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28 II}-Reduction

We say that Ag,Bg reduce A,B iff
1. Ao C Aand By C B,
2. AoUBy = AUB, and
3. AoN By =0.

I1}-reduction is the property that every pair of I} sets can be reduced by a
pair of II} sets. The sets can be either subsets of w or of w*.

Theorem 28.1 I1}-uniformity implies I} -reduction.

proof:

Suppose A, B C X are II{ where X =w or X = w*. Let P = (Ax{0})U(B x
{1}). Then P is a I} subset of X x w* and so by I1}-uniformity (Theorem 22.1)
there exists @ C P which is II} and for every z € X, if there exists i € {0,1}
such that (z,¢) € P, then there exists a unique ¢ € {0, 1} such that (z,7) € Q.
Hence, letting

o =1{r€X:(2,0)€Q}

and
Bo={z€e X :(z,1) € Q}

gives a pair of II] sets which reduce A and B.
|
There is also a proof of reduction using the prewellordering property, which
is a weakening of the scale property used in the proof of I1}-uniformity. So, for
example, suppose A and B are II} subsets of w*. Then we know there are maps
from w* to trees,
z— T, and y — T;

which are “recursive” and
z € A iff T2 is well-founded and
y € Biff T, y" is well-founded.
Now define

1. £ € Ap iff z € A and not (T < T?), and
2. z € By iff z € B and not (T2 < TY).

Since < and < are both X1 it is clear, that Ag and By are II} subsets of A and B
respectively. If € A and z ¢ B, then T2 is well-founded and T is ill-founded
and so not (72 < T2) and a € Ao. Similarly, if z € B and = ¢ A, then z € By.
If z € AN B, then both T? and T¢ are well-founded and either 72 < T, in
which case & € Ag and z ¢ By, or T? < T2, in which case z € By and z ¢ Ao.
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Theorem 28.2 II}-reduction implies X} -separation, i.e., for any two disjoint
%! sets A and B there ezists a A}-set C which separates them. i.e., AC C and
CnNnB=0.

proof:
Note that ~ A U ~ B = X. If Ap and B, are II} sets reducing ~ A

and ~ B, then ~ Ag = By, so they are both Al. If we set C = By , then
C = By =~ Ay C~ A so C C~ A and therefore A C C. On the other hand
C = By C~ B implies CN B = {.
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