1

Notice that the sum in (3.2) converges absolutely in some neighbourhood of zo
because of (1). The condition (2) then states that the function actually agrees
locally with the sum. That this is not a consequence of (1) is seen, e.g., from the
standard counter example,

f(z) = exp(-1/|z])

of a function of R into R. For this function all derivatives vanish at = = 0.

Definition 3.2. A function f : B — W, B C V, is said to be analyticin By C B,
if By is an open subset of V and f is analytic at every point in By.

Polynomials are analytic at all points of their domain, linear combinations of
analytic functions are analytic and compositions of analytic functions are analytic.
Also the inverse mapping of an analytic mapping is analytic at any point at which
the differential is non-singular, cf. Federer (1969, Section 3.1.24).

It is evident from the definition that a Taylor series expansions of an analytic
function in a sufficiently small neighbourhood is bounded by a geometric series,
i.e., a series of the form

[o.o]
c Z a* (3.3)

k=0
for somec>0and 0 <a < 1.

The main virtue of analytic functions in the present context is that the remainder
from the Taylor series expansion,

k

Ri(2) = () = f(z0) = 3" == D™ f(z0)(x ~ a0)"

m=1

around a point zo at which the function is analytic, may be bounded in terms of
the derivatives at 2o only. More precisely, if f : B — W is analytic at zo € int(B)
and c is the constant from (3.1), then

oo

1 m
|Ri(z)| = I Z ED"‘f(:zo)(x — z9) |
m=k+1
< > lle— ool
m=k+1

= M|z — 2o/ (1 = el|z - zol)), (3.4)
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for all z in some neighbourhood of zo. In fact, (3.4) holds for all z satisfying
|z — zo]| < ¢7! < o0 if f is analytic in this area.
Inequalities similar to (3.4) hold for the derivatives of f at any point where f

is analytic. In particular, if f is analytic at zo € B, so is any of the functions
z — D* f(z).

4 Moments and cumulants of random vectors

Throughout this section let V' be a finite dimensional real vector space, V* its
dual, and let X be a random variable with values in V and with a distribution
denoted P. Some definitions of moments and cumulants are given below, but only
for cases in which all moments up to a certain order exist. Thus, we do not extend
the definitions to cases where, e.g., a certain moment exists for one coordinate,
but not for another.

Notice that for each ¢t € V* the variable ¢(X) is a one-dimensional real random
variable. Our definitions of moments and cumulants are based on such random
variables.

Definition 4.1. The random variable X € V is said to have finite kth moment
if
E{[t(X)*]} < o0

for any t € V*. In that case the kth moment of X is defined as the k-linear
symmetric form

pi € Sym(V*;R)
pr(ty, .5 tk) = E{t1(X) - te (X))} (4.1)

Notice that because i is a k-linear symmetric form it is determined by its values
on the diagonal, i.e., by the values ux(t¥), t € V*. The coordinate representation
of py is

[uelizin = E{[X]iy - [X]ie
pe(t*) = [peliya -1, te VT, (4.2)

where [X]; and [t] denote the ith coordinate of X and ¢, respectively, with respect
to dual bases.

Definition 4.2. The characteristic function of the random variable X is the
function

£:V* = C,
£(t) = Eexp{it(X)}. (4.3)
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It is well known that if the kth moment of X exists then D¥{(t) exists and is
uniformly continuous in ¢ € V*, and that

DFE(0) = %y (4.4)

Thus, in that case, we have the Taylor series expansion
k 2'7 '
E8) =1+ ) = (@) +o (Iel%) (4.5)
=17

as t — 0. Since £(0) = 1 the equation (4.4) implies the existence of Log{(t) as a
k times differentiable function in a neighbourhood of ¢ = 0.

Definition 4.3. If X has finite kth moment, then the kth cumulant of X is
defined as the k-linear symmetric form

ki € Sym(V*;R)
Ki(t1,--.ytx) = i ¥{D*Log £(0)}(t1,...,tk), (4.6)

where Log denotes the (principal branch of) the complex logarithmic function.

The kth cumulant is, as the moments, determined by the values on the diagonal,
i.e., by the values of kx(t¥) for t € V*, which for any fixed  equal the kth cumulants
of the real random variables ¢(X). It follows from above that if the kth moment

of X is finite then i

i .
Log&(t) = D 7y s() + o (I1t]°) (4.7)
i=1
as t — 0. For real random variables X3,..., X% € R we use the notation

cum(Xy,...,Xx) €R

to denote the joint cumulant of the variables, i.e.,

—k O 0 . .
cum(Xy,...,Xx) =4 F— .- —Log {Eexp (¢h1 X1 + - - + thk Xx)}, (4.8)
Ohy  Ohy
evaluated at h; = --- = hy = 0, whenever this derivative exists. When X; =-.- =

Xk in (4.8) we abbreviate to
cumg(X) = cum(X,...,X). (4.9)
It follows that (4.6) can be expressed as

Ki(te,- .. ) = cum (81 (X), ..., tx(X)) (4.10)
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and that, in particular,
ki(t*) = cumy (#( X)), (4.11)
which gives the definition of cumulants entirely in terms of cumulants of real
random variables.
If X has finite second moment its variance is defined as the bilinear symmetric
form
{var(X)}(t?) = Ka(t?) = var{t(X)} > 0. (4.12)
Thus, k2 is (semi)-definite and defines a (pseudo) inner product on V*, denoted
() xs» cf. (1.14). This (pseudo) inner product then induces a (semi)-norm on V*.
If k; is positive definite it has an inverse ;' € Sym,(V;R), cf. (1.16), which is
also positive definite and therefore induces an inner product and a norm on V. We
shall frequently use this construction of an inner product from the variance of the
random variable considered.
If X; € Vi and X, € V, are both finite dimensional random variables and
if (X1,X2) € Vi x V, has finite second moment, then we define the covariance
between X; and X3 as the bilinear form cov(X1, X32) in Lin(V*,V;*;R) defined as

{COV(Xl,Xg)}(tl,tg) = Ccov (tl (Xl),t2(X2)), (413)

where the right side denotes the familiar covariance of real random variables.
By repeated differentiation of Log£(t) and of exp Log£(t) according to the for-
mula (2.22) we obtain the relations between moments and cumulants,

w@) = 3k ([Tatest)” IT ()} (4.9
«€T(K)

and

)= 3 K (TLitwest) (<025 (Yo - 1) T i)},

a€T(k)
(4.15)
whenever pj exists, where T'(k) is the set defined in (2.23).
A more advanced relation gives the joint cumulant in (4.8) in terms of moments
as

cum(Xy, ..., Xx) = 3 (-1 (A= 1)!u(S1) - p(Sa), (4.16)
S

where the sum is over all partitions S = (S1,...,54); A =1,...,k, of {1,...,k}
into A non-empty subsets, i.e.,

S1U---US4s={1,...,k}
and the subsets are pairwise disjoint, and

w(Sa) = E{ 11 X,-} . (4.17)

jesa
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The proof of this relation may be found in McCullagh (1987, Section 3.6.2).
Some inequalities for cumulants and moments in terms of each other follow from
(4.14) and (4.15). These are stated in the following two lemmas.

Lemma 4.4. If X € V has finite kth moment and there exist two constants
¢ >0 and A > 0 such that ' o
a3 ()] < ! M el (4.18)

for all j = 1,...,k, where ||-|| is any norm on V', then

|ke(t5)] < (k = DAL+ ©)F — 1} le))*
< (k= DA+ APt (4.19)

Proof. Insertion of (4.18) into (4.15) together with an application of (2.25) and
(2.27) yields

k@) < 3 K (Zaj-l)'ﬁ{ eN [[H]7)* ast 71}

a€T(k) j=1

k
1 k-1
= KR Y —c” (m ~ 1)

m=1

= (k= 1)IHQ+ o - 13)1e)*

as claimed in the first inequality in (4.19). The second is trivial. 1

Lemma 4.5. If X € V has finite kth moment and there exist two constants
¢> 0 and A > 0 such that

[5(8)] < (G = DNl (4.20)
forallj=1,...,k, then

(C—”—)}lxkutuk (4.21)

where the definition z! = T'(z 4 1) covers cases of non-integer valued c.

Proof. From (4.14) and (4.20) we see that

k()] <

k
@) < 30k T { (Xl /5)™ et 1}

a€T(k) J=1

But all terms in this sum are positive and the sum equals the expression for the
kth moment of a I'-distribution in terms of its cumulants. The I'-distribution
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with shape parameter 6 and expectation 6 has jth cumulant (5 —1)!637 and jth
moment (I'(6 4 5)/T(0)) 87, so if we let 6 = ¢ and 8 = A||t|| the claim is justified
and we see that the sum equals the right hand side of (4.21). i

In place of the characteristic function it is often convenient to work with the
moment generating function, yu : V* — R, given by

u(t) = Bexp{t(X)} < oo.
This definition is extended to admit complex arguments for which we need the
complex dual V¢ = Lin(V;C). A strict definition requires the extension of V to a

complex vector space, but for our purpose the representation V& = V* + :V* will
suffice, where 2 = —1.

Definition 4.6. Consider the set
Te(X)={te V¢ :Elexp{t(X)}| < > }. (4.22)
The function p : Te(X) — C,

u(t) = Eexp{t(X)} (4.23)

is called the moment generating function of X. The same name is used for the
mapping (4.23) considered as a function on the subset

Tr(X) =Te(X)NV*

of real linear forms on V.
Notice that we always have
Tr(X) +iV* C Te(X), (4.24)
ie., if z = t; + ity € V¢, where t;,t; € V*, is a complex linear form on V, then
z € Te(X) if t1 € Tr(X), simply because |exp z(X)| equals exp 1 (X).

The name, moment generating function, refers to the fact that the moments are
the derivatives of u at zero, if these exist. Obviously,

() = w(it) (4.25)

so that p is always defined on iV*, and the moments may always, if they exist, be
found as derivatives of u(z) at z = 0 for purely imaginary arguments 2.

Definition 4.7. The function

k(z) = Log pu(z) = Log{E exp 2(X)}, (4.26)
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z € V¢, defined on the subset of T¢(X) on which u(z) does not meet the non-
positive real axis, is called the cumulant generating function. The same name
applies to the function (4.26) restricted to the subset obtained by considering
z € V* only.

Of special interest are the random variables for which the moment generating
function is finite in a neighbourhood of the origin in V*.

Definition 4.8. A random variable X € V is said to have finite exponential
moments if

p(t) = Eexp{t(X)} < o (4.27)
for all t € V* in some neighbourhood of zero.

It follows easily from Hélder’s inequality that a finite sum of random variables
with finite exponential moments, itself has finite exponential moments.

Lemma 4.9. A random variable X € V has finite exponential moments if and
only if

E{exp(s||X][)} < o (4.28)
for some s > 0, where ||-|| is any norm on V.

Proof. If (4.28) holds then (4.27) holds for all ¢ € V* with ||¢|| < s, because
[((X)] < |It]l || X]|. Assume now that (4.27) holds and that X = Xqv1 + - -+ X v,
where (v1,...,v,) is a basis on V and Xj,..., X, are real random variables. Then

IXI < 1Xal Joall + - - + [ Xpl o]l
But each of the variables X; are linear functions of X and therefore
E exp{s; | X;llv;jll} < Eexp{s;v;l| Xj} + Eexp{—s; [lv;]| X;}

which is finite for sufficiently small s; > 0. The result now follows from Hélder’s
inequality. }

In some cases we consider a family {Ps; 3 € B} of distributions for a random
variable X, where 3 ranges over some set B. Then we say that X has uniformly
bounded exponential moments with respect to 8 € B, if there exists an s > 0 such
that

sup{ Egexp(s||X||): B € B} < . (4.29)
If a random variable X has finite exponential moments, then the moment gener-
ating function, p, is analytic in the set

{zeV¢:z=t1 +ity; t1,t2 € V*; t1 € int (Tr(X)) }, (4.30)

where Tr(X) is defined in Definition 4.6. Hence, it follows by analytic continu-
ation that p is determined throughout this set from its derivatives at zero. We
conclude that for a random variable with finite exponential moments, the moments
determine the distribution uniquely. It is useful to be able to see whether this is
the case from the moments themselves, without the assumption that X has finite
exponential moments.
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Lemma 4.10. Assume that X € V has finite moments of all orders, satisfying
k()| < k! XF||¢||F (4.31)

for somec > 0, A > 0 and all k € N and t € V*. Then the distribution is uniquely
determined by the moments, X has finite exponential moments, and for anyt € V*
with ||t]] < A1,

u(t) = Y mn(t®), (432)
k=0

where the sum is absolutely convergent.

For the case of one-dimensional random variables the proof of Lemma 4.10 may
be found in Feller (1971, Chapter XV, Section 5). The extension to several dimen-
sions is trivial.

From Lemma 4.10 it is easy to extend the result to the cumulants for which the
inequalities will often be given in the form (4.20).

Lemma 4.11. Assume that all cumulants of X € V exist and satisfy
[ke(t)] < ek = A (4.33)

for some ¢ > 0, A > 0, and all k € N and t € V*. Then the distribution of X is
uniquely determined by its cumulants, X has finite exponential moments, and for
any t € V* with ||t]] < A71,

)=y %nk(tk) (4.34)
k=1

where the sum is absolutely convergent.

Proof. . From Lemma 4.5 and the inequality

(c-l-k—l) <(ctk-1)

k

it follows that the assumption and hence the conclusion of Lemma 4.10 holds with
A replaced by any X, say, with A > A and a suitably chosen constant ¢. Then we
know that p(z) and hence k(2) is analytic in a set containing the subset of V& on
which ||t]| < A~1, and the result follows from the theory of analytic functions. il

It is not implied by Lemma 4.10 or Lemma 4.11 that a distribution with the
given series of moments or cumulants exists, only that there is at most one.
For later reference we conclude this section with a few well-known lemmas.



20 SECTION 1.5 Some inequalities for symmetric multilinear mappings

Lemma 4.12. If X € R is non-negative with probability one, then
EX = / P(X > 7)dz < oo. (4.35)
0

Proof. From Tonelli’s theorem it follows that the two integrals can be inter-
changed in the computation

EX:/ wdF(:z:):/ / Ity<zydydF(z)
0 o Jo
:/ P(X > y)dy.
0

Lemma 4.13. For any positive random variable X with u(t) < oo for some fixed
t € R, we have

P(X > z) < u(t) exp(—tz). (4.36)
Proof. This is Chebychev’s inequality applied to exp(tX). §

5 Some inequalities for symmetric multilinear mappings

In this section let V' and W denote finite dimensional real vector spaces and let
p = dim V. We assume that W is equipped with a norm denoted | - |, and that V
is equipped with an inner product (-,-) and a corresponding norm denoted ||-||.
Recall from (1.19) and (1.20) that for any A € Sym,(V; W),

Al = sup{|A(v")| - |o]| < 1}
= sup{|A(v1,...,ve)| : |lv;]l £ ;5 =1,...,k }. (5.1)

To estimate factorials we shall need Stirling’s formula in the form
k! = (20)2(k + 1)kt Ee~(:t1)(1 4 6), (5.2)

where 6, = O(k~!) as k — oo and 0 < 6 < 1/23 when k > 1. In particular, we
shall be using the following consequence,

K TkE < (nk)TY/2eF (5.3)

for all £ > 1. This follows by simple manipulations from (5.2).

Lemma 5.1 below gives, like (5.1), a bound for off-diagonal values of a symmetric
multilinear mapping in terms of diagonal values, but for the case when the diagonal
values are bounded by a geometric average of factors of the form ||v||;, for some
semi-norms ||-||; that need not be generated by (pseudo) inner products.
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Lemma 5.1. Let A € Sym,(V;W) and assume that there exist m semi-norms
on V, denoted ||-||1,...,||:|lm, m € N, such that for some constants ¢ > 0 and
a1,...,8;m > 0 with a1 + -+ + an, = k, the inequality

4@ < e ] lolz (5.4

holds for all v € V. Then, for all v1,...,vx €V,

m k
1
|A(v1, .., o)l < ex(B) [ ] z > sl (5.5)
=1 7=1

where
(k) = k! TYkF < (mk)"1/2eF, (5.6)

Proof. The polarization identity (1.1.6) shows that

(H o;) A { (> ajvj)k}
o o5l

Sk CH 2””1” ,

lA(’U], ’vk)l = (k' 2k

where the subscript o to the sum and the supremum refers to all sequences
(a1,...,ak) in {—1,1}*. Hence (5.5) follows with y(k) = k! 'k*. The second
inequality in (5.6) is just (5.3). }

The next result is of importance for probabilistic calculations with random sym-
metric multilinear mappings, because it establishes a bound for the norm of such
a mapping, cf. (5.1), in terms of its values on a finite subset of arguments on
the diagonal. For bilinear symmetric forms such an inequality is well-known. In
probabilistic terms it says that the variance of any linear combination of p random
variables is at most p times the maximal variance of the variables, provided that
the sum of squares of the coefficients of the linear combination does not exceed one.
For multilinear symmetric mappings a similar inequality can be derived, although
a bit weaker in terms of the constant factor. The result is given in Lemma 5.3
below; in Lemma 5.2 we give a slightly more general version. First, however, we
introduce the finite set of vectors to be used in the lemmas.

Let (e1,...,€p) be an orthonormal basis with respect to the inner product on V'
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and define the subset
k
Vi = Zaje,-,. raj € {-1,1}4; € {1,...,p};5=1,...,k (5.7
i=1
of vectors in V. For the number, |Vj|, of elements in V} we obtain
p+k
k

Vil < 2?( ) < 27! ~1(p + k)P (5.8)

from the combinatorial argument to the number of allocations of at most k units
on p base vectors combined with a sign on each base vector. The second inequality
in (5.8) is trivial.

Lemma 5.2. Let ||-||p denote a (semi)-norm on V induced by a positive (semi)-
definite bilinear form B € Sym,(V;R). Let V} be the set defined in (5.7) in terms
of a basis (ey,...,ep) that is orthonormal with respect to the inner product (-,-)
and orthogonal with respect to B. If A € Sym,(V;W) satisfies

|A(v")] < elloll*~[lvll5 (5.9)
for some constant ¢ > 0 and all v € Vi, then
14(v")] < ex(p, B)lloll* vl (5.10)
for all v € V, where
v(p, k) = k! "1k p*F < (nk)™1/%(pe)*. (5.11)

Proof. Let b; = ||ej||% denote the eigenvalues of B with respect to (-,-), and let
v = B1e1 + -+ + PBpep be any vector in V. Then

k
A(vk) = E (H’B'J) A(eil,...,e,-k) (512)
i j=1

where the sum is over all sequences i = (41,...,ix) in {1,...,p}*. For any such
sequence the assumption (5.9) and the polarization identity (1.6) show that

|A(e,'1, cee ,e;h)l

= (k129!

(M) a{ (Sese) '}

< (k'2¥) 7T 2%k (sup {b; 1 j € {i1,...,ix} D2, (5.13)
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where ) denotes the sum over all sequences in {—1,1}* and the factor 2¥ in the
last expression is the number of terms in this sum, while the factor k* stems from

the estimate
e <

and the inequality

"2%‘% “B < k(sup {b; : 5 € {ir,...,ix} D',

Now, notice that for any j = 1,...,p,
P
lolll = Y 8:6F > ;6.
i=1

Therefore, by use of the trivial inequality |3;] < ||v|| for all j, combination of (5.12)
and (5.13) gives

|A(V%)] < k! "1 kE p* ||o)|*t sup{ |85 v/b; 15 = 1,...,p}
< ck! T R pF|o] K2 10|l 8,

which proves (5.10) with the first expression in (5.11) for v(p, k). The inequality
in (5.11) follows directly from (5.3). i

Of particular interest is the case when only one norm is involved, i.e., when
llvlle = ||v|]- Then Lemma 5.2 implies that

Al < k! =1 k5p* Mi(A),

where
Mi(A) = inf { M € R: |A(vF)| < M|v||* :v € Vi }. (5.14)

For this case we can, however, do slightly better as shown in the following lemma.

Lemma 5.3. For any symmetric k-linear mapping A € Sym,(V; W) we have
ALl < BT ML (A) < (wk)™/2(ey/p)* Mi(4) (5.15)

where My(A) is given in (5.14) in terms of the set Vi defined in (5.7).

Proof. As in the proof above we see that for any sequence (71,...,%) in
{1,...,p}*, the inequality

|Aess, .., e )| < (25K1) 7" 26 k% M (A) (5.16)
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holds. From Federer (1969, Section 1.10.6), applied to the case of an inner product
norm on V, for which (5.1) holds, it follows that

“A”2 S Z'A(ein-")eik)P, (517)

where 3. is the sum over all sequences (i1,...,i)in {1,...,p}*. Since the number
of terms in this sum is p¥, the result is obtained by insertion of (5.16) into (5.17).
The inequality in (5.15) is an application of (5.3). i





