Incompleteness theorems and
Si versus Sit!

Gaisi Takeuti

In [2], S. Buss introduced the systems of Bounded Arithmetic for Si(i =
0,1,2,...) which have a close relationship to classes in polynomial hier-
archy. As Buss stated in the introduction of his book, one of the most
important problems on Bounded Arithmetic is the separation problems on
S5(:=1,2,3,...) i.e., the problems to show S} # Sit1(: =1,2,3,...). We
believe that the separation problems of S} and the separation problems of
classes of the polynomial hierarchy are the same problem in the sense that
the difficulty of these two problems comes from the same source. We also
believe that the solution of one of them will lead to the solution of the
other problem.

This idea is partially supported by the following theorem in [4]

Theorem. (Krajitek-Pudlsk-Takeuti) If Sj = Sit!, then £F 12 =

Very often, a stronger theory is shown to be strictly stronger than a
weaker theory by proving that the stronger theory proves the consistency
of the weaker system. In [2], S. Buss proved that the second incomplete-
ness theorem also holds for Si. However this method does not work for the
separations of S} since the theorem of Wilkie and Paris in [6] immediately
implies that S, = |J S} does not prove the consistency of S5. The reason

for this phenomenoil is that the consistency here is the consistency of the
theory with unbounded quantifiers. The expressing power of unbounded
quantifiers is too strong to be handled by Bounded Arithmetic. The ordi-
nary consistency is totally inadequate for Bounded Arithmetic. We need
some more delicate consistency.

In [5], we introduced a delicate notion of proof in S% and delicate notions
of consistency of S and Gédel sentences of S%. Using them we proved that
a Godel sentence of S§ is provable in ShLI though it is not provable in S},

therefore .S""'1 # S% holds in the language of Si. S'+l is a limit of ,5’z+l i
n goes to co but this result does not imply S ‘“ # Si.

1Received August 96; revised version December 1996.
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In this paper we further develop the idea of [5] and propose many con-
jectures on delicate consistency and delicate Gédel sentences of S§ which
imply Sit! # Si. We believe that a little more advance on the knowledge
of these consistencies and Godel sentences would prove Sj # Si*! and
P#£NP.

1 The formalized terms

We define |a|, for n =0,1,2,... by |alo = a and |a|,+1 = ||aln |- In [5], we
expand the language of S} by introducing a — b, max(a, d),...,8(i,w). In
this paper we further expand the language by adding finitely many func-
tion symbols whose intended meanings are polynomial time computable
functions.

Let 72 be the Gddel number of a formalized term in the language of
Si with only free variables "a;7,..., a,” where n = 0,1,2,.... In this
case, we often denote 7 by "t(as,...,a,)” though we cannot find a term
t(a1,...,ay) in general. Let v("t(ay,...,a,)7, b1, ..., by) be the value which
"t(ai,...,an)" represents when "a;” represents b; respectively. Let @ and
b express ai,...,an and by,...,b, respectively. In [5], we proved that
exp(Tt(@)7[b|I"@™) is a bound of v("t(&)7,b) where exp(a) = 2* and b
is the maximum of 5 and 2 and also that

v("t7) < exp("t?)

if t is the G6del number of a closed term.

Let f be a new polynomial time computable function whose function
symbol is in the language and f(a) < a#...#a, where the number of a is
n. Let t(a) = f(to(a)). We are going to prove

v("t(a)?,b) < exp(T¢(a) ol H™)

under the assumption v("to(a)7, b) < exp(Tto(a)?b|!"to(@)7)

v(Tt(a)™,b) < v(Tto(a)™, b)#. .. #v(Tto(a) ™, b)
< exp(Tto(a) bl 0@ ) # .. #exp(Tto(a) | *0(@)")
< exp((Tto(a) ol 4+ 1))
< exp(e(Tto(a) bl @)™
for some constant ¢
< exp("t(a)- [p|"H)

where we define "f7 to be sufficiently large and f(a) to be an abbre-
viation of f(a,...,a). More precisely we define 7 f(t)7 to be the sequence
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number of (" f,r¢7,...,7t7) where Mt7 occurs n times for a fixed number
n so that the above calculation goes through. It is very easy to find such
T f7 and n for every polynomial time computable function f.

2 Truth definition

We say ‘a is n-small’ if there exists = such that a < |z|,. We say ‘a is small’
if @ is 1-small. In this section we always assume ¢ > 0. Let u satisfy the
following condition. |u|z is greater than the Gédel number "¢(@)” of a term
t(d@) in the language of S§ with only free variables @. The length of & is less
than |"t(@)7) and it is 3-small. Let b be a sequence with the same length as
@. As before we define b = max(2, b). As in Section 1, we define v("t(a)", b)
and the following holds.

v("8(@)7,8) < exp(|ulafb[*?).

Here exp(|ulz|b|!*!3) is a £8-definable function in S} when b is small.

The system S} is defined by the following axioms and inferences.
(a) Basic axioms.

The language of S} consists of < and finitely many function symbols
which express polynomial time computable functions.

The defining axioms of the functions in the language and the predicate
<. All these axioms are included in the form of initial sequents without

logical symbols.
(b) =t - PIND

A(L3a.),T — A, A(a)
A(0),T — A, A(2)

where A(0) is £% and a satisfies an eigenvariable condition. We further
extend a) by introducing finitely many forms of initial sequents without
logical symbols. E.g.

— |s| < s

This saves unnecessary use of induction in order to prove some necessary
properties. Here the following must be satisfied.

1. The number of the forms of initial sequents must be finite.

2. The initial sequent thus introduced must be valid and has no oc-
currences of logical symbols. As a stronger case of this type of exten-
sion, later we also consider the following S5 under the assumption of
P=NP.
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If P = NP, there exists an N P-complete predicate 3z < t(a)A(z, a) with
a sharply bounded A(z,a) and a polynomial time computable function f
satisfying the following condition

Jz < t(a)A(z,a) — f(a) < t(a) A A(f(a),a).

If we introduce finitely many polynomial time computable functions, then
we can assume that A(z,a) is an atomic formula and P = NP can be
expressed by the following forms of initial sequents without logical symbols

' < t(s), A(s',¢(s)) — f(s) < t(s)
s’ < t(s), A(s',t(s)) = A(f(s), s).

Our theory developed later also holds for extended S} in this way and
will be used to find conjectures to prove P # N P. The outline of this plan
goes as follows.

P=NP-xl=%%, --»S5i=S

Therefore Sj # Sit! --» P # NP. Here --» holds if S§ and Si*! are
extended S} and S'"'1 discussed in the above.

In [5), it is proved that v("t(@)", b) is definable under the assumption that
exp(|ul2|b|!s) is definable where "t(@)” < |u|z and b = max(2,5). In the
same way, we can show that v("#(@)",b) is £3-definable in S} and satisfies
the following conditions if "t(@)™ < |u|z and b is small.

1. If T f(t1(@), ..., tx(@))" is a subterm of "¢(&)", then
v(Tf( @), te(@7,8) = F(u(Tt1(@)7,8), -, v(TEa (@), B)).

2. v("07,5) = 0 and v("a;", b) = b;.

All these properties are provable in S3.

Let "t" be a formalized closed term and small. Then in the same way
as above, v("t7) is T%-definable function in S} and satisfies the following
conditions.

1. »("07) =0
U(rf(tl’ v )tn)—') = f(v(rtlj)) see )v(rtnﬂ))-

These properties are provable in S}.

Now let u satisfy the following condition. |uly is greater than the Godel
number "p(a)” of a quantifier free formula in the language of S% with
only free variables d. Let b bea sequence with the same length as @ and
b = max(b,2) be small. In [5], the truth definition of To("(@)7, ) was
defined by using exp(|u|z|b|!“/3) is definable. The following properties were
proved.
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1. If "t; <ty is a subformula of "p(&)7, then
To(Tt1 < t27,b) iff v(Tt,7,B) < v(Tty7, b).
2. If "ty = t3" is a subformula of "p(@)7, then
To("t1 = 37, b) iff v(T¢,7,B) = v(Tty7, b).
3. If "p1 A1p27 is a subformula of "p(@)”, then
To("1 A 27,b) iff To("41 ™, B) A To("27, B).
4. If "1y V927 is a subformula of "p(@)7, then
To("1 V %27, 5) iff To("41™,8) v To("97, B).
5. If "7 is a subformula of "4(&)"”, then
To("—47, b) iff ~To("9™, b).

To("p(@)™, 5) is ©3-definable in S} and all these properties are prov-
able in S}.

In the same way, we can X3-define a truth definition To("¢™) in S} if "™
is the Gddel number of a quantifier free sentence in S} and "¢ is small
and the following properties are provable in S3.

1. If "t; < t37 is a subformula of "7, then
To(Tt; <t7) iff v("t ") < v(TE7).
2. If "t; =ty is a subformula of "¢7, then
To("tr =t27) iff v("t17) = v("t27).
3. If "4; A2 is a subformula of "9, then
To("91 A7) iff To("¥17) ATo("927).
4. If "1 V 127 is a subformula of "¢, then
To("41 v 927) iff To("$17) V To("27)-
5. If )7 is a subformula of "7, then

To("—y7) iff ~To("%7).



252 G. Takeuti

A formula (@) in the language of S} is said to be a pure i-form if the
following conditions are satisfied.

1. The only free variables in ¢(&) are a.

2. (@) is of the form

Qi+1%i1 < [tiy1(@, 21, ..., 7:)|A(G, 71, - . ., Ti1)

3z, < t1(@)Vze < t2(d, 22) . .. Qizi < (@, 71, ..., Tiz1)

where Q; is V and Q;4; is 3 if 7 is even and Q; is 3 and Q4 is V
if i is odd and A(@,ay,...,a;+1) is a quantifier free formula in the
language of S3. The formula described in the above is denoted by

3z, < t1... Qit1%i41 < [tip1|A(G, ).

Since S3 has (i, a), every ¥-formula with only free variables @ is equiv-
alent to a pure i-form. The formalized notion of pure i-form, i.e., “z is a
Godel number of pure i-form formula” is A% with respect to S3.

A formula ¢(@) in the language of S1 is said to be of i-form if the following
conditions are satisfied.

1. The only free variables in (&) are @.

2. (@) is a subformula of a pure i-form formula, i.e., it is of the form
Q;jzj <tj... QitaTiy1 < [ti41|A(3, 7)

where A(@, Z) is quantifier free and Qy is V if k is even and Qj is 3
if k is odd and ¢ is of the form tx(@, z;,...,zx—1). Quantifier free
formulas and formulas of the form Q;4+1Zi+1 < |ti+1(@)|A(@, zi41) are
included as special cases of i-form formulas.

If "p(@)" is the G6del number of an i-form formula, then ¢(a) is of the
form

Qix; <tj...Qixi < t;Qip1Tiq1 < |tiy1|A(E, T)
and j is calculated from "¢(&)™

We are going to define f(?i, Tp(@)™, @), which is a truth definition of
To(@)"7 by assigning the value a; to "a;™.

Later we will give a condition such that all the terms occurring in the
computation of T'(%, ¢(a)", d) are bounded by %. Under this condition,
T (%@, (d@)7, ) is defined to be N (f (@)™ is of the form

j

Qizj <tj...Qix1%iy1 < |tiy1]A(@, 2)7,
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then

Qjz; Sv("7,8) .. QipaTigr < (Tt d 2y, T)
To("A(&‘,bj, ...,bi"),&',xj,...,a:i)),

where we denote tx(d, b;,...,bk_1) by t}. Then T(, Tp(@)7, @) is T¢ in
S3.

In [5], we defined strictly i-normal proof and i-normal proof. This notion
is very useful to evaluate the proof in Sg‘l. Now we need a stronger notion

since we would like to replace S3*! by Si*'. In this paper we call this
stronger notion i-normal proof.

Definition. A proof P in S} is said to be strictly i-normal if the following
conditions are satisfied.

1. Every formula in P is i-normal.
2. P is in free variable normal form.

3. Let & be all parameter variables in P and b be an enumeration of all
other free variables in P satisfying the condition that if the elimi-
nation inference for b; is below the elimination inference for b; then
i < j. There exists an assignment t;(C) for b; satisfying the following
conditions.

(a) ti(€) is a term in the language of S} and all function symbols
occurring in t;(C) are function symbols of increasing functions.

(b) If the elimination inference of b; is

A(L%bi_l),r - A,A(b,)
A(O), | A, A(t(bl, ey b,;_l, E))

or

bi < t(bl, .. "b‘i-—ha))A(bi)’F — A
dz < t(bl, i 'abi—l,aA(x)vr - A

or
b < t(by,...,bi1,8),T — A, A(b:)

L' — A,Vz <t(by,...,bi—1,0)A()

then a; < t1(G),...,ai—1 < t;i1(C) — t(a1,...,a:-1,0) < t:(6)
is provable without using logical inference, induction, or any free
variables other than ay,...,a;_1 and €. All the information for
condition 3) is called a supplementary proof. The proof P in-
cludes all these supplementary proofs.

4. A sequence . ..,t(t1(E),...,ti(C),0),. .. is provided where t(by, ..., b;, C)
ranges over all terms in the proof.
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Precisely P together with all supplementary proofs and the sequence
of terms described in 4) is called strictly i-normal proof. Let I' — A be
provable in S}, where all formulas in T and A are i-normal. Then we first
make a free cut free proof of ' — A in S§ and then we can easily make a
strictly ¢-normal proof of I' — A.

Let ¢(a) be an i-form formula. Then a proof P of Vz—p(z) is said to be
i-normal if P is obtained from a strictly i-normal proof Py in the following
way.

Py

pla) —

— —p(a)

— Vz-p(z)

We denote the formalized notion “w is a strictly i-normal proof of "'T' —
A™ and “w is an i-normal proof of "Vz—p(x)” by Prfi(w,"T — A7) and
Prfi(w,"Vz-p(z)7) respectively.”

In §2 Lemma 3 in [5], we proved the following theorem.

Theorem. Let ¢(c) be an i-normal formula with only free variable c. Then

SiE Prfi(Jwla, "e(c)) = ¢(c).

The key point of the proof of this theorem is that if "¢t(&@)” is n-small,
Le., of the form |ul,, then [5]"*(®" is small in S} ,,. Therefore the bound
exp("t(@)7b|I"“®7) can be expressed in S}, and v("t(@)7,b) can be ex-
pressed in S} ,..

We add several remarks on the theorem. In Prfi(|w|,, "¢(c)7), ¢ in
Tp(c)™ is a variable, therefore we might write the theorem

St F Pr(jwln, "e(a)) — ¢(c)-
We define I, by the following as usual
In=0

k41 = I + 1
Dk+1) =2 Ik

where 2 is 1+ 1. Then v("t(a1,...,a2) ", b1,...,bn) = v("t(Lpy, ..., 15, ) 7).
Therefore we have the following theorem with the same proof.
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Theorem. Let ¢(c) be an i-normal formula with only free variable c. Then
St £ Prfi(lwln, "e(Ie)") — (o).
Now we come back to our present case in S5™. Then v("#(&@)7, b) is defin-

able if "t(@)™ is 2 small and b is small and v("t7) is definable if "¢7 is the
Godel number of a closed term and "t is small.

These two conditions give the following two theorems which are proved
in the same way as in the proof of §2 Lemma 3 in [5].

Theorem 1. Let I'(c) — A(c) be a sequent with only free variable ¢ and
all formulas in T'(c) and A(c) be i-normal. Then

851 F ¢ < ld|, Prii(Jula, "T(a) — A(a)), () — A(c).

Theorem 2. Let I' — A be a sequent and all formulas in T' and A be
i-normal sentences. Then

Sitl - Prfi(jw],"T — A7),T — A.

We have the following corollaries.

Corollary 3. Let ¢(a) be an i-normal formula in which a is only free
variable. Then

Si k- FwPrf(Jwls, Va—p(2)) — Vo).

Corollary 4. , ‘
St =Prfi(Jw]," 7).

Remark. The following theorem is obtained by the same method with the
proof of Corollary 3.

Theorem. Let (a) be an i-normal formula in which a is only free variable.

Then ‘
S} + JwPr i (jwls, Vap(z)7) — Ve-p(lzl2).



256 G. Takeuti
3 Godel sentences

See §7.5 in [2] for the general theory of Godel sentences in Bounded Arith-
metic. We define Gédel sentences ¢} satisfying
Sk gk s VaPrfi(lale, "ok 7).
From the definition of ¢, ¢ is of the form Vz—GL(|z|x) where G} is an
i-form formula and we have
S3 + Gi(a) «— Prfi(a,"¢}").
The following properties on Godel sentences are proved by the standard

argument.

Theorem 5. Sj does not prove i (k =0,1,2,...) and
S} @b «— V- Prfi(z,”—7) therefore Si ¥ Vz—Prfi(z,"—7).

The following natural question arises here. Is V2—Pr fi(z,"—7) provable
in S3t1? If the answer is yes, then we have S} # S3*! and P # NP. But
we believe the answer is no in the following reason.

Let S5 *° be the equational theory involving equations s = ¢, where s and
t are closed terms in the Buss’ original language of S3 with the natural rules
of the function symbols. Therefore S;>° does not have any free variables,
any logical symbols or any inductions.

As is stated in [3], we conjecture

Sz ¥ CO’T?«(S{OO)

where Con(S; *°) is the consistency of S;*°. S, * is an extremely weak
system and therefore Con(S; *°) is much weaker than Vz—Prf%(z,”"—"7).
Therefore our conjecture implies

St ¥ Yz-PrfO(z,m—")
and we believe that there is no hope to prove
Sy - Vz-Prfi(z,"—").
On the other hand, we have the following comjecture.
Conjecture 6. S} ¥ Vz-Prfi(|z|,"—").

This conjecture together with Corollary 4 certainly implies Si # S;™!
and

P # NP. However it should be noted that S} - Vz—=Prfi(|z|z,"—7).

Remark. For the feasibility of our conjecture we would like to discuss its
relation with Baker-Gill-Solovay’s result in [1].
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First our system S} must satisfy the following basic conditions as we
stated before.
(a) The predicate constants are only < and =.
(b) The number of function constants are finite and all the function con-
stants express polynomial time computable functions.
(c) Extra true axioms are allowed to be used only when they can be ex-
pressed by finitely many initial sequents without logical symbols.
These basic conditions cannot accept Baker-Gill-Soloray type relativiza-
tions. Moreover we discuss the comparison of the typical Baker-Gill-Soloray
case and our case.

Let Si be S5+ (Axiom on PSPACE-complete predlcate) and P and NP

be the class of P and NP in the language of S‘ Then we have P = NP.
We consider a s1m11ar stronger example S‘ = Si+ (Axiom on exponential

functlon) and let P and N P be P and NP formulated in the language of

S’ Then P-N P. In this case of S;, the situation is totally opposite to our
case of conjecture i.e.,

~ ~
St V- Prft (|z|,"—")

in the place of Si*! - Vz—Prfi(|z|,"—7) and 5’5}‘ V- Prf’ (lz],"—7)
is trivial in the place of our conjecture Si ¥ VYz—Prfi(|z|,"—7). There-
fore Baker-Gill-Solovay’s result has no relatlon with the feasibility of our
conjecture.

Theorem 7. We have for k > 2
5371 F V=Gl (|zlk+1)
especially S3t! - Vz-Gi(|z|3).
Proof. By the definition of ¢, we have
Si F —gh, — 3ePrfi(|ele, Va-Gi(lzlk)7)-
From this and Corollary 3 follows
S5 g = Va-Gi(lelksn).

Therefore Sit! - V:c-nG 3 (lzle) VV:::—-G %(|Zk+1). Since G (a) is equivalent
to a form Prf’( "), we have S3t! I— Vz-Gi(|z|k+1)- D

Corollary 8. For k > 2 we have
S5t = Va=Prfi(|zlk+1, "0k )

especially ST+ Vz—-Prfi(|z|s, "4 7).
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Conjecture 9. ' . '
Sy ¥ Vz=Prf(|zls, ")

Obviously this conjecture implies Si #£ S;“ and P # NP. It should be
noted that for k > 3, 53 F Vz-GL(|z|k+2) i-e., S3 F VZ-Prfi(|]es2, 0} )

Theorem 10. We have
St @b v Vz=Prfi(|z]2, "VZ-Gh(|z])7).

Proof. We discuss this inside of S3*!. Suppose
—Vz=Pr f*(|2]s, "VZ-Gj(|z)")
i.e, 3xPrfi(|z|g, "Vz-G(|z|)”). Then from Corollary 3 follows
Vz-Gh(|z]2) i-e., .
O
Conjecture 11. The following statement holds.
83+ Va-Prfi(|z|2, Va-G3(|z))7) — ¢

It is easily seen that this conjecture also implies S # Si*! and P # NP.
Theorem 12. If Si*! F ¢t — Vz-A(z) and k > 3 and A(x) is i-normal,

then .
Sit! b V- A(|z]).

Proof. Sit1 ¢t — Vz—-A(z) implies that there exists a constant size proof
of the following form

— - Prfi(|tle, "¥i")

—Prfi(|t]k, YL, — -

Vx—'Prf’('x|k’ r-‘p;c")’ SN

A(a)’vx—‘Prfi(lxlk7 I‘,(p;'c‘l)’ et e
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Let us denote the size of this proof by a constant cy. Now we discuss
inside of S3*! and suppose —}, i.e., 3IzPrfi(|z|x, Vz-Pr fi(|z|s, TYi)7).
Then there exists a proof |zg|x of

Prf(lble,"9i7) —

Using the previous proof of size ¢y and this proof |zo|; and making many
cut of the following form, we get a proof of

A(a) —

ie.,

— o Prfi(|tle, YL )Prfi(Jt]e, "YiT) —

—_ e

A(a) —

Since the whole procedure is polynomial time computable from two
proofs, the size of the new proof is not greater than ¢(|xo|x) for some term
t.

Since 2 < k, we have

3zPr f¥(|2|2, "V A(2)")
and we proved
Sitl b~k — 2Prfi(|2|2, Vz-A(2)T).
Then by Corollary 3 we have
Si F gl — Vo A(al).
Therefore we have
St 1 Vz-A(z) v Vz-A(lZ))

ie.,

Sit! - Vz-A(|x]).
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Corollary 13. If S3' F i — Vz > Prfi(|zlk-1,"¢}") and k > 2, then
St oi and therefore ST b Vz-Prfi(|z|k—1, pL ") and S5t # S§ and
P+ NP.

Proof. By Theorem 12, we have S3*' F Vz-Pr (|2, "¢}") e, Sitl ot
therefore S;t! b Va—Prfi(|z|k—1, ¢L7) and S3t! # S and P # NP. O

Theorem 14. For k > 1 we have

S5t Va-PrfH(Jelksr, VEGi(J2]k-1)")-

Proof. We have
Sy F 3zPrf(|z]2, "Va-Gi(lzlk-1)7) — Yz-Gi(|zlk).
On the other hand, we have
83+ 3zPrfi(|zles1, VE-Gi(|2lk-1)7)
— 3z Prf(|zlk, "V2-Gi(|2lk)")

since a proof of Vz—Gi(|z|x) is obtained from a proof of Vz—G% (|z|k—1) by
a polynomial time computable operation. Therefore we have

St E =3z Prfi(|aly, V-G (|zlk-1)7)
A3z Prf(|z]k+1, VZ-Gi (|2|k-1)")

since 3z Pr fi(|z|k, "VZ-Gi(|z|x)?) is equivalent to —¢i and Vz-Gi(|z|k)
is ¢%. Therefore we have

S5tk =3z Prfi(|z|ks1, VZ-Gi(|zlk-1)7).
O

Conclusion. At this moment, there are many mysteries regarding the na-
ture of Goédel sentences in Bounded Arithmetic. We strongly believe that

1 # S;H and P # NP would be proved if our knowledge on these Godel
sentences could be improved. We list several problems on Godel sentences.

1. Is S3*1 I i true? We conjecture that this is false for k = 0, 1.

2. Is Sit! F Va-Gj(|z|) true? Is Sit! + Vz—-Gi(|x|z) true? At this
moment we have no idea about them.

3. Is Si*! F Vz-Prfi(|z|k, VZ-Gi(|z|k—1)") true for some k?

‘Especially is
S5k Vo Prfi(|z], Va-Gi(2)) true?
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