
§11. THE CONSTRUCTION

At last we are in a position to construct our extender sequence E. We will
construct the sequence E inside of Ve where θ is least such that L(Ve) satisfies

that θ is Woodin. Note that every bounded subset of θ in L(E) is in L$[E] since
θ is inaccessible.

The construction of E will differ from that for sequences of measures in that
we do not simply define Ea by induction on a. The reason is that we want
the construction to provide each Ea with an ancestry tracing back (by inverting
certain collapses) to an extender on V having a certain amount of strength. The

illustrious ancestry of the extenders which lie on E guarantees that all levels of
L[E] are u -iterable.

Let us call a premouse M reliable iff for all k < ω, &k(M) exists and is k-
iterable. We shall simply assume in this section that the premice we produce in
our construction are reliable, and discharge our obligation to show this in §12.

We now define by induction on ζ a reliable coremouse Mξ. Simultaneously, we
verify an induction hypothesis Aξ describing the agreement between Mξ and
the Ma for α < ξ:

(At) 3^" = J^ for all α < ξ and /c < uΛ{pω(Mv) : a < v < ξ }, where
η = (*+)"<*.

In the formulation of Aξ, we understand that ωη = ORM<* in the case that
Ma f= K* doesn't exist.

We begin by setting MQ = (Vω, 6, 0). Now suppose that Mξ is given and that
Aξ holds. We define Mξ+ι and verify Aξ+i.

Case 1. Mξ = (Ja,ε,E) is a passive premouse, and there are an extender F*
over V, an extender F over Λίf, and an ordinal v < a such that

jf)
and

F r ^ = F*n([i/]
and

-Λ/e+ι = (jf.e,£,F)

is a 1-small, reliable premouse, with ϊ/ = ι/^+l .

In this case we choose F*, F, i/, and J\fξ+ι as above with i/, the natural length
of F, minimal among all such F*. Let

Case 2. Otherwise.
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In this case, let ωa = ORM* , and set

(Of course, FM* = 0 is possible.) Thus Λ/^+i is a passive premouse. If Λ/^+i is
not reliable, stop the construction. Otherwise,

We must verify Aξ+\. Now Theorem 8.1 tells us that Nξ+\ agrees with
ία,(.Λ/ξ+ι) below (pi)^+l = (pί)M*+l The obvious agreement between
and Afξ+ι, together with our induction hypothesis Aς, easily gives -Af+i

Now suppose Λ is a limit ordinal. Let

^liminf (/>+)"<
ς— *A

(where again we set (p*)M* = unique α s.t. ωa = ORΛ1* in case <Mf [= pω

 ί

has no successor cardinal, or pω * = OR/'** .) Then we let λfχ be the passive
premouse P = J^ , where for all β < η we set jj equal to the eventual value

Λ/λ exists since Aς holds for all ξ < X. Now suppose M\ is reliable; if not we
stop the construction. Set

It is easy, using 8.1 and the induction hypothesis, to verify A\.

This completes the inductive definition of the Λ^^'s. For the moment, let us
assume:

Lemma 11.1. The construction above never stops; Mξ is defined for all ordi-
nals ξ.

PROMISE OF PROOF. We have to show Jfς is reliable for all ξ. We will prove
as theorem 12.1 that ί*(Λ/Je) is Jfc-iterable, for all Jb < ω, provided that Cjb(Λ/ξ)
exists. Given this it follows from theorem 8.1 that Nξ is reliable. D

Lemma 11.2. Suppose QQ and ξ are ordinals such thai c*o < ζ and K = pω * <
p^* for all α > <*o. Then Mξ is an initial segment of Mη, for all η > ξ.
Moreover, Mξ+\ ^= every set has cardinality at most K.

PROOF. We may assume K < ORM*. We claim Λΐξ+i is defined by Case 2.

For suppose not; let Mξ = (/f , G, E) and let F be as in Case 1. Then Mξ is a
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proper initial segment of Ulto(Λίf,F), and Ulto(Λίξ,F) ^= a is a cardinal. As

there is a map from AC onto a which is Σn * for some n, we have a contradiction.

Let Mξ = (j , G, £, F), where F = 0 if Mξ is passive. Let Λ/Jt+i = (j+Γ/, €

, E^F) be as in Case 2. Then the Σn * map from AC onto α guarantees .Λ/f+i ^=

every set has card = AC, and pl *~M < AC. Thus pω**1 = /c. Theorem 8.1 implies
that (^(.Λ/^+i) = Λ/ξ+i Thus Λ<£+ι = Λ/Je+i, and the claim holds for r; = ξ + 1.
For η > ξ + 1, the claim follows easily from the induction hypothesis Aη. D

The claim implies that lim inf^_,oκ pω * = OR. So we can define our desired E
by

jjp = eventual value of Jjf*6 , all sufficiently large ξ E OR .

Clearly this determines E, and we have that every level Jβ of L[E] is an ω-
sound, α -iterable 1-small mouse.

We can think of the construction as producing, in increasing order, the cardinals
of L[E] together with the levels of L[E] whose α th projectum is a cardinal of
L[E]. Namely, let

KQ = ω, ξo = 1 ,

and now suppose we have /c7 and ξΊ for 7 < α. Set

KQ = inf {p^β I β > sup {ί7 I 7 < a}}

and
ζa = least β > sup {£7 | γ < α} such that pω

 ft = /cα .

One can check easily that {/cα | α £ OR) enumerates in non-decreasing order

the cardinals of L[£\, that p^<0f = /cα, and that Mζa is a level of the eventual

L[E]. In fact, for /c a cardinal of L[E], the Λί^tt for /cα = AC are precisely those

levels J^ of L[̂ ] whose u th projectum is AC.

We now show that L[E] \= there is a Woodin cardinal. Once again, certain
iterability assumptions will crop up during the proof. We shall verify these
assumptions in §12.

Theorem 11.3. Suppose there is a Woodin cardinal. Let E be the extender
sequence constructed above. Then L[E] \= there is a Woodin cardinal.

PROOF. Let θ be least such that L(VΘ) \= "θ is Woodin." We show that θ is

Woodin in L[E].

So fix / : θ -> θ such that / € L[E\. Define g : θ -> θ in V by

g(a) = 2nd strongly inaccessible (of V) > /(α) .
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(The strong inaccessible is just a security blanket.) As θ is Woodin in V there is
an extender F* over V, F* G Vθ, crit F* = /c, such that if j* : V -> Ult(F,F*)
is the canonical embedding, then g"κ C K and

and

^r
Let

F = F*Γι([lhF*]<ω

Notice that L[E] agrees with Ult(£[J£], F) below j*(fif)(κ), where the ultrapower

is computed using functions in L[E]. That is, F "coheres" with E sequence out
to j * ( g ) ( κ ) . Notice j*(g)(κ) is a strongly inaccessible cardinal of V, hence of

L[E]. We now show that for p < .;*(</)(«), the trivial completion of F \ p is on

E, or an ultrapower thereof.

Let(κ+)L&<p<j+(g)(κ). Let

i:L[E]-+V\i(L[E],F\p)

be the canonical embedding, and let

G = {(α, x) I a G [γ]** Λ x C [/c]card(α> Λ x G I[F] Λ α G i(x)} .

Thus G is the trivial completion of F \ p. The generators of G are of course just
those generators of F which are less than />, and G \ p = F \ p.

Lemma 11.4. Let (/c+)L^l < p < j*(g)(κ), and suppose that p is the natural
length of F \ p. Let G be the trivial completion of F \ p, and 7 = IhG. Then

EΊ = G = F \ p unless p is a limit ordinal greater than (κ+)L^J, and is itself a
generator of F. In this case

\ EΊ i/7 ^ dom£?

[ (iEp(E))Ί ι/7GdomF

where iEf> : jf —> Ulto(«7^ , Ep) is the canonical embedding.

PROOF (modulo §12). The proof proceeds by induction on p, and is divided
into a number of cases. In those cases where p is not a cardinal we will apply
theorem 10.1, and in the other cases we will be able to use bicephali.

Case A. p is a successor. In this case p — 1 must be a generator of F. Let

σ: Ult(L[F], F \ p) -+ Vlt(L[E], F)
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be the canonical embedding. From the case hypothesis we see that σ(p) = p
and hence σ f 7 = id. Also, G = F f 7 as (α,x) G G 'ΦΦ α G ip\p(x) & a G

)) <£* α G ι>(x) <=> (α, x) G F, for all α G [i\<ω and appropriate x.

We claim there is a stage 17 of the construction such that

For let 6 be the largest cardinal of L[E] which is < p. (So δ < p.) Now

*>tp(#) Γ Ί = *>(#) ί 7 = # ί 7, and by the definition of 7, we have j'Ί
Ftt>(β) |=

every set has cardinality < p, so J^ [= every set has cardinality < p. On the

other hand, 6 is the largest cardinal < p in L[E], hence in «/^Λ~) = Jw7)> ί218

σ(γ) is a cardinal of L[£?]) hence in J^ . So

J,- [= every set has cardinality ί .

Let (£α j a < (δ+)LW) enumerate in increasing order those ordinals ζ such that
Pω(Mξ) = ί and pω(Mβ) > δ for all β > ξ. We observed earlier that the Mξa

are precisely those levels of L[E] whose ωth projectum is δ. It is clear that 7 is
a limit of such levels. So letting η = sup {ζa \ OR Π Mξa < 7}, we have that η

is a limit and Mη = (J^, G, E \ 7). This proves our claim.

Now clearly («Λ~ , G, E \ 7, F \ 7) is a type II premouse. It is also 1-small, since

otherwise J% satisfies that some ordinal α < /c is Woodin. But then since K is

a cardinal of L[Ϊ3\, α is Woodin in L[E], and a < K < ί, contrary to our initial
assumption that no ordinal α < θ is Woodin in L[E].

Let us assume until §12:

Sublemma 11.4.1. (J-f , G, E \ 7, F \ 7) is reliable.

It follows that Mη+\ is defined by Case 1 in our construction. That is, λfη+ι =

(jf , G, E \ 7, #) for some H, and Λ4,,+ι = £ω( Λ/Ί?+ι) But A*(-^+i) > δ since

δ is the largest cardinal of L[E] and hence Mη+\ = M -f i since J^ satisfies that
every set has cardinality at most 6. Moreover Mη+\ is an initial segment of the

eventual L[E]y and H = EΊ. Thus it is enough to show EΊ = F f 7.

Notice that 7 is a generator of F, as otherwise σ(j) = 7, so that 7 is a cardinal

of £[!£], contrary to 7 G dom jE?. Let G' be the trivial completion of F f 7 + 1.
Arguing as above, with £ = Ih G;, we see that G1 = F \ ξ, and that E \ ζ~F \ ζ

satisfies conditions 1-4 of "good at ζ" . We now show that (J^ , G, E \ ξ, F
is a psuedo-premouse.
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Since it is easy to see that δ remains the largest cardinal of J?, as 7 is not a

cardinal of J^ , we need to verify that the trivial completion of F \ δ is on E.

Now either δ = (/c+)L^' or δ is a limit of generators of F. [Otherwise, let τ < δ

be such that r = \J{ξ < δ \ ζ = (/c+)L^l or ζ is a generator of F}. By our
inductive hypothesis the trivial completion of F \ τ is on E - it falls under either
(b) or (e) of the lemma. But from F \ τ we easily construct a collapse of δ.] By
our inductive hypothesis, as δ < />, the trivial completion of F \ 6 is on E. (Note
here that clause (d) of the lemma cannot apply as δ ^ dom E as δ is a, cardinal

of L[E].) That is, if β = (ί+jUitWή^W, then Eβ is the trivial completion of

F \ δ. Clearly β < 7 < ξ. Thus ( j f , £,E \ξ,F \ ξ ) satisfies the initial segment
condition on psuedo-premice, as desired.

We now borrow from §12:

Sublemma 11.4.2. (j£, e,&\ζ,F\ξ) is iterαble.

Granted 11.4.2, Theorem 10.1 tells us that (J*, e,E\ξ,F\ζ) satisfies the full
initial segment condition, so that F \ 7 = EΊ.

Remark. We can't use bicephali here because EΊ might be of type III, while
F f 7 is of type II.

Case B. p is a limit of generators of F, but not itself a generator of F.

Let σ : Ult(L[#],F \ p) -*> Ult(L[.E],F) by the canonical embedding. As p is

not a generator of F, σ f 7 = id and G = F f 7. Note p is a cardinal of J~%

hence of L[E\ because σ exists.

Arguing exactly as in Case A we find a stage η of the construction such that

and

is a premouse of type III. In §12 we prove:

Sublemma 11.4.3. (J^, 6, E \ 7, F f 7) is reliable.

Thus Mη+\ is defined through Case 1 of our construction. Let H be the set such

that λfη+ι = (jf, €, E \ 7, H). Now p is the largest cardinal of (jf, e, F Γ 7),
and we chose H so as to minimize i/^»+l, the sup of the generators of H. Thus
i/-^i+i = p and .Λ/^+i is of type III or type I. Drawing on §12, we get
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Sublemma 11.4.4. The structure (J^ ,G, E \ y,F \ 7,ff) is an iterable type
HI bicephalus.

It follows from Theorem 9.2 that H = F \ 7. Also, as in Case A, Mη+\ =
&w(Nη) = Nηy and Mη+\ (note here p = pω(λίη) is the largest cardinal of tfη,

and p is a cardinal of L[E]) is an initial segment of L[B\. Thus 7 G dom E and
EΊ = F\Ί.

Case C. p is a limit of generators of F} and is itself a generator of F, and

p £ dom E.

Again, let
σ : Ult(L[£], F \ p) -* Ult(L[£], F)

be the canonical embedding. This time we have p = crit σ, and thus it is not
obvious that G "coheres" with E up to 7. Nevertheless, Theorem 8.2 implies
that this is true.

Claim 1. Ult(L[£], F \ p) agrees with L[E] below 7.

Proof. Let η be any ordinal such that p < η < 7 and p™ = p where Ή =

J™t(L[£],Ftp). Since 7 is the successor cardinal of p in \Jlt(L[S\,F \ p), there
are arbitrarily large such ordinals η < 7. It will thus be enough to see that 7ί is
an initial segment of L[E]. But now σ ί Ή is a fully elementary map from H into

σ(H}\ moreover crit(σ \ Ή) = p* and /# £ dom J5 (so /# £ dom ί^W). Thus
Theorem 8.2 implies that Ή is an initial segment of σ(H). But σ(H) agrees with

L[E] below IhF, hence below 7, and thus 7ί is an initial segment of L[E].

Claim 2. (J^, G, 5 ί 7, G) is a 1-small type III premouse.

Proof. For coherence, we use Claim 1. The initial segment condition follows
from our induction hypothesis on p. We get 1-smallness as in Case A.

We now consider two subcases.

Subcase C I . p is a cardinal of L[E]. In this case we have, just as in Case A,
that there is a stage η of our construction such that

(Here η is the sup of all ξa s.t. /cα = p and p < QRM** < 7.) Granted this, we
will proceed just as in Case B:

Sublemma 11.4.5. ( J^, G, E \ 7, G) is reliable.

PROOF. In §12.

So Mη+i is defined via Case 1 in our construction. Let
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As we chose H to minimize v**+* , Afη+ι is either type I or type III, and

P

Sublemma 11.4.6. The structure (J^,G,£ \ 7,G,#) is an iterable type III
bicephalus.

PROOF. In §12.

From Theorem 9.2 we get that G = H. As in Case B, Theorem 8.1 and Lemma
11.2 guarantee that Mη+ι = tfη+ι and Mη+ι is an initial segment of L[E].
ThusG= Ey.

Subcase C 2. p is not a cardinal of L[E\. We use the argument from Case A. Let
6 be the largest cardinal of L[E] which is < p. Let G' be the trivial completion

of F \ p + 1, and ζ = IhG'. Thus G' = F \ ξ, and (J* ,G,£ \ ζ,F \ ζ)
satisfies conditions 1 through 4 of goodness at ζ. Using σ we see that δ is

the largest cardinal of J^ which is less than p. It follows that δ is the largest

cardinal of J^ (note p is not a cardinal in J^ since the natural embedding

from Ult(L[£],F \ p + 1) into Ult(L[£],F) fixes p, and p is not a cardinal of

Ult(L[J5],F)). Our induction hypothesis guarantees that the trivial completion

of F \ δ is on E, and hence on E \ ξ. Thus ( j f , G, E \ ζ, F \ ζ) is a psuedo-
premouse.

Sublemma 11.4.7. (J^, e,E\ζ,F\ξ) is iterable.

PROOF. In §12.

Theorem 10.1 implies that ( j f , €, E \ ξ, F \ ζ) satisfies the full initial segment

condition on premice, so that 7 G dom E and EΊ = F \ 7, as desired.

Remark. We do not seem to get that there is a stage η of the construction such

that Mη = (jf , G, E \ 7) in Subcase C2.

CASE D. p is a limit of generators of F, a generator of F itself, and /? E dom ̂ .

As p G dom £?, p is not a cardinal of L[E]. We can now just repeat the argument
from Subcase C2. Letting ξ be the length of the trivial completion of F f P+ 1,

( jf , G, ΐ? Γ ί, F ί ί) is a psuedo-premouse and, borrowing from §12, is iterable.

By Theorem 10.1, (j£, €,E \ ξ,F \ ξ) satisfies the full initial segment condition

on premice. As p G dom Ey this means G is on the sequence of Ult((J^, G, E \
p),Ef>)y as desired.

The proof is the same as that in Case B. We omit further detail.
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This completes the proof of Lemma 11.4. D

We can now easily finish the proof of Theorem 11.3. Let

p = least strongly inaccessible cardinal of L[E] > j*(f)(κ) .

Let G be the trivial completion of F \ /?, and 7 = Ih G. By the choice of j* we
know that p is definable in U\t(L[E],F) from j*(f)(κ) < p and hence is not a
generator of F. Thus lemma 11.4 implies that 7 £ dom E and EΊ = F \ j. We
have the diagram

L[E] -̂ ->

V\ί(L[E],F\j)

where the upper ultrapower is computed using functions in V, and the lower

using functions in L\Eί\. The function k is defined by k([a,h]^^) — [α,Λ]£..

Since k \ 7 = id, »(/)(«) < p. By coherence, jf = j™Wi*\fW t and thus

L(E\\=Vpcm(L(β],F\j).

So F \ 7 witnesses the Woodin property for the function /. D




