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Abstract

In order to establish the Foxby equivalences associated to strongly Gorenstein
modules, we introduce the notions of strongly Wp-Gorenstein, W/;-Gorenstein and We-
Gorenstein modules and discuss some basic properties of these modules. We show that
the subcategory of strongly Gorenstein projective left R-modules in the left Auslander
class and the subcategory of strongly Wp-Gorenstein left S-modules are equivalent under
Foxby equivalence. The injective and flat case are also studied.

1. Introduction

Throughout this paper, all rings are associative with identity and all modules
are unitary. Let .o/ be an abelian category and C an additive full subcategory
of .o/. Sather-Wagstaff, Sharif and White [12, Definition 4.1] introduced the
Gorenstein subcategory G(C) of .o/, and investigated its stability. As a special
case of the Gorenstein subcategory G(C), Geng and Ding [8] introduced
W-Gorenstein modules for a self-orthogonal class W of left R-modules. These
modules generalize some known modules such as Gorenstein projective (injec-
tive) modules [3, 4, 9], V-Gorenstein projective (injective) modules [6, 14],
Q-Gorenstein projective (injective) modules [5, 15] and so on. As the special
examples of W-Gorenstein modules, Wp-Gorenstein modules and W;-Gorenstein
modules are investigated and some new Foxby equivalences of categories are
established in [8]. In parallel with Wp-Gorenstein modules and W,-Gorenstein
modules, Di et al. [2] introduced Wp-Gorenstein modules over a commuta-
tive ring, established some Foxby equivalences of categories and discussed the
stability of the category of Wp-Gorenstein modules. For more details about
Wp-Gorenstein, W;-Gorenstein and Wr-Gorenstein modules, we refer the reader
to [2, 8, 12].
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Foxby equivalences between some special classes of modules in the Aus-
lander class and that in the Bass class have been studied by many authors, see
[2, 7, 8, 10, 11, 16]. Let §Cg be a faithfully semidualizing bimodule. Denote
by GP(R), GI(S), G(Wp) and G(Wr) the classes of Gorenstein projective left
R-modules, Gorenstein injective left S-modules, Wp-Gorenstein left S-modules
and W,-Gorenstein left R-modules, respectively. According to [8, Theorem 3.11],
we have the following Foxby equivalences diagram:

C®Rr—
At(R) NGP(R) g(Wr),
Homg(C,—)
CR®r—
gwr) Bu(S) NGI(S),
Homg (C,—)

where AIC(R) and BL(S) denote the left Auslander class and left Bass class with
respect to a semidualizing bimodule §Cpg, respectively. Let R be a commutative
ring. Di et al. [2, Theorem 3.5] also obtained the following Foxby equivalences
of categories:

C®Rr—
At(R)NGF(R) G(Wr).
Homp(C,—)
where GF(R) denotes the class of Gorenstein flat R-modules and G(Wp) the class
of Weg-Gorenstein R-modules.

Bennis and Mahdou [1] studied a particular case of Gorenstein projective,
injective and flat modules, which they called strongly Gorenstein projective, injec-
tive and flat modules. They proved that every Gorenstein projective (resp., injec-
tive, flat) module is a direct summand of a strongly Gorenstein projective (resp.,
injective, flat) module. Denote by SGP(R), SGZ(S) and SGF(R) the classes of
strongly Gorenstein projective left R-modules, strongly Gorenstein injective left
S-modules and strongly Gorenstein flat left R-modules, respectively. A natural
question arises: what are the counterparts to the strongly Gorenstein projective,
strongly Gorenstein injective and strongly Gorenstein flat modules in the follow-
ing Foxby equivalences diagram:

CQ®Rr—
AL(R)NSGP(R) *
Homg(C,—)
CR®r—
. BL(S) N SGL(S),
Homg(C,—)
C®r—
AL(R) N SGF(R) "
Homg(C,—)

The aim of this paper is to give the characterizations of %, e and # in above
diagram. To this end, we introduce the concepts of strongly Wp-Gorenstein,
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Wr-Gorenstein and Wrg-Gorenstein modules, and show that these classes of
modules exactly play the roles of %, e and # in above diagram.

This paper is organized as follows:

In section 2, we recall some basic notions which we need in the later sections.

In section 3, we introduce the notions of strongly Wp-Gorenstein,
W;-Gorenstein and Wg-Gorenstein modules and discuss the basic properties
of these modules. Some results related to strongly Gorenstein projective, injec-
tive and flat modules are extended to strongly Wp-Gorenstein, Wr-Gorenstein
and Wpg-Gorenstein modules.

In section 4, we investigate the Foxby equivalences between the subclasses
of the Auslander class and that of the Bass class. Let ¢Cg be a semidualizing
bimodule. We show that there are equivalences of categories:

C®r—
AL(R) N SGP(R) SG(Wp),
Homg(C,—)
-®sC
SGOW)) BL(R) N SGT(R)
Homp(C,—)
C®Rr—
AL(R)NSGF(R) SG(Wr),

Homg(C,—)

where SG(Wp), SG(W;) and SG(Wr) denote the classes of strongly Wp-
Gorenstein left S-modules, strongly W;-Gorenstein right S-modules and strongly
Wre-Gorenstein left S-modules, respectively.

2. Preliminaries

In this section, we will recall some notions and terminologies which we need
in the later sections.

Semidualizing bimodules. An (S, R)-bimodule C = §Cr is semidualizing if

(1) sC admits a degreewise finite S-projective resolution.

(2) Cr admits a degreewise finite R-projective resolution.

(3) The homothety map sSs EA Homg(C, C) is an isomorphism.

(4) The homothety map gRr = Homg(C,C) is an isomorphism.

(5) Extz!'(C,C) = 0.

(6) Extz'(C,C) = 0.

A semidualizing bimodule §Cpg is faithfully semidualizing if it satisfies the
following conditions for all modules sN and My

(a) If Homg(C,N) =0, then N =0.

(b) If Homg(C, M) =0, then M = 0.

In what follows, C stands for a semidualizing bimodule §Cg.

Auslander class and Bass class with respect to C. For a semidualizing
bimodule §Cg, the left, right Auslander class AL(R), AZ(S) and the left, right
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Bass class BIC(S), B (R) with respect to C are defined as follows:
AG(R) = {M € R-Mod | Tor® (C, M) = ExtZ"(C,C ®; M) = 0,
M =~ Homg(C,C ®r M)},
AL(S) = {M e Mod-S | Tor (M, C) = Ext3' (C, M ®5 C) = 0,
M =~ Homg(C, M ®¢ C)},
B&(S) = {N e S-Mod | Ext3'(C, N) = Tor%,(C,Homg(C,N)) = 0,
C ®zrHomg(C,N) = N},
B{(R) = {N € Mod-R | Extz'(C, N) = Tor3,(Homg(C,N), C) = 0,
Homz(C,N) ®s C =~ N},

where R-Mod (resp., S-Mod) denotes the category of left R-modules (resp., left
S-modules), and Mod-R (resp., Mod-S) denotes the category of right R-modules
(resp., right S-modules).

According to [10, Lemma 4.1], the class AIC(R) contains all flat left
R-modules, and the class BL(S) contains all injective left S-modules.

C-projectives, C-injectives, C-flats. A left S-module is C-flat (resp.,
C-projective) if it has the form C ®zF for some flat (resp., projective) left
R-module F. A right S-module is C-injective if it has the form Homg(C, E) for
some injective right R-module E. Set

Fe(S)={CQ®gF|F is a flat left R-module},
Pc(S) ={C®rP|P is a projective left R-module},
Zc(S) = {Homg(C,E) | E is an injective right R-module}.
Then Pc(S) C Fe(S) € BL(S) and Ze(S) € AL(S).
Wp-Gorenstein, VV;-Gorenstein and VVy-Gorenstein modules. We recall from

[8] and [2] that a left S-module M is called a Wp-Gorenstein module if there
exists an exact sequence

--—>W1—>Wo—>W0—>W1—>~-~

of modules in Pc(S) with M =~ Ker(W° — W!) such that Homg(W,—) and
Homg(—, W) leave the sequence exact whenever W € Pc(S). A right S-module
M is called a W;-Gorenstein module if there exists an exact sequence

U o Uy—» U U =

of modules in Z¢(S) with M = Ker(U? — U') such that Homg(U,—) and
Homg(—, U) leave the sequence exact whenever U € Z¢(S). A left S-module
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M is called a Wg-Gorenstein module if there exists an exact sequence
--—>X1—>X0—>X0—>Xl—>--~

of modules in F¢(S) with M =~ Ker(X° — X!) such that Homg(W,—) and
U ®g — leave the sequence exact whenever U € Z¢(S) and W e Pc(S).

3. Basic Properties

DerFmNITION 3.1. A left S-module M is called a strongly Wp-Gorenstein
module if there exists an exact sequence

owlwlwlw- ..

of module in Pc(S) with M =~ Ker f such that Homg(W’,—) and Homg(—, W)
leave the sequence exact whenever W' e Pc(S). We denote the class of strongly
Wp-Gorenstein left S-modules by SG(Wp).

Remark 3.2. (1) If M ePc(S), then M is a strongly Wp-Gorenstein
module.

(2) Note that if C = gRpg, then strongly Wp-Gorenstein modules coincide
with strongly Gorenstein projective R-modules.

Lemma 3.3 ([8, Proposition 3.5]). Let ---— W — Wy — W' — Wl — ...
be an exact sequence of modules in Pc(S) with M = Ker(W°® — W?). Then
MGBIC(S) if and only if Homg(W,—) leaves the sequence exact for any
W e Pc(S).

ProPOSITION 3.4. Let M be a left S-module. Then the following are
equivalent:

(1) M is a strongly Wp-Gorenstein module.

(2) M e BL(S) and there exists an exact sequence 0 — M — C ®x P — M —
0 with P projective and Bxti(M, W) =0 for all i > 1 and any W e Pc(S).

(3) M e BL(S) and there exists an exact sequence 0 — M — C @g P — M —
0 with P projective and Bxty(M, W) =0 for any W € Pc(S).

Proof. (1)=(2) It is obvious by Lemma 3.3 and dimension shifting.
(2) = (3) = (1) are obvious. O

PROPOSITION 3.5. The class SG(Wp) is closed under direct sums.

Proof. Let M; (iel) be a family of strongly Wp-Gorenstein modules, then
M; e BIC(S) for any i € I and there exist exact sequences 0 — M; — W; — M; —
0 with W; e Pc(S) such that Exts(M;, W) =0 for all k > 1 and any W € Pc(S).
Then we obtain an exact sequence 0 — P, _, M; - P, Wi— P,., M; — 0
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with @,_, Wi € Pc(S). Accordlng to [10, Proposmon 4.2], we have @),_, M; €
BL(S). Moreover, Exti(D,_, Mi, W) = [[,.; Ext&(M;, W) =0 for all k=1
and any W ePc(S). Thus (),_; M; is a strongly Wp-Gorenstein module by
Proposition 3.4. Ul

According to [1, Theorem 2.7], M is a Gorenstein projective module if and
only if M is a direct summand of a strongly Gorenstein projective module. Now
we extend this result as follows.

THEOREM 3.6. Let M be a left S-module. The following are equivalent:
(1) M is a Wp-Gorenstein module.
(2) M is a direct summand of a strongly Wp-Gorenstein module.

Proof. We employ the method in the proof of [1, Theorem 2.7].
()= (2) If M is a Wp-Gorenstein module, then there exists an exact
sequence

P:--~—>Wng1£W0—>W1—>W2—>W3—>~--

of modules in Pc(S) with M = Ker dy such that Homg(W, —) and Homg(—, W)
leave the sequence exact for any W € Pc(S). For any n € Z, denote by X"P the
exact sequence obtained from P by increasing all indexes by n:

(ZnP), = Wi, d,'ZHP =din

for any i € Z. Consider the following exact sequence

F:G—)(E”P):~~-—>@W,—>@W,®_‘l>@wl_,...,

Note that Ker(®d;) =~ ®Ker d;, so M is isomorphic to a direct summand of
Ker(®d;). Moreover, we have Homg(F, W) = [],., Homg(Z"P, W) is exact
for any W e Pc(S). Since Ker d; is a Wp-Gorenstein module by [8, Proposition
2.7], so is Ker(®d;). Then Ker(®d;) € BL(S) by Lemma 3.3. Thus Homg(C, F)
is exact, and then Homg(W F) is exact for any W € Pc(S) by [10, Lemma 6.1].
Thus M is a direct summand of strongly Wp-Gorenstein module Ker(®d;).
(2) = (1) Since every strongly Wp-Gorenstein module is a Wp-Gorenstein
module, and the class of Wp-Gorenstein modules is closed under direct sum-
mands. Then the result follows. [

THEOREM 3.7. Let 0 = N —> M — Q — 0 be an exact sequence with
QePc(S). If C is a faithfully semidualizing bimodule, then N is a strongly
Wp-Gorenstein module if and only if M is a strongly Wp-Gorenstein module.

Proof.  First, we show that if N € BL(S), then the exact sequence 0 — N —
M — Q — 0 is split. Suppose Q = C ®g P with P projective, then Q € BL(S).
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If N eBL(S), then
Ext§(Q, N) = Ext4(C ®g P, N) = Exti(Homs(C, C ® P), Homg(C, N))
=~ Exty(P, Homg(C,N)) =0

for any i > 1 by [10, Theorem 6.4]. Then the result follows.

If N is a strongly Wp-Gorenstein module, then N eBIC(S) by Proposition
34, and so M =N® Q. Then M is a strongly Wp-Gorenstein module by
Proposition 3.5.

Conversely, if M is a strongly Wp-Gorenstein module, then M € BZC(S) and
there exists an exact sequence 0 = M — G — M — 0 with G e Pc(S). Note
that Q € BL(S), then N e BL(S) by [10, Corollary 6.3]. Thus M = N @ Q, and
there exists an exact sequence 0 — Q — M — N — 0. Consider the following
pushout diagram

0 0

0 Q M N 0

Clearly, N is a Wp-Gorenstein module by Theorem 3.6, so is D. Thus Ext}(D, Q)
=0 for any i>1. Then the exact sequence 0 - Q — G— D — 0 is split.
Thus D € Pc(S) by [10, Proposition 5.1].  Consider the following pullback diagram
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Since D, Q € Pc(S), then Be Pc(S) by [10, Corollary 6.4]. Consider the exact
sequence 0 - N — B— N — 0. Note that N is a Wp-Gorenstein module, then
Extg(N, W) =0 for any i > 1 and W € Pc(S). This means that N is a strongly
Wp-Gorenstein module by Proposition 3.4. O

COROLLARY 3.8. Let M be a left S-module and Q € Pc(S). If C is a faith-
fully semidualizing bimodule, then M is a strongly Wp-Gorenstein module if and
only if M @ Q is a strongly Wp-Gorenstein module.

Proof. Consider the exact sequence 0 - M - M @ Q — Q — 0 with
Q e Pc(S). Then the result follows from Theorem 3.7. O

COROLLARY 3.9. Let 0= N—Q— M — 0 be an exact sequence with
QePc(S). If C is a faithfully semidualizing bimodule and M is a strongly
We-Gorenstein module, then N is a strongly Wp-Gorenstein module.

Proof. If M is a strongly Wp-Gorenstein module, then there exists an exact
sequence 0 - M — W — M — 0 with W € Pc(S). Consider the following pull-
back diagram

0 0

By the middle vertical sequence and Theorem 3.7, we have B is a strongly
Wp-Gorenstein module. Thus by the middle horizontal sequence and Theorem
3.7, N is a strongly Wp-Gorenstein module follows. O

COROLLARY 3.10. Let C be a faithfully semidualizing bimodule. Then M is
a strongly Wp-Gorenstein module if and only if there exists an exact sequence 0 —
M — C®rP — N — 0 with P is projective and N is a strongly Wp-Gorenstein
module.

Proof. The result follows from Corollary 3.9 and definition. O
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Clearly, every strongly Wp-Gorenstein module is WWp-Gorenstein. However,
[1, Example 2.13] showed that the converse is not true in general. But we have
the following result.

THEOREM 3.11.  Let C be a faithfully semidualizing bimodule. The following
conditions are equivalent:

(1) Every Wp-Gorenstein left S-module is a strongly Wp-Gorenstein module.

(2) For any exact sequence 0 — N — Q — M — 0 with N,Q e SGWp). If
Exty(M, W) =0 for any W e Pc(S), then M € SGOWp).

(3) For any exact sequence 0 — A — B — K — 0 with A,K € SG(Wp), then
Be Sg(Wp)

(4) For any exact sequence 0 — A — B — K — 0 with B,K € SG(Wp), then
Ae SQ(WP)

Proof. (1) = (2) Since N, Q are strongly Wp-Gorenstein modules, so N,
Q are Wp-Gorenstein modules. Note that Extg(M, W) = 0 for any W € Pc(S),
then M is a Wp-Gorenstein module by [8, Corollary 2.6]. Thus M € SG(Wp)
by (1).

(2)=3) Let 04 —-B—K—0 be an exact sequence with A,K e
SG(Wp). From Exti(K, W) = Extl(4, W) =0, we deduce that Ext}(B, W) =0
for any W e Pc(S). On the other hand, since K € SG(Wp), then there exists an
exact sequence 0 - K — D — K — 0 with D € Pc(S). Consider the following
pullback diagram

0 0

Since 4eS8GWp) and DePc(S), it follows that G e SG(Wp) by The-
orem 3.7. Since Exti(B, W) =0 for any W e Pc(S), we have BeSGOWp)
by (2).

3)=@4) Let 04— B—K—0 be an exact sequence with B, K €
SG(Wp). Then there exists an exact sequence 0 -~ K — D — K — 0 with
D e Po(S). Consider the following pullback diagram
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0 0

0 0

From the middle vertical sequence, we have G e SG(Wp) by (3). Note that
D € Pc(S), from the middle horizontal sequence and Theorem 3.7, it follows that
Ae Sg(Wp)

(4) = (1) Let M be a Wp-Gorenstein left S-module. Then there exists a
Wp-Gorenstein module N such that M @ N is a strongly Wp-Gorenstein module
by Theorem 3.6. Set L=(MON)®(MD®N)®---. Then L is a strongly
Wp-Gorenstein module by Proposition 3.5. Consider the exact sequence 0 —
M—->MOAENPL—-NBL—0. Since MAPNPL=L and NOL=L, so
we have an exact sequence 0 - M — L — L — 0. Thus M e SG(Wp) by (4).

O

DerINITION 3.12. A right S-module M is called a strongly W;-Gorenstein
module if there exists an exact sequence

—svilvluvlu-...

of module in Z¢(S) with M =~ Ker f such that Homg(U’, —) and Homg(—, U’)
leave the sequence exact whenever U’ € Z¢(S). We denote the class of strongly
Wi-Gorenstein right S-modules by SG(Wr).

DEerINITION 3.13. A left S-module M is called a strongly Wpg-Gorenstein
module if there exists an exact sequence

owlwlwlwo ...

of module in F¢(S) with M =~ Ker f such that Homg(W’' —) and U ®¢ — leave
the sequence exact whenever W' e Po(S) and U € Z¢(S). We denote the class
of strongly Wg-Gorenstein left S-modules by SGOWr).

Remark 3.14. (1) By a dual argument of the proofs of all the foregoing
results on strongly Wp-Gorenstein modules, we have the dual versions on
strongly W;-Gorenstein modules.
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(2) Analogue to the proofs of Proposition 3.4 and Proposition 3.5, we can
show the similar results for strongly Wg-Gorenstein modules. If R is a right
coherent ring and C is a faithfully semidualizing bimodule, by a similar argu-
ment of the proofs of Theorem 3.6, Theorem 3.7, Corollary 3.8, Corollary 3.9,
Corollary 3.10 and Theorem 3.11, we obtain the similar results for strongly Weg-
Gorenstein modules.

4. Foxby equivalence

Let sCr be a semidualizing bimodule (not necessarily faithfully). In this
section, we will establish the Foxby equivalences associated to strongly Wp-
Gorenstein, W;-Gorenstein and Wpe-Gorenstein modules, respectively. At first,
we need to prove the following results.

ProrosSITION 4.1. Let M be a left S-module. Then the following are
equivalent:

(1) M is a strongly We-Gorenstein module.

(2) M e BL(S) and Homs(C, M) is a strongly Gorenstein projective module.

Proof. (1) = (2) If M is a strongly Wp-Gorenstein module, then M e BL(S)
by Proposition 3.4 and there exists an exact sequence 0 - M — CQzx P - M —
0 with P projective such that Exti(M, W) =0 for all i > 1 and any W € Pc(S).
Since M e BL(S), then ExtZ'(C,M) =0. Applying the functor Homg(C, —) to
the exact sequence, we obtain an exact sequence 0 — Homg(C,M)— P —
Homg(C, M) — 0. We only need to show Exth(Homg(C,M),Q) =0 for all
i > 1 and any projective R-module Q. Note that M € BL(S), then Homg(C, M) €
AIC(R) and M = C ®; Homg(C, M). Given any projective R-module Q, by [10,
Theorem 6.4], we have

0 = Ext{(M, C ® Q) = Exty(C ®g Homg(C, M), C ®% Q)
~ ExthL(Homg(C, M), Q)

for all i > 1. Thus Homg(C, M) is a strongly Gorenstein projective module by
[1, Proposition 2.9].

(2) = (1) Since Homg(C, M) is a strongly Gorenstein projective module,
then there exists an exact sequence 0 — Homg(C, M) — P — Homg(C, M) — 0
with P projective. Note that M e BL(S), so Homg(C, M)e AL(R). Then
Toril(C7 Homg(C, M)) =0. Applying the functor C ®; — to the above exact
sequence, we obtain an exact sequence 0 - M — C®x P — M — 0. In the
following, we will show Extg(M ,C®r0O)=0 for all i >1 and any projective
R-module Q. Since Homg(C, M) is a strongly Gorenstein projective module, so
Exth(Homg(C, M), Q) = 0 for all i > 1 and any projective R-module Q. Then

0 = Extk(Homg(C, M), Q) = Exty(C ®g Homg(C, M), C ® Q)
=~ Exty(M, C @ Q)
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by [10, Theorem 6.4]. This means that M is a strongly Wp-Gorenstein module
by Proposition 3.4. ]

COROLLARY 4.2. Let M GA[C(R) be a left R-module. Then the following
are equivalent:

(1) M is a strongly Gorenstein projective module.

(2) C®rM is a strongly Wp-Gorenstein module.

Proof. (1) = (2) Since M € AL(R), then C ®x M e BL(S) and Homg(C,
C®rM) =M is a strongly Gorenstein projective module. Thus C ®; M is a
strongly Wp-Gorenstein module by Proposition 4.1.

(2) = (1) Since M e A-(R), then M =~ Homg(C,C ®; M). Note that
C ®z M is a strongly Wp-Gorenstein module, it follows that Homg(C, C ®x M)
~ M is a strongly Gorenstein projective module by Proposition 4.1. O

The proof of the Proposition 4.3 and Corollary 4.4 are dual to the proof of
Proposition 4.1 and Corollary 4.2, so we omit all the proofs.

ProposITION 4.3. Let M be a right S-module. Then the following are
equivalent:

(1) M is a strongly Wy-Gorenstein module.

(2) M e AL(S) and M ®g C is a strongly Gorenstein injective module.

CoOROLLARY 4.4. Let M € B{.(R) be a right R-module. Then the following
are equivalent:

(1) M is a strongly Gorenstein injective module.

(2) Homg(C, M) is a strongly Wi-Gorenstein module.

ProposITION 4.5. Let M be a left S-module. Then the following are
equivalent:

(1) M is a strongly Wpg-Gorenstein module.

(2) M e BL(S) and Homg(C, M) is a strongly Gorenstein flat module.

Proof. (1) = (2) If M is a strongly Wr-Gorenstein module, then M e BL(S)
by Remark 3.14 and there exists an exact sequence 0 - M — CQr F - M —
0 with F flat. Since M e BL(S), then ExtZ'(C, M) =0. If we apply the func-
tor Homg(C,—) to the exact sequence, we obtain an exact sequence 0 —
Homg(C, M) — F — Homg(C,M) — 0. We only need to prove Torf(E,
Homg(C,M)) =0 for any injective R-module £ and any i>1. Note that
E € B{(R), then E ~ Homg(C,E) ® C. Since M is a strongly Weg-Gorenstein
module, then Tor? (Homg(C, E), M) = 0 for all i > 1 and any injective R-module
E. Thus

ToriR(E, Homg(C, M)) = ToriR(HomR(C, E) ®s C,Homg(C, M))
= Torf (Homg(C,E), M) =0
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by [10, Theorem 6.4]. This means that Homg(C, M) is a strongly Gorenstein
flat module.

(2) = (1) Since Homg(C, M) is a strongly Gorenstein flat module, then
there exists an exact sequence 0 — Homg(C, M) — F — Homg(C, M) — 0 with
F flat. Note that M € BL(S), then Homg(C, M) e AL(R), and so Torf,(C,
Homg(C, M)) = 0. If we apply the functor C ®g — to this sequence, we obtain
an exact sequence 0 - M — C®r F — M — 0. In the following, we will show
Tor® (Homg(C, E), M) =0 for any injective R-module E. Since Homg(C, M)
is a strongly Gorenstein flat module, then Tor*(E,Homg(C, M)) =0 for any
injective R-module E. Thus

0 = Tor(E,Homg(C, M)) = Tor}(Homg(C, E) ® C, Homg(C, M))
~ Tor’ (Homg(C, E), M)

by [10, Theorem 6.4]. This implies that M is a strongly Wg-Gorenstein module.
O

COROLLARY 4.6. Let M € AL(R) be a left R-module. Then the following
are equivalent:

(1) M is a strongly Gorenstein flat module.

(2) C®r M is a strongly Wrg-Gorenstein module.

Proof. It is similar to the proof of Corollary 4.2. O

We use SGP(R), SGZ(R) and SGF(R) to denote the classes of strongly
Gorenstein  projective left R-modules, strongly Gorenstein injective right
R-modules and strongly Gorenstein flat left R-modules respectively.

THEOREM 4.7. There are equivalences of categories:

CRpr—
A(R) N SGP(R) SGWe),
Homg(C,—)
-®sC
SG(W) BL(R) N STT(R)
Homp(C,—)
CQr—
AL(R) N SGF(R) SG(Wr).
Homg (C,—)

Proof. By Proposition 4.1 and Corollary 4.2, it is obvious that the functor
C ®g — maps AL(R) NSGP(R) to SG(Wp), also the functor Homg(C, —) maps
SGOWp) to AL(R) N SGP(R). Moreover, note that if M e AL(R) N SGP(R) and
N € SG(Wp), then there exist natural isomorphisms M =~ Homg(C,C ®z M)
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and N =~ C®zHomg(C,N). Then the desired first equivalence of categories
follows.

Similarly, we can show the other two equivalences of categories by using
Proposition 4.3, Corollary 4.4, Proposition 4.5 and Corollary 4.6. O

Remark 4.8. We can define strongly Wp-Gorenstein right R-modules,
strongly Wp-Gorenstein right R-modules and strongly W;-Gorenstein left
R-modules. Using right Auslander class A7 (S) and left Bass class BL(S), by
a similar argument, we can obtain the similar equivalences of categories.

We use P(R), Z(R) and F(R) to denote the classes of projective left
R-modules, injective right R-modules and flat left R-modules respectively. Let n
be a nonnegative integer. Denote by G(Wp)_,, GOW,)_, and GOWr)_, the classes
of left S-modules with G(Wp)-projective dimension at most n, right S-modules
with G(Wy)-injective dimension at most n and left S-modules with GOWr)-
projective dimension at most n, respectively. GP(R)_,, GZ(R)_, and GF(R)_,
denote the classes of left R-modules with Gorenstein projective dimension at
most n, right R-modules with Gorenstein injective dimension at most n, and left
R-modules with Gorenstein flat dimension at most n, respectively.

Let C be a semidualizing module over a commutative ring R. Di et al. in [2,
Theorem 3.9] established some Foxby equivalences associated to Wp-Gorenstein
modules. In fact, if §Cg is a faithfully semidualizing bimodule over arbitrary
associative rings, by an argument similar to Proposition 4.5 and Corollary 4.6, we
can obtain the same results in [2, Theorem 3.9]. By assembling the information
above and [2, Theorem 3.9], [8, Remark 3.13], we have the following extension of
the Foxby equivalences.

THEOREM 4.9. If sCr is a faithfully semidualizing bimodule, then there are
equivalences of categories:

C®Rr—
F(R) Fe(9)
Homg(C,—)
C®r—
AL(R)NSGF(R) SG(Wr)
M Homg (C,—) M
C®r—
Ac(R)NGF(R) GWr)
Homg(C,-)
C®gr—
AL(R) N GF(R)<n G(Wr)<n
Homg(C,—)
C®r—
At(R) Bi(S),

Homg (Ci—)
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C®Rr—
P(R) Pe(S)
Homg (C,-)
CQ®r—

AL(R) N SGP(R) SG(Wp)
B Homg (C,—) P
CQpr—

A(R) NGP(R) G(Wp)
M Homg (C,—) M
CR®pr—
AG(R) NGP(R)<n G(Wp)<n
M Homg (C,—) [
C®r—
AL(R) Be(S),
Homg (C,—)
-®sC
AL(S) Be(R)
Hompg(C,—)
[ -®sC J
g(WI)<n BTC(R) ﬂgI(R)<n
Hompg(C,—)
J -®sC
gWr) ~(R) NGZ(R)
Hompg(C,—)
-®sC
SGIWy) BL(R) A SGI(R)
Homp(C,—)
o -®sC
Zc(S) I(R)
Hompz(C,—)
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