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1 Introduction

In this paper we continue our investigations started in [15] and [16] on the
question:

What is the impact on the growth of extractable uniform bounds the use
of various analytical principles I' in a given proof of an V3-sentence might
have?

To be more specific, we are interested in analyzing proofs of sentences
having the form

(1) Vul, kv <, tuk3w® Ao (u, k, v, w),

where Ay is a quantifier—free formula? (containing only u,k,v,w as free
variables) in the language of a suitable subsystem 7% of arithmetic in all
finite types, t is a closed term and <, is defined pointwise (p being an
arbitrary finite type).

From a proof of (1) carried out in 7“ one can extract an effective uniform
bound ®uk on Jw, i.e.

(2) Vul, Ko <, tuk3w <o Puk Ag(u, k,v,w),

where the complexity (and in particular the growth) of & is limited by the
complexity of the system 7 (see [13],[15]).

By the predicate ‘uniform’ we refer to the fact that the bound ® does
not depend on v <, tuk.

In [13] we have discussed in detail, how sentences (1) arise naturally in
analysis and why such uniform bounds are of numerical interest (e.g. in the
context of approximation theory).

1Received September 96; revised version February 97.
2Throughout this paper Ag, By, Co, ... always denote quantifier—free formulas.
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Proofs in analysis can be formalized in a suitable base theory 7 plus
certain (in general non—constructive) analytical principles I' (usually not
derivable in 7). In order to determine faithfully the contribution of the
use of T' to the growth of extractable bounds & we introduced in [15] a
hierarchy of weak subsystems G,A" of arithmetic in all finite types whose
definable type-1-objects correspond to the well-known Grzegorczyk hier-
archy of functions.

As the essential proof-theoretic tool, monotone functional interpretation
(which was introduced in [13]) was used to extract bounds ® (given by
closed term of G,A¥) from proofs

(3) GnA” + A + AC—qgf F (1),

where
ACP™—qf : VoY Ao(z,y) — IY PV’ Ao(z, Y z)

is the schema of choice for quantifier—free formulas and A is a set of ‘axioms’
having the form
(4) Vz°3y <, saV2"Go(z, v, 2),

where Gy is a quantifier—free formula containing only z,y, z free and s is a
closed term.

In particular for n = 2 (resp. n = 3) the extractability of a bound ®uk
which is a polynomial (resp. a finitely iterated exponential function) in
uMg = max u(2) and k is guaranteed (see [15] for details).

In [14] we have shown that for suitable A already GaA“ + A+ AC—qf covers
a substantial part of standard analysis. In fact essentially only analytical
axioms (4) having types 8, p < 1,7 = 0 are sufficient.

The proof of the verification of the extracted bound @ also relies on these
non—constructive principles A, in fact even on their strengthened versions

(5) A := {3Y <41 8Vz, 2Go(z, Yz, 2)|V2'y <; 52V2°Go(z,y,2) € A}

relatively to the intuitionistic variant G,A¥ of G,A“.

However combining the methods from [15] with techniques from [12] one
can replace the use of (5) by the use of the ‘c—weakenings’ of (5) thereby
achieving

(6) GrAY + A, F Vul k%o <, tukIw <o BukAo(u, k,v, w),
where
(NAe:= {Vzl,zoay <1 sz /\ Go(z,y,1)|Vz Iy <1 52Y2°Go(z,y,2) € A}
=0

The e-weakening A, of A usually is constructively provable in suitable
subsystems of intuitionistic arithmetic in all finite types. This passage from
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A to A, - which may be viewed as an e-arithmetization of the original
proof — however is not necessary for the extraction of ® but only for a
constructive verification of ®.

Whereas a number of important analytical principles can be expressed
directly as axioms (4) — in particular relatively to systems like ﬁ“’p or
GrA“ for n > 3 the binary Konig’s lemma WKL can be expressed in
this form (see [12] for details) — there are many theorems not having this
fE)II“I}l but which can be proved from WKL relatively to base systems like
PA M AC-qf which essentially is a finite type extension of the second-
order theory RCAg known from reverse mathematics. Examples of such
theorems are the following principles:

e Every pointwise continuous function f : [0,1] — IR is uniformly
continuous.

The attainment of the maximum value of f € C([0, 1]¢,IR) on [0, 1]4.3

The sequential form of the Heine-Borel covering property for [0, 1]¢.

Dini’s theorem.

The existence of a uniformly continuous inverse function for every
strictly increasing continuous function f : [0,1] — IR.

The problem in treating these principles relative to weak base theories
as G2AY is that their usual proofs (using WKL) are not formalizable
within e.g. GA¥. In particular WKL can not even be expressed in its
usual formulation in this system, since this involves the coding functional
foz :=(f0,..., f(z— 1)) which is available in G,A“ only for n > 3. In or-
der to treat the principles above faithfully we introduced in [15] the axiom
(having the form (4))

F~ := V920 4103y, <; ) yVk°, 2%, n°
(A (2i <o yki) —» ®k(z;7m) <o k(yok)),
i<on
where, for 2°0, (z;7m)(k®) :=, 2k, if k <o n and := 0”, otherwise.
This axiom implies (already relatively to GoA“+AC!%—qf) the following
principle of uniform X{-boundedness

vy (VkOVz <y yk32° A(z,y,k,2) - Ix' VO, 2, n°
( A (zi <o yki) = 32 <o xk A((T7), 9, k,2))),

i<on

»0-UB™ :=

3This statement can be expressed as an axiom (4) (if f is endowed with a modulus of
uniform continuity). However this requires a very complicated representation of the ele-
ments f € C([0, 1]¢,R) which can be avoided using the principle of uniform boundedness
discussed below.
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where A = 3I1°4,(l) is a purely existential formula (see [15] for a detailed
discussion of this principle).

In G2A¥ +X9-UB~ and hence in G2A¥ + F~+AC!:%—qf one can give very
short and perspicuous proofs of the analytical theorems listed above and
since F'~ has the form of an axiom A we can extract a polynomial bound
from such a proof (see [17] for details). The verification of this so far still
depends on the non-standard axiom F'~ which does not hold classically,
i.e. it does not hold in the full set-theoretic type structure S“ (but only in
the type structure of all so—called strongly majorizable functionals M¥).
Nevertheless, using the -arithmetization technique mentioned above, one
can replace the use of F~ by its e—weakening and this e~weakening is
provable e.g. in GzAY (see [15]). In this case e-arithmetization still is not
needed for the extraction of an uniform bound but now it is needed even
for a classical verification.

On the other hand there are central theorems in analysis whose proofs
use arithmetical comprehension, more precisely instances of

AC,, : Vr%IylA(z,y) = If V2l A(z, fr),

where A € 11, (A may contain parameters of arbitrary type), and which
are not covered by the results mentioned above.
Examples are the following theorems

1) The principle of convergence for bounded monotone sequences of real
numbers (or equivalently: every bounded monotone sequence of reals
has a Cauchy modulus (PCM)).

2) For every sequence of real numbers which is bounded from above
there exists a least upper bound.

3) The Bolzano—Weierstra88 property for bounded sequences in IR? (for
every fixed d).

4) The Arzela-Ascoli lemma.

5) The existence of the limit superior for bounded sequences of real
numbers.

Using a convenient representation of real numbers, (PCM) can be for-

malized as follows:
(PCM) : vaz'()O)’ ' (Vn°(c <m @nt1 <R an)
- 3h1Vk°Vm,ﬁz Zo hk('am R aml S]R k.}.—l))

(PCM) immediately follows from its arithmetical weakening

(PCM") : Va:.()o),cl (Vn°(c <R an+1 <R an)

= VEO3nOVm, i 20 n(lam —R om| <r 527))
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by an application of AC,, to

A:=VYm,m > n(lam —1 am| <n -k—i—l) e
(Sme MY follows from the fact that real numbers are given as Cauchy
sequences of rationals with fixed rate of convergence in our theories).

It is well-known that a constructive functional interpretation of the neg-
ative translation of AC,, requires so—called bar-recursion and cannot be
carried out e.g. in Godel’s term calculus T (see [23] and [18] ). AC,, is
(using classical logic) equivalent to CA,,+AC%%—qf, where

CAqr ¢ 3¢'V2%(g(z) =0 0 & A(z)) with A € 1%,

and therefore causes an immense rate of growth (when added to e.g. G2AY).
From the work in the context of ‘reverse mathematics’ (see e.g. [6],[22]) it
is known that 1)-5) imply CA,, relatively to (a second-order version of)
ﬁw[\+AC°'°—qf (see [5] for the definition of PA“}). In [14] it is shown that
this holds even relatively to GoA“.

In contrast to these general facts on huge growth we prove in this paper
a theorem which in particular implies that if (PCM) is applied in a proof
only to sequences (a,) which are given explicitly in the parameters of the
proposition (which is proved) then this proof can be (effectively) trans-
formed (without causing new growth) into a proof of the same conclusion
which uses only (PCM™) for these sequences. By this transformation the
use of AC,, is eliminated and the determination of the growth caused (po-
tentially by (PCM)) reduces to the determination of the growth caused by
(PCM™). This reduction is achieved using the method of elimination of
Skolem function for monotone formulas (developed in [16]).
In difference to (PCM) the (negative translation of the) principle (PCM™)
has a simple constructive monotone functional interpretation which is ful-
filled by a functional ¥ which is primitive recursive in the sense of [9].
Because of the nice behaviour of the monotone functional interpretation
with respect to the modus ponens one obtains (by applying ® to ¥) a
monotone functional interpretation of (1) and so, using tools from [13],[15],
a uniform bound £ for 3w, i.e.

Vul, kv <, tuk3w <o EukAo(u, k,v, w),

where ¢ is primitive recursive in the sense of Kleene [9] (and not
only in the generalized sense of G6del’s calculus T'). X-Mozilla-Status: 0000

(This conclusion also holds for sequences of instances Yn®PCM(xuvn) of
PCM(a) instead of PCM(xuv).)

In this case e-arithmetization — namely the reduction of the use of in-
stances of (PC M) to corresponding instances of its arithmetical weakening
(PCM ™) - is necessary already for the construction of the bound 9.
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In our treatment of the Bolzano-Weierstra§ theorem (as well as the
Arzeld—Ascoli lemma) in section 5 below the use of the method of elim-
ination of Skolem functions is combined with the use of the non-standard
axiom F~ mentioned above: Single (sequences of) instances of the Bolzano-
WeierstraB theorem can be proved (relatively to G2 A“ +AC':%—qf) from sin-
gle instances of the second-order axiom I19-CA plus F~. II{-CA is studied
in [16] where it is shown that single instances of this principle (in contrast to
its full second—order universal closure, which is equivalent to full arithmeti-
cal comprehension over numbers) also contribute at most by a primitive
recursive functional in the sense of Kleene. By the method of FF~-
elimination discussed above, the resulting bound from a proof which uses
single instances of the Bolzano—Weierstrafl theorem then can be classically
(and even constructively) verified. Here e-arithmetization of a given proof is
used twice for the construction of a bound (by elimination of Skolem func-
tions) and for a classical verification (by elimination of the non-standard
axiom F'7).

Finally we investigate the principle of the existence of the limit superior
of a bounded sequence of real numbers. It turns out that the use of single
instances of this principle in the proof of a theorem (1) can be reduced
to an arithmetical II-principle whose monotone functional interpretation
can be fulfilled by a functional from the fragment T} of Godels calculus T
with the recursor constants R, for p < 1 (this fragment of T is sufficient to
define the Ackermann function but no functions of essentially greater rate
of growth).

In section 2 we present the theorems from [16] on which our investigations
in the present paper are based in order to make this paper independent from

the reading of [16]. However we assume the reader to be familiar with [15]
and all undefined notions in this paper are used in the sense of [15].

2 Proof-theoretic tools

In this section we recall some of our proof-theoretic results from [16] which
will be used in section 5 below.

Definition 2.1 ([16]) Let A € £L(G,rA) be a formula having the form
A=VulWw <, tuayf\/m? ... EiyszgEIw"Ao(u,v,yl,zl, e s Yky Ty W),

where Ao is quantifier—free and contains only u,v,y,z,w free. Furthermore
lett be € Go,R¥ and 7,7 are arbitrary finite types.
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1) A is called (arithmetically) monotone if
VulVo < tuVey, &1, ..., Tk, Tk, Y1, §1, - - - Yk, Tk
k
Mo'n.(A) = ( ./\1(571' <o Z; A gi 20 yi) A EI'w“"AO(u; v, %, 2%1,. .. 1ykvxk>w)
=

— JwYAo(u,v, 1, Z1, ..., Uk, ik,w)).

2) The Herbrand normal form A¥ of A is defined to be

A =vulve <, tuVhfh, . Ry, 0, wY

Ao(u,v,y1,hay1, ..., Yk, ha¥1 . . . Yk, w), where p; = 0(0) ... (0).
N / \ A

~
H.,
AH:

i

Theorem 2.2 ([16]) Letn >1 and ¥,,...,¥; € G,R*. Then

k
GnA“ + Mon(A) F VulVv <, tuvhy,. .., hk( A (hi monotone)

=1
— Elyl _<_0 \Illuh. .. Elyk So \Ilku_nglw"Ag’) — A,
where )
(h; monotone) :=Vzy,... ,a:i,yl,...,y,-( A (& >0 yj) = hiz >0 hiy).
j=1 -
Definition 2.3 (Bounded choice) b-AC= |J { (b-AC** )} denotes

8,p€T
the schema of bounded choice

(b-AC**) : VZP(V2®3y <, Zz A(z,y,Z) — Y <,5 ZVzA(2, Yz, Z)).

Theorem 2.4 ([16]) Let A be as in thm.2.2 and A be a set of sentences
Vzl3y <, szVz"Go(z,y,z) where s is a closed term of G,A¥ and Gy a
quantifier-free formula, and let A’ denote the negative translation* of A.
Then the following rule holds:

GnAY+AC-q¢f + A+ A¥ A Mon(A) =

G,A” + A + A and by monotone functional interpretation

one can extract a tuple ¥ € GpR” such that

GLAY + A & U satisfies the monotone functional interpretation of A’,

4Here we can use Gddel’s [7] translation or any of the various negative translations.
For a systematical treatment of negative translations see [18].
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where A:= {3Y <,5 sV2%,2"Go(z, Y2, 2) : V2b3y <, saV2"Go(z,y, 2) €
A}. (In particular the second conclusion can be proved in
GnAY + A+ b-AC).

Remark 2.1 In theorems 2.2,2.4 one may also have tuples Jw’ instead
of TGw?’ in A.

For our applications in paragraph 5 we need the following corollary of
theorem 2.4:

Corollary 2.5 ([16]) Let Vz°3y°Vz0A4¢(ul,v™,z,y,2) € L(GnA*) be a
formula which contains only u,v as free variables and satisfies provably
n GpAY + A+AC—qf the following monotonicity property:

(*) Vu, v, Z, :i'y Y, g(i SO z A g ZO yA VzOAo(’U,, vy, Z) -

VZOAo(U, v, :iy ’gv Z)),

(i.e. Mon(3zVy3z—Ay)). Furthermore let Bo(u,v,w?) € L(GnA*) be a
(quantifier-free) formula which contains only u,v,w as free variables and
~ < 2. Then from a proof

G A + A+ AC-¢f +

VulVu <, tu(3fVz, 2 Ag(u, v, 2, f, ) = Jw?Bo(u, v, w)) A ()
one can extract a term x € G, R¥ such that

G AY + A+ b-AC +Vulvw <, tuV\Il*((\Il* satisfies the mon.funct.
interpr.of Vz0, g* 3y Ao (u, v, 7, ¥, gy)) — Jw <, xul* Bo(u,v,w))>.

In the conclusion A+ b-AC can be replaced by A as defined in thm.2.4.
If 7 < 1 and the types of existential quantifiers in the azioms A are < 1,
then Gp A + A+ AC-qf may be replaced by E-Gp A + A+ AC*P —¢f, where
(a=0A0<1)or(a=1A8=0), since elimination of ertensionality
applies in this case.

The mathematical significance of corollary 2.5 for the extraction of bounds
from given proofs by arithmetization rests on the following fact: Direct
monotone functional interpretation of

VulVo <. tu(3f!Vz, z Ao(u, v, z, fz, 2) — JwYBo(u,v,w))

5¢p* satisfies the mon. funct.interpr. of Vz,g3yAo(u,v,z,y,gy)’ is meant here
for fixed u,v (and not uniformly as a functional in u,v), ie. B\Il(\ll‘ s—-maj ¥ A

vz,g Ao(u) vz, \I’IQ, g(\ng))) .



Arithmetizing proofs in analysis 123

provides only a bound on Jw which depends on a functional which satis-
fies the monotone functional interpretation of (1) 3fVz, z Ag or if we let
remain the double negation in front of 3 (which comes from the negative
translation) (2) —~—3fVz, z Ag. However in our applications the monotone
functional interpretation of (1) would require non—computable functionals
(since f in general is not recursive). The monotone functional interpre-
tation of (2) can be carried out only using bar-recursive functionals (see
(23]). In contrast to this the bound x only depends on a functional which
satisfies the monotone functional interpretation of the negative translation
of Vz3yVz Ao(z,y, 2): In our applications in section 5 such a functional

can be constructed in PR except for the existence of the limit superior
of a bounded sequence of real numbers where the fragment T; of Gédel’s
calculus T with R, for p < 1 is needed (note that the Ackermann function
is definable in T7).

In particular by arithmetizing the original proof the use of the analytical
premise 3f1Vx, zAp has been replaced by the use of the arithmetical
premise Vz%3y°Vz0A,.

3 Real numbers in GoAY

Suppose that a proposition Vz3yA(z,y) is proved in one of the theories
T% from [16], where the variables z,y may range over IN,7ZZ,Q, IR or e.g.
C[0,1] etc. What sort of numerical information on ‘Jy’ relatively to the
‘input’ z can be extracted from a given proof depends in particular on how
T is represented, i.e. on the numerical data by which z is given:

Suppose e.g. = that is a variable on IR and real numbers are represented
by arbitrary Cauchy sequences of rational numbers z,, i.e.

- 1
(1) VK2 3Inovm, m > n(|zm — zm| < k_+1-)

Let us consider the (obviously true) proposition
(2) Vze RIle N(z < ).

Given z by a representative (z,) in the sense of (1) it is not possible to
compute an | which satisfies (2) on the basis of this representation, since
this would involve the computation of a number n which fulfils a (in general
undecidable) universal property like Ym,m > n(|zm — zm| < 1) to define [
as [|zn|] + 1.

If however real numbers are represented by Cauchy sequences with a
fixed Cauchy modulus, e.g. 1/(k + 1), i.e.

~ 1
(3) Vm,m > k(|:1:m - .’L‘ﬁ,,l < m),
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then the computation of  is trivial: [ := ® ((z,)) := [|zo|] + 1. ® is not a
function : IR — IN since it is not extensional: Different Cauchy sequences
(zn), (£5) which represent the same real number, i.e. lim,_,o (2, —%,) = 0,
yield in general different numbers ® ((z,)) # ® ((Z»)). Following E. Bishop
[3] , [4] we call & an operation : R — IN. This phenomenon is a general
one (and not caused by the special definition of ®): The only computable
operations IR, — IN, which are extensional, are operations which are con-
stant, since the computability of ® implies its continuity as a functional® :
INN - N and therefore (if it is extensional w.r.t. =g ) the continuity as a
function IR — IN.

The importance of the representation of complex objects as e.g. real
numbers is also indicated by the fact that the logical form of properties of
these objects depends essentially on the representation:

If (z,), (Z.) are arbitrary Cauchy sequences (in the sense of (1)) then the
property that both sequences represent the same real number is expressed
by the II3—formula

- o 1
(4) VEInYm, m > n(|Tm — &m| < k_+1)
For Cauchy sequences with fixed Cauchy modulus as in (2) this property
can be expressed by the (logically much simpler) I1{—formula

- 3
(8) Vk(|lzx — 2| < Ic_+1)

For Cauchy sequences with modulus 1/(k + 1) (4) and (5) are equivalent
(provably in G2 A¥). But for arbitrary Cauchy sequences (4) does not imply
(5) in general.

If (z,) C @ is an arbitrary Cauchy sequence then AC%9 applied to

. 1
Vk3Invm,m > n(|zm — zm| < k—+1')

yields the existence of a function f! such that

VkVm, m > fk(|zm — zm| < k—l+1')

For m, > k this implies |zfm — Zm| < kL_H (choose k' € {m,m} with
fK' < fm, fi and apply the Cauchy property to m’ := fm,m’ := fm),
i.e. the sequence (Zs,)nen is a Cauchy sequence with modulus 1/(k + 1)
which has the same limit as (z,,)nen-

6An operation ® : IR — IN is given by a functional : NN — IN (which is exten-
sional w.r.t. =1!) since sequences of rational numbers are coded as sequences of natural
numbers.
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Thus in the presence of AC%® (or more precisely the restriction AC%-0—
V of AC*? to I~formulas) both representations (1) and (2) equivalent.
However AC*°-V is not provable in any of our theories and the addition of
this schema to the axioms would yield an explosion of the rate of growth of
the provably recursive functions. In fact every a(< €g)-recursive function
is provably recursive in GoA“+ AC®%-V. This follows from the fact that
iterated use of AC%°-V combined with classical logic yields full arithmetical
comprehension

CAqgr : 3fWV2(fz =0 0 & A(z)),

where A is an arithmetical formula, i.e. a formula containing only quanti-
fiers of type 0. C A, applied to QF-IA proves the induction principle for
every arithmetical formula. Hence full Peano-arithmetic PA is a subsystem
of GoA¥+ ACO0-y,

As a consequence of this situation we have to specify the representation
of real numbers we choose:

Definition 3.1 A real number is given by a Cauchy sequence of rational
numbers with modulus 1/(k + 1).

The reason for this representation is two—fold:

1) As we have seen above any numerically interesting application of the
extraction of a bound presupposes that the input is given as a numer-
ically reasonable object. This is also the reason why in constructive
analysis (in the sense of Bishop) as well as in complexity theory for
analysis (in the sense of H. Friedman and K.-I. Ko, see [11] ) real
numbers are always endowed with a rate of convergence, continuous
functions with a modulus of continuity and so on. Also in the work by
H. Friedman, S. Simpson (see e.g. [22]) and others on the program of
so—called ‘reverse mathematics’, real numbers are always given with
a fixed rate of convergence.

2) For our representation of real numbers we can achieve that quantifi-
cation over real numbers is nothing else then quantification over NN,
i.e. Vz!,3y!. Because of this many interesting theorems in analysis
have the logical form V3Fy (see [13] for a discussion on that) so that
our method of extracting feasible bounds applies.

1) and 2) are in fact closely related: If real numbers would be represented
as arbitrary Cauchy sequences then a proposition Vz € R3y € IN A(z,y)
would have the logical form

V! (VkInVmFy — 3y°A),

where (%) Yk3nVmF, expresses the Cauchy property of the sequence of
rational numbers coded by x!. By our reasoning in [15] we know that in
general we can only obtain an effective bound on y which depends on x



126 U. Kohlenbach

together with a Skolem function for (). But this just means that the com-
putation of the bound requires that z is given with a Cauchy modulus.
As concerned with provability in our theories like G, A“+AC—qf the rep-
resentation with fixed modulus is no real restriction: In section 5 we will
show in particular that the a proof of

V(2n) (3FVKYM, 2 > FE(|Tm — Em| < kLH) - 30A)
can be transformed into a proof of
V(@) (VEINYm, > |Zm — Fm] < ..%) . 304).

within the same theory (i.e. without any use of AC®?) for a large class of
formulas A.

The representation of IR presupposes a representation of @Q): Rational
numbers are represented as codes j(n, m) of pairs (n, m) of natural numbers
n,m. j(n, m) represents

n
the rational number EI—FI' , if n iseven, and

n+tl

~2£ if n isodd.

the negative rational — 2

By the surjectivity of our pairing function j from [15] every natural
number can be conceived as code of a uniquely determined rational number.
On the codes of @, i.e. on IN, we define an equivalence relation by

iy iing

2 _ 2
Jomi+1  jomg +1

ny =q Ng = if j1n1, j1no both are even

and analogously in the remaining cases, where ¢ = £ is defined to hold iff
ad =¢ cb (for bd > 0).

On IN one easily defines functions |-|q, +@, —@, ‘q :q, maxg, ming € GoR¥
and (quantifier—free) relations) <q, <q which represent the corresponding
functions and relations on @. In the following we sometimes omit the index
Q if this does not cause any confusion.

Notational convention: For better readability we often write e.g. 737
instead of its code j(2, k) in IN. So e.g. we write z° <q 737 for z <q 5(2, k).

By the coding of rational numbers as natural numbers, sequences of
rationals are just functions f! (and every function f! can be conceived as
a sequence of rational numbers in a unique way). In particular representa-
tives of real numbers are functions f! modulo this coding. We now show
that every function can be conceived as an representative of a uniquely
determined Cauchy sequence of rationals with modulus 1/(k+1) and there-
fore can be conceived as an representative of a uniquely determined real
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number.”
To achieve this we need the following functional f.

Definition 3.2 The functional \ f‘.fe G2R” is defined such that

fn, ifVk,m,m <o n(m,m >¢ k — |fm —q f| <q k+.1)
fn= f(no — 1) for ng := minl <o n[3k, m,m <o [(m,m >¢ kA

|fm—q fm| >q Fi—l-)], otherwise.

One easily verifies (within GaAY') that

1) if f! represents a Cauchy sequence of rational numbers with modulus
1/(k + 1), then Vn®(fn =¢ fn),

2) for every f! the function f represents a Cauchy sequence of rational
numbers with modulus 1/(k + 1).

Hence every function f gives a uniquely determined real number, namely
that number which is represented by f. Quantification Vz € IR A(z) (3z €
IR A(z)) so reduces to the quantification V! A(f) (3f1A(f)) for properties
A which are extensional w.r.t. =g below (i.e. which are really properties
of real numbers). Operations ® : R — IR are given by functionals ®!(V)
(which are extensional w.r.t.=;). A real function : R — IR is given by a
functional ®!(!) which (in addition) is extensional w.r.t. =g . Following

the usual notation we write (z,,) instead of fn and (Z,) instead of fn.

In the following we define various relations and operations on functions
which correspond to the usual relations and operations on IR for the real
numbers represented by the respective functions:

Definition 3.3 1) (zn) =R (&) := VKO (|Zx —q Z&| <q £37);
2) (zn) <R (Zn) := 30 (Zx — B >q £7);
3) (zn) <R (En) = ~(Zn) <r (Zn);
4) (2n) +R (#n) = (B2n+1 +Q F2ns1);
5) (#n) —R (En) = F2n+1 —@ T2nt1);
6) |(zn)Ir = (|Znle);

7) (%) ‘R (En) = Fant1)k @ T2(ns)k);
where k := [maxq(|zolq + 1, |%olg + 1)1

7 A related representation of real numbers is sketched in [1] .



128 U. Kohlenbach

8) For (z,) and I° we define

(2) o= (maxq (Z(n+1)(41)% 747) ") #f T2041) >0 0

(ming (Z(nt1)@+1)2 l:_—ll)‘l), otherwise;

9) maxg ((zn), (Zn)) == (maxq(fc‘nl\;in)),
ming ((zz), (£n)) = (ming(ZTn, Zn)).

One easily verifies the following

Lemma 3.4 1) (z,) =r (Zn) resp. (z) <m (Zn), (n) <m (Zn) hold
iff the corresponding relations hold for those real numbers which are
represented by (z,), (Z,).

2) Provably in G2AY, (zn) +R (Zn), () —r (Zn), (n) ‘R (£n), maxy
((zn), (Zn)), ming ((z5), (Zn)) and |(z,)|r also represent Cauchy
sequences with modulus 1/(k + 1) which represent the real number
obtained by addition (subtraction,...) of those real numbers which are
represented by (z,,), (£,). This also holds for (z,)~! if |(zn)|lR >R
H+1 for the number | used in the definition of (xz,)~!. In particular
the operations +Rr, —Rr etc. are extensional w.r.t. to =R and therefore
represent functions®.

3) The functionals +gr, —R, ‘R, MaxR, ming of type 1(1)(1), |-|m of type
1(1) and ()~! of type 1(1)(0) are definable in GoR*.

Remark 3.1 Since our theories G, A¥ contain all N, INN_true purely uni-
versal sentences Vz%/1Ao(z) as azioms (because they do not contribute to
the growth of extractable bounds at all, see [15] for details), it is easy to
check that the basic properties of =g, <m,~+R,... can be proved in Gy AY.
They are either directly purely universal or can be strengthened to universal
statements, e.g.

=R YANY=R 2 — T =R 2z follows from the universal aziom

Val,y1, k9 (8(6(k + 1)) —q 9(6(k +1))| <q gpeyrr A

[9(6(k + 1)) —g 2(6(k + 1))| <q sryr — 13(K) —0 2(k)]| <q £).

Rational numbers g coded by r, have as canonical representative in IR
(besides other representatives) the constant function An®.r;. One easily
shows that Vk(](zn) —RrR A\n.2k| <m ;_—lﬁ) for every function (z,).

Notational convention: For notational simplicity we often omit the
embedding Q — IR, e.g. ! <R y° stands for z <g An.y°. From the type
of the objects it will be always clear what is meant.

8The functional ()~! is extensional for all I and (zn), (yn) such that
|@n)lm () > iy
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If (fn)new of type 1(0) represents a ﬁ—Cauchy sequence of real num-
bers, then

f(n) = ﬁ(n+1)(3(n + 1)) represents the limit of this sequence, i.e.
VE(|fr —r f] <m 76%1-) One easily verifies this fact in GoAY.

Representation of R? in G;AY:

For every fixed d we represent IR? as follows: Elements of IR? are rep-.
resented by functions f! in the following way: Using the construction f
from above, every f! can be conceived as a representative of such a d-
tuple of Cauchy sequences of real numbers, namely the sequence which is
represented by

WF(F), -, (D)), where (1) = Aa®wi{(fa),

(v¢ are the coding functions € GoR* from [15]).

Since the E(?) represent Cauchy sequences of rationals with Cauchy
modulus -k—}_-l-, elements of R? are so represented as Cauchy sequences of
elements in Q% which have the Cauchy modulus k—}rl w.r.t. the maximum
norm “fl”max ‘= mMaxg (‘Vii(f)IlR))lVg(f)llR) o /\
Quantification ¥(z1, . . ., z4) € R? so reduces to V1 A(v4(f), ..., vd(f)) for
IR%extensional properties A (likewise for 3).

The operations +g¢, —ga, - - . are defined via the corresponding operations
on the components, e.g. z! +ga y! = vi(viz +r viy, ..., viz +R vIY).
Sequences of elements in IR? are represented by (f,) of type 1(0).

Representation of [0,1]C R in G2AY

We now show that every element of [0,1] can be represented already
by a bounded function f € {f: f <; M}, where M is a fixed function
from GoR“ and that every function from this set can be conceived as an
(representative of an) element in [0,1]: Firstly we define a function
q € GaRY by

minl <g ’I‘L[l =q n], if 0 <qeqn<ql
g(n) = _
0, otherwise.

It is clear that every rational number € [0,1] N @ has a unique code by a
number € g(IN) and ¥n®(g(g(n)) =o gq(n)). Also every such number codes an
element of € [0,1]N @ (0° codes 0 € Q since 5(0,0) = 0). We may conceive
every number n as a representative of a rational number € [0, 1]N@, namely
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of the rational coded by g(n).

In contrast to IR we can restrict the set of representing functions for [0,1] to
the compact (in the sense of the Baire space) set f € {f: f <; M}, where
M(n) := j(6(n +1),3(n + 1) — 1) (here j is the Cantor pairing function):
Each fraction r having the form ?(nl_-HT (with ¢ < 3(n + 1)) is represented
by a number k < M(n), i.e. k < M(n)/\q( ) codes r. Thus {k : k < M(n)}
contains (modulo this coding) an 7717-—17 -net for [0,1].

We define a functional Af.f € GoR¥ such that

Fk) = alio), where io = i <o MKV <o M(E)(IF(3(k + 1) —q 4()]
>q |f(3(k +1)) — 4(0)))]
f has (provably in GoA¥) the following properties:
1) Yf(f <1 M).

2) Vf‘( f=17.
3) VA0 <m f <m 1).
4) Vf(O<R f<r1— f =R f)

5) VF1(f =m f)-

By this construction quantification Vz € [0,1] A(z) and 3z € [0,1] A(x)
reduces to quantification having the form Vf <; M A(f) and 3If <,
M A(f) for properties A which are =g—extensional (for fi, f, such that
0 <gr f1,f2 <m 1), where M € GoR“ . Similarly one can define a repre-
sentation of [a, b] for variable a!, b! such that a <R b by bounded functions
{f': f <1 M(a,b)}. However by remark 3.2 below one can easily reduce
the quantification over [a, b] to quantification over [0, 1] so that we do not
need this generalization. But on some occasions it is convenient to have
an explicit representation for [—k, k] for all natural numbers k. This rep-
resentation is analogous to the representation of [0, 1] except that we now
define My (n) := j(6k(n + 1),3(n +1) — 1) as the bounding function. The
construction corresponding to Af. f is also denoted by f since it will be
always clear from the context what interval we have in mind.

Representation of [0,1]¢ in GoAY

Using the construction f — f from the representation of [0,1] we also can
represent [0, 1] for every fixed number d by a bounded set { fl:f < Md}
of functions, where My : v4(M, ..., M) € GoR¥ for every fix fixed d: f (< My)

represents the vector in [0, 1]¢ Wthh is represented by (( 1), .. (u ). If
(in the other direction) fi, ..., fq represent real numbers z1,...,z4 € [0, 1],
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then f := vi(fi,..., fa) <1 v3(M,..., M) represents (%1,...,24) € [0,1)¢
in this sense.

Remark 3.2 For a,b € R with a <r b, quantification Vz € [a,b] A(x)
(3z € [a,b] A(x)) reduces to quantification over [0,1] (and therefore —
modulo our representation— over {f : f <; M}) by VA € [0,1] A((1—Na+
Ab) and analogously for 3x. This transformation immediately generalizes
to [a1,b1] X -+ X [ag, ba] using Aq,..., Aq.

4 Sequences and series in GoAY: Convergence with
moduli involved

By our representation of real numbers by functions f! developed in the
previous section, sequences of real numbers are given as functions f1(9) in
G2A¥. We will use the usual notation (a,) instead of f. In this section we
are concerned with the following properties of sequences of real numbers:

1) (an) is a Cauchy sequence, i.e.
VEO3nOVm, >0 n(lam —m am| <m 7))

2) (an) is convergent, i.e. 3a'Vk?3n%m > n(lam —r a| <r 7))

3) (ay) is convergent with a modulus of convergence, i.e.

Jal, h'VKOYm >¢ hk(lam —r a| <R kLH).

4) (ay) is a Cauchy sequence with a Cauchy modulus, i.e.

3WIVKOm, i 20 hk(lam —r e <R T57)-

One easily shows within GoAY¥ that 4) < 3) — 2) — 1). Using AC?0-0
one can prove that 1) — 4) (and therefore 1) « 2) & 3) « 4)).

However, as we already have discussed in the previous section, the addition
of AC%%-° to GyA“ would make all a(< go)-recursive functions provably
recursive.

Thus since we are working in (extensions of) G2 A“ we have to distinguish
carefully between e.g. 1) and 4). In the next section we will study the
relationship between 1) and 4) in detail and show in particular that the
use of sequences of single instances of 4) in proofs of Vu!Vv <, tu3w? Ao
sentences relatively to e.g. GoAY + A+AC—qf (where A is defined as in
thm.2.4) can be reduced the use of the same instances of 1).

For monotone sequences (a,) the equivalence of 2) and 3) (and hence
that of 2) and 4)) is already provable using only the quantifier—free choice
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AC%0—qf:
Let (a,) be say increasing, i.e.

(i) Vn°(an <R Gns1),
and a! be such that

(i) YE°InOYm >o n(jam — a| <m k—+1).

AC%%—qf applied to Vkoﬂno( lan —a| <mr

~

1 .
FT1 ) yields

ex?
3RWVE® (lank — a| <m %37), Which gives 3h'VKOYmM 2o hk(lam — a| <r
T +1) since —by (i),(ii)- apx < am < a for all m >¢ hk. (Here we use the
fact that Vn(a, <g ant1) — Vm,m(m > m — am <R am). This follows
in GoA¥ gr(g)m the universal sentence
(+) Vay7,n,l(Vk < n(@(l) <q Gra1(l) + ) - Vm,m < n(m >
m — am <R Gm + ﬁ_"—l)) (+) is true (and hence an axiom of G2A“) since

ak(l) <@ @k1(1) + 5 — ok <R k41 + 271

If one of the properties 1), ...,4) —say ¢ € {1,...,4}- is fulfilled for
two sequences (ay), (bn), then ¢) is also fulfilled (provably in GoA¥) for
(an +R bn), (@n —R bn), (an ‘R bs) and (if by # 0 and b, — b # 0) for ($2),
where in the later case the modulus in 3),4) depends on an estimate | € "IN
such that |b| > =5 +1 (The construction of the moduli for (a, +R br), (an —Rr

bs), (@n ‘R bn), (§) from the moduli for (an), (bs) (for i=3,4) is similar to
our definition of +R, —R, ‘R, ()~} given in the previous section.

The most important property of bounded monotone sequences (a,) of
real numbers is their convergence. We call this fact ‘principle of convergence
for monotone sequences’ (PC M). Because of the difference between 1) and
4) above we have in fact to consider two versions of this principle:

(PCM1) : { Va:()O)’c (Vn°(c <R @nt+1 <R an)

— VEO3nOm, m 20 n(lam —R aml <® £37)),

(PCM2) : V“z()O)’C (Vn°(c <R @n+1 <R @n)

- EhIVkOVm, m >o hk(|am R aml <R ﬁT)),

Both principles cannot be derived in any of the theories G,A¥ + A+AC-
gf. In fact (PCM1) is equivalent (relatively to G3A“) to the second-
order axiom of ¥9-induction whereas (PCM2) is equivalent (relatively to
G3AY+AC%0—qf) even to arithmetical comprehension over numbers (see
[14]; for the system RCAg, known from reverse mathematics, the equiva-
lence between (PCM?2) and arithmetical comprehension is due to [6]). We
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now determine the contribution of the use of (PCM1) to the growth of
extractable uniform bounds. This will be used in the next section to deter-

mine the growth which may be caused be single sequences of instances of
(PCM?2).

Using the construction  a(n) := maxg(0, m<in(a(i))), we can express
i<n

(PCM1) in the following logically more simple form?

(1) Ya!OVk%3Inm >¢ n(a(n) —gr d(m) <gr P 1)

(If a*© fulfils Vn(0 <m a(n + 1) <r a(n)), then Vn(a(n) =g a(n)). Fur-
thermore Vn(0 <R a(n + 1) <R a(n)) for all a}(®). Thus by the transfor-
mation a — @, quantification over all decreasing sequences C IR, reduces

to quantification over all a'(?).
By AC%%—qf (1) is equivalent to

1
(2) Va'©@, k0, g'3n® (9n >0 n — a(n) —g d(gn) <m s 1)

We now construct a functional ¥ which provides a bound for 3n, i.e.

(3) Va'@, k%, g'3n <o Wakg(gn >o n — a(n) —r d(gn) <mr T i 1)

Let C(a) € N (C(a) > 1) be an upper bound for the real number
represented by @(0) (with C' s-maj C), e.g. C(a) := (a(0))(0) + 1. We
show that

= ®,,10
Vakg i<Ig(ag§lc’( i#i0g) (= C(a)k’

PRA%):
Claim: 3 < C(a)k’(9(¢%0) > ¢°0 — @(¢°0) —r @(9(¢°0)) <R 747)-
Case 1: 3i < C(a)k’(g9(g"0) < ¢'0): Obvious!
Case 2: Vi < C(a)k'(g(g'0) > ¢'0):

Assume Vi < C(a)K’ (d(g'0) —r a(9(30)) >R 7+7)-

Then d(0) —r @(g°®*0) > C(a), contradicting a(n) € [0,C(a)] for all n.

ax (g'(0)) satisfies (3) (provably in

9Here we use that Vnl(a(n + 1) <g an) — V¥n? (Qminm(a, n) =R an), where
®ming is a functional from G2R“ which computes the minimum of the real numbers
a(0),...,a(n) (such a functional can be defined similarly to ming in section 3 noting
that @ming ( f1,n%) = ming(f0, ..., fn) is definable in GaR“). This follows in G2A¥
from the purely universal sentence

+) Val(o),n,k(\ﬂ <n( (a(T+\1)) (k) <@ @)(k) + £31) = [Pming (a,n) ~R an| <

—_'_—) (+) is true (and hence an axiom of G2A“) since

k
(alT+D) (k) <q @)(k) + 537 — el +1) Sm ol + gy
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In contrast to (2) the bounded proposition (3) has the form of an axiom
A in the theorems from [15] and section 2. Hence the monotone functional
interpretation of (3) requires just a majorant for ¥. In particular we may
use ¥ € PR itself since ¥ s-maj V.

Thus from a proof of e.g. a sentence VzOVy <, sx320A¢(z,y, z) in G,A¥ +
A + (PCM1)+AC—qf we can (in general) extract only a bound ¢t for z
(i.e. VzVy < szIz < tz Ao(z,y,2)) which is defined in PR’ since the
definition of ¥ uses the functional ®;; which is not definable in GooR“ (see
[15]). If however the proof uses (3) above only for functions g which can be
bounded by terms in GxR®, then we can extract a t € Grax(k+1,n)R“ since
the iteration of a function € GxR“ is definable in G 1R“ (for £ > 2).

The monotone functional interpretation of the negative translation of (1)
requires (taking the quantifier hidden in < into account) a majorant for
a functional ® which bounds ‘3n’ in

—_—

(3) Va'@ k% ¢! h'3n(gn > n — &(n)(hn) —q a(gn)(hn) <q
1 3
k+1 + h(n)+1)'
However every ® which provides a bound for (2) a fortiori yields a bound for
(3)" (which does not depend on h). Hence ¥ satisfies (provably in PRAY)

the monotone functional interpretation of the negative translation of (1),
ie. (PCM1).

5 The rate of growth caused by sequences of
instances of analytical principles whose proofs
rely on arithmetical comprehension

In this section we apply the results presented in section 2 in order to de-
termine the impact on the rate of growth of uniform bounds for provably
VulVy <, tuJw? Ag-sentences which may result from the use of sequences
(which however may depend on the parameters of the proposition to be
proved) of instances of:

1) (PCM?2) and the convergence of bounded monotone sequences of real
numbers.

2) The existence of a greatest lower bound for every sequence of real
numbers which is bounded from below.

3) M9-CA and II9-AC.

4) The Bolzano—Weierstral property for bounded sequences in R? (for
every fixed d).
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5) The Arzela~Ascoli lemma.

6) The existence of limsup and liminf for bounded sequences in IR.

5.1 (PCM2) and the convergence of bounded monotone
sequences of real numbers

Let a'(® be such that ¥n®(0 <g a(n + 1) <g an)!®
(PCM2) implies

Bhleo, mo(m >0 hk — a(hk) R a(m) <R _k j_ 1)'

(a(hk)), is a Cauchy sequence with modulus 37 whose limit equals the

limit of (a(m)),en. The existence of a limit ag of (a(m)),, now follows from

the remarks below lemma 3.4 : agk := (a(h(3(k+1))))(3(k + 1)). Thus

we only have to consider (PCM?2). In order to simplify the logical form

of (PCM2) we use the construction é(n) := maxg(0, ngn(a(z)) from the
i<n

previous section (recall that this construction ensures that @ is monotone
decreasing and bounded from below by 0. If a already fulfils these properties
nothing is changed by the passage from a to a).

(PCM2)(a'®) := 3hMVK®, m® (m 20 hk — &(hk) —r &(m) < - -}- o)

We now show that the contribution of single instances (PCM2)(a) of
(PCM?2) to the growth of uniform bounds is (at most) given by the func-

tional Wakg := Ig?‘fk (®:+i0g) (where IN* 5 C(a) > @(0)) as above:
1<C(a)k’

Proposition 5.1 Letn > 2 and Bo(u!,v™,w) € L(G,A%) be a quantifier-
free formula which contains only u',v™, w" free, where v < 2. Furthermore

10The restriction to the lower bound 0 is (convenient but) not essential: If ¥n%(c <mr
a(n + 1) <R an) we may define a’(n) := a(n) —r c¢. (PCM2) applied to a’ implies
(PCM?2) for a. Everything holds analogously for increasing sequences which are bounded
from above.
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let £,t € GLR¥ and A be as in thm.2.4. Then the following rule holds

'GnA“’ + A + AC-gf - VulVw < tu((PCM2)(§uv) — 3w Bo(u,v,w))
= J(eff.)x, X € GoR” such that
GnAY + A + b-AC F VulVy <, tuvl* ((\fl* satisfies the mon.funct.
interpr. of VA9, g13n%(gn > n — (Ewm)(n) —m (E90)(gm) <m £17))
— Jw <, )”(u\il*Bo(u,'u,w))
S and
GnAY + A+ b-AC +VulVu <, tuV¥* ((U* satisfies the mon. funct.
interpr. ofVa*®, k%, g'3n%(gn > n — a(n) —r d(gn) <r 737))
— Jw <y xul* Bo(u,v,w))
and therefore

kPRA‘{ + A+ b-AC FVulVv <5 tudw <, xu¥ Bo(u, v, w),

here U := \a, k, g. ®,,i09) = ®(0
where & %9 i<Ig?5§k'( +i0g) i<rg(a:1)§k’ (4°(0)

and C(a) := (a(0))(0) + 1. 3 3

In the conclusion, A+ b-AC can be replaced by A, where A is defined as
in theorem 2.4. If A = 0, then b—AC can be omitted from the proof of the
conclusion. If T < 1 and the types of the I—quantifiers in A are < 1, then
GnA¥ + A+AC-qf may be replaced by E-G, A¥ + A+ AC*P —qf, where a,

are as in cor.2.5.

Proof: The existence of x follows from cor.2.5 since

G2A® F ValOVk &, n, ﬁ(fc <o kAT >pnA

1

Ym >¢ n(@(n) —r @(m) <g T

¥ fulfils the monotone functional interpretation of
Val©, k%, g'3n%(gn > n — @(n) ~r @(gn) <R 7i7) (see the end of section
4) and hence (using lemma 2.2.11 from [15]) ¥(&*(uM, t*u™M)) satisfies the

monotone functional interpretation of

VKO, g13n0(gn > n — (Euwv)(n) —m (Euv)(gn) <m &),

where £* s—maj £ A t* s-maj t.

x is defined by x := Au, U*.u(¥*(£*(uM, t*uM))).

Remark 5.1 1) The computation of the bound X in the proposition
above needs only a functional ¥* which satisfies the monotone func-
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tional interpretation of

(+) V&, ¢'3n%(gn > n — (Ewv)(n) —g (Euv)(gn) <mr %_‘_1)

For special € such a functional may be constructable without the use
of ®;;. Furthermore for fixed u the number of iterations of g only
depends on the k—instances of (+) which are used in the proof.

2) If the given proof of the assumption of this proposition applies U only
to functions g of low growth, then also the bound xuV is of low growth:
e.g. if only g := S is used and type/w = 0, then xu¥ is a polynomial
in uM (in the sense of [15]).

Corollary to the proof of prop.5.1:
The rule

( GrAY + A + AC—qf FVulVv <, tu
(370VRYm, i > FR(| () () —r (€60)(m)] < £b7) — T Bo(u,v,w)
{ =
GrAY + A F VulVo <, tu
\ (VkInvm,m > n(|(Ewv) () —r (w)(m)| < £37) — Fw) Bo(u, v, w))

holds for arbitrary sequences (uv)!(®) of real numbers (this also extends
to more general monotone formulas Vu!Vv <, tuB(u,v) in the sense of
thm.2.4). The restriction to bounded monotone sequences £uv is used only
to ensure the existence of a functional ¥ which satisfies the monotone
functional interpretation of (+) above.

We now consider a generalization (PCM 2*)((1;'()0)(0)) of (PCM2)(a®)
which asserts the existence of a sequence of Cauchy moduli for a sequence
a; of bounded monotone sequences:

(POM27)(af V) := 3W1OVIC, KOm >¢ hkl((ar)(hkl) —m (a1)(m)
<mr —}.
=RI¥ 7)

Proposition 5.2 Let n, Bo(u,v,w),t,A be as in prop.5.1. t,§ € G, R*.



138 U. Kohlenbach
Then the following rule holds

bnAw + A+ AC-¢f FVulVo <, tu((PCM2*)(uv) — 3w Bo(u, v, w))
= Ieff.)x € GoR” such that
GuA? + A+ b-AC F
VulVo <, tuV¥*((¥* satisfies the mon. funct. interpr. of
Val©@© k0 g13n%(gn > n — VI < k((ar)(n) —r (a1)(gn) <m =)
— Jw <y xu¥*Bo(u, v, w))

and in particular

PRAY + A +b-AC + Vulve <, tudw <, xu¥’ Bo(u, v, w),

where ¥/ := \a, k, g. (®:1i0g) and

max
i<C(ak)(k+1)? °
IN* 5 C(a, k) > maxr((a0)(0), ..., (ax)(0)) (with C s-maj C)**.

In the conclusion, A+ b-AC can be replaced by A, where A is defined as
in theorem 2.4. If A = 0, then b—AC can be omitted from the proof of the
conclusion. If T < 1 and the types of the I—quantifiers in A are < 1, then
GnAY + A+ AC—qf may be replaced by E-G, A¥ + A+ AC™P —qf, where a,
are as in cor.2.5. .

As in prop.5.1 we also have a term X which needs only a V* for the instance
a:= €uv.

Proof: The first part of the proposition follows from corollary 2.5 since
(PCM2*)(a) is implied by

1

3WIVEVm 20 hkVL <o k(@) (hk) —g (a1)(m) <m =)

[y

and
G2A“ FVa Ok, k,n, i (k <o k AR >0 nA
vm > n¥l <o k((@)(n) —r (@)(m) <r £7)

— Vm >0 @Vl <o k((ar)(R) —r (a1)(m) <m 715)).

It remains to show that U’ satisfies the monotone functional interpreta-
tion of _ _

val©®© k0, g13n0(gn > n — VI < k((a1)(n) — (ar)(9n) < 737)):

Assume

Vi < C(a, k) (k+1)%(9(g0) > g'0ATL < k((ar)(9°0)—(a1)(9(g*0)) > ;jlr—l))-

11E.g. take C(a, k) = m<agc(ai(0)(0) +1).
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Then

Vi < C(a, k)(k +1)2(g(g'0) > ¢°0) and
A < k35 (Vi < C(a, k) (k +1) = 1((5): < (G)i+1 < Cla, k)(k +1)2)A
Vi < C(a, k)(k + 1) ((a1) (990) — (ar) (9(9:0)) > £17))

and therefore

30 < kEIj(Vi < Cak)(k+1)~1
(g@+10 > g0 A (ar)(g@+0) — (ar)(g@Ws+10) > =)
/\g(g(j)c(a.k)(k+1) “1(0)) > g(j)C<a.k)<k+x> +1(0)
A (gDetwnrn <1(0)) ~ (ar)(g(gPemrern=1(0)) > £y ).

Hence

3 < k)i < C(a, k)(k + 1)

(g(j)i+10 > g(j)io A (;B(g(j)io) _ G;j(g(j)i+10) > k_+1)’

which contradicts (711—5 c [0,C(a, k).

5.2 The principle (GLB) ‘every sequence of real numbers in
IR has a greatest lower bound’

This principle can be easily reduced to (PCM2) (provably in G2A“):

Let a}(® be such that ¥n°(0 <g an). Then (PCM2)(a) implies that the

decreasing sequence (d(n)), C IRy has a limit 3. It is clear that dg is the
greatest lower bound of (a(n))» C IR4. Thus we have shown

GnA® - Va'® ((PCM2)(a) — (GLB)(a)).

By this reduction we may replace (PCM2)(§uv) by (GLB)(§uv) in the
assumption of prop.5.1.

There is nothing lost (w.r.t to the rate of growth) in this reduction since
in the other direction we have

GnpAY + AC*0—gf I+ Val® ((GLB)(a) —» (PCM2)(a)) :

Let a!(® be as above and aq its greatest lower bound. Then ag = lim a,.
n—oo

Using AC?%—qf one obtains (see section 4) a modulus of convergence and
so a Cauchy modulus for (@(n))n.
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5.8 T-CA and I-AC
Definition 5.3
1) MY-CA(f1®) := 3g'Va0(gz =0 0 & Vy°(fzy =0 0)).
2) Define AS(f1(©), 20,10, 20) := Vi <o 3§ <o yVZ <o 2(fZ§ #0 0V
f&z=00).
A§ can be expressed as a quantifier—free formula in G, A“ (see [15]).

(Note that iteration of Vf1(O)(II{-CA(f)) yields CA,,).
In [16] we proved (using cor.2.5)

Proposition 5.4 Letn > 1 and By(u!,v™,w") € L(G,rA¥) be a quantifier-
free formula which contains only ul,v™,w” free, where v < 2. Furthermore
let £,t €GLRY and A be as in thm.2.. Then the following rule holds

(

GnAY + A+ AC-qf +VulVo <; tu(TI{-CA(éuv) — JwY Bo(u, v, w))

= J(eff.)x € GoR” such that

GnAY + A+ b-AC FVulVy <, tuvd*

! ((T* satisfies the mon. funct.interpr. of Vz°, h'3y0AS (Euv,z,y, hy))
— Jw <, xu¥* Bo(u, v, w))

and in particular

{ PRA?Y + A+ b-AC FVulVv <, tudw < xu¥ Bo(u,v,w),

where ¥ := Az®, h!. max (®:i0k)( = Az®, h!. max (h*0)).
i<z+1 i<z+1

In the conclusion, A+b-AC can be replaced by A, where A is defined
as in thm.2.4. If A = 0, then b-AC can be omitted from the proof of the
conclusion. If T < 1 and the types of the I-quantifiers in A are < 1, then
Gn A + A+AC-gf may be replaced by E-Gn, A + A+AC*P —gf, where a, B

are as in cor.2.5.

A similar result holds for I1{-AC(¢uv), where

M-AC(F1 (@) .=
VI° (V203 Ov20(flayz =0 0) — 3g'Vz®, 2°(flz(ga)z =0 0)).

5.4 The Bolzano-Weierstraf§ property for bounded sequences
in R® (for every fired d)

We now consider the Bolzano-Weierstra8 principle for sequences in [—1, 1]¢
C IR%. The restriction to the special bound 1 is convenient but not essential:
If (zn) C [-C,C)* with C > 0, we define z), := & - z, and apply the
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Bolzano-Weierstraf8 principle to this sequence. For simplicity we formulate
the Bolzano— Weierstra8 principle w.r.t. the maximum norm || - || max. This
of course implies the principle for the Euclidean norm || - ||g since || - ||g <

\/E' ” : "max-

We start with the investigation of the following formulation of the Bolzano—
Weierstraf principle:

1

BW :V(z,) C [-1,1]43z € [-1,1)4Vk%, m®3n > m(||z—2n|lmax < k—H-)

i.e. (z,) possesses a limit point z.
Later on we discuss a second formulation which (relatively to G,A%) is
slightly stronger than BW:

Y(zn) C [-1,1]%3z € [-1,1}43f1 (VnO(fn <o f(n+1))
/\Vk"(llx = Zfk|lmax < ;T.}.T)),

i.e. (z5) has a subsequence (z,) which converges (to z) with the modulus

BWT:

1

E+1°

Using our representation of [~1,1] from section 3, the principle BW has
the following form

Val® | gl
d

~ — 1
30.1,.. .,Q4 Sl MVko,moEIn >0 mA (|a,» —R xinl SIR k—_‘_—i-),

~ J

BW(2!(®):=

where M and y! — § are the constructions from our representation of
[~1,1] in section 3. We now prove

(+) GoAY + ACW—qf + F~ - vzl @ . 22O (m-CA(xz) — BW(z)),
for a suitable x € GaR“:
BW/(z) is equivalent to

d
(1) Jdaq,...,aq4 <1 MVE®3n >0 k /\ (I&i -R ZL‘T’ﬁI <R

i=1

FrD)

which in turn is equivalent to

d
i — 3
(2) 3a1,...,aq <1 MVK®3In > k /—\1 (laik ¢ @R)(K)| <@ 777 o).
Assume —(2), i.e.

d
- — 3
(3) Vay,...,aq <1 M3KkOn >0 k' \/ (la@k —g (Z7)(k)| > 1)

i=1
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Let x € GoR“ be such that
GoAY - Va:}(o), ... ,x;(O)VlO, n®(xzin =¢ 0

d
[n >0 vifi (1) - A\ W) —e @) Ve D) > i)

MM9-CA(xz) yields the existence of a function h such that

d
— 3
(@I, ... 19, KO (hly ... lak =0 0 & Vn >0 k \/ (lli—q @m)(K)| >Qk—+—1).

=1
Using h, (3) has the form
(5) Vay,...,aq <3 M3k (h(a1k, ..., 44k, k) =0 0).

By £9-UB~ (which follows from AC%—qf and F~ by [15] (prop. 4.20)) we
obtain

d
(6) JkeVay,...,aq <3 MyYm®3k <o koVn >¢ k V

i=1
(@ m)(k) —q @R) (k)| >q £57)
and therefore

d
(7) dkoVaq,...,aq <1 MVmOVn >0 ko v (l(ai,m) —R i!—:’ﬁl >R

=1

1
ko + 1)'

Since |a;, 3(m + 1) —Rr d:i| <m ;?ﬁ (see the definition of y — § from section
3) it follows

d

. —_ 1 .
(8) 3]60\7’(11, ..,a4 X1 MYn > koiv——\/l (Iai —R :c,-nl >R m), 1.e.
1
— d — —————————————
(9) EIkoV(al, ce ,ad) € [ 1, 1] Vn > k()(“Q g)_’n”max > 2(k0 n 1))

By applying this to a := z(ko + 1) yields the contradiction
lz(ko + 1) — z(ko + 1)|lmax > m, which concludes the proof of ().

Remark 5.2 In the proof of (*) we used a combination of II9~-CA(¢g) and
¥9-UB~ to obtain a restricted form IT%~UB~ ] of the extension of £¢-UB~
to II%—formulas:

Vf <1 s3InOVkP Ao (t°[f], m, k) —

m-uUB~| :
IngVf <1 sVmO3n <o ngVkC Ao (t[f, m], n, k),
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where k does not occur in t[f] and f does not occur in Ay(0,0,0) and g?
is the only free variable in Ag(0,0,0).

I19-UB~ ) follows by applying I19-CA to An, k.t 4,(a% n°, k°), where t 4, is
such that t4,(a® n?, k%) =¢ 0 « Ag(a® n®, k°), and subsequent application
of £9-UB~. IT%-CA and X{-UB~ do not imply the unrestricted form IT19-
UB- of 9-UB-):

w_ug-, { W S IO n k) —
InegVf <1 s¥YmO3In <o noVk® Ao ((f, m), n, k)
since a reduction of II{-UB~ to £¢-UB~ would require a comprehension
functional in f:
(+) 3®VFL, n0(®fn = 0 = VK Ag(£,n, k)).

In fact II-~UB~ can easily be refuted by applying it to Vf <; Az.13nOvk®
(fk = 0 — fn = 0), which leads to a contradiction. This reflects the
fact that we had to use F~ to derive £¢-UB~, which is incompatible with
(+) since ®+AC!0—qf produces (see above) a non-majorizable functional,
namely

U fl — min n[f n= 0], if existent
0°, otherwise,

whereas F'~ is true only in the model M* of all strongly majorizable func-
tionals introduced in [2] (see [15] for details).

Next we prove
(#%) G2 A +AC™0—gf Ve, ... 2O (S9-1A(xz)ABW (z) - BW(z))

for a suitable term x € GoR“, where

VI® (3y°(fl0y =¢ 0) AV (3y(flzy =0 Jy(flz'y =
S0 1A () oo | VOEUI00 =0 0) AV By flzy = 0) ~ Fy(fla'y = 0)
— VzIy(flzy = 0)).
BW (z) implies the existence of ay,...,aq <; M such that
d
Vk,m3n >m A
(10) i=1

(la:(2(k + 1)(k +2)) —q @in)(2(k + 1)(k + 2))| < 747)-
Define (for 7., ... ,x;(o), 9,...,19

F(z,l,k,m,n) := (zn is the (m + 1)-th element in (z(I)); such that
A (1 —a @0+ 1k +2)] <a £1)).

i=1
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One easily verifies that F(z,, k, m,n) can be expressed in the form

3a°Fy(z, L, k, m,n,a) ,

=) =)

where Fp is a quantifier—free formula in £(G2A“), which contains only
z,l,k,m,n,a as free variables. Let ¥ € GoR“ such that

)Z(L.l., k; m,n, a) =00« FO(x l k, mxnva)

=) =)

and define x(z,q,m,p) := X(z, {1 (q), .- -, v411(9), m, 71 (), 72(P))-
Y9-TA(xz) yields

—) =)

— InF(z,l, k,m',n)) — Vm3nF(z,1,k,m,n)).

—) =)

) { Vi, ... la k(30 F(z, L k,0,n) AVm(3nF(z, L, k,m, n)

(10) and (11) imply

Vk, m3n(zn is the (m + 1)-th element of (z(l)); such that
A (@20 + 1k +2) o ER@(k +1)(k +2))| <o

i=1

bl
-
-
~—
~—~—

and therefore

Vk3n(zn is the (k + 1)-th element of (z(l)); such that
A (13 20k +1)(k +2)) —q @)@k + 1)k +2))] <q £)).

i=

(13)

By AC%%—qf we obtain a function g! such that

Vk(z(gk) is the (k + 1)-th element of (z(l)); such that
14 —_— N
- /d\ (las(2(k + 1)(k +2)) —q (zi(9k))(2(k + 1)(k + 2))| <q 757))-

i=1

We show (15) Vk(gk < g(k + 1)) : Define
d ~
Ao(zl k) == A\ (la:(2(k +1)(k +2)) —q (z:)(2(k+1)(k+2))| <@ =7)-

i=1
Let ! be such that Ag(zl, k + 1). Because of

|as (2(k + 1)(k +2)) —q (z:l)(2(k + 1)(k +2))| <
620k + 2)(k + 3)) —g @D((k +2)(k+3)| + qreryerm S
4 + e = B

this yields Ag(z!, k). Thus the (k +2)-th element z! such that A¢(z!, k+1)
is at least the (k + 2)-th element such that Ag(z!l, k) and therefore occurs
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later in the sequence than the (k + 1)-th element such that Ag(zl, k), i.e
gk < g(k+1).
It remains to show

—~—

(Iaz -r Zi(fk)| <r

.>&

(16) Vk = i 1), where fk:=g(2(k +1)):
i=1

ThlS follows since
./\1 (la:(2(k +1)(k +2)) —¢ (2:(gk)) @2k + 1) (k + 2))| <@ %+7) implies

1=

d —_—

~ 1 2 2
/\ (Ia, —r Zi(gk)| <m 1T 2(k+1)(k+2)+1 < -ﬁ)

(15) and (16) imply BW*(z) which concludes the proof of ().

Remark 5.3 One might ask why we did not use the following obvious
proof of BW(z) from BW (z): Let a be such that
d

Vkan > k /\ (lai —w zin| <m %ﬂ) AC%0—gf yields the existence of a

function g such that Vk(gk > kA /\ (la; —mr a:t(gk)l <R k+1 7)) Now define

fk := g(+1)(0). It is clear that f fulﬁls BW*(z).

The problem with this proof is that we cannot use our results from section
2 in the presence of the iteration functional ®;; (see [16] for more infor-
.mation in this point) which is needed to define f as a functional in g. To
introduce the graph of ®; by £9-IA and AC—qf does not help since this
would require an application of £J-IA which involves (besides z) also g as
a genuine function parameter. In contrast to this situation, our proof of
BW(z) — BW(z) uses £9-IA only for a formula with (besides z) only
k,ak as parameters. Since k (as a parameter) remains fixed throughout
the induction, @ only occurs as the number parameter ak but not as
genuine function parameter. This is the reason why we are able to
construct a term x such that 9-IA(xz) A BW(z) — BW(z).

Using (*) and (x) we are now able to prove

Proposition 5.5 Letn > 2 and Bo(u!,v™,w") € L(GrA¥) be a quantifier-
free formula which contains only u',v™,w" free, where y < 2. Furthermore
let £,t € GnR” and A be as in thm.2.4. Then for a suitable ' € G, R the
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following rule holds

(

GnA” + A+ AC-¢f +VulVo <, tu(BW(Ewv) — Fw? By (u, v, w))
= J(eff.)x € GoR” such that
Gmax(n,3)4; + A+ b-ACH
< VulVo <, tuV¥*((¥* satisfies the mon. funct. interpr. of

Va0, K130 A (¢'wv, 2, y, hy)) — Jw <y xu¥* Bo(u, v, w))
and in particular

| PRAY + A + b-AC +VulVu <, tudw <, xu¥ Bo(u,v,w),

where ¥ := \z% hl. Dax (®:4i0R) ( = Az®, Bl iglffl(hio))'

In the conclusion, A+b-AC can be replaced by A, where A is defined as
in thm.2.4. If A = 0, then b-AC can be omitted from the proof of the
conclusion. If T < 1 and the types of the I—quantifiers in A are < 1, then
Gn A% + A+AC-qf may be replaced by E-G, A¥ + A+AC™P —qf, where o, 8
are as in cor.2.5.

This results also holds (for a suitable ¢ instead of ¢') if instead of the
single instance BW™ (§uv), a sequence VI BW* (£uvl) of instances is used
in the proof. -

Proof: By (x),(xx) and the proof of prop.3.11 from [16] there are func-
tionals ¢y, p2 € GoRY such that

G2A” + ACY0—qf + F~ — Vz(II}-CA(p1z) ATII-CA(p2z) — BW ™ (2)).
Furthermore G2A“ - II{-CA(¢ f1 f2) — II3-CA(f1) ATI9-CA(f2), where

¥ f1£22%%° =o f1(Gaz,y), if 2z =0
fa(j2z,y), otherwise.

Hence G2A” + AC'0—qf + F~ — Vz(II}-CA(psz) —» BW*(z)), for a
suitable 3 € GoR“ and thus

GnA” + A+ AC—qf + F~ — VulWo <, tu(M1)-CA(ps(§uv)) — 3w By).
By the proof of theorem 4.21 from [15] we obtain
GnA“ + A + (¥) + AC—qf +Vu'Vy <, tu(I1§-CA(p3(Euv)) — 3w By),
where A := {3Y <5 sV, 21 Ag(z, Y, 2) : VzIy < saVz"Aq € A},
(%) := VnoIY < A%, 41©@ yyd 510 k0 3lvn <q ng
( N\ (Z < ki) > ®k(Z,n) < Bh(Y Ok)).

i<n
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Prop.5.4 (with A’ := AU {(x)}) yields the conclusion of our proposition in
GrAY + A + (x)+ b-AC and so (since, again by the proof of theorem 4.21
from (15}, G3A{ I () and even G3A¥ F (%)) in Gpmax(3,n)AY + A+b-AC.

This proof also extends to sequences VI BW* (€uvl) of instances of BW*
since by the reasoning above such a sequence reduces to a suitable sequence
VI°TI-CA (puvl) of instances of I19~CA which can be reduced in turn to a
single instance using coding (see [16] for this).

5.5 The Arzela—Ascoli lemma

Under the name ‘Arzela—Ascoli lemma’ we understand (as in the literature
on ‘reverse mathematics’) the following proposition:

Let (f;) C C[0,1] be a sequence of functions'? which are equicontinuous
and have a common bound, i.e. there exists a common modulus of uniform
continuity w for all f; and a bound C € IN such that || fi]lcc < C. Then

(i) (fi) possesses a limit point w.r.t. || - ||coc Which also has the modulus
w, i.e.

3f € C[0,1](V&°Ym3n > m(|| f— falloo < %H)/\f has modulus w);

(ii) there is a subsequence (fg) of (f;) which converges with modulus
FHT

As in the case of the Bolzano—Weierstra8 principle we deal first with (z).

The slightly stronger assertion (ii) can then be obtained from (i) using

$9-TA(f) and AC?%%—qf analogously to our proof of BW*(z) from BW (z).

For notational simplicity we may assume that C' = 1. When formalized in
G AY, the version (i) of the Arzela—Ascoli lemma has the form!3

A=A, 1) = (f) Siop) N0 0 MA

H?aF(fl ,m,u,v):=Val Fo (fi,m,u,v,a):=

la N

1 — — 1
0 o ,0 ,0 _ < —_— — <m —
Vl,m,u,v (Iqu quI—Q w(m)_l_l—')lflu lRflvl_lR.m_'_l)

— ag 51(0) /\nM(Vm, u, 'UF(g) m,u, ’U)/\
Vk3n >0 k(IAz! 9(@)m — Aot fa(@)Rlleo < £27)))-

Here M,q and y! — § are the constructions from our representation of
[0,1],[—1, 1] in section 3. For notational simplicity we omit in the following

12The restriction to the unit interval [0, 1] is convenient for the following proofs but
not essential.

13g(z)R denotes the continuation of g : [0,1]N@Q — [—1, 1] to [0, 1] which is definable
in g and its modulus w.
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()
A-A(f,w) is equivalent to'*
fey 10,00 M AV, m® w0 v F(f;,m,u,v) —

3g <1(0) An.M (Vm, u,vF(g,m, u,v)A
w(k)+1 . .
Vk3In >g k L\O (l9(z@mmIr(K) —@ fu(ormIR(K)| <@ £57))-
Assume -A-A(f,w), i.e. fiy < MO n°M AV, m,u,vF(f;,m,u,v) and

Vg <i(0) /\n.M(Vm, u,v F(g,m,u,v) — ElkVn(n >0k —
(1) § vk ) : 5
V. (9(rmn (k) —a faladrn(k)l >a £))).

Let a be such that

Vi, k,n(a(®k%n) =0 [n>k—
w(k)+1 ; 5
i\=/0 (1) —q fn(w—(m)m(k)l >q m)])
I9-CA(c’) (where a’in := a(j1i, j2i,n)) yields the existence of a function
h such that
VI, k(hlk =o 0 & Vn(a(l, k,n) = 0)).

Hence

Vg, k(RO g (o m (B) (k) +2), k) =0 0 &

1

w(k)+ . ,
vn >0k V. (lo(arIn(t) e fn(ardrn(®)l >e ).

(1),(2) and $9-UB~ yield (using the fact that g can be coded into a type~
1-object by ¢’z° := g(j1x, jox))

([ 3koVg' <1 Az.M (jox)VIO
(Vm, u,v,a S kOFO(Ax,y(E’_)Z)(J(x)y))?ma u,v, a’) — Jk < kov’n > kO

(3)ﬁ w(k)+1 . . .
i\=/0 (10, y.(¢", ) (G (= ) (IR (k) — folgmrr)m (k)
\ >q k%l)),

l4For better readability we write ;(E‘Fi-_l instead of its code.
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and therefore using

gmn, if m,n <1
amn =
007 otherwise, and g1 =1(0) AIE, y'((gl)la T)(](.’E, y))fOI' > ](l: l)

3koVg <i(0) An.MVI° (Vm, u,v,a < koFo(g1,m, u,v,a) —

w(k)+1 . )
(4) { 3k < koVn > ko .\_/0 (lo: (s )R (k) —@ fn () m(F)]

>q 7)),

By putting g := fx,+1 and (0 := 3(c + 1), where c is the maximum of
ko + 1 and the codes of all sy for i < w(k) +1 and k < ko, (4) yields
the contradiction

w(k)+1 i i 5
3k < ko ¢\=/o (Ifko+1(;(g)+—1)(k) —-Q fko+1(m)(k)l >e m)

o can be defined as a functional § in f.),w, where £ € GoR“. Since the
proof above can be carried out in G3A“+ACY%—qf'® (under the assumption
of F~ and IY-CA(¢(f,w)) using prop. 4.20 from [15] ) we have shown that

G3A* + ACYO—qf I F~ — VfIOO) 1 (MII-CA(E(f,w)) —» A-A(f,w)).

Analogously to BW* one defines a formalization A—A*(f,w) of the ver-
sion (ii) of the Arzela—Ascoli lemma. Similarly to the proof of BW(z) —
BW(z) one shows (using L9-IA(x(f,w)) for a suitable x € GoR“ and
AC%0—qf) that A-A(f,w) = A-A*(f,w). Analogously to prop.5.5 one so
obtains

Proposition 5.6 For n > 3 proposition 5.5 holds with BW* (£uv) (resp.
VIO BW (£uvl)) replaced by A-A(Euv) or A-At(Euv) (resp. VI°A-A(Euvl)
or VIO A-A* (Eunl)).

5.6 The existence of limsup and liminf for bounded
sequences in R

Definition 5.7 a € R is the limsup of (z,) C R iff
1 ,
(%) VkO(VmHn >0 m(la — zn| < m) A3V >ol(z; <a+ -k_-{_-—i )

15We have to work in G3AY instead of GoA“ since we have used the functional
o, fz = fz.
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Remark 5.4 This definition of limsup is equivalent to the following one:
(%) a is the greatest limit point of (xn).

The implication (x) — (**) is trivial and can be proved e.g. in Gy A¥. The
implication (**) — (%) uses the Bolzano—Weierstraf principle.

In the following we determine the rate of growth caused by the assertion
of the ezistence of limsup (for bounded sequences) in the sense of (x) and
thus a fortiori in the sense of (¥x).

We may restrict ourselves to sequences of rational numbers: Let (%) rep-
resent a sequence of real numbers with Vn(|z,| < C). Then y, := Z,(n)
represents a sequence of rational numbers which is bounded by C + 1. Let
a! be the lim sup of (y,,), then a also is the lim sup of z. Hence the existence
of limsup z,, follows from the existence of limsup y,,. Furthermore we may
assume that C = 1.

The existence of limsup for a sequence of rational numbers € [—-1,1] is
formalized in G,A“ (for n > 2) as follows:

3limsup(z!) := 3a'Vk® (Vm3n >¢ m(la —gr #(n)| <R ——) A

k +1
1

AVG >0 l(2(j) <Sma + —— P ),

where #(n) := maxq(—1, ming(zn, 1)). In the following we use the usual

notation ¥, instead of &(n).

We now show that 3lim sup(z!) can be reduced to a purely arithmetical
assertion L(z') on z! in proofs of VulVv <, tuJw?Y Ag—sentences:

L(z') ;= Vk3Il >o kYK >¢ 135Vgq, 7 >0 j
Vm,n(K >¢ m,n 2ol — ng‘ —-q 77| <q k+1)

~

Lo(I,k,l,K,Q,T)!E

where z7* := maxq(Zm,...,%m+q) (Note that Lo can be expressed as a
quantifier—free formula in G,A%).

Lemma 5.8
1) GoAY F Mon(3kVI3KVj3q,r(l >k — K >1Agq,r > jA-Ly).
2) Gy A“ +Vz! (Ilimsup(z) — L(z)).

3) GaA Vz!((L(z)* — Ilimsup(z)).
(The facts 1)-3) combined with the results of section 2 imply that
Jlim sup(§uv) can be reduced to L(£uv) in proofs of sentences
VulVo <, tudw? Ay, see prop. 5.9 below).
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4) G3A¥ + $9-IA + V' L(z).

Proof: 1) is obvious.

2) By Jlimsup(z!) there exists an a! such that

(1) VKOYm3n > m(ja =R ¥n| <mr k_-ln) and

(2) VKO3IVj >0 U(%; <m a+ k+_1) Assume —L(z), i.e. there exists a ko such
that

(3) V> koK > I¥j3q,r > jam,n(K 2 m,n > IA|aT —@ 27| > kO:- 1)

Applying (2) to 2kg + 1 yields an up such that (4) Vj > uo(&; <m a +
m). (3) applied to I := maxg(ko, ug) + 1 provides a Ko with

(5) Ko > uo AVjdg,r 2 j3m,n(Ko 2 m,n > uo A |27 — 27| > koi-l)'

(1) applied to k := 2kg + 1 and m := K yields a dy such that

By (5) applied to j := dy we obtain

™ KOZuol\do>Ko/\(|a-m-’fdo|S§‘(k—olm)/\
3g,r > do3Im,n(Ko > m,n > ug A |27 —q 27| > 7))

Let g,7,m,n be such that

1
(8) ¢, > do A Ko > m,n > up Alzy' —q z7| > P
(6) 1 .
Then z7* o 2> Q ~ 3Ty Since m < Ky < dy £ m + q. Analogously:

zt > a— 7k—_|_15 On the other hand, (4) implies z7*,27 < a + ﬂﬁl_,_—ﬁ
Thus |z —q =7 | < =51 +1 which contradicts (8).
3) Let f, g be such that L° is fulfilled, i.e.

“ Vk(fk > kAVK > fkvg,r > gkK
*
Vm,n(K >m,n > fk — |27 —q z}| <q k+1))

We may assume that f,g are monotone for otherwise we could define
Mk := maxo(f0,..., fk),gMkK := maxo {gzy : T <o k Ay <o K}

(fM, gM can be defined in G;R“ using ®; and A-abstraction). If f, g sat-
isfy (), then fM g™ also satisfy (x).

Define

h(k) { mini[f(k) <o i <o f(k)+ gk(fk) A %; =q ng,’:(fk)], if existent
=0

09, otherwise.
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h can be defined in G, A“ as a functional in f, g. The case ‘otherwise’ does
not occur since

Vm, g3i(m <¢ i <o m +q A %; =@ maxg(Em, ..., Em+q))-

By the definition of h we have (+) Znr =q 9:5:( sx) for all k. Assume that
m > k. By the monotonicity of f,g we obtain fm >¢ fk A gm(fm) >o
gk(fm) >o gk(fk). Hence (*) implies

1 1
(1) 1= ) =@ Tyl < 77 204 @) Jefkigm) @ Tpim| S 7
and therefore (3) ng ,’:( k)@ x!j;:( fm)l < m Thus for m,m > k we obtain
4

(4) 1250y ~@ Zgmrm S 5T

For h(k) := h(4(k + 1)) this yields (5) VkVm,m > k(25 —@ Ejml < F}-T)
Hence for a :=, )\mo.i’:,-lm we have @ =; a, i.e. a represents the limit of the
Cauchy sequence (Z;,,,).

- Q)
Since h(k) = h(4(k + 1)) > f(4(k + 1)) > 4(k + 1) > k, we obtain
- . 1
6) Vk(h(k) >kA lzﬁk -R a| <m k—-|-].)’
i.e. a is a limit point of z. It remains to show that

(7) VK3IV] >0 1(#; <m a+ gi) :
Define c(k) := g(4(k + 1), f(4(k + 1))). Then by ()

4(k+1
and by (+) a(k) =Q xg((4((kil)),)f(4(k+l))) and therefore

1
Vi > (k) (|zf @) _ k)| < ——).
52 o) (2] g k)| < )
Hence Vj > c(k) (&5 (a(k+1))+5 <o a(k) + 7 7-1y) Which implies

1 + 1 )
4k+1) k+17

Thus (7) is satisfied by | := ¢(2(k + 1)) + f(4(2k + 1) + 1).

Vi 2 c(k) + f(4(k +1))(¥; <m a+

4) Assume —L(z), i.e. there exists a ko such that

(+) Vi > koK > I¥j3q,r > j3m,n(K > m,n > IA|z] —q 2| > ).
? ko+1
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We show (using X9-IA on [%): (++) :=

Ith(i) = LAV < 1=1((9); < (8)j+1) ) '

Vi > 134° R .
NG, 5 S 1=1(G #5 — By, —@ ), > w

~

Ao(i)i=

l = 1: Obvious. [ — [ + 1: By the induction hypothesis their exists an 7
which satisfies Ag(i,1).

Case 1: Vj < 1 +13aVb > a(|%, —q %(;),| > k_o%)

Then by the collection principle for I19-formulas II9-CP there exists an ag
such that

. . . 1
Vi < {=1Vb > ao(l-’l?b -Q x(i)j' > ko + 1)'

Hence ¢’ := ¢ x (maxg(ao, (1); =) + 1) satisfies Ag(¢',1 + 1).
Case 2: - Case 1. Let us assume that Z;), < ... < i(i)’_,l (If not we use
a permutation of (2)o, ..., (i); =1). Let jo <o [ +1 be maximal such that

i . . 1
(1) Vim3n 2o (%, —q JOTH S ko + 1)'

(The existence of jo follows from the least number principle for [I3—formulas
ITJ-LNP: Let j; be the least number such that (I ~1) ~j; satisfies (1). Then
Jjo = (I~1) ~j1).

The definition of jo implies Vj < 1 =1(j > jo — JavVb > a(|%, —q Z(),| >
#o41))- Hence (again by I1}-CP)

Ny C N N 1
(2) Ja; > joVj < lél(] > jo — Vb > al(lzb —Q :L‘(i)j‘ > %o T 1))

Let ¢ € IN be arbitrary. By (+) (applied to [ := maxo(ko,c) + 1) there
exists a K such that

1
(3) V3g,r 2 j3m, n(Ky 2 m,n 2 ko Alaf —@ 27| > 7).

By (1) applied to ™ := K there exists a u > K such that

o 5 1
|24 —@ Z(5);,| < o1
(8) applied to j := u yields g, r,m,n such that

A

1
(5) ¢;r > uAKy 2m,n 2> ¢ ko Alzg" —q z7| > ]
1
ko+1

m n M,
To's Ty 2@ Z(i);, —

(since m,n <u<m+q,n+r).
Because of m,n > c, ko this implies the existence of an a > ¢, kg such that
Zo > Z(s) i Thus we have shown

(6) Yeda 2o ¢, ko(Za > Z(s),, )
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For ¢ := maxo(ai, (i); -1) +1 this yields the existence of an a; > a1, (%) =1»
ko such that Za, > &(;), - Let Ka, be (by (+)) such that

m n 1
(7) Vi3g,r > j3m,n(Ka, > m,n > a1(> a1, ko) A |27" —q 27| > m)-

(6) applies to ¢ := K,, provides an o > K, such that Z,, > Z(;),, - Hence
(7) applied to j := oy yields g,7,m,n with

1 5
(8) ¢,7 > aa AKq, 2m,n> 01 A|z7* — Tr| > ko—_}_-I/\m;",x',‘ >qQ Za,-

Since m,n > a; > ay, (i), -1, (8) implies the existence of an az > (i), -;,a1
such that

(9) :iaa >qQ :\i"(i)jo + m

Since Z(;); < Z(),, for j < jo, this implies
(10) Vi < jg(i"as >q ‘:i:(i)j + ﬁ)

Let j < 1+1 be > jo. Then by (2) and a3 > a;: |[£a; —q Z(),| > ko_l-{-T
Put together we have shown

(11) a3 > (i) 21 AV < U=1(|2ay —q £, | > %o + 1)'

Define i’ := ¢ * (a3). Then Ag(i,!) implies Ag(7’,! + 1), which concludes the
proof of (++).

(++) applied to ! := 2(ko + 1) + 1 yields the existence of indices
i<...< i2(k0+1) such that l‘f(i)j —Q :E(i)j,l > T{H for

3,3" < 2(ko+1)Aj # j', which contradicts Vj°(—1 <q #; <q 1). Hence we
have proved L(z). This proof has used X{-IA, II9-CP and II3-LNP. Since
I13-LNP is equivalent to $3-IA (see [20]), and IT19-CP follows from ©9-IA
by [19] (where CP is denoted by M), the proof above can be carried out
in G3AY + £J-TA (these results from [19],[20] are proved there in a purely
first—order context but immediately generalize to the case where function
parameters are present).

Proposition 5.9 Letn > 2 and By(u!,v™,w") € L(G,A¥) be a quantifier-
free formula which contains only ul,v™, w” free, where v < 2. Furthermore
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let §,t € GLR” and A be as in thm.2.4. Then the following rule holds

anA“’ + A+ AC-gf - VulVo <, tu(3limsup(§uv) — Jw Bo(u, v, w))
= I(eff.)x € Go,R” such that

GnAY + A+ b-AC +VulVy <, tuvd®

ﬁ ((I* satisfies the mon. funct.interpr. of the negative transl. L(Euv)’
of L(éuv) — Jw <, xu¥* Bo(u,v,w))

and in particular 3V € T, such that

\PA;" + A+ b-AC FVulVv <, tudw <, Yu By(u, v, w).

where Ty is the restriction of Godel’s T which contains only the recursor R,
for p < 1. The Ackermann function (but no functions having an essentially
greater order of growth) can be defined in Ty.

In the conclusion, A+b-AC can be replaced by A, where A is defined as
in thm.2.4. If A = O, then b—-AC can be omitted from the proof of the
conclusion. If 7 < 1 and the types of the —quantifiers in A are < 1, then
GnA¥ + A+AC-qf may be replaced by E-G, A“ + A+ AC*P —¢f, where o, B

are as in cor.2.5.

Proof: Prenexation of Vu'Vv <. tu(L(§uv) — 3w Bo(u, v, w)) yields

G :=Vu'Vo <, tuIkVIAKVj3g, r,w([(l > kA (K 2 1A q,m > j — Lo))
— Bo(u,v,w)].

Lemma 5.8.1) implies
(1) G2AY - Mon(G).

The assumption of the proposition combined with lemma 5.8.3) implies
(2) GoA” + A + AC—qf F VulVo <, tu(L(£uv)® — Jw?By(u, v, w))

and therefore

(3) GoAY + A + AC—qf FG¥.

Theorem 2.4 applied to (1) and (3) provides the extractability of a tuple
¢ € GLR” such that

(4) GrAY + A+b-AC
(£ satisfies the monotone functional interpretation of G’ )

G’ intuitionistically implies

(5) VulVw <, tu(L(§uwv)’ — —=—3w?Bo(u, v, w)).
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Hence from ¢ one obtains a term ¢ € G, R“ such that (provably in G, A} +

A +b-AC)
(6) 3y (¢ s—maj ¢ AVu'Vv <, tu¥a(Vh(L(Ew)')p — Bo(u,v,Yuva))),

where 3aVb(L(£uv)') p is the usual functional interpretation of L({uv)’.
Let ¥* satisfy the monotone functional interpretation of L({uv)’ then

(7) 3a(¥* s-maj a AVb(L(Ewv)') ).
Hence for such a tuple @ we have
(8) Mul.gu(t*u)¥* s-maj Yuva for v < tu

(Use lemma 2.2.11 from [15]. t* in G,R" is a majorant for t).

Since v < 2 this yields a >3 bound xu¥* for Yuva (lemma 2.2.11 from
[15]).-

The second part of the proposition follows from lemma 5.8.4) and the fact
that G,A“ + £3-IA has (via negative translation) a monotone functional
interpretation in PAY¥ by terms € T; (By [20] Z3-IA has a functional
interpretation in T;. Since every term in T; has a majorant in T4, also the
monotone functional interpretation can be satisfied in T,).

Remark 5.5 By the theorem above the use of the analytical aziom
Jlimsup(éuv) in a given proof of YulVv <, tudwYBy can be reduced to
the use of the arithmetical principle L(éuv). By lemma 5.8.2) this reduc-
tion is optimal (relatively to Ga A¥ ).
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