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Abstract

Forn=1,...,n,let z,;,i = 1,...,n, be points in a compact subset
in ®¢,d > 1, at which observations Y;,; are taken. It is assumed that
these observations have the structure Y,; = g(zn;) + €ni, where g is
a real-valued unknown function, and the errors (€,1,...,Enn) coincide
with the segment (&,,...,&,) of a strictly stationary sequence of ran-
dom variables £, &, . ... For each z € R¢, the function g(z) is estimated
by gn(z;Tn) = Y1) Wai(Z;Ta)Yni, where z, = (Tn1,...,Znn) and
wpi(-; ) are weight functions. Under suitable conditions on the under-
lying stochastic process &1, &2, . . . and the weights wy;(-;-), it is shown
that the estimate g,(z; z,) is asymptotically unbiased, and consistent
in quadratic mean. By adding the assumption of (positive or nega-
tive) association of the sequence &,&;, ..., it is shown that g,(z;z,),
properly normalized, is also asymptotically normal.

Key words and phrases: Fixed design regression, stationarity, weights,
fixed design regression estimate, asymptotic unbiasedness, consistency in
quadratic mean, association, asymptotic normality.

1 Introduction

For each natural number n, consider the design points z,;, ¢ = 1,...,n in
¢ d > 1, which, through a real-valued (Borel) function g defined on %9,
produce observations Y,;, subject to errors €y;, 1 <1 < n. That is,

Yo = g(zni) + €ni, 1<i<n (1'1)

It is eventually assumed that, for each n, (€n1,...,€nn) is equal in distri-
bution to (&1,...,&n), where {£,}, n > 1, is a (strictly) stationary and
(positively or negatively) associated (see Definition 1.1) sequence of random
variables (r.v.s). The problem we are faced with here is that of estimating
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the function g in terms of the Yy;s and z,;s, and establishing optimal prop-
erties for the proposed estimate. Following established tradition in this line
of work, for each z € R¢, the contemplated estimate is g, (; ) given by

n
gn(-'L'; :En) = ani(w;wn)ynia (1.2)
i=1
where £, = (Zn1,--,Znn), and wyi( - ; - ), 1 <@ < n, are suitable weight

functions. It will be shown that, under appropriate regularity conditions,
the proposed estimate is asymptotically unbiased, consistent in quadratic
mean, and asymptotically normal.

Properties of this nature and for specific choices of the weight functions
were established by Priestly and Chao (1972), and Gasser and Miiller (1979).
This problem was also investigated by Georgiev and Greblicki (1986) and
Georgiev (1988). In all of these cases, the errors €n;, ¢ = 1,...,n, were
assumed to be independent identically distributed (i.i.d.). When indepen-
dence is replaced by strong mixing, the above cited results were established
in Roussas (1989) and Roussas et al. (1992). In the present contribution,
independence is suppressed again and is replaced by association. For a brief
review on the significance of the concept of association, some of its appli-
cations, and a summary of some (statistical) results under association, the
interested reader is referred to the review paper Roussas (1999). Relevant
are also the papers of Cai and Roussas (1999 a,b). Important results on some
limit theorems for dependent r.v.s, and, in particular, negatively dependent
r.v.s may be found in Bozorgnia et al. (1996), Patterson and Taylor (1997),
Taylor and Patterson (1997), and Taylor et al. (1999a,b).

The paper is organized as follows. Asymptotic unbiasedness and consis-
tency in quadratic mean are established in Section 2 after suitable assump-
tions are spelled out. Asymptotic mormality is proved in Section 3 along
with a number of auxiliary results. Assumptions under which these results
hold are also stated in this same section, and they are followed by some
comments.

This section is concluded with the definition of association.

Definition 1.1. For a finite index set I, the r.v.s {X;;1 € I} are said to be

positively associated (PA), if for any real-valued coordinatewise increasing
functions G and H defined on R/,

Cov[G(X;,i € I),H(X;,j € I)] >0,

provided £G?(X;,i € I) < 00,EH%(X;,j € I) < 0o. These r.v.s are said to
be negatively associated (NA), if for any nonempty and disjoint subsets A
and B of I, and any coordinatewise increasing functions G and H with G :
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R4 > R and H : R — R with £G?(X;,i € A) < 00,EH%(X;,j € B) < o0,
Cov[G(X;,i € A),H(Xj,j € B)] <0.

If I is not finite, the r.v.s {Xj;1 € I'} are said to be PA or NA, if any finite
subcollection is a set of PA or NA r.v.s, respectively.

Finally, it is mentioned at the outset that all limits are taken as n — oo
unless otherwise stated, and C stands for a generic (positive) constant.

2 Asymptotic Unbiasedness and Consistency in Quadratic
Mean

Assumptions (A)
(A1) For a compact subset S of R¢, the function g : § — R is continuous.

(A2) For 1 <4< n and n > 1, the errors €,;s have expectation 0.

For each z € S and with £, = (Zn1,...,Tnn), Tni € R%, i = 1,...,n, the
weights wy;(z; € ) are 0 for 1 > n, and satisfy the following requirements
forl1<i<n:

(A3) Yo, lwni(z; 2n)| < B, n > 1, for a positive constant B.
(Ad) Y0 |lwni(z;za)| — 1.
(A5) For any ¢ > 0, Y1) |wni(%; Zn) (|2, —a)|>c) (2) = O,
where || - || is any one of the familiar norms in R¢.
All results in this paper hold for all z € R¢ and with «,, as defined above.

Theorem 2.1 (asymptotic unbiasedness). Under assumptions (A1) - (A5),
Egn(z; ) — g(z).

Proof. Writing g,(z) and wy;(z) instead of g,(z;x,) and wni(z;zy), re-
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spectively, we have

| Egn(z) — g(z) | =] ) wni(z)g(zni) — 9(x) |
=1

<Y [ wni(@) || 9(zni) — 9(2) | + | g(z |lzwm($ —1]

1=1

= Z | wni(®) 1] 9(@ns) = 9(2) | (jzni-zi>0)(2)
+2 | wni(z) || 9(zni) — 9(2) | I(jjzpi—zli<c) (2)

+ | g(z) || Zwm -1]. (2.1)

For every ¢ > 0 and sufficiently small ¢ = ¢(g), consider those z,;s for
which || zp; — = ||< ¢. Then | g(zn;i) — 9(z) |< €, and therefore | g(zn;:) —
9(7) | I(jcni-zl<c)(T) < €. Thus, for all sufficiently large n, (2.1) yields
| Egn(z) — g(z) |< 2Ce + eC + eC = 4eC, where C is a suitable bounding
constant. This completes the proof. B

Before the formulation of the second main result, assumptions (A) are
augmented as follows.

Assumptions (B)

(B1) For each n > 1, (€n1,. .- ,€&nn) is equal in distribution to (&1, ...,&,),
where {¢,}, n > 1, is a (strictly) stationary sequence of r.v.s, ££2 = 02 < oo,
and 3772, |Cov(£1,&541)| < oo.

(B2) For each z € R¢ and x, as above,
wy, = maz {|wni(z;Tn)|;1 <i <n} —0.

Theorem 2.2 (consistency in quadratic mean). Under assumptions (Al) -
(A5) and (B1) - (B2),

8[gn$mn ] — 0.

Proof. For further notational simplification, write just wy,; instead of
Wi (T) = wni(z; n), and recall that w, = maz{|wy;|;1 < i < n}. Then, by
assumptions (A3) and (B2),

n n
> wki <wp Y |w| - 0. (2.2)
=1 i=1
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Next,
€ [gn(2) — 9(2)]* = € [gn(z) — Egn(@)]” + [Egn(z) — 9(2)]?,

and the second term on the right-hand side above tends to 0, under assump-
tions (A1) - (A5), by Theorem 2.1. So, it suffices to show that Var(g,(z)) —
0. To this end,

n n 2
Var (gn(z)) = Var (Z 'wm-eni> =€ (Z wm‘é‘m‘)
=1 =1

n
= Zwrzzigegu' +2 E wniwnjg (Sm‘enj)

i=1 1<i<j<n
n
2 2
=0 Z Wy, + 2 Z wniwnjé' (em-snj) . (23)
i=1 1<i<j<n

Since the first term on the right-hand side of (2.3) tends to 0 by (2.2), it
suffices to show that

1<i<j<n

By assumption (B1),

D" Wniwn;E (€nitnj)

1<i<j<n

= D wniwn€ (L&)

1<i<j<n

n—1 n
< D [Wniwns| [Cov (&:65)] =D lwnil D lwjl|Cov (&,;)]

1<i<j<n i=1 j=i+1

n—1

< wn 3 il [|Cov (&, Eisn)| + -+ +Cov (6is ) |

=1

n—1

= wn Y [wnil [ICov (61,€0)| ++ -+ +1C0v (€1, én-ss1)l

=1

(by stationarity)

n—1 n—1 0 n
= Wy Z |ws) Z |Cov (&1,&541)| < wn [Z |Cov (51,§j+1)|} (Zl fwm'l)

i=1 Jj=1 j=1
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(o)
S B'wn Z ‘COU (€1a€j+l)| - Oa
i=1

by assumptions (A3), (B1) and (B2). B
Remark 2.1. At this point, it is to be observed that Theorems 2.1 - 2.2 were

established without reference to association. The property of association is
used only in Theorem 3.1, stated and proved in Section 3.

3 Asymptotic Normality

Introduce the following notation by suppressing the argument z. Set

Zni = 0, Wpi€ni, equal in distribution to o lwn&;, (3.1)
o2 =Var(gy) =Var (>, wniki) - )
Also, for m =1,...,k, let
Im ={(m-1)p+g +@+1),...,m+ 9}

and define ynm, ¥h,, and y) by:

n
Ynm = Z Zinis y:Lm = Z ana yﬁ = Z Zni, (3'3)

i€l J€Im I=k(p+q)+1
and let
k k
I, = Z Ynm, T1,1 = Z y;zm7 Trlz’ = yﬁ- (3.4)
m=1 m=1
We wish to show that
Sn % N(0,1), where Sp =07 (gn — Egn). (3.5)
Clearly,
Sn=Tnh + Trlz + T7Iz’a (3'6)

and (3.5) will be established by showing that

T, % N(0,1), (3.7)

and
E(TL)? +£(TY)? — 0. (3.8)
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These assertions hold true under the set of assumptions stated below.
Although some of the assumptions spelled out below coincide with as-

sumptions previously made, we choose to gather all of them here for easy
reference.

Assumptions (C)

(C1) Thesequence {&,}, n > 1, is (either positively or negatively) associated
and (strictly) stationary.

(C2) £& =0, £]&1|*T < oo for some § > 0, and Z‘;‘;l |Cov(é1,&5+1)| < oo.

(C3) For 1 <i<mnandn >1, (én1,---,Enn) is equal in distribution to

(é‘la s aén)

With wy, = maz{|wni(z;zn)|,1 < i< n}, it is assumed that:

(C4) (i) wn = O(nY).

(i) wn, = O(0?), where 02 = 02(z) = Var(gn(z; xs))-

Let p = p, and g = ¢, be positive integers with ¢ < p < n and tending
to oo, as m — oo, and let £ = k, be the largest integer for which
k(p+ q) < n. Then select p and ¢ as just described, and also to satisfy
the requirements:

(C5) (i) p=o(nf), p= 5 (the same § as in (C2)).
(i) 2£ 1.
Comments on some assumptions

(a) The choice of p, ¢, and k as 0 < ¢ < p < n, and tending to oo, and
k being the largest integer for which k(p + ¢) < n imply immediately
that @—)land%AO(sinceﬁzk(p%Z-ii—q).

(b) 1;—’“ — 1 implies gnﬁ — 0 and £ — 0 (since kete) EHE + gnﬁ and both

n

k(p+q) pk _z
(”RQ),%—)I, and’%—%%-—)O).

ptg

(c) Ifp = o(n) (which is implied by (C5)(i)), then k& — oo (since } = 2y

k(pt+q)
and 24 = 2(1+ %) — 0 by (b)).
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(d) Choices of p and g as described above and satisfying condition (C5)
are readily available. Indeed, for 0 < 6 < §; < p, take p ~ n% and

g ~ n% (where z, ~ y, means ?’;1 — 1). This choice of p is consistent
n

with (C5)(i) (since £ = & - =L — 0). Furthermore, k ~ nl—4

neP n
. s s .
(since £ = k) %L gpg 2L - which tends to

1
A e 2 e T )
1). Therefore ?;15 = £ £ =1L

nl=o1

n
(e) That § in assumptions (C2) and (C5)(i) must be the same stems from
the proof of Lemma 3.2(iii).

(f) Assumption (C4)(ii) is borrowed from Roussas et al.(2000) (see Re-
mark 2.1(ii), page 265).

Theorem 3.1. Under assumptions (C1) - (C5), the convergence asserted
in (3.5) holds; that is,
d
Sn = N(0,1),

where S, is defined in (3.5), gn = gn(z; Ty ) is given in (1.2), and 02 = 02 (x)
= Var(gn).

The proof of the theorem follows by combining the two propositions
below. The propositions, as well as the three lemmas employed in this
section, hold under all or parts only of assumptions (C1) - (C5). However,
these lesser assumptions will not be explicitly stated.

Proposition 3.1. The convergence asserted in (3.8) holds; that is,
E(T,)? + E(T7)? = 0,
where T, and T}, are given in (3.4).
Proposition 3.2. The convergence asserted in (3.7) holds; that is,
T, % N(0,1),
where Ty, is given in (3.4).

Assuming for a moment that Propositions 3.1 and 3.2 have been estab-
lished, we have

Proof of Theorem 3.1. It follows from Propositions 3.1 - 3.2 and relation
(3.6). m

The following three lemmas will be required in various parts of the proofs
of Propositions 3.1 - 3.2.
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Lemma 3.1. Let yny, and 4}, be defined by (3.3). Then:

(i)
k‘
<2 ;p ‘Cov 517{74—1)‘

> ‘Cw(ynlaynr)

1<I<r<k

(ii)
w2 gk
<2 ;3 Z‘COU(&,QH)‘,
o j=q

Z \CO'U (y;d ’ y:'zr)
1<I<r<k

where, it is recalled from assumption (B2) that, w, = maz{|wni|;1 <1 < n},
and o2 is given in (3.1).

Proof. (i) From the definition of the yn,s, and with the I,,s as defined in
(3.2), it is clear that

Z ‘Cov(ynlaynr) = Z

1<i<r<k 1<l<r<k

Cov (Z Zniy ) znj)

1€l j€El,

DI [cov (zm-,zn,-)[

1<i<r<ki€l; j€I,

_—g > Y Yoottt = S An, (3.9)

<l<r<Lk:iel jel,

where

> Y |covten)| (3.10)

1<i<r<k i€l; j€l,
However, by stationarity of the ¢;s,

An=(k=1) Y3 |Covlein )| + (k=20 3 S |Covtei )|+

i€l jelz i€l jEI3

1230 3 [Coen )|+ 13 Y |Covién &)

i€l jE€EIL i€l jely,

< {(k —1) [p‘COU(fbﬁ(wq)H)l + (- l)loov(flaf(p+q)+2)‘+
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+ |Cov(§1,§(p+q)+l’)” +

(k - 2)[p|Cov(er, &xgprai)| + (0 = D|Covlér, Expraysa)|+
+ ICW(§1,§2(p+q)+p)” +

2[P|COU(§1,§(k—2)(p+q)+1)| + (- 1)|COU(§1,§(k—2)(p+q)+2)l+
o+ |Cov(€1,€(k-2)(p+q)+p) |t

1 [p'Cov(fl,&(k-l)(p+q)+1)| +(- 1)lCOU(§1,§(k—1)(p+q)+2) +

o+ |Cov(&1, € (k—1)(p+q)+p) | }+

{(k = 1)[(p— D|Cov(ea, Eprayi)| + - + [Cov(ép Epraysn) || +
]+

(k-2) [(P - 1)|Cov(§2a§2(p+q)+l)‘ +...+ ‘Cov(ﬁp,ﬁz(p+q)+1)|

............................................................

2[(? - l)ICOv(éz,€(k-2)(p+q)+1)| +...+ |Cov(§p, f(k_z)(p+q)+1)” +

1 [(p - 1)|Cov(§2, E(k—1)(p+q)+1)| +... 4 |C’ov(€p, E(k_l)(p+q)+1)H }

= An1 + Ana, (3:-11)
where Ay and A,z stand for the first and second bracket in (3.11), respec-
tively.

However,

Am < pk | 3 |Covler, &) + 3 |Covler, )| +- .+Z|Cov(§1,§j)|]
Iz

jE jEI3 JEI

(k-1)(p+9)+p
<pk Y, |covier8))]
j—p+q+1

<pk 3 [Conlertan)] (3.12)

Jj=p+q

and
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p+g 2(p+q)
Ano Spk[ > owegi]+ Y oot ga)| +
7=(p+9)-(p-1) i=2(p+q)—(p-1)
............................................................ +
(k—2)(p+q) (k—1)(p+q)
> ‘COU(fl,fjﬂ)' + > ICW(€1,§j+1)|J
j=(k=2)(p+q)—(p—1) j=(k-1)(p+q)—(p-1)
ptg 2(p+q)
Spk[ZICOU(£1,§j+1)‘ + ) ‘Cm}(flafj+l)‘+
J=q Jj=(p+9)+q
............................................................ +
(k=2)(p+q) (k-1)(p+q)
Covier &)+ Y \Cov(fl,sm)\]
j=(k=3)(p+q)+q j=(k-2)(p+q)+q
(o]
<ok |Covler &), (3.13)

Jj=q

Relations (3.11) - (3.13) imply that A, < 2pk E‘;‘;q |Cov(&1,&5+1)|, so that
(3.9) and (3.10) yield

w2pk
<2-2= ) ‘CO’U(&,EjH) ;
i=q

Z ‘ Cov (ynla Ynr)

1<i<r<k

oh
which is what part(i) asserts.

(i) It follows as in part (i) upon replacing the ypms by the y;,,,s. B

Corollary 3.1. It holds:

() S1crcrsk | Cov(watrvnr)| = 0, and (i) Ty v [Cov (s vr)| = 0.

Proof. (i) The right-hand side of the expression in Lemma 3.1(i) is written
as: (’;’—g)(%k)(nwn) > 524 |Cov(&1,€;41)|, and this is bounded by: C’E;";q
|Cov(£1,€j+1)|, on account of assumptions (C4)(ii), (C5)(ii) and (C4)(i).
However, this last expression tends to 0 by assumption (C2).

(ii) Likewise, the right-hand side of the expression in Lemma 3.1(ii) is written
as: (gg)(%)(nwn) %, |Cov(£1,€41)| = 0 as in part (i). B
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We may now proceed with the proof of Proposition 3.1.

Proof of Proposition 3.1. First,

k 2 g
g(Tflz)z =€ (Z y:zm) = Z Va'r(yvlzm)'l’z Z Cov (y;zl’y;zr) ) (3'14)

m=1 m=1 1<ikr<k

and

Var(y,,) = Var (Z Zm) =Y Var(Zn)+2 Y, Cov(Zni, Zn;)

1€Jm 1€Jm 7]€Jm
1<j
2 .02
o“qu
< 2T > |conen)
n " 1<i<i<g
o?quw? 2qwn qw
<—"+ ZICW El,§1+1)| C 3

o3

so that, by assumptions (C4)(ii),

Z Var(yh,) < C qk C ( k) (nwy) — 0; (3.15)

m=1
this is so because nw, = O(1) and 9115 — 0, which is implied by ’;—k — 1 (see

Comment (b) after Assumptions (C)). Relations (3.14) - (3.15) and Corollary
3.1(ii) show that £(T")? — 0.

Next,

E(TH? =Var ( Zn: Zni)

i=k(p+q)+1

n
< Y Var(Zw+2 S lcov(zm-,znj), (3.16)
i=k(p+q)+1 k(p+)+1<i<j<n
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and
L 2,2 2,2
owy, o‘w
> Ver(Zw) < [k +9)| < T +0)
i=k(p+a)+1 " on

2 2
=2 1212np (1 + 2) < CE";P (since g, 0, by (Comment(b))
g D o} p

n n

< Cwnp = C% 0 (by (C4)(i) and (C5)(i)).  (3.17)

Thus, relation (3.17) implies that

n
> Var(Zu) —0. (3.18)
i=k(p+q)+1
Finally,
w2
Z ICO’U(Zm,an) < ;g Z lCO’U(&,{])I
k(p+g)+1<i<j<n " k(p+g)+1<i<j<n
wy
=2 Y o)
" 1<i<j<n—k(p+q)
=2 > {r-ke+al - i}|Covler &)
oz po
w2 o
< 0_; n —k(p + q)] Z‘COU(&,{JH l
n —

<c2 50 (by 3.17). (3.19)

Relations (3.16) - (3.19) show that £(7%)? — 0. The proof of the proposition
is completed. B
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For the formulation of the second lemma, introduce the following no-
tation. Let Ynm,, m = 1,...,k be independent r.v.s with Y., having the
distribution of ynm,, set s2 = fn:l Var(Yom), and let X, = Y;—n’" with
distribution function Fy,,,, m = 1,...,k. Then the r.v.s Xpm, m =1,...,k
are independent with £Xy,;, = 0 and mel Var(Xnpm) = 1. Finally, for

€ >0, set
k

— 2
gn(e) =Y /(I z‘ZE)z dFpm(z)- (3.20)

m=1

Then we have

Lemma 3.2. Let T, and g,(¢) be given by (3.4) and (3.20), respectively,
and recall that s2 = % _ Var(Yom).

Then:
(i) ET? — 1, (ii) s2 — 1, and (iii) gn(e) = 0.

Proof. (i) From (3.5), £S2 = 1, whereas from (3.6),

2
ETE = £[S — (T +Ty)]
= ES2 + E(T! +T")2 - 2€ [sn(:r,; + T,;')]
=14 E(T, +T")? - 26 [Sn(:r,; + T,;')].

But by Proposition 3.1,

E3(T. +T")% < £3(T))? + £3(T")2 — 0, (3.21)
and
€ [Sn(@h +T)]| < €] sniTs + T2)
< (£352)es (Tn + :r,;')2 = ¢t (T,’, + T,’{)2 0 (by (3.21) ).
Thus,

ET? > 1.
(ii) From (3.4) again,

k k
5T3 = Va'r(z Ynm) = Z Var(ynm) + 2 Z Cov(ynt, Ynr)

m=1 m=1 1<ikr<k

=s5+2 Y Cov(yns,Ynr), (3.22)
1<i<r<k
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and Y, ;cr<ix CoU(Yni, Ynr) — 0 by Corollary 3.1(i). Then relation (3.22)
and part(i) yield s2 — 1.

(ii1) We have

| a¥dFun(s) = & [XEnT (Xl 2 ©)] = 572 [t (| 2 5]
(lz|>¢)

1 1
< 3;25'% |Ynm|* Pt (|ynm| > €sn) (where s, t > 1 with 3 + 7= 1)
1 2s
gal s — _2s —2_
< snzgs 'ynm|2s (E 25311238 |ynm|2s) f=e snt € Iynmlzs .
(3.23)

At this point, take s = 2—'2“§ and t = % so that 2s =240 = v, and 23 = 4.
Then (3.23) becomes

1
/ P dFam(z) < 5 E lgoml” (3.24)
(Iz|>¢) Sn

However, by assumption (B1)

Elyaml” = €| Zns g5(2|zm-|> g“’—: (Z|g,) ,  (3.25)
i€l i€lm In
and ”
l P 1 v 1 v
£ Zps, <Y Evigl =pEvlal”,
so that

ECP_L1&])Y < p¥El&|¥, and therefore, by (3.24) - (3.25),

1 wrpY
2 v n

T dFum(z) < | €6 .
/([1:]26) " (5‘5 | Onsn

Hence, with C =71 | & |Y,

wyp“k

VoV
OnSn

gn(e) < (3.26)

However,

VoV v
wpp'k _ (%) 1. (1’_k) (02" In) < C(o%p"'n),  (3.27)

VoV 2
Onsn On
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by assumption (C4)(ii), part(ii) of the present lemma and assumption (C5)(ii),
and

n 2 n
0121 =& <Z ‘wnifi) = g2 Z’w,zn- +2 Z wniwnjcov(gi, §J)
=1 i=1 1<i<j<n

oo
< o%nw? + 2nw? Z |Cov(1,€41)| = Cnuw?,

i=1

so that

ol < Cniwk. (3.28)

Then, by (3.26) - (3.28), and assumption (C4(i)),

gn(e) £C (3.29)

However, the right-hand side in (3.29) tends to 0 on account of the choice of

s
p in assumption (C5)(i); namely, p = o(n20+®) or p't% = o(n%). The proof
of the lemma is completed.l

Lemma 3.3. With the yn,;s defined by (3.3) and for any ¢ € R, it holds

L k

£ yam .

Ee 2R H Eetvnm | 5 . (3.30)
m=1

Proof. Clearly,
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k
it E Ynm ity y it Y .
£e m= - ng“y’"" = (86 met T~ Ee mz—:l "L Eeitynk

k-1
R k
it . .
+ (86 m2=1ynm Seltynk — I | geztynm)
m=1

it Y, it .
Ee mz—:l T _Ee mz“:lynm Eetynk

IA

ot E Ynm
+ [Ee m=1 - Hie“y""‘

k-1
it .
= |Cov (e mglynm,e’ty""

"tzynm
2t
+ |Ee m=1 —IIEey'"",

and, by a repetition of the argument, inequality (3.30) becomes

k k—1
. k .
it Yy . ity y .
Ee m=1 ” Eettynm | < |Cov (e m=1 mn,e“&y"’c

m=1
k=2
it nm
+|Cov | e = , etymk-1
+ ... 4+ |Cov (e¥n2, ¥m) | (3.31)

At this point, use relations (3.1) and (3.3) to define the functions
fm(zi,i € Iy) = elton it wnizi ,ym=1,...,k,

and observe that, for each i € I, 'aiz.-fm("’;i’i € Im), < |togtwn| < 2|to;? | wy.
It follows that, for eachi € I,,, m=1,...,l,and I = 1,... ,k,

8 T .
Oz H fm (i, 0 € Ip)
' m=1

< 2|to, ! | wn. (3.32)
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Therefore, applying Lemma 1 in Bulinski(1996) to each one of the terms on
the right-hand side of (3.31), we obtain by way of (3.32)

eZth* e _ H Eet

[ z Z |COU (gjaél

jen lel,
+ Z > |Cov (&5, &)
je(1+I2) lels

tot Y Z|Cov(§j,gl)|]. (3.33)

Jje(ln+...+1Ip_1) l€LL

By utilizing stationarity of the &;s and repeating the arguments used in
relations (4.3) - (4.5) in Roussas(2000), inequality (3.33) becomes

it 2 Yo w? (k=1)(p+g)+p
e m= _ H Seztynm < 4t2'f'pk Z |CO’U (f1,§])|
m=1 " j=(pte)+l
W, k\
<48 () (22) (2) S 1o €165
n =
-0, (3-34)

by assumptions (C4), (C5)(ii) and (C2). The proof of the lemma is com-
pleted. H

Proof of Proposition 3.2. Lemma 3.2(ii) implies that Efn:l Yom AN (0,1)
by the Feller-Lindeberg Criterion (see, for example, Loéve (1963), page
280). This fact along with (3.34) yield the result anzl Ynm 4 N (0,1) or
T.dN (0,1), as the proposition asserts. W
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