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THE GAMMA FILTRATIONS OF K-THEORY OF COMPLETE

FLAG VARIETIES
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Abstract

Let G be a compact Lie group and T its maximal torus. In this paper, we try to

compute gr�g ðG=TÞ the graded ring associated with the gamma filtration of the complex

K-theory K 0ðG=TÞ. We use the Chow rings of corresponding versal flag varieties.

1. Introduction

Let p be a prime number. Let K �
topðX Þ be the complex K-theory localized

at p for a topological space X . There are two typical filtrations for K 0
topðX Þ,

the topological filtration defined by Atiyah [2] and the g-filtration defined by
Grothendieck [5]. Let us write by gr�topðXÞ and gr�g ðX Þ the associated graded

rings for these filtrations. (Also see Chapter 15 in the book [33] by Totaro.)
Let G and T be a connected compact Lie group and its maximal torus. Then
gr�topðG=TÞGH �ðG=TÞðpÞ: However when H �ðGÞ has p-torsion, it is not iso-

morphic to gr�g ðG=TÞ. In this paper, we try to compute gr�g ðG=TÞ.
To study the above (topological) g-filtration, we use the corresponding

algebraic g-filtration. Given a field k with chðkÞ ¼ 0, let Gk and Tk be a split
reductive group and a split maximal torus over the field k, corresponding to G
and T . Let Bk be the Borel subgroup containing Tk. Let G be a Gk-torsor.
Then F ¼ G=Bk is a twisted form of the flag variety Gk=Bk. Hence we can
consider the g-filtration and its graded ring gr�g ðFÞ for algebraic K-theory K 0

algðFÞ
over k.

Let us write F ¼ Fn k for the algebraic closure k of k. It is well known
from Chevalley that the restriction resK : K 0

algðFÞ ! K 0
algðFÞ is surjective when G

is simply connected. Panin [20] shows that K 0
algðFÞ is torsion free, which implies

resK is injective. Hence when G is simply connected, we see

K 0
algðFÞGK 0

algðFÞGK 0
topðG=TÞ:
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Moreover we take k such that there is a Gk-torsor G which is isomorphic
to a versal Gk-torsor (for the definition of a versal Gk-torsor, see §3 below or
see [3], [32], [14], [8]). Then F ¼ G=Bk is thought as the most twisted complete
flag variety, and we say it the versal flag variety. In particular, its Chow ring
CH �ðFÞ is generated by Chern classes ([14], [8]). Hence we have;

Theorem 1.1. Let G be a compact simply connected Lie group. Let F ¼
G=Bk be the versal flag variety. Then

gr�g ðG=TÞG gr�g ðFÞGCH �ðFÞ=I for some ideal I � CH �ðFÞ:

Remark. Karpenko conjectures that the above I ¼ 0 ([8], [9]).
Note that gr�g ðG=TÞ is the associated ring of the topological K-theory

K 0
topðG=TÞ but gr�g ðFÞ is that of the algebraic K-theory K 0

algðFÞ. Hence the
purely topological object gr�g ðG=TÞ can be computed by a purely algebraic geo-
metric object, the Chow ring of a twisted flag variety F.

Let BT be the classifying space of T . We consider the fiber sequence G !
G=T !i BT . The filtration defined from K �

topði�1ðBT jÞÞ of K �
topðG=TÞ for the

j-th skeleton BT j of BT gives the following the (modified Atiyah-Hirzebruch)
spectral sequence

E
�;� 0

2 GH �ðBT ;K �0

topðGÞÞ ) K �
topðG=TÞ:

From the preceding theorem, we can see;

Corollary 1.2. We have E �;0
y G gr�g ðG=TÞ:

However, the above spectral sequence itself seems to be di‰cult to compute.
In this paper, the proof of Theorem 1.1 is also given by the computation of each
simple Lie group. For example, in the following cases, grgðG=TÞ=pG grgðFÞ=p
can be computed (see also [44]).

Theorem 1.3. Let ðG; pÞ be the following simply connected simple group with
p torsion in H �ðGÞ. Let ðG; pÞ ¼ ðSpinðnÞ; 2Þ for 7a na 10, or an exceptional
Lie group except for ðE7; 2Þ and ðE8; 2; 3Þ. Then there are elements bs in SðtÞ ¼
Z½t1; . . . ; tl�GH �ðBTÞ for 1a sa l such that grgðG=TÞGCH �ðFÞ, and

grgðG=TÞ=pGSðtÞ=ðp; bibj; bk j 1a i; ja 2ðp� 1Þ < ka lÞ:

Theorem 1.4. Let ðG; pÞ ¼ ðSpinð11Þ; 2Þ. Then we can take c1, c
0
i in SðtÞ ¼

H �ðBTÞGZ½t1; . . . ; t5� for 2a ia 5 with jc1j ¼ 2, jc 0i j ¼ 2i such that

grgðG=TÞ=2GSðtÞ=ð2; c 0i c 0j ; c81c 0i ; c161 j 2a ia ja 5; ði; jÞ0 ð2; 4ÞÞ:

Remark. Quite recently, Karpenko proves ([9]) that for G ¼ Spinð11Þ and
G ¼ Spinð12Þ, we have grgðFÞGCH �ðFÞ. Hence the above ring is isomorphic to
CH �ðFÞ=2.
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The plan of this paper is the following. In §2, we recall and prepare the
topological arguments for H �ðG=TÞ, Kð1Þ�ðG=TÞ and BP�ðG=TÞ. In §3, we
recall the decomposition of the motive of a versal flag variety and recall the
torsion index. In §4, §5, we study the graded rings of the K-theory (and the
Morava Kð1Þ-theory). In §6, §7, we study the cases SOðmÞ and SpinðmÞ for
p ¼ 2. In §8–§11, we study the cases that ðG; pÞ are in Theorem 1.3 (e.g.,
ðE8; 5ÞÞ, ðE8; 3Þ, ðE7; 2Þ and ðE8; 2Þ respectively.

The author thanks the referee who corrected errors in the first version of this
paper.

2. Lie groups G and the flag manifolds G=T

Let G be a connected compact Lie group. By Borel, its modðpÞ cohomol-
ogy is (for p odd)

H �ðG;Z=pÞGPðyÞ=pnLðx1; . . . ; xlÞ; l ¼ rankðGÞð2:1Þ

with PðyÞ ¼ ZðpÞ½y1; . . . ; ys�=ðy pr1

1 ; . . . ; y prs

s Þ

where the degree jyij of yi is even and jxjj is odd. When p ¼ 2, a graded ring
grH �ðG;Z=2Þ is isomorphic to the right hand side ring, e.g. x2

j ¼ yij for some yij .

In this paper, H �ðG;Z=2Þ means this grH �ðG;Z=2Þ so that ð2:1Þ is satisfied also
for p ¼ 2.

Let T be the maximal torus of G and BT be the classifying space of T .
We consider the fibering ([29], [16]) G !p G=T !i BT and the induced spectral
sequence

E
�;� 0

2 ¼ H �ðBT ;H � 0 ðG;Z=pÞÞ ) H �ðG=T ;Z=pÞ:

The cohomology of the classifying space of the torus is given by H �ðBTÞGSðtÞ
¼ Z½t1; . . . ; tl� with jtij ¼ 2, where ti ¼ pr�i ðc1Þ is the 1-st Chern class induced
from T ¼ S1 � � � � � S1 !pri S1 � Uð1Þ for the i-th projection pri. Note that l ¼
rankðGÞ is also the number of the odd degree generators xi in H �ðG;Z=pÞ.

It is well known that yi are permanent cycles and that there is a regular
sequence ([29], [16]) ðb1; . . . ; blÞ in H �ðBTÞ=ðpÞ such that djxi jþ1ðxiÞ ¼ bi (this bi
is called the transgressive element). Thus we get

E �;� 0

y G grH �ðG=T ;Z=pÞGPðyÞ=pnSðtÞ=ðb1; . . . ; blÞ:

Moreover we know that G=T is a complex manifold such that H �ðG=TÞ is
torsion free, and

H �ðG=TÞðpÞ GZðpÞ½y1; . . . ; ys�nSðtÞ=ð f1; . . . ; fs; b1; . . . ; blÞð2:2Þ

where bi ¼ b modðpÞ and fi ¼ y
pri

i modðt1; . . . ; tlÞ:
Let BP�ð�Þ be the Brown-Peterson theory with the coe‰cients ring BP� G

ZðpÞ½v1; v2; . . .�; jvij ¼ �2ðpi � 1Þ ([6], [24]). Since H �ðG=TÞ is torsion free, the
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Atiyah-Hirzebruch spectral sequence (AHss) collapses. Hence we also know

BP�ðG=TÞGBP�½y1; . . . ; ys�nSðtÞ=ð ~ff1; . . . ; ~ffs; ~bb1; . . . ; ~bblÞð2:3Þ

where ~bbi ¼ bi modðBP<0Þ and ~ffi ¼ fi modðBP<0Þ:
Recall the Morava K-theory KðnÞ�ðXÞ with the coe‰cient ring KðnÞ� ¼

Z=p½vn; v�1
n �. Similarly we can define connected or integral Morava K-theories

with

kðnÞ� ¼ Z=p½vn�; ~kkðnÞ� ¼ ZðpÞ½vn�; ~KKðnÞ� ¼ Zð pÞ½vn; v�1
n �:

It is known (as the Conner-Floyd type theorem)

~KKð1Þ�ðXÞGBP�ðXÞnBP� ~KKð1Þ�:

The above fact does not hold for KðnÞ-theory with nb 2.
Here we consider the connected Morava K-theory kðnÞ�ðXÞ (such that

KðnÞ�ðXÞG kðnÞ�ðXÞ½v�1
n �) and the Thom natural homomorphism r : kðnÞ�ðX Þ

! H �ðX ;Z=pÞ. Recall that there is an exact sequence (Sullivan exact sequence
[24], [40])

� � � ! kðnÞ�þ2ðpn�1ÞðX Þ !vn kðnÞ�ðXÞ !r H �ðX ;Z=pÞ !d � � �

such that r � dðXÞ ¼ QnðXÞ. Here the Milnor Qi operation

Qi : H
�ðX ;Z=pÞ ! H �þ2p i�1ðX ;Z=pÞ

is defined by Q0 ¼ b and Qiþ1 ¼ Ppi

Qi �QiP
pi

for the Bockstein operation b and
the reduced power operation P j.

We consider the Serre spectral sequence

E �;� 0

2 GH �ðB;H �ðF ;Z=pÞÞ ) H �ðE;Z=pÞ:

induced from the fibering F !i E !p B with H �ðBÞGHevenðBÞ. By using the
Sullivan exact sequence, we can prove;

Lemma 2.1 (Lemma 4.3 in [40]). In the spectral sequence E �;� 0
r above, sup-

pose that there is x A H �ðF ;Z=pÞ such that

y ¼ QnðxÞ0 0 and b ¼ djxjþ1ðxÞ0 0 A E
�;0
jxjþ1:(*)

Moreover suppose that E
0; jxj
jxjþ1 GZ=pfxgGZ=p. Then there are y 0 A kðnÞ�ðEÞ and

b 0 A kðnÞ�ðBÞ such that i�ðy 0Þ ¼ y, rðb 0Þ ¼ b and that

vn y
0 ¼ lp�ðb 0Þ in kðnÞ�ðEÞ; for l0 0 A Z=p:(**)

Conversely if (**) holds in kðnÞ�ðEÞ for y ¼ i�ðy 0Þ0 0 and b ¼ rðb 0Þ0 0, then
there is x A H �ðF ;Z=pÞ such that (*) holds.

Remark (Remark 4.8 in [40]). The above lemma also holds letting kð0Þ�ðX Þ
¼ H �ðX ;ZðpÞÞ and v0 ¼ p. This fact is well known (Lemma 2.1 in [29]).
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Corollary 2.2. Let b0 0 be the transgressive image of x, i.e. djxjþ1ðxÞ ¼
b A H �ðG=TÞ=p. Then there is a lift b A BP�ðBTÞGBP� nSðtÞ of b A SðtÞ=p
such that

b ¼
X
i¼0

vi yðiÞ A BP�ðG=TÞ=I 2y ði:e:; b ¼ vi yðiÞ A kðiÞ�ðG=TÞ=ðv2i ÞÞ

where yðiÞ A H �ðG=T ;Z=pÞ with p�yðiÞ ¼ Qix.

3. Versal flag varieties

Let Gk be the split reductive algebraic group corresponding to G, and Tk

be the split maximal torus corresponding to T . Let Bk be the Borel subgroup
with Tk � Bk. Note that Gk=Bk is cellular, and CH �ðGk=TkÞGCH �ðGk=BkÞ.
Hence we have

CH �ðGk=BkÞGH �ðG=TÞ and CH �ðBBkÞGH �ðBTÞ:
Let us write by W�ðX Þ the BP-version of the algebraic cobordism defined by

Levine-Morel ([12], [13], [40], [42]) such that

W�ðX Þ ¼ MGL2�;�ðX ÞðpÞ nMU �
ð pÞ

BP�; W�ðXÞnBP� Zð pÞ GCH �ðX ÞðpÞ
where MGL�;� 0 ðXÞ is the algebraic cobordism theory defined by Voevodsky
with MGL2�;�ðpt:ÞGMU � the complex cobordism ring. There is a natural
(realization) map W�ðX Þ ! BP�ðX ðCÞÞ. In particular, we have W�ðGk=BkÞG
BP�ðG=TÞ: Let In ¼ ðp; v1; . . . ; vn�1Þ and Iy ¼ ðp; v1; . . .Þ be the (prime invari-
ant) ideals in BP�. We also note

W�ðGk=BkÞ=Iy GBP�ðG=TÞ=Iy GH �ðG=TÞ=p:
Let G be a nontrivial Gk-torsor. We can construct a twisted form of Gk=Bk

by ðG� Gk=BkÞ=Gk GG=Bk: We will study the twisted flag variety F ¼ G=Bk.
By extending the arguments by Vishik [34] for quadrics to that for flag

varieties, Petrov, Semenov and Zainoulline define the J-invariant of G. Recall
the expression (2.1) in §2

H �ðG;Z=pÞGZ=p½y1; . . . ; ys�=ðy pr1

1 ; . . . ; y prs

s ÞnLðx1; . . . ; xlÞ:(*)

Roughly speaking (for the detailed definition, see [23]), the J-invariant is defined
as JpðGÞ ¼ ð j1; . . . ; jsÞ if ji is the minimal integer such that

y
p ji

i A ImðresCHÞ modðy1; . . . ; yi�1; t1; . . . ; tlÞ

for resCH : CH �ðFÞ ! CH �ðFÞ. Here we take jy1ja jy2ja � � � in (*). Hence
0a ji a ri and JpðGÞ ¼ ð0; . . . ; 0Þ if and only if G split by an extension of the
index coprime to p. One of the main results in [23] is

Theorem 3.1 (Theorem 5.13 in [23] and Theorem 4.3 in [28]). Let G be a
Gk-torsor over k, F ¼ G=Bk and JpðGÞ ¼ ð j1; . . . ; jsÞ. Then there is a p-localized
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motive RðGÞ such that the motive MðFÞ of the variety F is decomposed as motives
(in the category of Chow motives)

MðFÞð pÞ Glu RðGÞnTnu:

Here Tnu are Tate motives with CH �ðlu T
nuÞ=pGP 0ðyÞnSðtÞ=ðbÞ where

P 0ðyÞ ¼ Z=p½y p j1

1 ; . . . ; y p js

s �=ðy pr1

1 ; . . . ; y prs

s Þ � PðyÞ=p;
SðtÞ=ðbÞ ¼ SðtÞ=ðb1; . . . ; blÞ:

The modðpÞ Chow group of RðGÞ ¼ RðGÞn k is given by

CH �ðRðGÞÞ=pGZ=p½y1; . . . ; ys�=ðy p j1

1 ; . . . ; y p js

s Þ:

Hence we have CH �ðFÞ=pGCH �ðRðGÞÞnP 0ðyÞnSðtÞ=ðbÞ and

CH �ðFÞ=pGCH �ðRðGÞÞnP 0ðyÞnSðtÞ=ðbÞ:

Remark. In this paper, a map A ! B (resp. AGB) for rings A, B means
a ring map (resp. a ring isomorphism). However CH �ðRðGÞÞ does not have a
canonical ring structure. Hence a map A ! CH �ðRðGÞÞ (resp. AGCH �ðRðGÞÞ)
means only a (graded) additive map (resp. additive isomorphism). Hence all
(except for the first) isomorphisms in the above theorem are those of only graded
Z=p-modules.

Let us consider an embedding of Gk into the general linear group GLN for
some N. This makes GLN a Gk-torsor over the quotient variety S ¼ GLN=Gk.
Let F be the function field kðSÞ and define the versal Gk-torsor E to be the
Gk-torsor over F given by the generic fiber of GLN ! S. (For details, see [3],
[32], [14], [8].)

E GLN???y
???y

SpecðkðSÞÞ ���! S ¼ GLN=Gk

����������!

The corresponding flag variety E=Bk is called the versal complete flag variety,
which is considered as the most complicated twisted complete flag variety (for
given Gk). It is known that the Chow ring CH �ðE=BkÞ is not dependent to the
choice of generic Gk-torsors E (Remark 2.3 in [8]).

Karpenko and Merkurjev showed the following result for a versal flag
variety.

Theorem 3.2 (Karpenko Lemma 2.1 in [8]). Let h�ðX Þ be an oriented
cohomology theory (e.g., CH �ðX Þ, W�ðXÞ). Let G=Bk be a versal flag variety.
Then the natural map h�ðBBkÞ ! h�ðG=BkÞ is surjective.

Corollary 3.3. If G is versal, then CH �ðFÞ ¼ CH �ðG=BkÞ is multiplica-
tively generated by elements ti in SðtÞ.
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Corollary 3.4. If G is versal, then JðGÞ ¼ ðr1; . . . ; rsÞ, i.e. ri ¼ ji. Hence
P 0ðyÞ ¼ Z=p in Theorem 3.1.

Proof. If ji < ri, then 00 y
p ji

i A resðCH �ðFÞ ! CH �ðFÞÞ, which is in the
image from SðtÞ by the preceding theorem. This contradicts to CH �ðFÞ=pG
PðyÞ=pnSðtÞ=ðbÞ and 00 y

p ji

i A PðyÞ=p. r

Hence we have surjections for a versal variety F

CH �ðBBkÞ !! CH �ðFÞ !!pr: CH �ðRðGÞÞ:

We study in [44] what elements in CH �ðBBkÞ generate CH �ðRðGÞÞ. By giving
the filtration on SðtÞ by bi, we can write

grSðtÞ=pGAnSðtÞ=ðb1; . . . ; blÞ for A ¼ Z=p½b1; . . . ; bl�:
In particular, we have maps A !iA CH �ðFÞ=p ! CH �ðRðGÞÞ=p: We also see that
the above composition map is surjective (see also Lemma 3.7 below).

Lemma 3.5. Suppose that there are f1ðbÞ; . . . ; fsðbÞ A A such that
CH �ðRðGÞÞ=pGA=ð f1ðbÞ; . . . ; fsðbÞÞ additively. Moreover if fiðbÞ ¼ 0 for 1a
ia s also in CH �ðFÞ=p, then we have the ring isomorphism

CH �ðFÞ=pGSðtÞ=ðp; f1ðbÞ; . . . ; fsðbÞÞ:

Proof. Using ð f1; . . . ; fsÞ � ðbÞ ¼ ðb1; . . . ; blÞ, we have additively

SðtÞ=ð f1; . . . ; fsÞG ðAnSðtÞ=ðbÞÞ=ð f1; . . . ; fsÞGA=ð f1; . . . ; fsÞnSðtÞ=ðbÞ
GCH �ðRðGÞÞ=pnSðtÞ=ðbÞGCH �ðFÞ=p:

Of course there is a ring surjective map SðtÞ=ð f1; . . . ; fsÞ ! CH �ðFÞ=p, this map
must be isomorphic. r

Let dimðG=TÞ ¼ 2d. Then the torsion index is defined as

tðGÞ ¼ jH 2dðG=T ;ZÞ=i�H 2dðBT ;ZÞj where i : G=T ! BT :

Let nðGÞ be the greatest common divisor of the degrees of all finite field extension
k 0 of k such that G becomes trivial over k 0. Then by Grothendieck [5], it is
known that nðGÞ divides tðGÞ. Moreover, G is versal, then nðGÞ ¼ tðGÞ ([32],
[14], [8]). Note that tðG1 � G2Þ ¼ tðG1ÞtðG2Þ. It is well known that if H �ðGÞ
has a p-torsion, then p divides the torsion index tðGÞ. Torsion index for simply
connected compact Lie groups are completely determined by Totaro [31], [32].

For N > 0, let us write AN ¼ Z=pfbi1 � � � bik j jbi1 j þ � � � þ jbik jaNg:

Lemma 3.6. Let b A KerðprÞ for pr : A2d !! CH �ðRðGÞÞ. Then

b ¼
X

b 0u 0 with b 0 A A2d ; u 0 A SðtÞþ=ðp; bÞ; i:e:; ju 0j > 0:
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Let us write

ytop ¼ Ps
i¼1 y

pri�1
i ðreps: ttopÞ

the generator of the highest degree in PðyÞ (resp. SðtÞ=ðbÞ) so that f ¼ ytopttop is
the fundamental class in H 2dðG=TÞ.

Lemma 3.7. The following map is surjective

AN !! CH �ðRðGÞÞ=p where N ¼ jytopj:

Proof. In the preceding lemma, AN n u for juj > 0 maps zero in
CH �ðRðGÞÞ=p. Since each element in SðtÞ is written by an element in AN n
SðtÞ=ðbÞ, we have the lemma. r

Corollary 3.8. If bi 0 0 in CH �ðX Þ=p, then so in CH �ðRðGkÞÞ=p.

Proof. Let prðbiÞ ¼ 0. From Lemma 3.6, bi ¼
P

b 0u 0 for ju 0j > 0, and
hence b 0 A Idealðb1; . . . ; bi�1Þ. This contradict to that ðb1; . . . ; blÞ is regular.

r

Now we consider the torsion index tðGÞ.

Lemma 3.9 ([44]). Let ~bb ¼ bi1 � � � bik in SðtÞ such that in H �ðG=TÞðpÞ

~bb ¼ ps ytop þ
X

yt
� �

; jtj > 0

for some y A PðyÞ and t A SðtÞþ. Then tðGÞðpÞ a ps.

4. Filtrations of K-theories

We first recall the topological filtration defined by Atiyah. Let X be a
topological space. Let K �

topðXÞ be the complex K-theory so that K 0
topðX Þ is the

Grothendieck group generated by complex bundles over X . Let X i be an
i-dimensional skeleton of X . Define the topological filtration of K �

topðXÞ by

F i
topðXÞ ¼ KerðK �

topðXÞ ! K �
topðX iÞÞ and the associated graded algebra gritopðXÞ ¼

F i
topðXÞ=F iþ1

top ðXÞ: Consider the AHss (Atiyah-Hirzebruch spectral sequence)

E
�;� 0

2 ðX ÞGH �ðX ;K �0

topÞ ) K �ðXÞtop:

By the construction of the spectral sequence, we have

Lemma 4.1 (Atiyah [2]). gr�topðX ÞGE �;0
y ðXÞ.

Note that the above isomorphism

E2�;0
y G gr2�ðK �

topðXÞÞ ! gr2�ðK 0
topðXÞÞG gr2�topðX Þ
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is given by x 7! B�x for the Bott periodicity, i.e., K �
top GZ½B;B�1� and degðBÞ ¼

ð�2;�1Þ.
Next we consider the geometric filtration. Let X be a smooth algebraic

variety over a subfield k of C. Let K �
algðX Þ be the algebraic K-theory so that

K 0
algðX Þ is the Grothendieck group generated by k-vector bundles over X . It is

also isomorphic to the Grothendieck group generated by coherent sheaves over X
(we assumed X smooth). This K-theory can be written by the motivic K-theory
AK �;� 0 ðXÞ ([36], [37], [41]), i.e.,

K i
algðX ÞGlj AK

2j�i; jðXÞ:

In particular K 0
algðXÞGAK 2�;�ðX Þ ¼lj AK

2j; jðXÞ.
The geometric filtration ([5], Chapter 15 in [33]) is defined as

F 2i
geoðXÞ ¼ f½OV � j codimX V b ig

(and F 2i�1
geo ðXÞ ¼ F 2i

geoðXÞ) where OV is the structural sheaf of closed subvariety V
of X . Here we recall the motivic AHss ([41], [42])

AE �;� 0;� 00

2 ðXÞGH �;� 0 ðX ;K �00 Þ ) AK �;� 0 ðXÞ

where K 2� ¼ AK 2�;�ðpt:Þ: Note that

AE
2�;�;� 00

2 ðX ÞGH 2�;�ðX ;K � 00 ÞGCH �ðX ÞnK � 00
:

Hence AE2�;�;0
y ðX Þ is a quotient of CH �ðXÞ by dimensional reason of degree

of di¤erential dr (i.e., drAE
2�;�;�00

r ðXÞ ¼ 0 for smooth X ). Thus we have

Lemma 4.2 ([33], Lemma 6.2 in [43]). We have

gr2�geoðXÞGAE2�;�;0
y ðX ÞGCH �ðXÞ=I

where I ¼
S

r ImðdrÞ.

Lemma 4.3 ([33], [43]). Let tC : K 0
algðXÞ ! K 0

topðX ðCÞÞ be the realization
map. Then F i

geoðXÞ � ðt�CÞ
�1
F i
topðXðCÞÞ:

At last, we consider the gamma filtration. Let l iðxÞ be the exterior power of
the vector bundle x A K 0

algðX Þ and ltðxÞ ¼
P

l iðxÞti A K �
algðXÞ½t�. Let us denote

lt=ð1�tÞðxÞ ¼ gtðxÞ ¼
X

g iðxÞti ði:e: gnðxÞ ¼ lnðxþ n� 1ÞÞ:

Hence g iðxÞ A K 0
algðX Þ if so is x. The gamma filtration is defined as

F 2i
g ðXÞ ¼ fg i1ðx1Þ � . . . � g imðxmÞ j i1 þ � � � þ im b i; xj A K 0

algðX Þg:
Then we can see F i

g ðXÞ � F i
geoðXÞ. (Similarly we can define FgðX Þ for a

topological space X .) In Proposition 12.5 in [At], Atiyah proved F i
g ðXÞ �

F i
topðXÞ in KtopðXÞ. Moreover Atiyah’s arguments work also in K 0

algðXÞ and
this fact is well known ([4], [7], [33], [43]). Let e : K 0

algðX Þ ! Z be the augmen-
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tation map and ciðxÞ A H 2i; iðX Þ the Chern class. Let q : CH �ðXÞGE
2�;�;0
2 !!

E2�;�;0
y be the quotient map. Then (see p. 63 in [2]) we have

qðcnðxÞÞ ¼ ½gnðx� eðxÞÞ�:

Lemma 4.4 ([2], [33], [43]). The condition F 2�
g ðXÞ ¼ F 2�

topðXÞ (resp. F 2�
g ðXÞ ¼

F 2�
geoðXÞ) is equivalent to that E2�;0

y ðXÞ (resp. AE2�;�;0
y ðX Þ) is (multiplicatively)

generated by Chern classes in H 2�ðX Þ (resp. CH �ðX Þ).

By Conner-Floyd type theorem ([24], [6]), it is well known

AK �;� 0 ðX ÞG ðMGL�;� 0 ðXÞnMU � ZÞnZ½B;B�1�
where the MU �-module structure of Z is given by the Todd genus, and B is
the Bott periodicity. Since the Todd genus of v1 (resp. vi, i > 1) is 1 (resp. 0), we
can write

AK �;� 0 ðX ÞGABP�;� 0 ðX ÞnBP � Z½B;B�1� with Bp�1 ¼ v1:

Recall that A ~KKð1Þ�;�
0
ðXÞ is the algebraic Morava K-theory with ~KKð1Þ� ¼

ZðpÞ½v1; v�1
1 �: By the Landweber exact functor theorem (see [41]), we have

A ~KKð1Þ�;�
0
ðXÞGABP�;�0 ðXÞnBP � ~KKð1Þ�: Thus we have

Lemma 4.5 ([43]). There is a natural isomorphism

A ~KK �;� 0 ðXÞGA ~KKð1Þ�;�
0
ðXÞn ~KKð1Þ� Z½B;B�1� with v1 ¼ Bp�1:

Lemma 4.6 ([43]). Let EðAKÞr (resp. EðA ~KKð1ÞÞr) be the AHss converging
to AK �;�0 ðXÞ (resp. A ~KKð1Þ�;�

0
ðX Þ). Then

EðAKÞ�;�
0;�00

r GEðA ~KKð1ÞÞ�;�
0;�00

r n ~KKð1Þ� ZðpÞ½B;B�1�:

In particular, gr�geoðXÞGEðAKÞ2�;�;0y GEðA ~KKð1ÞÞ2�;�;0y :

From the above lemmas, it is su‰cient to consider the Morava K-theory
A ~KKð1Þ�;�

0
ðXÞ when we want to study AK �;�0 ðXÞ. For ease of notations, let us

write simply

K 2�ðXÞ ¼ A ~KKð1Þ2�;�ðXÞ; so that K �ðpt:ÞGZðpÞ½v1; v�1
1 �;

k2�ðXÞ ¼ A~kkð1Þ2�;�ðXÞ; so that k �ðpt:ÞGZðpÞ½v1�:

Hereafter of this paper, we only consider this Morava K-theory K 2�ðX Þ instead
of AK 2�;�ðX Þ or K 0

algðXÞ.

5. The restriction map for the K-theory

We consider the restriction maps that

resK : K �ðXÞ ! K �ðX Þ:
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By Panin [20], it is known that K 0
algðFÞ is torsion free for each twisted flag

varieties F ¼ G=Bk. The following lemma is almost immediate from this Panin’s
result.

Lemma 5.1. Let F be a (twisted ) flag variety. Then the restriction map
resK : K �ðFÞ ! K �ðFÞ is injective.

Proof. Recall that resCHnQ : CH �ðFÞnQ ! CH �ðFÞnQ is isomorphic.
Hence by the AHss, we see K �ðFÞnQGK �ðFÞnQ. Since K �ðFÞ and K �ðFÞ
are torsion free, the lemma is immediate. r

For each simply connected Lie group G, it is well known that resK is
surjective from Chevalley. Thus we have

Theorem 5.2 (Chevalley, Panin). When G is simply connected, resK is an
isomorphism.

Hence we have Theorem 1.1 in the introduction. However we will see it
directly and explicitly for each simple Lie group. Moreover we will try to com-
pute explicitly grgðXÞ for each simply connected simple Lie group.

Lemma 5.3. Let F be a versal complete flag variety. The restriction map
resK is isomorphic if and only if for each generator yi A PðyÞ in CH �ðFÞ, there is
cðiÞ A K �ðBTÞ such that cðiÞ ¼ vsi1 yi, for si b 0 in K �ðFÞ=p:

Proof. Consider the restriction map

resk : k �ðRðGÞÞ ! k �ðRðGÞÞG k � nPðyÞ

where k � ¼ ZðpÞ½v1�. Suppose that resK ¼ resk½v�1
1 � is surjective. Then since

F is versal, there is cðiÞ A K �ðBBkÞ with cðiÞ ¼ vsi1 yi for some si A Z. Since
reskðcðiÞÞ � k � nPðyÞ, we see si b 0. The converse is immediate. r

Corollary 5.4. For each generator yi A PðyÞ, if there is xkðiÞ A Lðx1; . . . ;
xlÞ � H �ðG;Z=pÞ such that Q1xkðiÞ ¼ yi, then resK for a versal flag F is
isomorphic.

Proof. Let drðxkÞ ¼ bk A H �ðBTÞ=p. Then by Corollary 2.2, we have

bk ¼ v1 yi modðv21Þ in kð1Þ�ðG=TÞ:

By induction, we can take generators yi satisfy the above lemma. r

Corollary 5.5. Let G ¼ G1 � G2, and F ¼ G=Bk, Fi ¼ Gi;k=Bi;k for
i ¼ 1; 2. Suppose F, Fi are versal. If resK are isomorphic for K �ðFiÞ then so
is for K �ðFÞ.
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Proof. Since F is versal, we see CH �ðF1ÞnCH �ðF2Þ ! CH �ðFÞ is surjec-
tive, because CH �ðFÞ generated by

CH �ðBðB1;k � B2;kÞÞGCH �ðBB1;kÞnCH �ðBB2;kÞ:
Let PiðyÞ � H �ðGi=TiÞ be the polynomial parts corresponding to that in
H �ðGi;Z=pÞ. Then PðyÞGP1ðyÞnP2ðyÞ. By the assumption, resK are iso-
morphic for Fi. Hence from the above lemma, for yi A PiðyÞ, we have vsi1 yi ¼
cðiÞ A W�ðBBiÞ. So for y1 y2 A PðyÞ, we see

y1 y2 ¼ vs1þs2
1 cð1Þcð2Þ with cð1Þcð2Þ A W�ðBBkÞGBP�ðBTÞ: r

Proof of Theorem 1.1 without using Chevalley’s theorem. Each simply con-
nect compact Lie group is a product of simple Lie groups. For each simple
group except for E7, E8 with p ¼ 2, we will show the existence of xk with
Q1xk ¼ yi for each generator yi A PðyÞ in §7–§9. (For example Q1ðx1Þ ¼ y1 for
all simply connected simple Lie groups.) For groups E7, E8 and p ¼ 2, we will
see that we can take bi ¼ vs1 yi modð2Þ, for s ¼ 1 or 2 in §10, §11. r

Recall the fiber sequence G ! G=T !i BT . We consider the filtration F j of
K �ðG=TÞ defined by

F j ¼ KerðK �
topðG=TÞ ! K �

topði�1ðBT jÞÞ
for the j-th skeleton BT j of BT . This filtration gives the following (modified)
AHss

E
�;� 0

2 GH �ðBT ;K �0 ðGÞÞ ) K �ðG=TÞ:

Corollary 5.6. For the above spectral sequence E �;�0
r , we have the iso-

morphism

E �;� 0

y GK � 0
n gr�g ðG=TÞ ðe:g:; E �;0

y G gr�g ðG=TÞÞ:

Proof. When F is versal, CH �ðFÞ is generated by elements in CH �ðBTÞ.
Since

K �ðFÞGK �ðFÞGK �ðG=TÞ;
from Theorem 5.2, K �ðG=TÞ is generated by elements in K �ðBTÞGK � nSðtÞ.
Hence we see

E �;� 0

y GK �0
nSðtÞ=J for some J:

This means that E �;0
y GSðtÞ=J is a graded ring of K 0ðG=TÞ.

By Atiyah (p. 63 in [2]), if there is a filtration and the associated spectral
sequence such that the Ey is generated by Chern classes, then it is isomorphic to
K � n grgðG=TÞ. r

However, the study of the above spectral sequence seems not so easy. We
will use the following technical lemma, to seek grgðG=TÞ.
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Lemma 5.7. Suppose that there is a filtration of K �ðRðGÞÞ and ZðpÞ-module
B with maps ZðpÞ½b1; . . . ; bl� !! B ! grgeoðRðGÞÞ such that

grK �ðRðGÞÞGK � nB; and B=p � gr�geoðRðGÞÞ=p:ð1Þ

Moreover suppose that for any torsion element b A B with b0 0 A B=p, if there
exist r; s > 0 such that in K �ðRðGÞÞ

prb ¼ vs1b
0 for some b 0 A CH �ðRðGkÞÞ;ð2Þ

then b 0 A B. With these suppositions, we have BG gr�geoðRðGÞÞ.

Proof. Suppose that b 0 A grgeoðRðGÞÞ but b 0 B B. Since B generates

K �ðRðGÞÞ as a K �-module, there is ~bb A B such that b 0 ¼ v�s
1
~bb for s > 0 (otherwise

b 0 A B) in K �ðRðGÞÞ. Let us write ~bb ¼ prb in K �ðRðGÞÞ. Then (2) is satisfied
for these b, b 0 since we see r > 0, otherwise b ¼ 0 A CH �ðRðGÞÞ. Hence b 0 A B,
and it is a contradiction.

Since prb ¼ 0 A CH �ðRðGÞÞ, we only consider a torsion element for b.
r

To seek grgðRðGÞÞ, we first find some graded algebra grK �ðRðGÞÞGK � nB
such that each element 00 ~bb A B is represented by an element (possible zero) in
CH �ðRðGÞÞ. Since ~bb0 0 A K �ðRðGÞÞ, there are r; sb 0 such that

pr~bb ¼ vs1b
0; with b 0 0 0 A CH �ðRðGÞÞG k �ðRðGÞÞnk � ZðpÞ:

Take new B by replacing pr~bb by b 0 in B. Continue these arguments, we may
approximate grgðRðGÞÞ by B.

6. The orthogonal group SOðmÞ and p ¼ 2

We consider the orthogonal groups G ¼ SOðmÞ and p ¼ 2 in this section.
The mod 2-cohomology is written as (see for example [17], [19])

grH �ðSOðmÞ;Z=2ÞGLðx1; x2; . . . ; xm�1Þ

where jxij ¼ i, and the multiplications are given by x2
s ¼ x2s. (Note that the

su‰x means its degree.)
For ease of argument, we only consider the case m ¼ 2lþ 1 (the case m ¼

2lþ 2 works similarly) so that

H �ðG;Z=2ÞGPðyÞnLðx1; x3; . . . ; x2l�1Þ
grPðyÞ=2GLðy2; . . . ; y2lÞ; letting y2i ¼ x2i ðhence y4i ¼ y22iÞ:

The Steenrod operation is given as SqkðxiÞ ¼ i
k

� �
ðxiþkÞ: The Qi-operations

are given by Nishimoto [19]

Qnx2i�1 ¼ y2iþ2nþ1�2; Qny2i ¼ 0:
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It is well known that the transgression d2iðx2i�1Þ ¼ ci is the i-th elemen-
tary symmetric function on SðtÞ. Moreover we see that Q0ðx2i�1Þ ¼ y2i in
H �ðG;Z=2Þ. In fact, the cohomology H �ðG=TÞ is computed completely by
Toda-Watanabe [30]

Theorem 6.1 ([30]). There are y2i A H �ðG=TÞ for 1a ia l such that
p�ðy2iÞ ¼ y2i for p : G ! G=T , and that we have an isomorphism

H �ðG=TÞGZ½ti; y2i�=ðci � 2y2i; J2iÞ

where J2i ¼ 1=4ð
P2i

j¼0ð�1Þ jcjc2i�jÞ letting y2j ¼ 0 for j > l.

By using Nishimoto’s result for Qi-operation, from Corollary 2.2, we have

Corollary 6.2. In BP�ðG=TÞ=I 2y, we have

ci ¼ 2y2i þ
X

vnðyð2i þ 2nþ1 � 2ÞÞ

for some yð jÞ with p�ðyð jÞÞ ¼ yj.

We have c2i ¼ 0 in CH �ðFÞ=2 from the natural inclusion SOð2lþ 1Þ !
Spð2lþ 1Þ (see [21], [44]) for the symplectic group Spð2lþ 1Þ. Thus we have

Theorem 6.3 ([21], [44]). Let ðG; pÞ ¼ ðSOð2lþ 1Þ; 2Þ and F ¼ G=Bk be
versal. Then CH �ðFÞ is torsion free, and

CH �ðFÞ=2GSðtÞ=ð2; c21 ; . . . ; c2lÞ; CH �ðRðGÞÞ=2GLðc1; . . . ; clÞ:

Corollary 6.4. We have grgðFÞG grgeoðFÞGCH �ðFÞ:

Proof. It is known that the image ImðdrÞ of the di¤erentials of AHss
are generated by torsion elements. Hence the ideal I ¼

S
r ImðdrÞ ¼ 0. From

Lemma 4.2, we see grgeoðFÞGCH �ðFÞ=I GCH �ðFÞ: r

From Corollary 2.2, we see ci ¼ 2yi þ v1 y2þ2 modðv21Þ: Here we consider
the modð2Þ theory version resK=2 : K

�ðFÞ=2 ! K �ðFÞ=2:

Lemma 6.5. We have ImðresK=2ÞGK � nLðy2i j 2ib 4Þ: Hence resK is not
surjective.

Proof. In modð2Þ, we have ci ¼ v1 y2iþ2. Hence for all ib 2, we have
y2iþ2 A ImðresK=2Þ. Suppose y2 y A ImðresK=2Þ for 00 y A Lðy2i j ib 2Þ. Then
from Theorem 6.3, there is c A LðciÞ such that c ¼ vs1 y2 y. Since ci ¼ v1 y2iþ2,
we can write c ¼ vt1 y

0 for y 0 A Lðy2i j ib 2Þ. Hence vt1ðy 0 � vs�t
1 y2 yÞ ¼ 0 in

K �ðFÞ=2 ¼ K �=2nLðy2iÞ, which is K �=2-free. and this is a contradiction. r
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In the next section, we will compute the case ðG 0; pÞ ¼ ðSpinð2lþ 1Þ; 2Þ. It
is well known that G=T GG 0=T 0 for the maximal torus T 0 of the spin group.
Hence we see

Lemma 6.6. Let F ¼ G=Bk and F 0 ¼ G 0=B 0
k be versal. Then

grgðFÞZ grgðFÞG grgðF 0ÞG grgðF 0Þ:

Proof. The last two isomorphisms follow from the facts that F 0 is versal
and resK is isomorphic for spin groups (see Lemma 7.3 below). r

Note that c2c3 0 0 in grgðFÞ but it is zero in gr�g ðF 0Þ from Theorem 7.8 for
SpinðnÞ when na 11. Hence the restriction map resgrg : gr

�
g ðFÞ ! grgðFÞ is not

injective, while resK is injective.

7. The spin group Spinð2lþ 1Þ and p ¼ 2

Throughout this section, let p ¼ 2, G ¼ SOð2lþ 1Þ and G 0 ¼ Spinð2lþ 1Þ.
By definition, we have the 2 covering p : G 0 ! G. It is well known that
p� : H �ðG=TÞGH �ðG 0=T 0Þ.

Let 2 t a l < 2 tþ1, i.e. t ¼ ½log2 l�. The mod 2 cohomology is

H �ðG 0;Z=2ÞGH �ðG;Z=2Þ=ðx1; y1ÞnLðzÞ

GPðyÞ0 nLðx3; x5; . . . ; x2l�1ÞnLðzÞ; jzj ¼ 2 tþ2 � 1

where PðyÞGZ=2½y2�=ðy2
tþ1

2 ÞnPðyÞ0. (Here d2 tþ2ðzÞ ¼ y2
tþ1

for 00 y A
H 2ðBZ=2;Z=2Þ in the spectral sequence induced from the fibering G 0 ! G !
BZ=2.) Hence

grPðyÞ0 Gn2i02 j Lðy2iÞGLðy6; y10; y12; . . . ; y2lÞ:

The Qi operation for z is given by Nishimoto [19]

Q0ðzÞ ¼
X

iþj¼2 tþ1; i<j

y2i y2j; QnðzÞ ¼
X

iþj¼2 tþ1þ2 nþ1�2; i<j

y2i y2j for nb 1:

We know that

grH �ðG=TÞ=2GPðyÞ0 nZ½y2�=ðy2
tþ1

2 ÞnSðtÞ=ð2; c1; c2; . . . ; clÞ
grH �ðG 0=T 0Þ=2GPðyÞ0 nSðt 0Þ=ð2; c 02; . . . ; c 0l; c2

tþ1

1 Þ:

Here c 0i ¼ p�ðciÞ and d2 tþ2ðzÞ ¼ c2
tþ1

1 in the spectral sequence converging
H �ðG 0=T 0Þ. These are isomorphic, in particular, we have

Lemma 7.1. The element p�ðy2Þ ¼ c1 A Sðt 0Þ and p�ðtjÞ ¼ c1 þ tj for 1a
ja l.
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Take k such that G is a versal Gk-torsor so that G 0
k is also a versal G 0

k-
torsor. Let us write F ¼ G=Bk and F 0 ¼ G 0=B 0

k. Then

CH �ðRðG 0ÞÞ=2GPðyÞ0=2; and CH �ðRðGÞÞ=2GPðyÞ=2:
The Chow ring CH �ðRðG 0ÞÞ=2 is not computed yet (for general l), while we
have the following lemmas.

Lemma 7.2. We have a surjection

Lðc 02; . . . ; c 0l; c2
tþ1

1 Þ !! CH �ðRðG 0ÞÞ=2:

Lemma 7.3. The restriction resK : K �ðF 0Þ ! K �ðF 0Þ is isomorphic.

Proof. Recall the relation

c 0i ¼ 2y2i þ v1 y2iþ2 modðv21Þ in K �ðF 0Þ:
We consider the modð2Þ restriction map resK=2. Since c 0i ¼ v1 y2iþ2 modð2Þ, we
see y2iþ2 A ImðresK=2Þ. So y2i 0 A ImðresK=2Þ for 2i 0 b 6, e.g., for all y2i A PðyÞ0 ¼
Lðy2i j i0 2 jÞ. Hence resK=2 is surjective. Thus resK itself surjective. r

Corollary 7.4. Let G 00 ¼ Spinð2lþ 2Þ and F 00 ¼ G 00=Bk. Then resK :
K �ðF 00Þ ! K �ðF 00Þ is isomorphic.

Proof. This is immediate from PðyÞ0 GPðyÞ00. r

Corollary 7.5. We have K �ðRðG 0ÞÞ=2GK �=2nLðc 0i j i0 2 j � 1Þ:

Proof. Recall c 02 j�1 ¼ 2ðy2 j�1Þ þ v1 y2 j where y2 j ¼ c2
j

1 ¼ 0 A K �ðRðGÞÞ=2.
So c 02 j�1 ¼ 0 A K �ðRðGÞÞ=2, since resK is injective. We have the maps

K �=2nLðc 0i�1 j i0 2 jÞ !! K �ðRðGÞÞ=2

��!isom:
K �ðRðGÞÞ=2GK �=2nLðy2i j i0 2 jÞ

by c 0i�1 7! v1 yi. This map is isomorphic from the above lemma. Hence we
have the corollary. r

Hence c 02 j�1 is not a module generator in K �ðRðGÞÞ. So we can write

2rb ¼ vs1c
0
2 j�1 r; sb 1;

so that b is torsion element in CH �ðRðGÞÞ. In fact we have

Lemma 7.6. Let k < t i.e., 2kþ1 < l. Then in K �ðRðGÞÞ, we have

22
k

c 02k þ
X2k�1

i¼1

ð�1Þ i22k�ivi1c
0
2kþi ¼ v2

k

1 c 02kþ1�1:
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Proof. Let us write c 00
2k ¼ c 0

2k � 2y2ð2kÞ ¼ v1 y2ð2kþ1Þ: Then

v1 y2ð2kþ2Þ ¼ c 02kþ1 � 2y2ð2kþ1Þ ¼ c 02kþ1 � 2v�1
1 c 002k:

By induction on i, we have

v1 y2ð2kþiþ1Þ ¼ ð�1Þ i2 iv�i
1 c 002k þ

X
0<j<i

ð�1Þ j2 jv
�j
1 c 02ð2kþ jÞ:

When i ¼ 2k � 1, we see y2ð2kþ1Þ is in K �ðFÞ (it is zero in K �ðRðGÞÞ from
Lemma 3.6). Hence we have the equation in the lemma. r

In general, grgðRðGÞÞ seems complicated. Here we only note the following
proposition. Let us write ZðpÞ-free module

LZða1; . . . ; anÞ ¼ ZðpÞfai1 � � � ais j 1a i1 < � � � < is a ng:

Proposition 7.7. Let us write

B1 ¼ LZðc 0i j i0 2 j � 1; 2a ia l� 1Þ; B2 ¼ LZðc 0i j i0 2 j ; 3a ia lÞ:

Then there are additive injections for i ¼ 1; 2 and the surjection

Bi=2 � gr�g ðRðGÞÞ=2 !! ðB1=2þ B2=2Þ

for degree � < jc2 tþ1

1 j ¼ 2 tþ2.

Proof. First note that when � < 2 tþ2, we have the surjection Lðc 02; . . . ; c 0lÞ
!! CH �ðRðG 0ÞÞ=2. Recall k �ðX Þ is the K-theory with k �ðptÞGZðpÞ½v1�. We
consider the map

r : k �=2nB1 ! k �ðRðGÞÞ=2 ! k �ðRðGÞÞ=2

� K �=2nLðy2i j i0 2 jÞGK �ðRðGÞÞ=2

by c 0i 7! v1 y2iþ2. We show

ImðrÞ ¼ k �=2fvs1 y2i1 � � � y2is j ik 0 2 j; 1a i1 < � � � < is a l� 1g:

In fact, ImðrÞ contains the right hand side module since c 0i 7! v1 y2iþ2. Suppose
that rðbI Þ ¼ vk1 y2i1 � � � y2is for bI A B1. Then bI contains c 0i1�1 � � � c 0is�1, which must
maps to v1 yi1 � � � v1 yis . Hence kb s. Therefore each generator c 0I ¼ c 0i1 � � � c

0
is
A

Lðc 0i j i0 2 j � 1Þ is also a k �-module generator of ImðrÞ. Hence it is nonzero in
CH �ðRðGÞÞ=2 from k �ðX Þnk � Zð2Þ GCH �ðXÞ. Thus B1=2 � CH �ðRðGÞÞ=2.

Next we consider for B2. We consider the map

rQ : k � nB2 ! k �ðRðGÞÞ ! k �ðRðGÞÞ !! k �ðRðGÞÞnk � Q

GCH �ðRðGÞÞnQGLZðy2i j i0 2 jÞnQ:
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by c 0i 7! 2y2i. By the arguments similar to the case B1, we see

ImðrQÞ ¼ k �f2 sy2i1 � � � y2is j ik 0 2 j ; 1a i1 < � � � < is a lg:

Therefore each generator c 0I ¼ c 0i1 � � � c
0
is
A Lðc 0i j i0 2 jÞ is also k �-module generator

of ImðrQÞ. Hence B2=2 � CH �ðRðGÞÞ=2. r

Remark. Note that c 0
2k c

0
2 j�1 contains 2v1 y2kþ1þ2 y2 jþ1�2, while this element

is also contained in c 0
2kþ1

c 02 j�2.
Now we consider examples. For groups Spinð7Þ; Spinð9Þ, the graded ring

grgðG 0Þ=2 are given in the next section (in fact these groups are of type ðIÞ). We
consider here the group G 0 ¼ Spinð11Þ. The cohomology is written as

H �ðG 0;Z=2ÞGZ=2½y6; y10�=ðy26 ; y210ÞnLðx3; x5; x7; x9; z15Þ:

By Nishimoto, we know Q0ðz15Þ ¼ y6 y10. It implies 2y6 y10 ¼ d16ðz15Þ ¼ c81 .
Since y 0

top ¼ y6 y10, we have tðG 0Þ ¼ 2.

Theorem 7.8. For ðG 0; pÞ ¼ ðSpinð11Þ; 2Þ, we have the isomorphisms

grgðRðGÞÞ=2GZ=2f1; c 02; c 03; c 04; c 05; c 02c 04; c81g;
grgðFÞ=2GSðtÞ=ð2; c 0i c 0j ; c 0i c81 ; c161 j 2a ia ja 5; ði; jÞ0 ð2; 4ÞÞ:

Proof. Consider the restriction map resK

K �ðRðGÞÞGK �f1; c 02; c 04; c 02c 04g !G K �f1; y6; y10; y6 y10gGK �ðRðGÞÞ

by resKðc 02Þ ¼ v1 y6, resKðc 04Þ ¼ v1 y10. Note c 02c
0
4 0 0 A CH �ðRðGÞÞ=2, from the

preceding proposition. (In fact, v1 y6 y10 B ImðresKÞ.)
Next using resKðc 03Þ ¼ 2y6, resKðc 05Þ ¼ 2y10, and resKðc81Þ ¼ 2y6 y10, we have

gr2K
�ðRðGÞÞ ¼ K �ðRðGÞÞ=2l 2K �ðRðGÞÞ

GK �=2f1; c 02; c 04; c 02c 04glK �f2; c 03; c 05; c81g:

From this and Lemma 5.7, we show the first isomorphism. (Note generators
c 02; . . . ; c

8
1 are all nonzero in CH �ðRðGÞÞ=2 by Corollary 3.8.)

Let us write y26 ¼ y6t A CH �ðFÞ=2 for t A SðtÞ. Then

c 02c
0
3 ¼ 2v1 y

2
6 ¼ 2v1 y6t ¼ v1c

0
3t in K �ðFÞ:

Hence we see c 02c
0
3 ¼ 0 in CH �ðFÞ=I G gr�g ðFÞ. We also note

c 03c
0
5 ¼ 4y6 y10 ¼ 2c81 in K �ðFÞ:

By arguments similar to the proof of Lemma 3.5, we can show the second
isomorphism. r

Remark. Quite recently, Karpenko proves ([9]) that for G ¼ Spinð11Þ, we
have grgðFÞGCH �ðFÞ. Hence the above ring is isomorphic to CH �ðFÞ=2.
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8. Groups of type ðIÞ (e.g., ðG; pÞ ¼ ðE8; 5Þ)

When G is simply connected and PðyÞ is generated by just one generator, we
say that G is of type ðIÞ. Except for ðE7; p ¼ 2Þ and ðE8; p ¼ 2; 3Þ, all excep-
tional (simple) Lie groups are of type ðIÞ. The groups SpinðmÞ for 7ama 10
are also of type ðIÞ. Note that in these cases, it is known rankðGÞ ¼ lb 2p� 2.

Example. The case ðG; pÞ ¼ ðE8; 5Þ is of type I , we have [17]

H �ðE8;Z=5ÞGZ=5½y12�=ðy512ÞnLðz3; z11; z15; z23; z27; z35; z39; z47Þ

where su‰x means its degree. The cohomology operations are given

bðz11Þ ¼ y12; bðz23Þ ¼ y212; bðz35Þ ¼ y312; bðz47Þ ¼ y412;

P1z3 ¼ z11; P1z15 ¼ z23; P1z27 ¼ z35; P1z39 ¼ z47:

Similarly, for each group ðG; pÞ of type ðIÞ, we can write

H �ðG;Z=pÞGZ=p½y�=ðypÞnLðx1; . . . ; xlÞ jyj ¼ 2ðpþ 1Þ:
The cohomology operations are given as

b : x2i 7! yi; P1 : x2i�1 7! x2i for 1a ia p� 1:

Hence we have Q1ðx2i�1Þ ¼ Q0ðx2iÞ ¼ yi for 1a ia p� 1.

Theorem 8.1. Let G be of type ðIÞ. Then resK is isomorphic, and

gr�g ðRðGÞÞG ðZ=pfb1; b3; . . . ; b2p�3glZðpÞf1; b2; . . . ; b2p�2gÞ:
Moreover grgðG=TÞ=pG grgðFÞ=p is isomorphic to

SðtÞ=ðp; bibj ; bk j 1a i; ja 2p� 2 < ka lÞ:

Proof. From Q1x1 ¼ y, we see b1 ¼ v1 y modðv21Þ in kð1Þ�ðG=TÞ. From
Corollary 5.4, we see resK is isomorphic, namely the map

K �ðRðGÞÞGK �½b1�=ðbp
1 Þ ! K �½y�=ðypÞGK �ðRðGÞÞ

is isomorphic by resKðb1Þ ¼ v1 y.
From Corollary 2.2, the facts Q1ðx2i�1Þ ¼ Q0ðx2iÞ ¼ yi for 1a ia p� 1

imply in K �ðG=TÞ that we can take

b2i�1 ¼ v1 y
i; b2i ¼ pyi:

Hence we have, in K �ðRðGÞÞGK �ðRðGÞÞ,
bi
1 ¼ vi1 y

i ¼ vi�1
1 b2i�1; pbi

1 ¼ pvi1 y
i ¼ vi1b2i:

Thus we get the isomorphism, using v�1
1 A K �,

grpK
�ðRðGÞÞ ¼ K �ðRðGÞÞ=pl pK �ðRðGÞÞGK � nB

where B ¼ ðZ=pf1; b1; b3; . . . ; b2p�3glZðpÞfp; b2; b4; . . . ; b2p�2gÞ:
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Note that bi are nonzero in CH �ðRðGÞÞ=p, it gives grgðRðGÞÞ=pGB=p from
Lemma 5.7. Moreover we have the first isomorphism of this theorem.

The above B=p is rewritten using A ¼ Z=p½b1; . . . ; bl�

B=pGA=ðbibj; bk j 1a i; ja 2p� 2 < kÞ:

From arguments similar to the proof of Lemma 3.5, we have the theorem.
r

Here we recall the (original) Rost motive Ra (we write it by Rn) defined from
a nonzero pure symbol a in KM

nþ1ðkÞ=p ([25], [26], [37], [38]). We have isomor-
phisms (with jyj ¼ 2ðpn � 1Þ=ðp� 1Þ)

CH �ðRnÞGZ½y�=ðypÞ; W�ðRnÞGBP�½y�=ðypÞ:

Theorem 8.2 ([35], [42], [15]). The restriction resW : W�ðRnÞ ! W�ðRnÞ is
injective. Recall In ¼ ðp; . . . ; vn�1Þ � BP�. Then

ImðresWÞGBP�f1gl In n ðZðpÞ½y�þ=ðypÞÞ � BP�½y�=ðypÞ:

Hence writing vj y
i ¼ cjðyiÞ, we have

CH �ðRnÞ=pGZ=pf1; cjðyiÞ j 0a ja n� 1; 1a ia p� 1g:

Example. In particular, we have the isomorphism

CH �ðR2Þ=pGZðpÞf1; c0ðyÞ; . . . ; c0ðyp�1ÞglZ=pfc1ðyÞ; . . . ; c1ðyp�1Þg:

By Petrov-Semenov-Zainoulline ([23]), it is known when G is of type ðIÞ, we
can see JðGÞ ¼ ð1Þ and RðGÞGR2.

Corollary 8.3. We have grgðFÞGCH �ðFÞðpÞ:

Proof. We have the additive isomorphism

grgðRðGÞÞGB ¼ Z=pfb1; . . . ; b2p�3glZðpÞf1; b2; . . . ; b2p�2g

GZ=pfc1ðyÞ; . . . ; c1ðyp�1ÞglZðpÞf1; c0ðyÞ; . . . ; c0ðyp�1Þg;

which is isomorphic to CH �ðR2Þ: The fact that grgðFÞGCH �ðFÞ=I for some
ideal I implies I ¼ 0 and the theorem. r

The above I is nonzero for Rn when nb 3.

Lemma 8.4. There is an isomorphism for nb 3,

gr2�geoðRnÞGCH �ðRnÞ=I with I ¼ Z=pfc2; . . . ; cn�1g½y�=ðyp�1Þ:
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Proof. First, note vj ¼ 0 in K � ¼ ZðpÞ½v1; v�1
1 � for j0 0; 1. We have

v1cjðyÞ ¼ v1vj y ¼ vjc1ðyÞ in W�ðRnÞ:

Since resW is injective, we see v1cjðyÞ ¼ vjc1ðyÞ ¼ 0 in K �ðRnÞ=p. r

9. The case G ¼ E8 and p ¼ 3

Throughout this section, let ðG; pÞ ¼ ðE8; 3Þ and G be versal. The coho-
mology H �ðG;Z=3Þ is isomorphic to ([17])

Z=3½y8; y20�=ðy38 ; y320ÞnLðz3; z7; z15; z19; z27; z35; z39; z47Þ:

Here the su‰x means its degree, e.g., jzij ¼ i. By Kono-Mimura [11] the actions
of cohomology operations are also known

Theorem 9.1 ([11]). We have P3y8 ¼ y20, and

b: z7 7! y8; z15 7! y28 ; z19 7! y20; z27 7! y8 y20; z35 7! y28y20;

z39 7! y220; z47 7! y8 y
2
20;

P1: z3 7! z7; z15 7! z19; z35 7! z39

P3: z7 7! z19; z15 7! z27 7! �z39; z35 7! z47:

We use notations y ¼ y8, y 0 ¼ y20, and x1 ¼ z3; . . . ; x8 ¼ z47. Then we can
rewrite the isomorphisms

H �ðG;Z=3ÞGZ=3½y; y 0�=ðy3; ðy 0Þ3ÞnLðx1; . . . ; x8Þ;
grH �ðG=T ;Z=3ÞGZ=3½y; y 0�=ðy3; ðy 0Þ3ÞnSðtÞ=ðb1; ; . . . ; b8Þ:

From Corollary 2.2, we have

Corollary 9.2 ([44]). We can take b1 A BP�ðBTÞ such that

v1 yþ v2 y
0 ¼ b1 in BP�ðG=TÞ=I 2y:

From the preceding theorem, we know that all yiðy 0Þ j except for ði; jÞ ¼
ð0; 0Þ and ð2; 2Þ are b-image. Hence we have

Corollary 9.3 ([44]). For all nonzero monomials u A PðyÞþ=3 except for
ðyy 0Þ2, it holds 3u A SðtÞ. In fact, in BP�ðG=TÞ=I 2y

b1 ¼ v1 yþ v2 y
0; b2 ¼ 3y; b3 ¼ 3y2 þ v1 y

0 b4 ¼ 3y 0;

b5 ¼ 3yy 0; b6 ¼ 3y2y 0 þ v1ðy 0Þ2; b7 ¼ 3ðy 0Þ2; b8 ¼ 3yðy 0Þ2:

Lemma 9.4. The restriction map resK is isomorphic.

150 nobuaki yagita



Proof. From Q1x1 ¼ y and Q1x3 ¼ y 0, we see b1 ¼ v1 y, b3 ¼ 3y2 þ
v1 y

0 modðv21Þ in k �ðG=TÞ. From Corollary 5.4, we have the lemma. r

In K �ðRðGÞÞ, let b3 ¼ b3 � 3ðv�1
1 b1Þ2 so that we have b3 ¼ v1 y

0. We have
the following graded algebra, while b3 B CH �ðRðGÞÞ.

Lemma 9.5. We have

gr3ðK �ðRðGÞÞÞ ¼ K �ðRðGÞÞ=3l 3K �ðRðGÞÞGK � n ðPðbÞlB2Þ where

PðbÞ ¼ Zð3Þ½b1; b3�=ðb31 ; b33Þ;
B2 ¼ Zð3Þf3; b2; b4; b5; b 0

6; b7; b8glZð3Þfb1b2; b1b8g with b 0
6 ¼ v1b6 � b23 :

(

Proof. By definition of b3, we see that the restriction map

K �ðRðGÞÞGK �½b1; b3�=ðb31 ; b33Þ ! K �½y; y 0�=ðy3; ðy 0Þ3ÞGK �ðRðGÞÞ

is isomorphic by resKðb1Þ ¼ v1 y and resKðb3Þ ¼ v1 y
0. Here we note that

b2 ¼ 3y ¼ 3v�1
1 b1; b4 ¼ 3y 0 ¼ 3v�1

1 b3; b5 ¼ 3v�2
1 b1b3

b6 ¼ 3v�3
1 b21b3 þ v�1

1 b23 ; b7 ¼ 3v�2
1 b23 ; b8 ¼ 3v�3

1 b1b
2
3 :

Moreover we have 3b21b
2
3 ¼ 3v41ðyy 0Þ2 ¼ v31b1b8.

Therefore we have the isomorphism

K � n ðZfb2; b4; b5; b7; b8glZfb 0
6 ¼ v1b6 � b23glZfb1b8gÞ

G ~KK � n ð3Zfb1; b3; b1b3; b23 ; b1b23gl 3Zfb21b3gl 3Zfb21b23gÞ:

Here we used b 0
6 ¼ 3v�2

1 b21b3 modð9Þ, since b3 ¼ b3 modð3Þ.
For the element 3b21 , we note 3b21 ¼ 3v21 y

2 ¼ v1b1b2: Thus we have the
graded ring gr3ðK �

3 ðRðGÞÞÞ=3. r

Lemma 9.6. We have the injection (of graded modules)

Z=3fb2; b4; b5; b6; b7; b8glZ=3fb1b2; b1b8; b22 ; b2b8g � CH �ðRðGÞÞ=3:

Proof. From Corollary 3.8, we see

Z=3fb1; b2; . . . ; b8g � CH �ðRðGÞÞ=3:

We see that tðE8Þð3Þ ¼ 9 from reskðb2b8Þ ¼ 9ðyy 0Þ2 ([31]). We also see

reskðb1b8Þ ¼ 3v1ðyy 0Þ2. The fact tðE8Þ0 3 implies that b2b8, b1b8 are nonzero in
CH �ðRðGÞÞ=3.

For the element b22 , we consider the restriction reskðb22Þ ¼ 9y2. Since

3y2 B ImðreskÞ, we see b22 0 0 A CH �ðRðGÞÞ=3. Since 3b1b2 ¼ v1b
2
2 , we also see

b1b2 0 0 in CH �ðRðGÞÞ=3. r
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We will consider a filtration of gr3ðK �ðRðGÞÞ and its associated ring

gr 0ðK �ðRðGÞÞÞ ¼ grðgr3ðK �ðRðGÞÞÞÞ;

which is isomorphic to K � nB for some B � CH �ðRðGÞÞ, to apply Lemma 5.3.
Since b3 ¼ b3 modð3Þ, we see PðbÞ=3GPðbÞ=3. So we can replace PðbÞ=3

by PðbÞ=3 in gr3ðK �ðRðGÞÞ. Using 3b1b2 ¼ v1b
2
2 and 3b1b8 ¼ v1b2b8, we can

write

gr3ðK �fb1b2; b1b8gÞGK �=3fb1b2; b1b8glK �fb22 ; b2b8g:

Since b23 þ b 0
6 ¼ v1b6, we can replace b 0

6 by b6. Thus we get the another graded
ring gr 0ðK �ðRðGÞÞÞ.

Proposition 9.7. There is a filtration whose associated graded ring is

gr 0K �ðRðGÞÞGK � n ðB1 lB2Þ where

B1 ¼ PðbÞ=ð3ÞlZ=3fb1b2; b1b8g; PðbÞ ¼ Zð3Þ½b1; b3�=ðb31 ; b33Þ;
B2 ¼ Zð3Þf3; b2; b4; b5; b6; b7; b8glZð3Þfb22 ; b2b8g:

(

If it would hold ðB1 lB2Þ=3 � CH �ðRðGÞÞ=3, then we have grgðRðGÞÞ=3G
ðB1 lB2Þ=3 from Lemma 5.7. However the above supposition is not correct.

Corollary 9.8. There is a submodule A � PðbÞ=3 such that

grgðRðGÞÞ=3G ðB1=AÞlA 0 l ðB2=3Þ

where there is a surjection s : A !! A 0 as non-graded modules.

Proof. For 00 a A PðbÞ, if a ¼ 0 in CH �ðRðGÞÞ, then there is a 0 A
CH �ðRðGÞÞ such that a ¼ vk1 a

0 in k �ðRðGÞÞ for k > 0. Let sðaÞ ¼ a 0. Then
we have the corollary applying Lemma 5.7. r

For ease of arguments, we write dðxÞ ¼ 1=4jxj, e.g.,

dðv1Þ ¼ �1; dðb1Þ ¼ 1; dðb2Þ ¼ 2; dðb3Þ ¼ 4; dðb4Þ ¼ 5

dðb5Þ ¼ 7; dðb6Þ ¼ 9; dðb7Þ ¼ 10; dðb8Þ ¼ 12:

We easily see that b1, b3, b
2
1 , b

2
3 , b1b3 are nonzero in CH �ðRðGÞÞ=3. Hence

A � Z=3fb21b3; b1b23 ; b21b23g:

Lemma 9.9. We see b21b3 B A.

Proof. In k �ðRðGÞÞ, we have

b21b3 ¼ ðv1 yÞ2ð3y2 þ v1 y
0Þ ¼ v31ðy2y 0Þ modðI 4yÞ;
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by using facts that y3 A Iy from y3 ¼ 0 A CH �ðRðGÞÞ=3. Suppose b21b3 ¼ v1b in
k �ðRðGÞÞ for b A AðbÞ ¼ Z½b1; . . . ; bl�. Then

b ¼ ðv1Þ2ðy2y 0Þ modðI 3yÞ; dðbÞ ¼ 7:(*)

If b ¼ bk modðbibjÞ, then by dimensional reason,

bk ¼ b5 ¼ 3yy 0 þ lv21ðy2y 0Þ; l A Z:

This case, of course, does not satisfy (*).
Let b ¼

P
bð1Þbð2Þ for bðiÞ A AðbÞþ. Since bðiÞ A Iy, we see that bð jÞ ¼

3lyðiÞ þ v1 yði 0Þ for yði 0Þ0 0 A PðyÞ. Each bðiÞ must contain v1, and it is one
of b1, b3, b6. By dimensional reason (such as dðbÞ ¼ 7, dðb6Þ ¼ 9), these cases
do not happen. We see (more easily) that the cases b21b3 ¼ vs1b do not happen
for sb 2. r

Lemma 9.10. We have b1b
2
3 A A.

Proof. We have

b1b
2
3 ¼ v1 yð3y2 þ v1 y

0Þ2 ¼ v31 yðy 0Þ2 modðI 4yÞ
in k �ðRðGÞÞ, using y3 A Iy. Similarly we have

b1b6 ¼ v1 yð3y2y 0 þ v1ðy 0Þ2Þ ¼ v21 yðy 0Þ2 modðI 3yÞ:
Let us write b ¼ b1b

2
3 � v1b1b6. Then b A k � nPðbÞ and b A I 4y: We also note

dðbÞ ¼ 9. We will prove b A I 2y ImðreskÞ. Then b1b
2
3 A A and sðb1b23Þ ¼ ðb1b6Þ A

A 0 in Corollary 9.8.
First note that b does not contain (as a sum of ) v41y

iðy 0Þ j for ði; jÞ0 ð2; 2Þ,
because dðbÞ ¼ 9 and dðyiðy 0Þ jÞa dðyðy 0Þ2Þ ¼ 12. If b contains 3myiðy 0Þ j for
ði; jÞ0 ð2; 2Þ and m A I 3y, then take o¤ the element mbk from b where bk ¼
3yi

1ðy 0Þ j þ � � � . Hence we only need to consider b ¼ m 0ðyy 0Þ2 and m 0 A I 4y:
Since dððyy 0Þ2Þ ¼ 14, we can write, moreover,

b ¼ m 00v51ðyy 0Þ2; m 00 A Zð3Þ:

Next we see

b 0 ¼ b� m 00v21b
2
1b6 ¼ m 00v41ð3y4y 0Þ modðI 6yÞ ðin k �ðRðGÞÞ:(*)

Here y4ðy 0Þ A Iy and hence b 0 A I 6y.
If b 0 ¼ 9v41ðyy 0Þ2, then b 0 A ImðreskÞ. If b 0 ¼ 3v51ðyy 0Þ2, then b 0 ¼

v41b1b8 modðI 7yÞ. Moreover b 0 A Idealðv61Þ means just zero in k �ðRðGÞÞ, because
dðbÞ þ 6 ¼ 15 > dðy2ðy 0Þ2Þ ¼ 14. Thus we can take b A I 2y ImðreskÞ. r

Lemma 9.11. We have

A ¼ Z=3fb1b23 ; b21b23g; and A 0 ¼ Z=3fb1b6; b21b6g:

Proof. From the above lemma, we can take b1b
2
2 ¼ v1b1b6 in k �ðRðGÞÞ.

Hence b21b
2
2 ¼ v1b

2
1b6. So it is su‰cient to prove that b21b6 0 0 A CH �ðRðGÞÞ=3.

153gamma filtrations of flag varieties



Suppose that b21b6 ¼ v1b. Then

b ¼ v21 y
2ðy 0Þ2 modðI 3yÞ:

However, we can prove that such b (with dðbÞ ¼ 12) does not exist by arguments
similar to the proof of Lemma 9.9. r

Theorem 9.12. Let ðG; pÞ ¼ ðE8; 3Þ and G be versal. For B1, B2 in Prop-
osition 9.7, we have

grgðRðGÞÞ=3GB1=ð3; b1b23 ; b21b23ÞlZ=3fb1b6; b21b6glB2=3:

10. The case G ¼ E7 and p ¼ 2

Throughout this section, let ðG; pÞ ¼ ðE7; 2Þ and G be versal.

Theorem 10.1. The cohomology grH �ðG;Z=2Þ is given

Z=2½y6; y10; y18�=ðy26 ; y210; y218Þ; nLðz3; z5; z9; z15; z17; z23; z27Þ:

Hence we can rewrite

grH �ðG;Z=2ÞGZ=2½y1; y2; y3�=ðy21 ; y22 ; y23ÞnLðx1; . . . ; x7Þ:

Lemma 10.2. The cohomology operations act as

x1 ¼ z3 ���!Sq2

x2 ¼ z5 ���!Sq4

x3 ¼ z9 ���!Sq8

x4 ¼ z17

x5 ¼ z15 ���!Sq8

x6 ¼ z23 ���!Sq4

x7 ¼ z27

x5 ¼ z15 ���!Sq2

x4 ¼ z17

The Bockstein acts Sq1ðxiþ1Þ ¼ yi for 1a ia 3, and

Sq1: x5 ¼ z15 7! y1 y2; x6 ¼ z23 7! y1 y3; x7 ¼ z27 7! y2 y3:

Lemma 10.3 ([44]). In H �ðG=TÞ=ð4Þ, for all monomials u A PðyÞþ=2, except
for ytop ¼ y1 y2 y3, the elements 2u are written as elements in H �ðBTÞ. Moreover,
in BP�ðG=TÞ=I 2y, there are bi A BP�ðBTÞ such that

b2 ¼ 2y1; b3 ¼ 2y2; b4 ¼ 2y3; b6 ¼ 2y1 y3; b7 ¼ 2y2 y3;

b1 ¼ v1 y1 þ v2 y2 þ v3y3; b5 ¼ 2y1 y2 þ v1 y3:

Proof. The last two equations are given by Q1ðx1Þ ¼ y1, Q2ðx1Þ ¼ y2,

Q3ðx1Þ ¼ y3; Q1ðx5Þ ¼ y3; Q0ðx5Þ ¼ y1 y2: r

Lemma 10.4 ([31]). We have tðE7Þð2Þ ¼ 22.

Proof. We get the result from b2b7 ¼ ð2y1Þð2y2 y3Þ ¼ 22ytop. r

154 nobuaki yagita



Corollary 10.5. Elements b1b6, b1b7, b2b7 are all nonzero in CH �ðRðGÞÞ=2.

Proof. Note that jy1 y2 y3j ¼ 34. In W�ðFÞ=I 3y, we see

b1b5 ¼ 2v3 ytop; b1b6 ¼ 2v2 ytop; b1b7 ¼ 2v1 ytop:

These elements are W�-module generators in Imðreskk ðW
�ðFÞÞ ! WðFÞÞ because

2y1 y2 y3 B Imðreskk Þ from the fact tðGÞ ¼ 22. r

By Chevalley’s theorem, resK is surjective. Hence in K �ðRðGÞÞ=2,

vs1 y2 ¼ b A Z=2½b1; . . . ; bl� some s A Z:

Since y2 B ImðresK=2Þ, we see sb 1. The facts that jbijb 6 and jy2j ¼ 10 imply
s ¼ 2.

Lemma 10.6. We can take b2 ¼ 2y1 þ v21 y2 in k �ðG=TÞ=ðv31Þ.

Corollary 10.7. The restriction map resK is isomorphic, i.e.,

K �ðRðGÞÞGK � nLZðb1; b2; b5Þ:

Proof. Recall that K �ðRðGÞÞGK � nPðyÞGK � nLZðy1; y2; y3Þ: The
corollary follows from the modð2Þ restriction map resK=2, which is given as
b1 7! v1 y1, b2 7! v21 y2; b5 7! v1 y3: r

Here we give a direct proof (without using Chevalley’s theorem) of the above
lemma. For this, we use kð1Þ� theory (with the coe‰cients ring kð1Þ� ¼ k �=p ¼
Z=p½v1�) of the Eilenberg-MacLane space KðZ; 3Þ. It is well known for p odd
(e.g., see [1])

H �ðKðZ; 3Þ;Z=pÞGZ=p½y1; y2; . . .�nLðx1; x2; . . .Þ

where Ppn�1 � � �P1ðx1Þ ¼ xn and bxnþ1 ¼ yn. When p ¼ 2, some graded ring
grH �ðKðZ; 3Þ;Z=2Þ is isomorphic to the right hand side of the above isomor-
phism.

Lemma 10.8 (Theorem 3.4.4. (2) in [39]). We can take v
p
1 y2 ¼ 0 in

grkð1Þ�ðKðZ; 3ÞÞ.

Proof. We consider the AHss

E �;� 0

2 GH �ðKðZ; 3Þ;Z=pÞn kð1Þ� ) kð1Þ�ðKðZ; 3ÞÞ:
It is known that all yn ¼ Qnðx1Þ are permanent cycles. The first nonzero dif-
ferential d2p�1 ¼ v1 nQ1, is given as

x1 7! v1 y1; x2 7! 0; x3 7! v1 y
p
1 ; x4 7! v1 y

p
2 ; . . .

(e.g., Q1ðxiþ2Þ ¼ y
p
i ). Hence x2 and y1; y2; . . . exist in E

�;0
2p .
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On the other hand, from Anderson-Hodgkin [1], it is well known

kð1Þ�ðKðZ; nÞÞ½v�1
1 � ¼ Kð1Þ�ðKðZ; nÞÞGZ=p for all nb 2:

Hence there is sb 0 such that vs1 y2 A ImðdrÞ for some r. By dimensional reason,
we have d2ðp�1Þpþ1ðx2Þ ¼ v

p
1 y2: r

Proof of Lemma 10.6. The element x1 A H 3ðE7;ZÞ represents the map
i : E7 ! KðZ; 3Þ such that i�ðx1Þ ¼ x1 and i�ðyiÞ ¼ yi. Hence v21 y2 ¼ 0 in
grkð1Þ�ðE7Þ.

On the other hand,

kð1Þ�ðE7ÞG kð1Þ�ðE7=TÞ=ðIdealðSðtÞþÞÞ:
Hence we can write v21 y2 ¼ ty1 þ t 0 for t; t 0 A SðtÞþ: Since jv21 y2j ¼ jy1j ¼ 6, we
see t ¼ 0. Thus we get v21 y2 A kð1Þ�ðBTÞ. r

Proposition 10.9. There is a filtration whose associated graded ring is

grK �ðRðGÞÞGK � n ðB1 lB2Þ where

B1 ¼ PðbÞ=2lZ=2fb1b7g; where PðbÞ ¼ LZðb1; b2; b5Þ
B2 ¼ Zf2; 2b1; b3; b4; b1b3; b6; b7; b2b7g

�

Proof. Recall that

K �ðRðGÞÞGK � nPðbÞGK � nPðyÞGK �ðRðGÞÞ:
Let us write b2 ¼ b2 � 2v�1

1 b1 and b5 ¼ b5 � v�1
1 b1b3 so that b2 ¼ v21 y2, b5 ¼ v1 y3

in K �ðRðGÞÞ. Let us write PðbÞ ¼ Lðb1; b2; b5Þ.
We consider gr2K

�ðRðGÞÞ ¼ K �ðRðGÞÞ=2l 2K �ðRðGÞÞ: We have

K �ðRðGÞÞ � 2K � nPðbÞ ¼ 2K � nPðbÞ

¼ 2K �f1; b1; b2; . . . ; b2b3; b1b2b3g ¼ 2K �f1; y1; y2; . . . ; y1 y2 y3g
¼ K �f2; 2b1; b3; b4; b1b3; b6; b7; b1b7g:

Here we used 2v1 y1 ¼ 2b1, 2y2 ¼ b3, 2y3 ¼ b4, 2v1 y1 y2 ¼ b1b3, and

2y1 y3 ¼ b6; 2y2 y3 ¼ b7; 2v1 y1 y2 y3 ¼ b1b7:

The equation 2b1b7 ¼ 4v1 y1y2 y3 ¼ v1b2b7 implies that

grK �ðRðGÞÞ ¼ gr2K
�ðRðGÞÞ=ð2b1b7ÞlZfb2b7g;

which gives the graded ring in this lemma. r

We can not get grgðRðGÞÞ here, while we can see the following proposition.

Proposition 10.10. Let ðG; pÞ ¼ ðE7; 2Þ and G be versal. Then there is an
injection (of graded modules)

B1=ðb2b5; b1b2b5ÞlB2=ð2; 2b1Þ � grgðRðGÞÞ=2:
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Proof. Here we only give a proof that b1b2 in B1 is non zero in
CH �ðRðGÞÞ=2. The other cases (e.g. b1b5) are proved similarly. We see

b1b2 ¼ v1 y1ð2y1 þ v21 y2Þ ¼ v31 y1 y2 modð2v1Iy; I 4yÞ:

Suppose b1b2 ¼ v1b. Then we see b ¼ v21 y1 y2 modð2Iy; v31Þ. We can show that
this does not happen, as the proof of Lemma 9.9. (For example, if b ¼
bk modðbibjÞ, then b ¼ b3 and this is a contradiction since b3 contains 2y2.)

r

11. The case G ¼ E8 and p ¼ 2

It is known ([17]) that

grH �ðE8;Z=2ÞGZ=2½y1; y2; y3; y4�=ðy81 ; y42 ; y23 ; y24ÞnLðx1; . . . ; x8Þ

so that grH �ðE7;Z=2ÞG grH �ðE8;Z=2Þ=ðy21 ; y22 ; y4; x8Þ:
Here Sq2ðx7Þ ¼ x8, bðx8Þ ¼ y4. Hence

Q1ðx7Þ ¼ Q0ðx8Þ ¼ y4; jy4j ¼ 30:

Proposition 11.1. Let ðG; pÞ ¼ ðE8; 2Þ and G be the versal Gk-torsor. The
restriction map resK is isomorphic. In fact, for the transgressive elements b1, b2,
b5, b7 in K �ðG=BkÞ=2, we have

K �ðRðGÞÞ=2GK �=2½b1; b2; b5; b7�=ðb81 ; b42 ; b25 ; b27Þ:

Proof. From the case E7, we have b2 ¼ v21 y2 in K �ðRðGÞÞ=2. We also see
b1 ¼ v1 y1, b5 ¼ v1 y3, b7 ¼ v1 y4 in K �ðRðGÞÞ=2. r
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