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COPULAE OF CAPACITIES ON PRODUCT SPACES

By MARCO ScARSINI*
Universita D’Annunzio

We consider a nonadditive probability measure (capacity) on a product
space and we define the distribution function associated to it. We show that,
under suitable conditions on the capacity, its distribution function has many
of the properties of the distribution functions of finitely additive probability
measures. In particular, if the capacity is convex, then there exists a function
that links the multivariate distribution function to its marginals. This function
enjoys many of the properties of a copula.

1. Introduction. Many areas of applications require the use of set
functions that, like measures, are monotone with respect to set inclusion, but,
unlike measures, are not additive, not even finitely additive. For instance,
in cooperative game theory, the characteristic function, which is defined on
the power set of the set of players, is monotone, but not additive. This cor-
responds to the intuitive idea that the bigger a coalition, the stronger it is,
but its strength in general does not coincide with sum of the strengths of its
components (see e.g. Aumann and Shapley (1974)).

The theories of inference proposed by Dempster (1967, 1968) and Shafer
(1976) are based on belief functions, which are again nonadditive set func-
tions, a particular case of which is given by the usual probability measures.
Their approach allows one to employ an updating mechanism which is much
more flexible than the usual Bayesian one. A similar generalization has been
proposed, with different motivations, in decision theory, by Schmeidler (1986,
1989) and Gilboa (1987). They have relaxed the axioms of Anscombe and Au-
mann and Savage, respectively and have obtained a paradigm for choice under
uncertainty that is similar to the usual maximization of expected utility, ex-
cept that the integration is performed with respect to nonadditive probabilities
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and therefore the Choquet integral has to be used, instead of a Riemann or
Lebesgue integral. The work by Schmeidler and Gilboa has been expanded and
employed by several authors, and we refer to Gilboa and Schmeidler (1992a)
for a bibliography.

Robust statistics has used nonadditive probabilities both to represent
uncertainty about the statistical model (Huber and Strassen (1973)), and, in
a Bayesian framework, to represent uncertainty about the prior distribution
of a parameter (Wasserman and Kadane (1990, 1992)).

Choquet’s theory of capacities (Choquet (1953-54)) is the mathematical
core of all this research, even if we should notice that what he calls a capacity
is not what afterwards the applied literature has often called a capacity. We
will follow the use of the decision theoretical literature and employ the term
capacity to indicate a nonadditive probability (in a sense that will be made
clear below). A nice introduction to the topic of nonadditive measures and
integrals can be found in Denneberg (1994).

The main objective of this note is to study some properties of capacities
on a finite dimensional space (which, to keep things simple, will always be
R4). In particular, after defining the distribution function of a capacity, we will
examine the possibility of extending the concept of copula to this more general
situation. This concept was introduced by Sklar (1959) with reference to
distribution functions of probability measures (see Chapter 6 of Schweizer and
Sklar (1983) for a description of its properties). A copula links a multivariate
distribution function to its marginals. A generalization of this idea to measures
on Polish product spaces was developed in Scarsini (1989). Note that, since
capacities are not measures, we cannot apply the methods of the latter paper
in the present context. What we now do instead is to use the assumption of
the convexity of the capacity to establish the existence of a function that links
the multivariate distribution function to its marginals. By analogy with the
additive case, this function will be called a generalized copula of the capacity.
If furthermore the capacity is d-monotone, then the generalized copula of the
capacity has all the usual properties of a copula. The use of this result is
somehow limited by the fact that the distribution function of a capacity does
not characterize it, unlike what happens in the o-additive case. Nevertheless
there are instances where it is not necessary to know the value of a capacity
on the whole Borel class, but only on a suitable subclass. For instance, in
order to establish stochastic ordering results, only the value of the capacity on
(a subclass of) the classes of lower or upper sets is needed (see e.g. Scarsini
(1992), Dyckerhoff and Mosler (1993)).

Some conventions: Given a set A, we will indicate its complement as
A°. We will use the terms increasing and decreasing in the weak sense. The
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Euclidean space ®¢ will be equipped with the componentwise ordering, unless
otherwise specified.

2. Main Results. Let Q be a set and let ¥ be a class of subsets of Q.
A function v : ¥ — [0,1] is called a capacity if it satisfies the following three
properties:

(1) it is grounded, i.e. »(§) = 0,
(2) it is monotone, i.e. A,B € ¥, A C B = v(A4) < v(B),
(3) it is normalized, i.e. »(2) = 1.

The original definition of capacity, due to Choquet (1953-54) is actually
different from this one, in that it does not assume normalization, but it requires
some topological assumptions about the space on which the capacity is defined.
For instance (Dellacherie (1971)),if K is a metrizable compact space, ¢ : 2K —
R, is a Choquet capacity if
(o) ¢(0) =0,

(B) AC B = ¢(A) < ¢(B),

(v) if {An} is an increasing sequence of subsets of K, then ¢(U,A,) =
sup, $(An),

(6) if {B,} is a decreasing sequence of compact subsets of K, then ¢(N,A,) =
inf,(By).

The reason for using our definition is that it is quite common in mathe-
matical economics (see Gilboa and Schmeidler (1992a, 1992b) and Denneberg
(1994) for a list of references), and that the continuity conditions (y) and (6)
are not needed for most of our results.

The following definitions can be found for instance in Gilboa and Schmei-
dler (1992a, 1992b). Given a capacity v, the set function 7 defined by 7(A) =
1 — v(A°) is called the dual of v. It is easy to prove that ¥ is a capacity, as
well. A capacity is called

(i) convexif (AU B)+v(ANB)>v(A)+v(B)forall A,B€X,
(ii) k-monotone if for every n € {1,...,k} and Ay,..., A, € %

v (0 Ai) > Y -yt (ﬂ Ai> , (1)

i=1 {I:0£IC{1,...n}} iel

where |I| is the cardinality of I (for instance, when k = 2, (1) becomes
v(AUB) > v(A)+v(B)-v(ANB), therefore 2-monotonicity is equivalent
to convexity),

(iii) totally monotone if it is k-monotone for every integer k,
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(iv) continuous from below if A, € ¥, A, C An4 for all integer n implies
lim, oo ¥(Ar) = ¥(UZZ, Ap)-

A capacity is called concave (resp. k-alternating, resp. totally alternating,
resp. continuous from above) if its dual is convex (resp. k-monotone, resp.
totally monotone, resp. continuous from below).

ExaMPLE 1. Given a class P of probability measures on a measurable
space (2,S8), let uy, po be defined as follows

p(A) = sup P(A),  p2(4) = inf P(A).

Then pq, ug are capacities.

ExaMPLE 2. Let P be a probability measure and let v : [0,1] — [0, 1]
be an increasing one-to-one function. Then pu3z = 4 o P is a capacity. If v is
convex (concave) in the usual sense, then ug is convex (concave) in the sense

of (iii).
ExampLE 3. For any Borel set A € R¢ let dim(A) be its topological

dimension. If
1+ dim(A4)

ﬂ4(A) = 1 + d ?

then 4 is a capacity.
ExaMPLE 4. Let O be a finite space and let m : 2© — [0, 1] satisfy
= m(P) =0 and
" Tacom(d) = 1.
Define us as follows
ps(4) = 3 m(B).
BCA

Then us is a totally monotone capacity (Shafer (1976)).

Define 8 = R U {—00,0}. From now on, v will be a capacity on

(@d,Bor(Tﬁd)) (where Bor(R®?) is the class of Borel sets in ®¢), and »; will
be its i-th projection: for A € Bor(R),

V(A =v(Rx - xRx AxR--- x R).

DdEFINITION 5. The distribution function associated to v is the function
F,: R — R given by

F(z1,...,24) = v([—00,21] X - -+ X [—00,z4]).
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gorrespondingly the distribution function associated to v; is the function F,, :
R — R given by
Fy(2) = vi([-o0,2]).

It is easy to see that F, is increasing, since v is monotone. In general F, is
not right continuous and, of course, does not characterize v on the whole Borel
o-field, since even the distribution function of a finitely additive probability
measure in general does not have these properties. Other properties of F, can
be obtained under particular assumptions, as the following lemma will show.

Let AY_ . f(s1..+,8iy-.,82) = f(S1,-+3Yir-++r8d) = f(S1,- 0, T4y .o,
84). A function F : R = Ris called n-increasing (n < d) if

Yiq Yin
A o A f(caySigs ey Sinyee) 20
Sii=Tiy  Sin=Tip
for every possible choice of the indices i1, ...,%,, every z;;, < ¥i;,..., 2, < Y,

and every possible value of the other coordinates.

Any d-variate distribution function associated with a finitely additive
probability measure is n-increasing for all n < d. This is true also for d-
monotone capacities. In the case of probability measures the result stems
from the fact that the probability of any d-dimensional rectangle in % is non-
negative and this probability can be expressed as the multiple finite difference
of the distribution function. The same procedure cannot be applied here, due
to lack of additivity, but the definition of d-monotonicity and a suitable choice
of the sets to which this property is applied, give the result.

LEmMA 6. If v is d-monotone, then F, is n-increasing for every n < d.

Proor. Without any loss of generality, we will prove that F, is n-
increasing in its first n variables. Let n < d, z; < y;, for 1 € {1,...,n},
and let

A=

11X e

[—OO,Z]‘],

1=1

z;, ifi=7
Z = .
yj, otherwise.

where

Let Fy,..., E, be disjoint sets such that

" n d
UEi= x (25,91 x_[~o00,unl.
=1 7=1 h=n+1

Define D; = A; U E;, for i = 1,...,n. Therefore D; N D; = A; N A;.
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If v is d-monotone, then

AR (—U"’“v(ﬂDj)

{I:0£IC{1,...n}} iel

(2)
= Yoo (- (ﬂ Aj) :
{I:B#IC{1,...n}} i€l
Since
v (ﬂ Aj> = F,(ws,...,wq),
el
where
z;, ifiel
w; =
yi, ifte€I°
and
n
14 UD] =Fu(y1""ayd)9
i=1
then (2) becomes
Z Fu(wl,'"7wnayn+la°'°’yd)ZO’
w; €{zi,yi }
1€{1,...,n}
namely F), is n-increasing. |

In particular for the case d = 2, the distribution function of any convex
capacity is increasing and 2-increasing.

CoROLLARY 7. Ifv is a d-monotone capacity on (ﬁd, Bor(ﬁd)), then there
exists a finitely additive probability measure u on (Tﬁd,Bor(Tﬁd)), such that
F,=F,.

Proor. By Lemma 6, if v is d-monotone, then its distribution function
F, is n-increasing for every n < d, therefore it coincides with the distribution
function of a finitely additive probability measure. ]

As in the additive case, the multivariate distribution function of a convex
capacity satisfies the Fréchet bounds (Fréchet (1951)).

THEOREM 8. If v is convex, then

d
max (Z F,(z))—d+ 1,0) < F(z1,...,24) < min(Fy, (z1),..., F(zq))-
i—1
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Proor. The second inequality is immediate, by monotonicity of v.

We now prove the first inequality. Let

Ai=FRx - xBx[-00,z] xR x---xR).
By convexity,

v(AiN...NAg) > v(A1)+v(A2N...NAg) — V(A1 U (A2N...NAy))
ZV(A1)+V(A2)+V(Agﬂ...ﬂAd)—V(AzU(A;gﬂ...ﬂAd))—1

>v(Ar)+---+v(Ag) —d+1,

which is exactly the result. |

The following theorem will prove that the distribution function of any
convex capacity depends on its arguments only through its marginals (as in
the additive case).

THEOREM 9. Let v be a convex capacity on (ﬁd,Bor(ﬁd)). Then there
exists a function C, : [0,1]¢ — [0,1], called a generalized copula of v, such
that

a. F,(z1,...,2q4) = Cu(F,,(21),..., F(2d)),
b. C,(s1,...,84) =0 if s; = 0 for some i € {1,...,d},
c. C(1,...,1,8;,1,...,1)= sy,

d. C, is increasing.

ProoF. a. We need to prove that, for every ¢, and for every (z1,...,z;_1,
Tiy1,--.,24), if F,,(2) = F,,(y), then

F (1, %ic1,2,Tit1y- -, 8d) = Fu(Z1, .. o, Tic1, Yy Tit1, - - -5 Td)-
Assume, without any loss of generality, that z < y, and call
A=®Rx- - xRx[~00,2] xR x -+ xR),
B = ([—o0,z1] X -+ X [—00,&i—1] X [—00,y] X [-00,Zi41] X - -+ X [—00, Z4]),

D=Rx--xRx[-00,y] x R---x R).

Therefore

ANB = ([0, 2] X -+ X [—00,Zi—1] X [-00, 2] X [-00, Tiy1] X - - - X [—00, 4]).



314 COPULAE OF CAPACITIES

Since A C AU B C D and v(A) = v(D) by hypothesis, we have v(A4) =
v(AU B) = v(D). The convexity of v implies

v(AUB)+v(ANB) > v(A)+ v(B)
and therefore v(A N B) = v(B), namely
Fl/(xlv ces Ti—1,2, Ti41y - - .,Il)d) = F,,((L‘], cey Ti—15 Y, Titl, - - .,.TId).

Therefore C,, is uniquely defined on x%  Ran(F,,). It can be (nonuniquely)
extended to [0, 1]¢ by using, for instance, the procedure indicated in Deheuvels
(1978), Schweizer and Sklar (1983, p. 84) (see also Scarsini (1984)).

b. By monotonicity of v, if v;([—00, 2]) = 0, then v([—o0,z1] X - - - X [—00, 2] X
-+ X [—00,z4]) = 0. The definition of F,, F,, gives the result.

c. Note that 1 € Ran(F),;), for any j € {1,...,d}. If s; € Ran(F),), let
F,,(z;) = si. Then

C,(1,...,1,8,1,...,1) = Cy(Fy (0),..., F_,(0), F, (),
Fli1(00), ., FLy(00))
=R x - xR x[-00,z] xR x -+ xR)
= vi([—00,2i))
= F, (i)
= .

The above mentioned extension procedure of Deheuvels and Schweizer and
Sklar insures that the result holds also when s; ¢ Ran(F),).

d. This is an immediate consequence of the monotonicity of v. ]

If v is a probability measure, then the generalized copula C, is the usual
copula, as defined by Sklar (1959). As Theorem 9 shows, if v is convex, then
C, has some of the properties of the usual copula. For it to be n-increasing
(for every n < d), though, convexity is not sufficient and d-monotonicity is
required. Then the result is an immediate corollary of Lemma 6.

THEOREM 10. If v is d-monotone, then C,, is n-increasing for every n < d.

Proor. By Lemma 6 and Corollary 7 there exists a finitely additive
probability measure whose distribution function coincides with F,,. Therefore
its copula will be n-increasing for n < d. 1

As a consequence of Theorem 8 we obtain that, if v is convex, then the
Fréchet bounds hold for C,, too.
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CoroLLARY 11. Let v be convex, then C, satisfies the following inequali-
ties
C—(317 .. -75d) < Cu(sla .. -a’sd) < C’+(51’ .- *’Sd),

where

d +
c_<sl,...,5d)=<zsi—d+1) ,

1=1

Ct(81y...,84) = min(sy,...,84).

In the additive case, if the copula of a distribution function F), is Cy,
then p concentrates its probability on the set S := {(z1,...,24) : F,(z1) =
-+ = F,,(z4)}, and therefore any set whose intersection with S is empty has
p-probability zero. A weaker version of this result holds for convex continuous
capacities.

THEOREM 12. If v is convex and continuous from below and C, = Cy,
then for every pair 1, j

v{(z1,...,2q) : F,(2:) > F;(x;)} = 0.
Proor. We will start by proving that (R x - -+ X (z;,00] X R x --- x ® x
[—00,z;) X RXx -+ x ®) =0, if F,(2;) > F,,;(z;). Call

A(z;,2)) =R X - X R x[-00,2) X R X - X R x[-00,2;) x R x -+ x K,

B(z;,z;) =R x - x R x (2;,00] xR x - x R x [-00,2;)) x B x---x K.

By convexity
v(A(zi, ;) U B(z:,25)) +v(A(zi, ) N B(i, 2;5)) > v(A(zi, 25)) +v(B(2i, 75))-

From C, = C;, we obtain v(A(z;,z;) U B(z;,z;)) = v(A(zs,2;)), and since
A(zi,z;) N B(z;,z;) = 0, we have v(A(z;,2;) N B(zi,z;)) = 0. Therefore
v(B(z;,z;)) = 0.

Now let y;,y; be such that y; < z;, y; < z; and F,,(y:) > F,;(y;). From
what we have just proved v(B(y;,y;)) = 0. We will prove that v(B(z;,z;) U
B(yhyj)) =0.

Call D = B(zi,z;) U B(y;,y;). Again, by convexity v(A(z;,z;) U D) +
v(A(zi,z;) N D) > v(A(zi,z;)) + v(D) and by the fact that C, = Cy, we
have v(A(z;,z;)U D) = v(A(z;,z;)). Since A(z;,z;)ND C B(y;,y;), we have
0 = v(A(z;,zj) N D) > v(D), hence v(D) = 0.

By iterating the procedure, we can prove that, for every k, z/(Uﬁ=1

B(z]',2})) = 0, whenever F, (2}) > F,;(27), n € {1,...,k}.

)
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Since

{(@1,-.,20) : Fyzi) > F ()} = | B(F, 27)

for some suitable sequence (27, 27) with F,,(z]') > F,,(z}), for all n, by using
continuity from below of v, we obtain the result. ]

3. Concluding Remarks. In this note we have examined the behav-
ior of nonadditive probabilities (capacities) on ®. I complete analogy to the
usual additive case, we have defined the distribution function of a capacity and
we have examined some of its properties. Most of these properties rely on the
assumption of convexity (=2-monotonicity) of the capacity. Some other prop-
erties require higher degrees of monotonicity. For instance to a d-monotonic
capacity, there corresponds a d-increasing distribution function. Furthermore,
it is enough to assume convexity of the capacity to establish the existence of
a function that relates the joint distribution function to its marginals, but
d-monotonicity is required for this function to have all the analytic properties
of a copula.

Due to the lack of additivity, the distribution function does not char-
acterize a capacity (not even in the finite case). Nevertheless it can provide
useful information when all that is needed is the probability of lower intervals
(as in the case of some stochastic orderings or some dependence concepts).

We have used a “naive” approach, and have not resorted to any of the ex-
isting representations of capacities as additive measures on different (in general
larger) spaces. Some of these representations can be found in Shafer (1976),
Weber (1984), Murofushi and Sugeno (1989), Gilboa and Schmeidler (1992a,
1992b). In our future research we plan to make use of some of these rep-
resentations to obtain new results and generalize known properties from the
additive to the nonadditive framework.
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