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Abstract

Consider a locally asymptotically normal semiparametric model with a
real parameter ¢4 and a possibly infinite-dimensional parameter F. We are
interested in estimating a real-valued functional a(F'). If ay estimates a(F)
for known ¥, and 9 estimates ¥, then the plug-in estimator a; estimates
a(F) if § is unknown. We show that 4; is asymptotically linear and regular
if a3 and ¥ are, and calculate the influence function and the asymptotic
variance of 3. If a(F) can be estimated adaptively with respect to 9, then
ag is efficient if Gy is efficient. If a(F) cannot be estimated adaptively, then
for a; to be efficient, 9 must also be efficient. We illustrate the results with
stochastic process models, in particular with time series models, and discuss
extensions of the results.

Key Words: Empirical estimator, asymptotically linear estimator, influ-
ence function, regular estimator, Markov chain model, nonlinear regres-
sion, residual distribution, nonlinear autoregression, innovation distribution,
stochastic equicontinuity, stochastic differentiability.

1 Introduction

Let P, = {Puwr : 9 € ©,F € F} denote a sequence of semiparametric
models, with © one-dimensional and F a possibly infinite-dimensional set.
We are interested in estimating a real-valued functional a(F). For each ¥
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let a5 be an estimator for a(F) when 9 is known, and let 9 be an estimator
for 9. The plug-in estimator for a(F) is a4, obtained by substituting d for
J in ay.

In Section 2 we introduce a semiparametric version of local asymptotic
normality, and a concept of asymptotically linear estimators for function-
als on such models. This concept requires embedding the semiparametric
model into a “nonparametric” supermodel which is to some extent arbi-
trary, although for specific types of stochastic models there usually is a nat-
ural choice. We recall two results which are essentially known, at least for
i.i.d. models and Markov chain models. The first characterizes regular esti-
mators among asymptotically linear ones; the second characterizes efficient
estimators.

In Section 3 we show that 4; is asymptotically linear if 4y and d are,
and calculate the influence function of ;.

In Section 4 we assume that both a5 and 9 are asymptotically linear
and regular, and show that then a; is also regular. The characterization
of regular estimators then allows comparison of the asymptotic variance of
the plug-in estimator with the minimal asymptotic variance. In particular,
if a(F) can in principle be estimated adaptively with respect to ¥, i.e., if
knowledge of ¥} does not contain information about a(F'), then a; is efficient
whenever ay is efficient for known 9. If a(F') cannot be estimated adaptively
with respect to ¥, then both a4 and J must be efficient for a4 to be efficient.

For i.i.d. observations and estimators of the form ay = a(ﬁ'g), these results
are due to Klaassen and Putter (1999).

Sections 5 and 6 contain applications to models with i.i.d. observations
and to Markov chain models, respectively. The discussion is heuristic in
these two sections. Some extensions of the results are outlined in Section 7.

2 Characterizing Regular and Efficient Estimators

In this section we recall briefly characterizations of regular and of efficient
estimators of real-valued functionals in semiparametric models. For the i.i.d.
case we refer to Bickel, Klaassen, Ritov and Wellner (1998), Chapter 3 and in
particular Section 3.4. For Markov chains see Wefelmeyer (1999); for general
models and counting process models see Andersen, Borgan, Gill and Keiding
(1993, Chapter VIII); for general parametric models see Le Cam and Yang
(1990).

We will embed the semiparametric model in a “nonparametric” super-
model. The reason is that we want a sufficiently rich class of “asymptotically
linear” estimators, and asymptotic linearity will be defined in terms of statis-
tics approximating local likelihood ratios; see below.

For n € N let P, denote a collection of probability measures on some
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measurable space (Qp,F,). Fix a sequence P, in P, and assume that the
model is locally asymptotically normal at P, in the following sense. There
is a linear space H with inner product (h,h’) and corresponding norm ||h||,
there is a sequence of random linear functionals S,, on H, and for each h € H
there are perturbations P,; of P, within P,, such that

dp, 1
log =5* = Su(h) — 3lIhl* +op, (1), (21)
n
Sn(h) = ||h||N under P,, (2.2)

with N denoting a standard normal random variable. The linear space H
may be interpreted as (approximate) tangent space of P, at P,.

Now consider a sequence of semiparametric submodels P, = {P,sF :
3 € ©,F € F} of Pp, with © one-dimensional and F an arbitrary, possibly
infinite-dimensional set. We fix ¥ and F' and consider perturbations ¥, =
9+ n~1/2u of ¥ and F,, of F, with v in some linear space V. In general,
the appropriate rate may be different from n~1/2, but it will be n=1/2 in our
applications, which is why we have taken it to be n~'/2 here. We assume
that (2.1) and (2.2) hold at P, = P,yF, and that the semiparametric model
is locally asymptotically normal in the following sense. There are an element
m in H and a linear operator D : V — H such that for Py, = Pro,, F..>

dP nuv

log ———
& dPoor

1
= Sp(um + Dv) — §||um + Dv||2 +op,,p(1).

From (2.2),
Sp(um + Dv) = |lum + Dv||N under PpyF.
The tangent space of the semiparametric model is
H=[m]+ DV,

with [m] denoting the linear span of m. The one-dimensional space [m] is
the tangent space for known F, obtained by perturbing ©#. The space DV is
the tangent space for known ¥, obtained by perturbing F. We assume that
DV is closed, and that m does not belong to DV. We may think of m as
the score function for 9.

Let a(9, F) be a real-valued functional. It is called differentiable at (9, F)
with gradient g if g € H and

nY?(a(Onu, Fro) — (9, F)) = (g,um + Dv) foru e R, veV.  (2.3)

The canonical gradient g is the projection of g onto H; it is therefore of the
form wm + Dv.
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An estimator a is called asymptotically linear for a(¥, F) with influence
function b if b€ H and

n2(a — a(®, F)) = Sp(b) + op,,, (1) (2.4)

An estimator a is called regular for a(d, F) with limit L if L is a random
variable such that

n'/2(a — a(¥nu, Fuy)) = L under Py, forallu € R, v € V. (2.5)
The convolution theorem of Hajek (1970) says that
L =|g||N + M in distribution,

with M independent of N. This justifies calling a regular estimator a efficient
for a(¥9, F) if it is asymptotically normal with variance ||g]|?,

n*?(a —a(®,F)) = ||g|N under Poyp.
We have the following two characterizations:

(1) An asymptotically linear estimator is regular for a(d, F) if and only if
its influence function is a gradient of a(V,F).

(2) A regular estimator is efficient for a(9, F) if and only if it is asymptoti-
cally linear with influence function equal to the canonical gradient of a(9, F).

Now it becomes clear why we have introduced the “nonparametric”
model. If we restrict attention to the semiparametric model, then there
is only one gradient, the canonical one, and all regular and asymptotically
linear estimators are asymptotically equivalent. In the examples of Sections
5 and 6 we will need to consider estimators whose influence functions are
non-canonical gradients. The concept of asymptotically linear estimators is
arbitrary in that it depends on the choice of “nonparametric” model; see
Wefelmeyer (1991).

3 Asymptotic Linearity of Plug-in Estimators

Consider the problem of estimating a real-valued functional a(F) in the
semiparametric model P, = {Pgr : 9 € ©,F € F}. Fix 9 and F. Suppose
that for each 7 near 9 we have an asymptotically linear estimator a, of a(F),
with influence function b,. We assume that asymptotic linearity holds locally
uniformly in shrinking neighborhoods of 9,

sup |n1/2(&19nu —a(F)) - Sn(bﬂnu)l = OPmaF(l)’ (3.1)
[ul<a
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and that Sy, (by,,) is stochastically differentiable at u = 0,

IsllipA |Sn(bs,,) — Sn(bs) + (m, bg)u| = op, 4. (1). (3.2)

Now let J be asymptotically linear for 9, with influence function c,
n'/2(§ — 9) = Spu(c) + op,,p (1)
By conditions (3.1) and (3.2), the plug-in estimator G fulfills
265~ a(F)) = Sa(bj) +0per(l)

= Sn(b'ﬁ) - (m: b19)'n'1/2(/l§ - 19) + OP,.gF(l)
= Sp(by — (m,bs)c) + op,4r(1).

This means that d; is asymptotically linear for a(F) with influence function
b= by — (m,by)c. (3.3)

If (m,by) = 0, then we can relax the assumption that 9 is asymptotically
linear to n!/2-consistency and still get that the plug-in estimator is asymp-
totically linear, now with influence function b = by.

Asymptotic linearity (3.3) of the plug-in estimator also follows if we
replace conditions (3.1) and (3.2) by a non-uniform version of (3.1),

n'2(ay — a(F)) = Sn(bs) + 0p,,x (1), (3.4)

and an expansion of dg,

n'/2(a5 — ag) = —(m, be)n'/*(9 — 9) + op,,, (1). (3.5)
An application is Example 3 in Section 6.

Remark 1. (Plug-in and sample splitting.) Our requirements (3.1) and
(3.2) are stronger than the following conditions. For every bounded sequence
Unp,

n%(ag,,, —a(F)) = Sn(boy.,)+0Pe(l), (3.6)
Sn(bﬁnu,.) = Su(bs) = —unp(m,bs)+ OPmsF(l)' (3.7)

Property (3.7) appears quite frequently in the literature. It has been been
verified by Drost, Klaassen and Werker (1997), Jeganathan (1995), Koul
and Schick (1997) and Kreiss (1987) for some time series models. A simple
sufficient condition for (3.7) is given in Schick (2000) in the context of i.i.d.
observations.
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It was shown by Klaassen and Putter (1999) in the context of i.i.d. ob-
servations that under these weaker conditions one can use sample splitting
techniques to construct a modified version of the plug-in estimator with
influence function b as in (3.3). Their construction can be generalized to
stationary and ergodic Markov chains using the sample splitting techniques
developed in Schick (2001). But this will not be pursued here.

Remark 2. (Stochastic differentiability.) We will check stochastic differ-
entiability (3.2) for specific types of processes in Sections 5 and 6, using
stochastic equicontinuity of empirical processes. Here we indicate that (3.2)
also follows from a locally uniform version of local asymptotic normality.
Compare the proof of Theorem 6.2 in Bickel (1982). Since F' is fixed in
(3.2), we will omit it from the notation. Fix 9 and set 7 = 9p, = d+n"Y2y,
Assume that the parametric family {P,y : ¥ € O} is locally asymptotically
normal at 4,

Io dP,,

%8 4P.s

Assume also that for 7 near ¥ there is a tangent space H, such that for each
b; € H, we have local asymptotic normality at 7,

dPars, 1
]. g d L = nT(bT) - 5“b7'”72' +0Pnr(]‘)’

nrT

1
= uSng(m) = 5% mlf3 + op,, (1).

Then
dPp, nTbr

log 722 = S,7(b:) + uSpa(m) = 3llbrl2 = Gu?m3 + op, (1. (38)

If b, is continuous at 7 = ¥ in an appropriate sense, P,;5, will be approx-
imately equal to Pppym+b,- (For a more explicit argument it would be
convenient if the sequence of “nonparametric” supermodels P,, were indexed
by an infinite-dimensional parameter; see LeCam (1986, Chapter 11) and
Greenwood and Wefelmeyer (1991, Section 4).) Hence

dPp, Sl nrd, . dP, nd,um+by
8 P~ %5 Py

1
= Spa(um +bg) — Sllum + byll§ + op,, (1) (3.9)

If both S, and || || are continuous at 7 = 9 in an appropriate sense, we
obtain from (3.8) and (3.9):

Sn(br) — Sno(bs) +u(m,by)s = op,4(1).

Stochastic differentiability (3.2) requires that the supremum over |u| < A is
stochastically negligible. For this, we need a corresponding strong version

of local asymptotic normality, as introduced in Fabian and Hannan (1985,
Section 9.1).
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4 [Efficient and Adaptive Plug-in Estimators

We continue the discussion of plug-in estimators under additional assump-
tions. As in Section 3, let a(F) be a real-valued functional of F. Fix ¢ and
F. For 7 near ¥ let G, be a locally uniformly asymptotically linear estimator
of a(F) in the sense of (3.1), and let J be an asymptotically linear estimator
of ¥. Now assume, in addition, that a(F) is differentiable (2.3) at (¥, F),
that ay is regular at (9, F) for known 9, and that 9 is regular at (9, F).
Then we can decompose the canonical gradient of a(F) and the influence
function of the plug-in estimator a; as follows.

Let €r denote the canonical gradient of 4 when F is known. It is of the
form ¢r = tm with t determined by

n1/2(19nu - 19) =u ; (tm’um)a

ie., t =|m| 2 and

cr = |Im||~>m.
The squared length ||m||? of m may be called the Fisher information for 9
when F' is known.

Let Dwv,, be the projection of m onto DV. When ¥ is unknown, the
canonical gradient of ¥ is characterized by three properties. It is in H =
[m] + DV, orthogonal to DV, and its projection onto [m] is ¢r. Hence it is
of the form ¢ = t(m — Dvy,) , with ¢ determined by (¢ — ¢r,m) = 0, i.e.,
t = (m — Dvp,m)~! = |jm — Dvp,||~2. Hence the canonical gradient of 9 is

¢ = |lm — Dvp||~*(m — Dog,).

The squared length ||m — Dvy,||?> of m — Dy, is the Fisher information for
J.

Let gy denote the canonical gradient of a(F) when ¢ is known. The
canonical gradient g of a(F') for unknown 9 is characterized by three prop-
erties. It is in H = [m] + DV, orthogonal to m, and its projection onto DV
is gy. Hence g — gy is of the form ¢¢, with ¢ determined by (m,g) =0, i.e.,
t = —(m,7y), i.e.,

g =795 — (m,gy)C. (4.1)

Since ¥ is regular for ¥, we obtain from characterization (1) of Section 2
that the influence function of 9 is a gradient of 9, say c. Hence

c—c¢l H=[m]+DV. (4.2)

Since dy is regular for a(F) when ¥ is known, we obtain from characterization
(1) of Section 2 that the influence function of ay is a gradient of a(F) for
known 1, say gy. Hence

99 — gy L DV. (4.3)
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From (3.3) we obtain that the plug-in estimator a; is asymptotically linear
for a(F), with influence function

g =gy — (m,g9)c. (4.4)
From (4.1) and (4.4) we obtain

g—9=9s—gg— (m,9s — Gg)T — (M, g9)(c — ©). (4.5)
It follows from (m,c) = 1 and relations (4.2) and (4.3) that g—g is orthogonal
to H. Hence g is a gradient. Characterization (1) of Section 2 now implies
that the plug-in estimator a; is regular. .
Since g — g and ¢ — € are orthogonal to H, the asymptotic variance of
the plug-in estimator a; is
lgl* = llgl® + llgs — Goll* + llc — &ll*(m, 95)?
—|lm — Dup|72(m, g9 — G9)* — 2(c — €, 95 — o) (m, 9)-(4.6)
If Gy is efficient for a(F) when ¥ is known, and 9 is efficient for 9, then
g9 = gy and ¢ = C. Hence g = g by (4.5), and the plug-in estimator a; is
efficient for a(F). By (4.1), its asymptotic variance is
I911% = ligsll* + llm — Dvml|~2(m, gs). (4.7)

If ay is efficient for a(F) when 9 is known, then by (4.5) the influence
function of the plug-in estimator a; is

9=7— (m,gs)(c—7), (4.8)
and by (4.6) the asymptotic variance of a; is
Ig11% + lle — 2ll?(m, g9)*. (4.9)

If J is efficient for 9, then by (4.5) the influence function of the plug-in
estimator a; is

9=7+99 — Gy — (m, 99 — 7»)C, (4.10)
and by (4.6) the asymptotic variance of a; is

Igl® + llgs — Foll* = llm — Dol ~2(m, g5 — 75)*. (4.11)

We say that a(F) can be estimated adaptively with respect to ¢ if the
asymptotic variance bound for a(F’) is not decreased by knowing . This is
the case if and only if g = g,. By (4.1), this is equivalent to (m,gy) = 0.
Then g does not depend on €. Hence the plug-in estimator ay is efficient
whenever Gy is efficient for known ¥, and the asymptotic variance is ||g4]|%.

We say that F' can be estimated adaptively with respect to ¥ if for every
differentiable functional a(F) the asymptotic variance bound for a(F) is not
decreased by knowing . This is equivalent to orthogonality of m and DV.
Then 9 can also be estimated adaptively with respect to F, and € = ¢ =
[[m[|~2m.
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5 The i.i.d. Case

If we have i.i.d. observations X,...,X,, then a natural candidate for the
“nonparametric” model of Section 2 is the usual nonparametric model, with
completely unknown distribution Q(dz) of X;. (Larger nonparametric mod-
els are obtained by allowing the observations to be dependent.) Fix Q. Set

Qh = [ h(z)Q(dz) and
H = L(Q) = {h € L2(Q) : Qh = 0}.
For h € H set
Qna(dz) = Q(dz)(1 + n™'/2h(x)).

The approximation is meant in the sense of Hellinger differentiability. The
joint law of X1,..., X, is P, = Q™. We have local asymptotic normality:

10g dP. = n E :h(Xl) - EQh’ + Op"(l),
n

=1

n
n"2Y (X)) = (QR)VEN,
i=1
with N standard normal. This is (2.1) and (2.2) with

Sulh) = n V2 Y R(X2), () = Q(AK),
1=1

Remark 3. (Stochastic differentiability.) In the stochastic differentiability
condition (3.2), the parameter F is fixed, and we may omit it. Let {Qy :
¥ € ©} be a parametric family of distributions of X;. For 7 near 9 let
br € Lyo(Q+). Stochastic differentiability (3.2) follows if b, is differentiable
at 7 = 9 in an appropriate sense. By Taylor expansion,

n n
sup [n~/2 3" by, (X:) — 712 Y by(Xi) — uQoby| = 0p,e (1), (5.1)
lul<A i=1 i=1

From Q,b, = 0 we obtain by taking the derivative under the integral,
Qoby = —Qy(mybs), (5.2)

with my = 8,-9dQ,/dQy the score function for 9. Relations (5.1) and
(5.2) imply stochastic differentiability (3.2). A proof for fixed bounded se-
quences u = u, is in Schick (2000). For (5.2) it is essential that Q.b, = 0,
in other words, that b, is in the nonparametric tangent space, i.e., that
n~1/2Y" | b, (X;) is a statistic which approximates a local likelihood.
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For stochastic differentiability (3.2) to hold, the function by need not be
differentiable. For 7 near ¥ consider the empirical process

Unr = n~1/2 Zn: (b‘r(Xz) - Qz?bf)-
i=1

If the collection of functions b,, 7 near 9, fulfills an appropriate bracketing
condition, then v, is stochastically equicontinuous at T = 9: For each ¢, >
0 there is § > 0 such that

limsumeg( Sup |vnr — Ung| > n) <e.
n |T—9|<d

Such a result was first proved by Daniels (1961) and Huber (1967) to obtain
asymptotic normality of the maximum likelihood estimator under weak con-
ditions on the score function; for a general version see Pollard (1985). For
T = ¥p, we obtain

n n
sup |n—1/2 Z by, (X:) — n~1/2 Z by (X3)
[ul<A i=1 i=1

— n12(Qoby,, — Qabg)| = 0p,, (1). (53)

From Q.b, = 0 we obtain

Qﬂbf - Qﬂbﬂ = Qﬂb'r - QTbT = —(T - ﬂ)Q‘r(m‘rb‘F)
= —(1 — 9)Qg(mgby). (5.4)

Relations (5.3) and (5.4) imply stochastic differentiability (3.2).

Example 1. (Nonlinear regression.) Let (X1,Y1),...,(Xn,Yn) be pairs of
real observations with
Y. = T('l?,Xi) + €;.

The ¢; are i.i.d. with density f(y) which has mean zero and finite variance
but is unknown otherwise. The X; are independent and independent of the
€; and have unknown distribution function G(y). The pair (X;,Y;) plays
the role of X; in the general setting. The model is semiparametric. The
distribution of (X;,Y;) is

Qusc(dz,dy) = dG(z)f(y — r(¥, z))dy.
Fix ¥, f and G. We introduce perturbations

"-9nu = 9+ n_1/2u,

fnz(y) = f(y)(1+n’1/2z(y)),
dGryu(z) = dG(z)(1 +n Y?w(z)).
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The density f,, must integrate to one and have mean zero, so z runs through

Z={zeLa(f): [ W)Wy =0, [ vz )y = 0}.
The function Gp,, must be a distribution function, so w runs through
L20(G) = {w € L3(G) : / w(z)dG(z) = 0}.
The perturbed distribution of (X;,Y;) is
Qnuzw(dz, dY) = Qopy fr.Gaw (42, dY) = dGrw(2) frz (Y — T(Inu, 7)) dy
= Qo fc(dz, dy) (1 +n 12 (uv'"('ﬂ, z)l(y — r (3, z)) -
+2(y —r(d,z)) + w(a:))),

where 7(J,z) is the derivative of r(d,z) with respect to ¥, and £(y) =
—f'(y)/f(y) is the score function for location of the error distribution. Hence
the tangent space H of the nonlinear regression model consists of functions

h(z,y) = ur (9, 2)l(y — r(9,2)) + z(y — r(9, 7)) + w(a).
It is therefore of the form H = [m]+ DV of Section 2, with V = Z x L2 o(G),
m(z,y) =7(3,2)l(y — r(9,2)), Dv(z,y) = 2(y — r(9,2)) + w(z).

Note that by taking the derivative under the integral,

E(el(e)) = / 20(z) f (z)dz = — / of'(z)dz = 1. (5.5)

Note also that w(z) is orthogonal to both m(z,y) and z(y — r(4, z)), so that
both ¥ and f are adaptive with respect to G.
We want to estimate the expectation

a(f) = Ek(e) = [ k() (w)dy

of an f-square-integrable function k under the error distribution. The usual
estimator is the empirical estimator based on the estimated errors,

1 n
a=— > k&),
=1

withé; = Y] —r(1§, X;). A natural estimator of 9 is the least squares estimator
4, which solves

r(ﬂ,Xl)(K - T(ﬂ,Xi)) =0.

n
=1 .

7
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The least squares estimator is asymptotically linear with influence function
c(z,y) = (BF(9,X)*)1#(8,2)(y — r(9,2))-
We have (m,c) = E7(9,X)? by (5.5), and ¢ L DV since [yz(y)f(y)dy

for z € Z. Hence c is a gradient of 4. The empirical estimator of a(f)
Ek(e) based on true innovations is

0

. 1 &
Gy = — Z k(Y; —r(9,X5))-
iz
Its influence function is

95(z,y) = k(y — r(9,3)) — Ek(e).

For v = (2,w) € Z x Lyo(G) we have

n'"2(a(faz) — a(f)) = E(k(e)z(e)) = (99, Dv).

Hence gy is a gradient of a(f) when ¥ is known. It fulfills

(m, g9) = E7(9, X)E(¢(e)k(e))-

Hence by Remark 3, an appropriate bracketing condition on the collection
of functions b,(z,y) = k(y — 7z) — Ek(e) implies stochastic differentiability
(3.2) of the form

n
sup l” 1/22919“ (X3, Y) —n ™2y g9(X3, Vi)
jul<a -1 i=1

+ wEr (9, X)E((e)k(e) )[ = 0,06 (1).

It follows from (3.3) that the plug-in estimator a; is asymptotically linear
for a(f) with influence function

g = gs—(mygs)c
= k(e) — Ek(e) — Er(®, X)E(£(e)k()) (EF (9, X))~ (9, z)e.

Efficient estimators for ¥ are constructed in Schick (1993). The canonical

gradient g and an efficient estimator for Ek(e) are in Miller and Wefelmeyer
(2000a).
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6 Markov Chain Models

Let Xo,..., X, be observations from a homogeneous and uniformly ergodic
Markov chain with transition distribution Q(z,dy) and invariant law 7(dz).
Assume for simplicity that the chain is stationary. The natural “nonpara-
metric” model of Section 2 is described by the collection of all such transition
distributions. Fix Q. Set Qzh = [ Q(z,dy)h(z,y) and

H={heLy(r®Q): Qh = 0}.
For h € H set
Qnn(z,dy) = Q(z,dy)(1 + n~/2h(z,y)).

The approximation is meant in the sense of Hellinger differentiability for
Markov chains. The joint law of Xg,..., X, is

Pp(dzo, ..., dzn) = m(dzo)Q(Z0,dz1) - - - Q(Tn—1,dTn).
We have local asymptotic normality:

dP,h - 1
1 mhoo— ptV2N R(Xl, X)) - 2 2 1
og dP, n ; ( i—1, 1.) 27F®Qh +0Pn( )1

n
23 h(Xii1, Xi) = (v ®Qh%)AN,
i=1
with N standard normal. This is (2.1) and (2.2) with

Su(h) =n 2 S A(Xi, X2), () = 7@ QUK.
=1

Remark 4. (Stochastic differentiability.) The arguments of Remark 3
translate to stochastic process models. Stochastic equicontinuity for Markov
chains was obtained by Ogata (1980) in connection with asymptotic nor-
mality of maximum likelihood estimators. Results for general discrete-time
stochastic processes are in Andrews (1994) and Andrews and Pollard (1994).
Let {Qy : ¥ € ©} be a parametric family of transition distributions of X;.
For 7 near ¥ let b, be T, ® Q,-square-integrable with [ Q,(z,dy)b,(y) =0
for all z. The score function for 4 is

dQ+(z,")

=ﬁm(y)-

m,g(a:,y) = a1'
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If the functions b, fulfill an appropriate bracketing condition for 7 near 9,
we have stochastic differentiability (3.2) of the form

n n
sup =12 by, (Xi-1, Xi) = n 72 Y by(Xi1, Xi)
lul<a i=1 i=1

+ u(m,,,b,,)| = op.,(1). (6.1)

Example 2. (Nonlinear autoregression.) The observations Xo, ..., X, are
real with

X; =r(9, Xi—l) + &;.

The ¢; are i.i.d. with density f(z) which has mean zero and finite variance but
is unknown otherwise. Conditions for uniform ergodicity are in Bhattacharya
and Lee (1995) and An and Huang (1996). The model is semiparametric,
with transition distribution

Qus(z,dy) = f(y — r(9,z))dy.
Fix 9 and f. We introduce perturbations

Yy = T+ n'l/zu,
fno(T) F@)(1 +n"?u(x)).

As in the regression example, Example 1, the function v runs through

V= {ve Lyf) : / v(@)f (z)dz = 0, / zv(z)f(z)de = 0}.
The perturbed transition distribution is

Qn’Ur’U (.'E, dy) = Qi’nufnv (‘T? dy) = fn’v (y - T('ﬂnu, fL'))dy

= Qos(z,dy) (1+n~2(ui(9,2)ey — r(9,3)) + v(y — r(9,2)))),
where 7(3J,z) is the derivative of r(¢,z) with respect to ¥, and £(z) =
—f'(z)/ f () is the score function for location of the innovation distribution.

Hence the tangent space H of the nonlinear autoregressive model consists of
functions

h(z,y) = wi(9, 2)(y — (9, z)) + v(y — r(9,z)).
It is therefore of the form H = [m] + DV of Section 2, with

m(z,y) = (9, 2)l(y — r(d,2)), Dv(z,y) =v(y —r(d,z)).
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We want to estimate the expectation

a(f) = Bk(e) = [ K(o)f(z)ds

of an f-square-integrable function k& under the innovation distribution. The
usual estimator is the empirical estimator based on the estimated innova-
tions,

1 n
a=- Zk(éz)a
gt

with &; = X; — r(@,Xi_l). A natural estimator of 1 is the least squares
estimator 9, which solves

7‘('[9, Xi-l)(Xi - T('l?,Xi_l)) =0.
1

n
1=

The least squares estimator is asymptotically linear with influence function
c(z,y) = (B (9, X)) 717 (9,z)(y — r(9,2)).

We have (m,c) = Er(9,X)? by (5.5), and ¢ L DV since [ zv(z)f(z)dz =0
for v € V. Hence c is a gradient of ©. The empirical estimator of a(f) =
Ek(e) based on true innovations is

1 n

Gg ==Y K(X; —r(9,X;_1)).

nia

Its influence function is
98(z,y) = k(y — 9z) — Ek(e).
We have
n'2(a(fw) — a(f)) = E(k(e)v(e)) = (g9, Dv) forve V.
Hence gy is a gradient of a(f) when ¥ is known. It fulfills
 (m, g9) = BF (5, X)E(U(e)k(e))-
By Remark 4, an appropriate bracketing condition on the functions
br(z,y) = k(y — 7z) — Ek(e)

implies stochastic differentiability (6.1). It follows from (3.3) that the plug-in
estimator a; is asymptotically linear for a(f) with influence function

g = g9—(m,g9)c
= k(e) — Ek(e) — EF(9, X)E(£(e)k(e))(Er (9, X)2) 17 (9, z)e.
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Efficient estimators for ¥ are constructed in Drost, Klaassen and Werker
(1997) and Koul and Schick (1997). The canonical gradient g and an efficient
estimator for Ek(e) is in Schick and Wefelmeyer (2000).

Example 3. (Heteroscedastic linear autoregression.) The observations
Xo,-..,X, are real with

X;i=9X;_1+ s(Xi_l)ei.

The ¢; are independent and, for simplicity, standard normal. Conditions for
uniform ergodicity and efficient estimators for ¥ are in Maercker (1997) and
Schick (1999). The model is semiparametric, with transition distribution

y—Jz
Qos(z, dy dy,
o) = e ()
where ¢ is the standard normal density. Fix 9 and s. Introduce perturba-
tions

Uny =9 + n—1/2u’ snu(z) = s(z)(1 + n—1/2v(1’))'

The function v runs through V' = Ls(f), where f is the stationary density.
The perturbed transition distribution is

Qnuv(mady) = Qﬁnusnv ((L‘, dy) m,l(zl:) (ysn:im)tm)dy

= Qus(z, dy) (1 +n71/2 (um(a:, y) + Dv(z, y))),

with

m(z,y) = ;(E:z;—)-y—s_(m%’ Dv(z,y) = v(x)((%) 1).

Since the normal distribution is symmetric, m and DV are orthogonal, and
s can be estimated adaptively with respect to 9.
Suppose we want to estimate the functional

1
a(s) = / s(z)%dz.
0
For all u € R and v € V we have
nY?(a(sny) — a(s)) = 2/ )2v(z)dz = (Dvg, Dv + um)

with v, = 1j9;s®/f. Hence a(s) is differentiable at (9, s), with canonical
gradient

9(2,) = 90(0,) = Doa(2,2) = Lo S ((L52)" - ).
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Assume first that ¢ is known. Then we can estimate a(s) by

1
ay =/ 39(x)%dx
0

" Zz_ (X '19Xz 1) wn(Xz 1 —:E)
319(.'1:)2 : Y wn(Xi-1 — 1)

Here wy(z) = c;'w(c,'z), where w is a continuously differentiable sym-
metric density with compact support [—1, 1], and ¢, is a bandwidth of order
n~1/3. We show that dy is asymptotically linear with influence function Dvj.
We do so under the assumption that s is twice continuously differentiable.
Write

where

1

(Xi — ’l9Xi_1)2 = S(Xi—1)2(512 — 1) + S(Xi_l)z.

Expand s(X;_1) around s(z) to obtain

G — als) = L A(z) + 25(2)s' (z) fi(2) - 2
a9 ( ) _A fo(x) d + OPnﬂs (cn)7
where
A(z) = %zn:s(Xi_lf(eg — Dwn (X1 — 2),
i=1
fi(z) = %Z(Xi_l — DY wn(Xio1 — o).
=1

The assumptions imply that f is twice continuously differentiable. Hence
we obtain uniformly for z € [0, 1],

BA(@)? = 0(n';") = O(n™?/%,
E(fo(z) - (2))* = O(n~'e; " + ¢q) = O(n™*?),
E(fi(z) - eaf'(2))* = O(Tflcﬁl +cp) = O(n~?).
We can also show that supg<,<1 | fo(z) — f(z)| converges to zero in proba-

bility. From this and the fact that f is bounded away from zero on [0, 1], we
can conclude that

b9 —ale) = [ 5o+ O, (&)
Now write
1 A(:z;) s(Xi-1 _
| G 2 Ot (- 1 (i)
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[ty
y) = /0 Foyn(y — o)

It is easy to check that I, converges in Lo(f) to the indicator of [0,1].
Combining the above lets us conclude that dy has influence function Du,.

Suppose now that ¥ is unknown. Let ¥ be a nl/2-consistent estimator
of 9. We prove that the plug-in estimator a; is efficient. We have already
shown above that a, fulfills (3.4) with by = Dv,. By the argument of Section
3, it remains to show (3.5). Since (m, Dv,) = 0 by adaptivity, (3.5) reduces
to asymptotic equivalence of a; and ay, i.e., nl/z(aA —ay) = op,,,(1). To
prove this, we note first that

with

R 1 B
n'?(a; — ag) =2n1/2(19—19)/ B@) 4z 1+ 0 P, (n71%),

0 fo(z)
where
~ 1>
B(z) = ;Zs i—1)Xi—16iwn (Xi—1 — ).
=1
Since fo )/ fo(z)dz converges to zero in probability, we obtain the desired
result.

7 Extensions

1. We have assumed ¥ and a(F’) to be one-dimensional. Extension to finite-
dimensional a(F) is straightforward; infinite-dimensional a(F') require ad-
ditional technicalities. In nonlinear regression, Example 1, we may, e.g.,
be interested in estimating the error distribution function F, defined by
F(t) = P(e < t). For linear regression we refer to Klaassen and Putter
(1999). Extension to finite-dimensional ¥ is also straightforward. We note
that it may happen that a(F’) is adaptive with respect to certain components
of ¥ only. For efficiency of aj, efficient estimators are required only for the
non-adaptive components of 1. Extensions of nonlinear regression, Example
1, are treated in Miiller and Wefelmeyer (2000a). Extensions of nonlinear
autoregression, Example 2, are treated in Schick and Wefelmeyer (2000).

2. We have restricted attention to functionals a(F) of F only. The
results may be extended to functionals a(, ') which depend also on 9. An
interesting application is estimation of invariant distributions of time series,
for example in linear autoregression X; = 9X;_1 +¢€;. Since 372, dej is
distributed as the invariant law, we can write the expectation of a function
k under the invariant law as

Ek(X) = Ek( i Pe;) = a(d, F),
j=1
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where F is the invariant distribution function. Hence Ek(X) can be esti-
mated by a von Mises statistic or a U-statistic based on estimated innova-
tions; see Schick and Wefelmeyer (2001).

3. The results extend from semiparametric models {Ppyr : 9 € ©,F €
F} to parametric families {P,y : ¥ € O} of nonparametric models. This
is of interest when we start from a nonparametric model P,, and impose a
restriction which depends on an unknown parameter, say ry(P,) = 0, leading
to

Pro = {Pn : r9(Pp) = 0}.

For example, let Xy,..., X, be observations from a Markov chain with tran-
sition distribution fulfilling [ Q(z,dy)y = r(¥,z) for some ¥. This is the-
nonlinear autoregressive model X; = r(4¥, X;_1) + €;, where the ¢; are mar-
tingale increments, not i.i.d. as in Example 2. For estimators of ¥ see We-
felmeyer (1994), (1996), (1997a), (1997b); for estimators of the stationary
law see Schick and Wefelmeyer (1999). The model may be written as a
semiparametric model by introducing transition distributions F(z,dy) with
J F(z,dy)y = 0 and writing

Q(.’L‘, dy) = F(a:,dy - 7‘('19,:1,'))

This is, however, technically inconvenient because we perturb ¢ and would
need differentiability of F.

Another example are i.i.d. observations (X1,Y7),...,(Xn,Y,) with joint
law fulfilling the constraint E(a(X,Y,d)|X) = 0, where a(X,Y,9) is a given
function. For plug-in estimators in such models see Miiller and Wefelmeyer
(2000b). A special case is a(X,Y,9) =Y — r(¥, X), ie, Y; = r(9, X;) + ¢,
which differs from Example 1 in that we do not assume ¢; and X; to be
independent.
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