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ON COMPLEX DEFORMATIONS OF KÄHLER-RICCI SOLITONS

Nefton Pali

Abstract

We obtain a formal obstruction, i.e. a necessary condition for the existence of

polarized complex deformations of Kähler-Ricci solitons. This obstruction is expressed

in terms of the harmonic part of the variation of the complex structure.

1. The obstruction result

Despite the remarkable work of Podesta-Spiro, [9], not much is known on
the existence of complex deformations of Kähler-Ricci solitons. In this paper,
we provide an e¤ective result on this topic. Namely, given any polarized family
of complex deformations over a Kähler-Ricci soliton (polarized by the symplectic
form of the initial Kähler-Ricci soliton), we can e¤ectively establish a necessary
condition for this family to exist.

Let ðX ; J; g;oÞ be a Fano manifold with o ¼ RicJðWÞ, where W > 0 is the
unique volume form such that

Ð
X
W ¼ 1. (We denote by RicJðWÞ the Chern-

Ricci form associated to the volume form W). We introduce the W-divergence
operator acting on vector fields x as

divW x :¼ dðxsWÞ
W

;

where s denotes the natural contraction operation. (We invite the readers to see

the identity (9) below for a link with the usual notion div f
g , where f :¼ log

dVg

W
.

See also the remark 2 at the end of the paper for a mathematical explanation why
the index W should be used instead of f in the related operators).

It is well known (see [3]), that the Lie algebra of J-holomorphic vector fields
H 0ðX ;T 1;0

X ;JÞ identifies with the space of complex valued functions

LW
g;J :¼ �divW H 0ðX ;T 1;0

X ;JÞ � Cy
W ðX ;CÞ0;
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where Cy
W ðX ;CÞ0 is the space of smooth complex valued functions with vanishing

integral with respect to W. We denote by H0;1
g;W ðTX ;JÞ the space of TX -valued

ð0; 1Þ-forms which are harmonic with respect to the Hodge-Witten Laplacian
determined by the volume form W.

Assume now ðX ; J; g;oÞ is a compact Kähler-Ricci soliton and we consider

the functions f :¼ log
dVg

W
, F :¼ f �

Ð
X
fW. The solution of the variational

stability problem in [6], theorem 1 in section 1, shows that the vanishing
harmonic cone

H0;1
g;W ðTX ;JÞ0 :¼ A A H0;1

g;W ðTX ;JÞ
����
ð
X

jAj2gFW ¼ 0

� �
;

is relevant for the deformation theory of compact Kähler-Ricci solitons. In the
Dancer-Wang Kähler-Ricci soliton case H0;1

g;W ðTX ;JÞ0 0 f0g, thanks to a result in
[4].

For any A A H0;1
g;W ðTX ;JÞ we define the R-linear functional

FA : LW
g;J ! R;

FAðuÞ :¼
ð
X

½2 Re uh‘2
g f ;A

2ig � hJ‘g fs‘gA; iu�J Aig�W;

where ðaþ ibÞ �J A :¼ aAþ bJA for any a; b A R. With these notations we can
state our obstruction result.

Theorem 1. Let ðX ; J; g;oÞ be a compact Kähler-Ricci soliton, let
ðJt;oÞt A ð�e; eÞ be a smooth family of Kähler-Ricci solitons with J0 ¼ J and let

A A H0;1
g;W ðTX ;JÞ be the harmonic part of the variation _JJ0. Then A A H0;1

g;W ðTX ;JÞ0
and FA ¼ 0.

The fact that A A H0;1
g;W ðTX ;JÞ0 is a statement in [6], Theorem 1, section 1.

We will show also that for any A A H0;1
g;W ðTX ;JÞ hold the identityð

X

jAj2gFW ¼ �
ð
X

½2h‘2
g f ;A

2ig � hJ‘g fs‘gA; JAig�W;

whose right-hand side shows strong similarity with the integral FAðuÞ.

2. Properties of the first variation of Perelman’s map H

We need to remind a few basic facts proved in [6]. We first remind some of
the notations in [6]. We start with some algebraic operations on tensors over a
smooth Riemannian manifold ðX ; gÞ.

In this paper, as in [6], we identify bilinear forms sections on TX with
morphisms TX ! T �

X , via the natural contraction operation. We notice in par-
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ticular that the metric g determines an invertible element g : TX ! T �
X given by

gx :¼ gðx; �Þ, for any x A TX . Such element can be composed with an endo-
morphism section A of TX . This yields an element gA : TX ! T �

X , which in its
turn can be identified with a bilinear form section of TX . In the same way the
element g�1 : T �

X ! TX can be composed with T �
X -valued tensors. Indeed, given

any y A ðT �
X Þ

np over X , we define the element y�
g A ðT �

X Þ
np�1 nTX as

y�
g ðx1; . . . ; xp�1Þ :¼ g�1½yðx1; . . . ; xp�1; �Þ�;

for all x1; . . . ; xp�1 A TX . We will use sometimes the notation y�
g :¼ g�1y, to

denote this operation.
On the other hand we notice that g�1 identifies in a natural way an ele-

ment g�1 A CyðX ;S2TX Þ. In this paper the symbol s denotes also the natural
contraction operation on the first two entires of a tensor y A ðT �

X Þ
np, pb 2.

Then the usual trace operation Trg y with respect to g satisfies the identity
Trg y ¼ g�1

sy. This is useful when we will derive the trace operator.
For any endomorphism A of the tangent bundle and for any bilinear form B

over it we define the contraction operation AsB :¼ AltðBAÞ, where Alt is the
alternating operator.

We define now some fundamental linear and non-linear di¤erential oper-
ators. Let W > 0 be a smooth volume form over an oriented compact and
connected Riemannian manifold ðX ; gÞ. We equip the set of smooth Rieman-
nian metrics M over X with the scalar product

ðu; vÞ 7!
ð
X

hu; vigW;ð1Þ

for all u; v A L2ðX ;S2
RT

�
X Þ. Let P�

g be the formal adjoint of some operator P
with respect to the metric g. We observe that the operator P�W

g :¼ e f P�
g ðe�f �Þ,

with f :¼ log
dVg

W
, is the formal adjoint of P with respect to the scalar product

(1). We define the real weighted Laplacian operator DW
g :¼ ‘�W

g ‘g. We notice
in particular the identity divW ‘gu ¼ �DW

g u, for all functions u.
Over a Fano manifold ðX ; J; g;oÞ, with o ¼ RicJðWÞ,

Ð
X
W ¼ 1. we define

the linear operator BW
g;J acting on smooth complex valued functions u as BW

g;Ju :¼
divWðJ‘guÞ. This is a first order di¤erential operator. Indeed

BW
g;Ju ¼ TrRðJ‘2

guÞ � df � J‘gu

¼ gð‘gu; J‘g f Þ;

since J is g-anti-symmetric. We define the weighted complex Laplacian operator

DW
g;J :¼ DW

g � iBW
J;g, acting on smooth complex valued functions. We remind the

identity LW
g;J ¼ KerðDW

g;J � 2IÞ, (see [3]). We denote by

LW;?
g;J :¼ ½KerðDW

g;J � 2IÞ�?W � Cy
W ðX ;CÞ0;

the L2
W-orthogonal space to LW

g;J inside Cy
W ðX ;CÞ0.
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We remind now that the W-Bakry-Emery-Ricci tensor of the metric g is
defined by the formula

RicgðWÞ :¼ RicðgÞ þ ‘gd log
dVg

W
:

A Riemannian metric g is called a W-shrinking Ricci soliton if g ¼ RicgðWÞ.
We define the following fundamental objects

h1 hg;W :¼ RicgðWÞ � g;

2H1 2Hg;W :¼ �DW
g f þ Trg hþ 2f :

(We remind f :¼ log
dVg

W
). We define also the integral normalized function

H :¼ H �
Ð
X
HW. We denote by V1 the space of smooth positive volume forms

with unit integral over X . For any V A TV1 , we define

V �
W :¼ V=W:

We notice now that over a polarized Fano manifold ðX ;oÞ, o A 2pc1ðX Þ, the
space of o-compatible complex structures Jo embeds naturally inside M�V1 via
the Chern-Ricci form. The image of this embedding is

So :¼ fðg;WÞ A Mo �V1 jo ¼ RicJðWÞ; J ¼ �o�1gg;
with Mo :¼ �o �Jo � M. The fact that the space Jo may be singular in
general implies that also the space So may be singular. We denote by TCSo; ðg;WÞ
the tangent cone of So at an arbitrary point ðg;WÞ A So. This is by defini-
tion the union of all tangent vectors of So at the point ðg;WÞ. We notice that,
(see for example [5], lemma 7 section 5), the tangent cone TCMo;g of Mo at an
arbitrary point g A Mo satisfies the inclusion

TCMo;g � DJ
g; ½0�;ð2Þ

with

DJ
g; ½0� :¼ fv A CyðX ;S2

RT
�
X Þ j v ¼ �J �vJ; qTX ; J

v�g ¼ 0g;
It has been shown in [6], lemma 17 section 16, that for any ðg;WÞ A So the
inclusion holds

TCSo; ðg;WÞ � TJ
g;W;ð3Þ

with

TJ
g;W :¼ fðv;VÞ A DJ

g; ½0� � TV1 j 2dd c
JV

�
W ¼ �dð‘�W

g v�gsoÞg:
(We will use the definition 2d c

J :¼ iðqJ � qJÞ in this paper). We remind (see [6],
identity 1.2 in section 1) that a point ðg;WÞ A So is a Kähler-Ricci soliton if and
only if Hg;W ¼ 0. Furthermore,

2Hg;W ¼ �ðDW
g;J � 2IÞF A LW;?

g;J \ Cy
W ðX ;RÞ0;
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for all ðg;WÞ A So. The infinitesimal properties of the map ðg;WÞ A So 7! Hg;W

are explained in the next sub-section.

2.1. Triple splitting of the space TJ
g;W

In [6], section 1, we introduce a pseudo-Riemannian metric G over M�V1

which is positive defined over TJ
g;W for any ðg;WÞ A So, with J :¼ �o�1g. By

abuse of notations we will denote by Gg;W the scalar product over LW;?
g;J , induced

by the isomorphism

h : LW;?
g;J lH0;1

g;W ðTX ;JÞ ! TJ
g;W

ðc;AÞ 7! gðqTX ; J
‘g;Jcþ AÞ;� 1

2
Re½ðDW

g;J � 2IÞc�W
� �

:

Explicitly (see [6] sub-section 18.2),

Gg;Wðj;cÞ ¼
1

2

ð
X

½ðDW
g;J � 2IÞj � cþ ðDW

g;J � 2IÞc � j�W

þ 1

2

ð
X

Im½ðDW
g;J � 2IÞj� Im½ðDW

g;J � 2IÞc�W:

For any ðg;WÞ A So, we introduce in [6], sub-section 18.2, the vector spaces

EJ
g;W :¼ fu A LW;?

g;J j ðDW
g;J � 2IÞu ¼ ðDW

g;J � 2IÞug;

OJ
g;W :¼ ðEJ

g;WÞ
?G \LW;?

g;J ;

and we denote by ½g;W�o :¼ Symp0ðX ;oÞ � ðg;WÞ � So the orbit of the point
ðg;WÞ under the action of the identity component of the group of smooth
symplectomorphisms Symp0ðX ;oÞ of X . The map h restricts to a G-isometry

h : OJ
g;W ! T½g;W�o; ðg;WÞ:

The positivity of the metric Gg;W over LW;?
g;J , combined with an elliptic argument

(see [6], sub-section 18.2) implies the decomposition

LW;?
g;J ¼ OJ

g;W lG EJ
g;W;

Over a compact Kähler-Ricci soliton ðX ; J; g;oÞ, we introduce the operator

PW
g;J :¼ ðDW

g;J � 2IÞðDW
g;J � 2IÞ:

This is a non-negative self-adjoint real elliptic operator with respect to the
L2
W-hermitian product. The restriction of the di¤erential of the map ðg;WÞ A

So 7! Hg;W over the space LW;?
g;J , identifies, via the isomorphism h, with the map

Dg;WH : LW;?
g;J ! LW;?

g;J \ Cy
W ðX ;RÞ0

c 7! 1

4
PW
g;J Re c:
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This map restricts to an isomorphism

Dg;WH : EJ
g;W ! LW;?

g;J \ Cy
W ðX ;RÞ0;

(see [6], lemma 24, section 19, for the technical details), and

OJ
g;W ¼ Ker Dg;WH \LW;?

g;J :

Moreover, Ker PW
g;J \ Cy

W ðX ;RÞ0 ¼ fRe u j u A LW
g;Jg ¼: Re LW

g;J and

PW
g;JC

y
W ðX ;RÞ0 ¼ LW;?

g;J \ Cy
W ðX ;RÞ0:

In general for any ðg;WÞ A So Kähler-Ricci soliton the identity holds

Ker Dg;WH \ TJ
g;W ¼ T½g;W�o; ðg;WÞ lG H0;1

g;W ðTX ;JÞ;

with J :¼ �o�1g. We finally notice that applying the finiteness theorem
(see for example [2], proposition 6.6, page 26), to the real elliptic operator
PW
g;J : Cy

W ðX ;RÞ0 ! Cy
W ðX ;RÞ0, we deduce the L2

W-orthogonal decomposition

Cy
W ðX ;RÞ0 ¼ ½LW;?

g;J \ Cy
W ðX ;RÞ0�lW Re LW

g;J :ð4Þ

Remark 1. We denote by LW
g;R :¼ KerRðDW

g � 2IÞ � Cy
W ðX ;RÞ0, and by

LW;?
g;R :¼ ½KerRðDW

g � 2IÞ�?W � Cy
W ðX ;RÞ0;

its L2
W-orthogonal inside Cy

W ðX ;RÞ0. It is easy to see that the map

w : LW;?
g;R \ Cy

W ðX ;RÞ0 ! T½g;W�o; ðg;WÞ;

u 7! ð2oqTX ; J
‘gu; ðBW

g;JuÞWÞ;

is an isomorphism. Thus, there exists an isomorphism map

t : OJ
g;W ! iLW;?

g;R

y 7! iu : y� iu A LW
g;J :

3. Variation formulas for the W-divergence operators

For any endomorphism section A of the tangent bundle we denote by AT
g the

transposed endomorphism section with respect to the metric g. For any u; v A
CyðX ;S2T �

X Þ we define in [6], section 10, the real valued 1-form

Mgðu; vÞðxÞ :¼ 2‘gvðek; u�
g ek; xÞ þ ‘guðx; v�g ek; ekÞ;

for all x A TX . (Here ðekÞk is a g-orthonormal local frame of the tangent
bundle). We show now the following important lemma.

Lemma 1. The first variation of the operator valued map

ðg;WÞ 7! ‘�W
g : CyðX ;S2TX Þ ! CyðX ;T �

X Þ;
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in arbitrary directions ðv;VÞ is given by the formula

2½ðDg;W‘
��
� Þðv;VÞ�u ¼ Mgðv; uÞ � 2u � ð‘�W

g v�g þ ‘gV
�
WÞ:ð5Þ

Proof. We first di¤erentiate the identity defining the covariant derivative
of a symmetric 2-tensor u in the direction v. We infer

_‘‘guðx; h; mÞ ¼ �uð _‘‘gðx; hÞ; mÞ � uðh; _‘‘gðx; mÞÞ;

where _‘‘g :¼ ðDg‘�ÞðvÞ. Using the variation formula for the Levi-Civita connec-
tion in [1], we obtain

2 _‘‘guðx; h; mÞ ¼ �uð‘g;xv
�
ghþ ‘g;hv

�
gx� ð‘gv

�
ghÞ

T
g x; mÞ

� uðh;‘g;xv
�
gmþ ‘g;mv

�
gx� ð‘gv

�
gmÞ

T
g xÞ:

We transform the term

uðð‘gv
�
ghÞ

T
g x; mÞ ¼ gðu�

g ð‘gv
�
ghÞ

T
g x; mÞ

¼ gðð‘gv
�
ghÞ

T
g x; u

�
gmÞ

¼ gðx;‘gv
�
g ðu�

gm; hÞÞ

¼ ‘gvðu�
gm; h; xÞ:

We deduce the variation formula

2 _‘‘guðx; h; mÞ ¼ �uð‘g;xv
�
ghþ ‘g;hv

�
gx; mÞ þ ‘gvðu�

gm; x; hÞ

� uðh;‘g;xv
�
gmþ ‘g;mv

�
gxÞ þ ‘gvðu�

gh; x; mÞ:

Thus, using the fact that u is symmetric we infer

2ðg�1
s
_‘‘guÞm ¼ 2uð‘�

g v
�
g ; mÞ þ ‘gvðu�

gm; ek; ekÞ

� uð‘g; ek v
�
gmþ ‘g;mv

�
g ek; ekÞ þ ‘gvðek; u�

g ek; mÞ;

where ðekÞk is a g-orthonormal basis of TX ;p which diagonalizes u at the point p.
We observe however that the right hand-side of the previous equality is inde-
pendent of the choice of the g-orthonormal basis ðekÞk thanks to the intrinsic
definition of trace. Simplifying, we deduce

2ðg�1
s
_‘‘guÞm ¼ 2uð‘�

g v
�
g ; mÞ þ ‘gvðu�

gm; ek; ekÞ � ‘gvðm; u�
g ek; ekÞ:ð6Þ

We can compute now the first variation of the expression

‘�W
g u ¼ �g�1

s‘guþ ‘g fsu;

with f 1 fg;W :¼ log
dVg

W
. We observe the identity
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½ðDg;W‘
��
� Þðv;VÞ�u ¼ ðv�gg�1Þs‘gu� g�1

s
_‘‘gu

þ ½ðDg;W‘� f�;�Þðv;VÞ�su:

Let ðekÞk be a g-orthonormal local frame of TX such that ‘gekðpÞ ¼ 0, for some
arbitrary point p. Using (6) and the variation formulas

d

dt
ð‘gt ftÞ ¼ ‘gt

_fft � _gg�
t ‘gt ft;ð7Þ

_fft ¼
1

2
Trgt _ggt � _WW�

t ;ð8Þ

we obtain the equalities at the point p,

2½ðDg;W‘
��
� Þðv;VÞ�uðmÞ ¼ 2‘guðek; v�g ek; mÞ � 2uð‘�

g v
�
g ; mÞ

� ‘gvðu�
gm; ek; ekÞ þ ‘gvðm; u�

g ek; ekÞ

þ uð‘gðTrg v� 2V �
WÞ � 2v�g‘g f ; mÞ

¼ 2‘guðek; v�g ek; mÞ � 2uð‘�W
g v�g ; mÞ

� ‘gvðu�
gm; ek; ekÞ þ ‘gvðm; u�

g ek; ekÞ

þ uð‘gðTrg v� 2V �
WÞ; mÞ

¼ Mgðv; uÞðmÞ � 2uð‘�W
g v�g þ ‘gV

�
W; mÞ;

thanks to the identity at the point p,

‘gvðu�
gm; ek; ekÞ ¼ uð‘g Trg v; mÞ:

In order to see this last fact, we observe the equalities

uð‘g Trg v; mÞ ¼ gðu�
g‘g Trg v; mÞ

¼ gð‘g Trg v; u
�
gmÞ

¼ ðd Trg vÞðu�
gmÞ

¼ ðu�
gmÞ:vðek; ekÞ

¼ ‘gvðu�
gm; ek; ekÞ;

at the point p. We obtain the required variation formula. r

In a similar way we compute the first variation formula for the operator
divW

g acting on 1-forms a

divW
g a :¼ g�1

s‘ga� a � ‘g f :ð9Þ
We notice the elementary identity divW

g a ¼ divW a�
g . With these notations hold

the following lemma.
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Lemma 2. The first variation of the operator valued map

ðg;WÞ 7! divW
g : CyðX ;T �

X Þ ! CyðX ;RÞ;
in arbitrary directions ðv;VÞ is given by the formula

½ðDg;W div��Þðv;VÞ�a ¼ �h‘ga
�
g ; v

�
gig þ 2a � ð‘�W

g v�g þ ‘gV
�
WÞ:

We include the proof for readers convenience.

Proof. Let a be a 1-form and let x, h be two smooth vector fields. Dif-
ferentiating the identity

x:ða � hÞ ¼ ‘g;xa � hþ a � ‘g;xh;

with respect to the variable g we obtain

2 _‘‘gaðx; hÞ ¼ �a � 2 _‘‘gðx; hÞ
¼ �a � ð‘g;xv

�
g � hþ ‘g;hv

�
g � xÞ þ ‘gvða�

g ; x; hÞ:

We notice indeed the equalities

a � ½ð‘g;�v
�
g � hÞ

T
g � x� ¼ gða�

g ; ð‘g;�v
�
g � hÞ

T
g � xÞ

¼ gð‘g;a �
g
v�g � h; xÞ

¼ ‘gvða�
g ; x; hÞ:

We deduce

2ðg�1
s
_‘‘gaÞ ¼ 2a � ‘�

g v
�
g þ a�

g : Trg v

¼ a � ð2‘�
g v

�
g þ ‘g Trg vÞ:

We can compute now the first variation of the definition (9). We observe the
identities

2½ðDg;W div��Þðv;VÞ�a ¼ �2ðv�gg�1Þs‘gaþ 2g�1
s
_‘‘ga

� 2a � ½ðDg;W‘� f�;�Þðv;VÞ�
¼ �2‘gaðek; v�g ekÞ þ a � ð2‘�

g v
�
g þ ‘g Trg vÞ

� a � ð‘gðTrg v� 2V �
WÞ � 2v�g � ‘g f Þ:

We infer the required variation formula. r

We can compute now a first variation formula for the double divergence
operator divW

g ‘�W
g . We observe first the trivial identity

½Dg;Wðdiv�� ‘��
� Þðv;VÞ�v ¼ ½ðDg;W div��Þðv;VÞ�‘�W

g v

þ divW
g f½ðDg;W‘

��
� Þðv;VÞ�vg;
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and we explicit the last term;

2 divW
g f½ðDg;W‘

��
� Þðv;VÞ�vg

¼ el :½2‘gvðek; v�g ek; elÞ þ ‘gvðel ; v�g ek; ekÞ � 2vð‘�W
g v�g þ V �

W; elÞ�

� 2‘gvðek; v�g ek;‘g f Þ � ‘gvð‘g f ; v
�
g ek; ekÞ þ 2vð‘�W

g v�g þ V �
W;‘g f Þ:

Developing further we obtain

2 divW
g f½ðDg;W‘

��
� Þðv;VÞ�vg

¼ 2gð‘g; el‘g; ek v
�
g � v�g ek; elÞ þ 2gð‘g; ek v

�
g � ‘g; el v

�
g ek; elÞ

þ ‘2
g; el ; el

vðv�g ek; ekÞ þ gð‘g; el v
�
g � ‘g; el v

�
g ek; ekÞ

� 2‘g; el vðel ;‘�W
g v�g þ V �

WÞ � 2vð‘g; el ð‘�W
g v�g þ V �

WÞ; elÞ

� 2gð‘g; ek v
�
g � v�g ek;‘g f Þ � ‘gvð‘g f ; v

�
g ek; ekÞ þ 2vð‘�W

g v�g þ V �
W;‘g f Þ

¼ 2gðv�g ek;‘g; el‘g; ek v
�
g elÞ þ 2gð‘g; el v

�
g ek;‘g; ek v

�
g elÞ

� DW
g vðv�g ek; ekÞ þ gð‘g; el v

�
g ek;‘g; el v

�
g ekÞ

þ 2‘�W
g v � ð‘�W

g v�g þ V �
WÞ � 2gð‘g; el ð‘�W

g v�g þ V �
WÞ; v�g elÞ

� 2gðv�g ek;‘g; ek v
�
g � ‘g f Þ:

If we set d‘gv�g‘gv�g ðx; hÞ :¼ ‘gv
�
g ðh; xÞ;

then the last expression writes as

2 divW
g f½ðDg;W‘

��
� Þðv;VÞ�vg

¼ 2gðv�g ek;‘g; el
d‘gv�g‘gv�g ðel ; ekÞÞ þ 2gð‘gv

�
g ðel ; ekÞ; d‘gv�g‘gv�g ðel ; ekÞÞ

� gðDW
g v

�
g � v�g ek; ekÞ þ j‘gv

�
g j

2
g

þ 2‘�W
g v � ð‘�W

g v�g þ V �
WÞ � 2h‘gð‘�W

g v�g þ V �
WÞ; v�gig

� 2gðv�g ek; d‘gv�g‘gv�g ð‘g f ; ekÞÞ:

We infer the formula

divW
g f½ðDg;W‘

��
� Þðv;VÞ�vg ¼ � 1

4
DW
g jvj

2
g

� h‘�W
g

d‘gv�g‘gv�g ; v
�
gig þ h d‘gv�g‘gv�g ;‘gv

�
gig

þ ‘�W
g v � ð‘�W

g v�g þ ‘gV
�
WÞ

� h‘gð‘�W
g v�g þ ‘gV

�
WÞ; v�gig:
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We obtain in conclusion the variation identity

½Dg;Wðdiv�� ‘��
� Þðv;VÞ�v ¼ � 1

4
DW
g jvj

2
gð10Þ

� h‘�W
g

d‘gv�g‘gv�g ; v
�
gig þ h d‘gv�g‘gv�g ;‘gv

�
gig

þ 2‘�W
g v � ð‘�W

g v�g þ ‘gV
�
WÞ

� h‘gð2‘�W
g v�g þ ‘gV

�
WÞ; v�gig:

4. The second variation of Perelman’s map H

Lemma 3. The Hessian form ‘GDHðg;WÞ of Perelman’s map ðg;WÞ A
M�V1 7! Hg;W, with respect to the pseudo-Riemannian structure G at the point
ðg;WÞ A M�V1 in arbitrary directions ðv;VÞ is given by the expression

2‘GDHðg;WÞðv;V ; v;VÞ ¼ � 1

2
hLW

g v; vig � DW
g

1

4
jvj2g þ ðV �

WÞ
2

� �

þ 1

2
jvj2g þ ðV �

WÞ
2 � 1

2
Gg;Wðv;V ; v;VÞ

� 2j‘�W
g v�g þ ‘gV

�
Wj

2
g

þ h‘gð2‘�W
g v�g þ 3‘gV

�
WÞ; v�gig

þ h‘�W
g v�g ;‘

�W
g v�g þ 2‘gV

�
Wig

þ V �
Wðdiv

W ‘�W
g v�g þ hv; hg;WigÞ:

Proof. We consider a smooth curve ðgt;WtÞt AR � M�V1 with ðg0;W0Þ ¼
ðg;WÞ and with arbitrary speed ð _gg0; _WW0Þ ¼ ðv;VÞ. We show in [6], section 6 that
the G-covariant derivative ‘G of its speed, in the speed direction, is given by the
expressions

ðyt;YtÞ1‘Gð _ggt; _WWtÞð _ggt; _WWtÞ;

yt :¼ €ggt þ _ggtð _WW�
t � _gg�

t Þ;

Yt :¼ €WWt þ
1

4
½j _ggtj2t � 2ð _WW�

t Þ
2 � Ggt;Wt

ð _ggt; _WWt; _ggt;
_WWtÞ�Wt:

Then

‘GDHðgt;WtÞð _ggt; _WWt; _ggt;
_WWtÞ ¼

d 2

dt2
Hðgt;WtÞ �Dgt;Wt

Hðyt;YtÞ:

Using the first variation formula (1.5), section 1 in [6] for the map H we obtain
the equalities
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2‘GDHðgt;WtÞð _ggt; _WWt; _ggt;
_WWtÞ

¼ d

dt
½ðDWt

gt
� 2IÞ _WW�

t � divWt

gt
ð‘�Wt

gt _ggt þ d _WW�
t Þ � h _ggt; htigt �

� ðDWt

gt
� 2IÞY�

t þ divWt

gt
ð‘�Wt

gt yt þ dY�
t Þ þ hyt; htigt :

Using the identity (10) we obtain

2‘GDHðgt;WtÞð _ggt; _WWt; _ggt;
_WWtÞ

¼ 2ðDWt

gt
� IÞ d

dt
_WW�
t �Y�

t

� �
þ 2h‘gd _WW�

t ; _ggtigt � 2h‘
�Wt
gt _gg�

t þ ‘gt
_WW�
t ;‘gt

_WW�
t igt

þ divWt

gt
‘

�Wt
gt ðyt � €ggtÞ

þ 1

4
DWt

gt
j _ggtj2gt þ h‘

�Wt
gt

d‘gt _gg
�
t‘gt _gg
�
t ; _gg

�
t igt � h d‘gt _gg

�
t‘gt _gg
�
t ;‘gt _gg

�
t igt

� 2‘
�Wt
gt _ggt � ð‘

�Wt
gt _gg�

t þ ‘gt
_WW�
t Þ þ h‘gtð2‘

�Wt
gt _gg�

t þ ‘gt
_WW�
t Þ; _gg�

t igt

þ TrR y�
t �

d

dt
_gg�
t

� �
h�
t � _gg�

t ð _hh�
t � _gg�

t h
�
t Þ

� �
:

Rearranging the previous expression, we obtain

2‘GDHðgt;WtÞð _ggt; _WWt; _ggt;
_WWtÞ

¼ 2ðDWt

gt
� IÞ d

dt
_WW�
t �Y�

t

� �
þ 1

4
DWt

gt
j _ggtj2gt

þ h‘gtd
_WW�
t ; _ggtigt � 2j‘�Wt

gt _gg�
t þ ‘gt

_WW�
t j

2
gt

þ divWt

gt
‘

�Wt
gt ðyt � €ggtÞ

þ h‘
�Wt
gt

d‘gt _gg
�
t‘gt _gg
�
t ; _gg

�
t igt � h d‘gt _gg

�
t‘gt _gg
�
t ;‘gt _gg

�
t igt

þ 2h‘gtð‘
�Wt
gt _gg�

t þ ‘gt
_WW�
t Þ; _gg�

t igt

þ TrR y�
t �

d

dt
_gg�
t

� �
h�
t � _gg�

t ð _hh�
t � _gg�

t h
�
t Þ

� �
:

Using the expression of yt, we develop the term

divWt

gt
‘

�Wt
gt ðyt � €ggtÞ ¼ divWt ‘

�Wt
gt ½ _WW�

t _gg
�
t � ð _gg�

t Þ
2�:

For this purpose we remind a few elementary divergence type identities. For any
smooth, function u, vector field x and endomorphism section A of TX , the
following identities hold
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‘�W
g ðuAÞ ¼ �A � ‘guþ u‘�W

g A;

divWðuxÞ ¼ h‘gu; xig þ u divW x;

‘�W
g A2 ¼ �Trgð‘gA � AÞ þ A‘�W

g A:

Furthermore if A is g-symmetric then also the formulas hold

divWðA � xÞ ¼ �h‘�W
g A; xig þ hA;‘gxig;ð11Þ

divW Trgð‘gA � AÞ ¼ �h‘�W
g

d‘gA‘gA;Aig þ hd‘gA‘gA;‘gAig:ð12Þ
For readers convenience we show (11) and (12) in the appendix. Using the
previous formulas we obtain the equalities

divWt ‘
�Wt
gt ½ _WW�

t _gg
�
t � ð _gg�

t Þ
2� ¼ divWt ½� _gg�

t ‘gt
_WW�
t þ _WW�

t ‘
�Wt
gt _gg�

t �

þ divWt ½Trgtð‘gt _gg
�
t � _gg�

t Þ � _gg�
t ‘

�Wt
gt _gg�

t �

¼ �h‘gtd
_WW�
t ; _ggtigt þ 2h‘

�Wt
gt _gg�

t ;‘gt
_WW�
t igt

þ _WW�
t divWt ‘

�Wt
gt _gg�

t

� h‘
�Wt
gt

d‘gt _gg
�
t‘gt _gg
�
t ; _gg

�
t igt þ h d‘gt _gg

�
t‘gt _gg
�
t ;‘gt _gg

�
t igt

þ j‘�Wt
gt _gg�

t j
2
gt
� h _gg�

t ;‘gt‘
�Wt
gt _gg�

t igt

¼ �h‘gtð‘
�Wt
gt _gg�

t þ ‘gt
_WW�
t Þ; _gg�

t igt

þ h‘
�Wt
gt _gg�

t ;‘
�Wt
gt _gg�

t þ 2‘gt
_WW�
t igt

þ _WW�
t divWt ‘

�Wt
gt _gg�

t

� h‘
�Wt
gt

d‘gt _gg
�
t‘gt _gg
�
t ; _gg

�
t igt þ h d‘gt _gg

�
t‘gt _gg
�
t ;‘gt _gg

�
t igt :

Plunging this identity in the last expression of the Hessian of the map H we
obtain

2‘GDHðgt;WtÞð _ggt; _WWt; _ggt;
_WWtÞ

¼ 2ðDWt

gt
� IÞ d

dt
_WW�
t �Y�

t

� �
þ 1

4
DWt

gt
j _ggtj2gt

þ h‘gtd
_WW�
t ; _ggtigt � 2j‘�Wt

gt _gg�
t þ ‘gt

_WW�
t j

2
gt

þ h‘gtð‘
�Wt
gt _gg�

t þ ‘gt
_WW�
t Þ; _gg�

t igt

þ h‘
�Wt
gt _gg�

t ;‘
�Wt
gt _gg�

t þ 2‘gt
_WW�
t igt þ _WW�

t divWt ‘
�Wt
gt _gg�

t

þ _WW�
t h _ggt; htigt �

1

2
hLWt

gt
_ggt � L

‘
�Wt
gt

_gg �
t þ‘gt

_WW �
t

gt; _ggtigt ;

thanks to the variation formula (1.4), section 1 in [6] for the map h. Rearrang-
ing the previous expression, we infer
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2‘GDHðgt;WtÞð _ggt; _WWt; _ggt; _WWtÞ

¼ 2ðDWt

gt
� IÞ d

dt
_WW�
t �Y�

t

� �
þ 1

4
DWt

gt
j _ggtj2gt

� 2j‘�Wt
gt _gg�

t þ ‘gt
_WW�
t j

2
gt

þ h‘gtð2‘
�Wt
gt _gg�

t þ 3‘gt
_WW�
t Þ; _gg�

t igt

þ h‘
�Wt
gt _gg�

t ;‘
�Wt
gt _gg�

t þ 2‘gt
_WW�
t igt

þ _WW�
t ðdiv

Wt ‘
�Wt
gt _gg�

t þ h _ggt; htigtÞ �
1

2
hLWt

gt
_ggt; _ggtigt :

Then the conclusion follows from the expression of Yt. r

In [6], section 7, we show that the space G-orthogonal to the tangent to the
orbit of a point ðg;WÞ A M�V1, under the action of the identity component of
the di¤eomorphism group, is

Fg;W :¼ fðv;VÞ A TM�V1
j‘�W

g v�g þ ‘gV
�
W ¼ 0g:

Corollary 1. The Hessian form ‘GDHðg;WÞ of Perelman’s map ðg;WÞ A
M�V1 7! Hg;W, with respect to the pseudo-Riemannian structure G at the point
ðg;WÞ A M�V1 in arbitrary directions ðv;VÞ A Fg;W, is given by the expression

2‘GDHðg;WÞðv;V ; v;VÞ

¼ � 1

2
hðLW

g þ 2‘g‘
�W
g Þv; vig

� 1

2
ðDW

g � 2IÞ 1

2
jvj2g þ ðV �

WÞ
2 � 1

2
Gg;Wðv;V ; v;VÞ

� �
þ V �

Whv; hg;Wig:

5. Application of the weighted Bochner identity

We observe that the formal adjoint of the qTX ; J
operator with respect to the

hermitian product

h� ; �io;W :¼
ð
X

h� ; �ioW;ð13Þ

is the operator

q
�g;W
TX ; J

:¼ e f q
�g
TX ; J

ðe�f �Þ:
With this notation, we define the anti-holomorphic W-Hodge-Witten Laplacian
operator acting on TX -valued q-forms as

DW;�J
TX ; g

:¼ 1

q
qTX ; J

q
�g;W
TX ; J

þ 1

qþ 1
q
�g;W
TX ; J

qTX ; J
;
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with the usual convention y � 0 ¼ 0, and the functorial convention on the scalar
product in the subsection 7.1 of the appendix in [5]. We will omit the symbol
W in the Hodge-Witten Laplacian operator, when W ¼ Cst dVg. We define the
vector space

H0;1
g;W ðTX ;JÞ :¼ Ker DW;�J

TX ; g
\ CyðX ;T �

X ;�J nTX ;JÞ:
It has been shown in [6], lemma 14, section 14, that for any smooth J-anti-linear
endomorphism section A of the tangent bundle hold the fundamental Bochner
type formula

LW
g A ¼ 2D�J

TX ; g
Aþ ½Ric�ðgÞ;A� þ ‘g fs‘gA:ð14Þ

We observe that for bi-degree reasons we have the equalities

q
�g;W
TX ; J

A ¼ ‘�W
g A

¼ ‘�
gAþ A‘g f

¼ q
�g
TX ; J

Aþ A‘g f :

Using the last equality we obtain the expression

qTX ; J
q
�g;W
TX ; J

A ¼ qTX ; J
q
�g
TX ; J

Aþ ‘0;1
g;JA‘g f þ Aq

g
TX ; J

‘g f :

We observe indeed

2qTX ; J
ðA‘g f Þ ¼ ‘gðA‘g f Þ þ J‘g;J�ðA‘g f Þ

¼ ‘gA‘g f þ A‘2
g f þ J‘g;J�A‘g f þ JA‘g;J�‘g f

¼ 2‘0;1
g;JA‘g f þ Að‘2

g f � J‘g;J�‘g f Þ

¼ 2‘0;1
g;JA‘g f þ 2Aqg

TX ; J
‘g f :

Still for bi-degree reasons, the identities hold

1

2
q
�g;W
TX ; J

qTX ; J
A ¼ 1

2
‘�W
TX ;g

qTX ; J
A

¼ ‘�W
g qTX ; J

A

¼ ‘�
gqTX ; J

Aþ ‘g fsqTX ; J
A:

Thus

1

2
q
�g;W
TX ; J

qTX ; J
A ¼ 1

2
‘�
TX ;g

qTX ; J
Aþ ‘g fsqTX ; J

A

¼ 1

2
q
�g
TX ; J

qTX ; J
Aþ ‘g fs‘

0;1
g;JA� ‘0;1

g;JA‘g f :

Combining the identities obtained so far we deduce the expression

DW;�J
TX ; g

A ¼ D�J
TX ; g

Aþ ‘g fs‘
0;1
g;JAþ Aq

g
TX ; J

‘g f :ð15Þ
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Plugging this in the fundamental identity (14) we obtain the equalities

LW
g A ¼ 2DW;�J

TX ; g
Aþ ½Ric�ðgÞ;A� � 2Aqg

TX ; J
‘g f

� ‘g fsð‘0;1
g;J � ‘1;0

g;JÞA

¼ 2DW;�J
TX ; g

Aþ ½Ric�ðgÞ;A� � 2Aqg
TX ; J

‘g f

� ðJ‘g f ÞsJ‘gA:

Thus, if A A H0;1
g;W ðTX ;JÞ, then the stability identity holds

hLW
g A;Aig ¼ �2h‘2

g f ;A
2ig þ hJ‘g fs‘gA; JAig:ð16Þ

6. Variations of o-compatible complex structures

Let ðX ; J; g;oÞ be a Fano manifold such that o ¼ RicJðWÞ, with W A V1 and
let ðJtÞt � Jo be a smooth curve such that J0 ¼ J. We di¤erentiate the def-
inition gt :¼ �oJt. We obtain _gg�

t :¼ g�1
t _ggt ¼ �Jt _JJt and €gg�

t :¼ g�1
t €ggt ¼ �Jt €JJt.

On the other hand, deriving twice the condition J 2
t ¼ �I, we obtain

�ðJt €JJtÞ1;0Jt
¼ _JJ 2

t and thus ð€gg�
t Þ

1;0
Jt

¼ ð _gg�
t Þ

2. The latter gives

ð€gg�
t Þ

0;1
Jt

¼ €gg�
t � ð _gg�

t Þ
2
t ¼ d

dt
_gg�
t :

Let NJ be the Nijenhuis tensor of an arbitrary almost complex structure J.
Then the general formula

2
d

dt
NJt ¼ qTX ; Jt

ðJt _JJtÞ þ Jt _JJtNJt � ðJt _JJtÞsNJt ;

(see the proof of lemma 7, section 5 in [5]), implies qTX ; Jt
_gg�
t 1 0, in our case.

Thus time deriving the identity

d

dt
qTX ; Jt

_gg�
t 1 0;

we obtain the property

qTX ; Jt

d

dt
_gg�
t ¼ _gg�

t s‘
1;0
gt;Jt

_gg�
t :ð17Þ

Indeed we prove the variation formula

d

dt
qTX ; Jt

� �
_gg�
t ¼ � _gg�

t s‘
1;0
gt;Jt

_gg�
t :

For this purpose we expand the derivative of qTX ; Jt
acting on a smooth endo-

morphism section A of TX . We obtain
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2
d

dt
qTX ; Jt

� �
A

� �
ðx; hÞ ¼ 2

d

dt
Alt½‘0;1

gt;Jt
Aðx; hÞ�

¼ Alt
d

dt
½‘gtAðx; hÞ þ Jt‘gtAðJtx; hÞ�

¼ Alt½ _‘‘gtAðx; hÞ þ _JJt‘gtAðJtx; hÞ�

þAlt½Jt _‘‘gtAðJtx; hÞ þ Jt‘gtAð _JJtx; hÞ�:
Using the variation formula

_‘‘gtAðx; hÞ ¼ _‘‘gtðx;AhÞ � A _‘‘gtðx; hÞ;
and the fact that the bilinear form _‘‘gt is symmetric we deduce the formula

2
d

dt
qTX ; Jt

� �
A

� �
ðx; hÞ

¼ Alt½ _‘‘gtðx;AhÞ þ _JJt‘gtAðJtx; hÞ�

þAlt½Jt _‘‘gtðJtx;AhÞ � JtA _‘‘gtðJtx; hÞ þ Jt‘gtAð _JJtx; hÞ�:
We remind now (see the proof of lemma 1 in [7]), that time deriving the Kähler
condition ‘gtJt 1 0, we obtain the identity

_‘‘gtðh; xÞ þ Jt _‘‘gtðJth; xÞ þ Jt‘gt
_JJtðx; hÞ ¼ 0;

Using this in the previous formula with A ¼ _gg�
t ¼ �Jt _JJt we obtain

2
d

dt
qTX ; Jt

� �
_gg�
t

� �
ðx; hÞ

¼ Alt½�Jt‘gt
_JJtð _gg�

t h; xÞ � _gg�
t Jt‘gt

_JJtðh; xÞ�

þAlt½ _JJt‘gt _gg
�
t ðJtx; hÞ þ Jt‘gt _gg

�
t ð _JJtx; hÞ�

¼ Alt½‘gt _gg
�
t ð _gg�

t h; xÞ þ _JJt‘gt _gg
�
t ðJtx; hÞ þ Jt‘gt _gg

�
t ð _JJtx; hÞ�

� _gg�
t q

gt
TX ; Jt

_gg�
t ðx; hÞ

¼ Alt½‘1;0
gt;Jt

_gg�
t ð _gg�

t h; xÞ � ‘1;0
gt

_gg�
t ð _gg�

t x; hÞ�

¼ �2½ _gg�
t s‘

1;0
gt;Jt

_gg�
t �ðx; hÞ;

and thus the required formula. The latter can also be obtained deriving the
Maurer-Cartan equation, which writes in the Kähler case (see the appendix) as

qTX ; J
mt þ mts‘

1;0
g;Jmt ¼ 0;

with mt the Caley transform of Jt with respect to J.
We remind now (see [6], identity (14.7), section 14), that for any smooth

family ðgt;WtÞt � So, hold the identity

DWt;�Jt
TX ; gt

_gg�
t ¼ ðDWt;�Jt

TX ; gt
_gg�
t Þ

T
gt
;
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with Jt :¼ �o�1gt. The latter rewrites as

qTX ; Jt
‘

�Wt
gt _gg�

t ¼ ðqTX ; Jt
‘

�Wt
gt _gg�

t Þ
T
gt
:ð18Þ

Lemma 4. For any smooth family ðgt;WtÞt � So, with ðg;WÞ ¼ ðg0;W0Þ and
ð _gg0; _WW0Þ A FJ

g;W, we have the symmetry property

qTX ; Jt
‘

�Wt
gt

d

dtjt¼0

_gg�
t ¼ qTX ; Jt

‘
�Wt
gt

d

dtjt¼0

_gg�
t

� �T
g

þ ½qg
TX ; J

‘�W
g _gg�

0 ; _gg
�
0 �:ð19Þ

Proof. Let A be a smooth g-symmetric endomorphism section of TX . Dif-
ferentiating in the variables ðg;WÞ the trivial identity ‘�W

g A ¼ g�1‘�W
g ðgAÞ, we

obtain

½ðDg;W‘
��
� Þðv;VÞ�A ¼ �v�g‘

�W
g Aþ g�1½ðDg;W‘

��
� Þðv;VÞ�ðgAÞ

þ ‘�W
g ðv�gAÞ:

We observe now the identities

Mgðv; vÞ ¼ 2g Trgð‘gv
�
g � v�g Þ þ

1

2
djvj2g

¼ 2v‘�W
g v�g � 2g‘�W

g ðv�g Þ
2 þ 1

2
djvj2g :

Then using the variation formula (5) we infer the fundamental identity

2½ðDg;W‘
��
� Þðv;VÞ�v�g ¼ 1

2
‘gjvj2g � 2v�g � ð‘�W

g v�g þ ‘gV
�
WÞ:ð20Þ

The variation formula for the qTX ; Jt
-operator acting on vector fields in lemma 1

of [7] writes as

2
d

dt
ðqTX ; Jt

xÞ ¼ xs‘gt _gg
�
t � ½qgt

TX ; Jt
x; _gg�

t � þ ½qTX ; Jt
x; _gg�

t �:

Using this, the variation formula (20) and the assumption on the initial speed of
the curve ðgt;WtÞ, we infer

2
d

dtjt¼0

ðqTX ; Jt
‘

�Wt
gt _gg�

t Þ ¼ ‘�W
g _gg�

0s‘g _gg
�
0

� ½qg
TX ; J

‘�W
g _gg�

0 ; _gg
�
0 � þ ½qTX ; J

‘�W
g _gg�

0 ; _gg
�
0 �

þ 1

2
qTX ; J

‘gj _gg0j2g þ 2qTX ; J
‘�W
g

d

dtjt¼0

_gg�
t :

Using this equality, the elementary identity

d

dt
AT

gt
¼ ½AT

gt
; _gg�

t �;
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for arbitrary endomorphism section A of TX and time deriving the identity
(18), we obtain the required conclusion. (Notice that the endomorphism section

q
g
TX ; J

‘�W
g _gg�

0 is g-symmetric thanks to the assumption ‘�W
g _gg�

0 ¼ �‘g
_WW�
0 ). r

Corollary 2. Let ðJtÞt � Jo be a smooth curve such that _JJ0 A H0;1
g;W ðTX ;JÞ

then
‘�W
g ð _JJ0s‘1;0

g;J
_JJ0Þ ¼ ½‘�W

g ð _JJ0s‘1;0
g;J

_JJ0Þ�Tg :

Proof. The identity (17) implies

qTX ; J
‘�W
g

d

dtjt¼0

_gg�
t ¼ DW;�J

TX ; g

d

dtjt¼0

_gg�
t � ‘�W

g ð _gg�
0s‘

1;0
g;J _gg

�
0 Þ:

Plunging this in the equality (19) and using the fact that the Laplacian term is
g-symmetric (see [6], identity (14.7), section 14), we infer the required conclusion.

r

Lemma 5. Let ðX ; J; g;oÞ be a Fano manifold such that o ¼ RicJðWÞ, with
W A V1 and let ðJtÞt � Jo be a smooth curve such that J0 ¼ J and ‘�W

g
_JJ0 ¼ 0.

Then there exists unique ðc;A1Þ A LW;?
g;J lH0;1

g;W ðTX ;JÞ such that

d

dtjt¼0

_gg�
t þ ‘�W

g ðDW;�J
TX ; g

Þ�1ð _JJ0s‘1;0
g;J

_JJ0Þ ¼ qTX ; J
‘g;Jcþ A1:

Proof. The identity (17) implies

qTX ; J

d

dtjt¼0

_gg�
t þ ‘�W

g ðDW;�J
TX ; g

Þ�1ð _JJ0s‘1;0
g;J

_JJ0Þ
� �

¼ 0:

Moreover the endomorphism

d

dtjt¼0

_gg�
t þ ‘�W

g ðDW;�J
TX ; g

Þ�1ð _JJ0s‘1;0
g;J

_JJ0Þ

¼ d

dtjt¼0

_gg�
t þ ðDW;�J

TX ; g
Þ�1‘�W

g ð _JJ0s‘1;0
g;J

_JJ0Þ;

is g-symmetric thanks to corollary 2, lemma 13 in [6] and identity (14.7) in
section 14 of [6]. By corollary 3 in section 14 of [6], we infer the required
conclusion. Notice that ðc;A1Þ is uniquely determined by _JJ0 and €JJ0. r

7. Proof of theorem 1

For any smooth family ðgt;WtÞt � So, with ðg0;W0Þ ¼ ðg;WÞ, we consider the
smooth curve t 7! gt :¼ Hgt;Wt

Wt=W A Cy
W ðX ;RÞ0. Then ðgt;WtÞt 1 ðJt;oÞt is a

family of Kähler-Ricci solitons if and only if gt 1 0. We assume this identity
and we notice that 0 ¼ _gg0 ¼ Dg;WHð _gg0; _WW0Þ. We write

_gg�
0 ¼ �J _JJ0 ¼ qTX ; J

‘g;Jyþ 2A;
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with ðy;AÞ A LW;?
g;J lH0;1

g;W ðTX ;JÞ. The properties of the first variation of H

imply y A OJ
g;W. According to the isomorphism t in remark 1, we pick the

unique u A LW;?
g;R such that y� iu A LW

g;J and we consider the one parameter sub-
group of o-symplectomorphisms ðCtÞt, C0 ¼ idX , given by 2 _CCt ¼ �ðo�1duÞ 	Ct.
Then ðC�

t Jt;oÞt is still a family of Kähler-Ricci solitons and

d

dtjt¼0

C�
t Jt ¼ _JJ0 �

1

2
Lo�1duJ

¼ JqTX ; J
‘g;Jðy� iuÞ þ 2JA

¼ 2JA:

Thus we can assume, without loss of generality in the statement of the theorem 1,
that the family of Kähler-Ricci solitons ðJt;oÞt satisfies _JJ0 A H0;1

g;W ðTX ;JÞ. Using
this assumption, we explicit the second variation of the map ðg;WÞ 7! Hg;W.
The fact that _gg�

0 ¼ 2A, implies _WW0 ¼ 0, thanks to the equations defining the space
TJ
g;W. Thus

2
d 2

dt2jt¼0

Hgt;Wt
¼ 2‘GDHðg;WÞð _gg0; 0; _gg0; 0Þ þ 2Dg;WHðx;XÞ;

with

x�
g :¼ d

dtjt¼0

_gg�
t ;

X�
W :¼ d

dtjt¼0

_WW�
t þ

1

4
j _gg0j2g �

1

4
Gg;Wð _gg0; 0; _gg0; 0Þ:

Using the fact that ðg;WÞ is a soliton and the first and second variation formulas
for Perelman’s functions H (see [8], the identity (1.5) in section 1 of [6] and
corollary 1), and W (see the end of the proof of lemma 7 in section 7 of [6]), we
infer

2
d 2

dt2jt¼0

Hgt;Wt
¼ ‘GDð2H �WÞðg;WÞð _gg0; 0; _gg0; 0Þ þ 2Dg;WHðx;XÞ

¼ �2hLW
g A;Aig � ðDW

g � 2IÞjAj2g � 2

ð
X

jAj2gW

þ 2

ð
X

jAj2gFWþ 2ðDW
g � IÞX�

W � divW ‘�W
g x�

g

¼ 2

ð
X

jAj2gFW� 2hLW
g A;Aig þ DW

g jAj
2
g

þ 2ðDW
g � IÞ d

dtjt¼0

_WW�
t � divW ‘�W

g

d

dtjt¼0

_gg�
t :
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Using lemma 5 and the weighted complex Bochner formula (13.9) in section 13 of
[6], we obtain

‘�W
g

d

dtjt¼0

_gg�
t ¼ q

�g;W
TX ; J

qTX ; J
‘g;Jc ¼ 1

2
‘g;JðDW

g;J � 2IÞc;ð21Þ

and thus

�divW ‘�W
g

d

dtjt¼0

_gg�
t ¼ 1

2
DW
g Rc þ 1

2
BW
g;JIc;

Rc :¼ Re½ðDW
g;J � 2IÞc�;

Ic :¼ Im½ðDW
g;J � 2IÞc�:

(Here we use the notation z ¼ Re zþ i Im z, for any z A C). Di¤erentiating the
tangential identity 2dd c

Jt
_WW�
t ¼ �d½‘�Wt

gt _gg�
t so�, we obtain,

2dd c
J

d

dtjt¼0

_WW�
t ¼ �d

d

dtjt¼0

ð‘�Wt
gt _gg�

t Þso
� �

:

Using the variation formula (20), and the identity (21) we obtain

d

dtjt¼0

ð‘�Wt
gt _gg�

t Þ ¼
1

4
‘gj _gg0j2g þ ‘�W

g

d

dtjt¼0

_gg�
t

¼ ‘gjAj2g þ
1

2
‘g;JðDW

g;J � 2IÞc;

and thus

d

dtjt¼0

_WW�
t ¼ � 1

2
Rc � jAj2g þ

ð
X

jAj2gW:

We obtain in conclusion the variation formula

2
d 2

dt2jt¼0

Hgt;Wt
¼ 2

ð
X

jAj2gFW� 2hLW
g A;Aig

� ðDW
g � 2IÞjAj2g � 2

ð
X

jAj2gW

� 1

2
ðDW

g � 2IÞRc þ 1

2
BW
g;JIc

¼ �2hJ‘g fs‘gA; JAig þ 4h‘2
g f ;A

2ig þ 2

ð
X

jAj2gFW

� ðDW
g � 2IÞjAj2g � 2

ð
X

jAj2gW� 1

2
PW
g;J Re c;

thanks to identity (16) and a computation in the proof of lemma 25 in section 19
of [6]. We denote respectively by p1 and p2 the projection to the first and second
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factor of the decomposition (4). Then the identity

0 ¼ p2€gg0 ¼ p2
d 2

dt2jt¼0

Hgt;Wt
;

is equivalent to the identityð
X

u1½4h‘2
g f ;A

2ig � 2hJ‘g fs‘gA; JAig � ðDW
g � 2IÞjAj2g �W ¼ 0;ð22Þ

for any u ¼ u1 þ iu2 A LW
g;J , with u1, u2, real valued. We observe now the

equalities ð
X

u1ðDW
g � 2IÞjAj2gW ¼ �

ð
X

BW
g;Ju2jAj

2
gW

¼
ð
X

u2B
W
g;J jAj

2
gW

¼
ð
X

u2ðJ‘g f Þ:jAj2gW

¼ 2

ð
X

u2hJ‘g fs‘gA;AigW:

We conclude that the identity (22) is equivalent to

2

ð
X

u1h‘
2
g f ;A

2igW ¼
ð
X

hJ‘g fs‘gA; iu�J AigW;

which shows the required conclusion.

8. Appendix

8.1. Proof of the identities (11) and (12)
By definition of the W-divergence operator and using the symmetry of A we

infer

divWðA � xÞ ¼ gð‘g; ek ðA � xÞ; ekÞ � gðA � x;‘g f Þ
¼ gð‘g; ekA � xþ A � ‘g; ekx; ekÞ � gðx;A � ‘g f Þ
¼ gðx;‘g; ekA � ek � A � ‘g f Þ þ gð‘g; ekx;AekÞ;

and thus the identity (11). We expand now the term

divW Trgð‘gA � AÞ ¼ divWð‘g; ekA � AekÞ
¼ gð‘g; el ð‘g; ekA � AekÞ; elÞ � gð‘g; ekA � Aek;‘g f Þ
¼ gð‘g; el‘g; ekA � Aek þ ‘g; ekA � ‘g; elA � ek; elÞ

� gðAek;‘g; ekA � ‘g f Þ:
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Expanding further we infer

divW Trgð‘gA � AÞ ¼ gðAek;‘g; el‘g; ekA � elÞ þ gð‘g; elA � ek;‘g; ekA � elÞ
� gðAek;‘g; ekA � ‘g f Þ

¼ gðAek;‘g; el
d‘gA‘gAðel ; ekÞ � d‘gA‘gAð‘g f ; ekÞÞ

þ hd‘gA‘gA;‘gAig;

and thus the identity (12).

8.2. The Maurer-Cartan equation in the Kähler case
We observe that for any vector spaces V and E, we can define a contraction

operation

s : ðLpV � nVÞ � ðLqV � nEÞ ! Lpþq�1V � nE

ða; bÞ 7! as b;

by the expression

ðas bÞðxÞ :¼
X

jI j¼deg a

eIbðaðxI Þ; x{I Þ:

This map restricts to

s : E0;pðT 1;0
X Þ � E r;q ! E r�1;pþq:

We notice indeed the identity as b ¼ z�I 5ðaIsbÞ, where a ¼ aI n z�I , with
ðzkÞk � CyðU ;T 1;0

X ;JÞ a local frame. (We use from now on the Einstein conven-
tion for sums). Obviously, the contraction operation s, generalizes the one used
in the previous sections.

Lemma 6 (Expression of the exterior Lie product). Let ðX ; J;oÞ be a Kähler

manifold and let a; b A CyðX ;L0;�
J T �

X nC T 1;0
X ;JÞ. Then hold the identity

½a; b� ¼ asqo

T
1; 0
X ; J

b � ð�1Þjaj jbjbsqo

T
1; 0
X ; J

a:

Proof. In the case jaj ¼ jbj ¼ 0, the identity follows from an elementary
computation in geodesic holomorphic coordinates. In order to show the general
case, let ðzkÞk � OðU ;T 1;0

X ;JÞ be a local frame. We consider the local expressions

a ¼ aK n z�K , b ¼ bL n z�L. Then

½a; b� ¼ ½aK ; bL�n ðz�K5z�LÞ

¼ ðaKsqo

T 1; 0
X ; J

bL � bLsq
o

T 1; 0
X ; J

aKÞn ðz�K5z�LÞ:

The identity q
T

1; 0
X ; J

zk ¼ 0 implies qJz
�
K ¼ 0. We infer

qo

T
1; 0
X ; J

a ¼ qo

T
1; 0
X ; J

aK5z�K ;
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and a similar local expression for b. Thus using the identity

as g ¼ z
�
K5ðaK s gÞ;

with g arbitrary, we deduce

asqo

T
1; 0
X ; J

b ¼ ðaKsqo

T
1; 0
X ; J

bLÞn ðz�K5z�LÞ;

bsqo

T
1; 0
X ; J

a ¼ ðbLsqo

T
1; 0
X ; J

aKÞn ðz�L5z�KÞ

¼ ð�1Þjaj jbjðbLsqo

T
1; 0
X ; J

aKÞn ðz�K5z�LÞ;

and thus the required conclusion. r

We deduce that over a Kähler manifold the Maurer-Cartan equation

q
T

1; 0
X ; J0

yþ 1

2
½y; y� ¼ 0;

writes as

q
T

1; 0
X ; J

yþ ysqo

T
1; 0
X ; J

y ¼ 0:ð23Þ

We show below that we can rewrite the Maurer-Cartan equation in equivalent
real terms as

qTX ; J
mþ ms‘1;0

g;Jm ¼ 0;ð24Þ

or in more explicit terms

ðIþ mÞsJ‘gm ¼ ðIþ mÞJs‘gm:

In order to show (24) we expand, for any u; v A TX , the term

ðysqo

T
1; 0
X ; J

yÞðu; vÞ ¼ qo

T
1; 0
X ; J

yðyu; vÞ þ qo

T
1; 0
X ; J

yðu; yvÞ

¼ ‘1;0
g;Jyðyu; vÞ � ‘1;0

g;Jyðv; yuÞ

þ ‘1;0
g;Jyðu; yvÞ � ‘1;0

g;Jyðyv; uÞ:

Expanding further we obtain

2ðysqo

T
1; 0
X ; J

yÞðu; vÞ ¼ ‘gyðyu; vÞ � i‘gyðJyu; vÞ

� ‘gyðv; yuÞ þ i‘gyðJv; yuÞ
þ ‘gyðu; yvÞ � i‘gyðJu; yvÞ
� ‘gyðyv; uÞ þ i‘gyðJyv; uÞ:

Using the fact that y takes values in T
1;0
X ;J we obtain
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2ðysqo

T
1; 0
X ; J

yÞðu; vÞ ¼ 2‘gyðyu; vÞ � ‘gyðv; yuÞ þ i‘gyðJv; yuÞ

� 2‘gyðyv; uÞ þ ‘gyðu; yvÞ � i‘gyðJu; yvÞ:

Replacing on the right hand side of this equality the identity 2y ¼ m� iJm and
adding the conjugate of both sides we infer

8ðysqo

T
1; 0
X ; J

yÞðu; vÞ þ 8ðysqo

T
1; 0
X ; J

yÞðu; vÞ

¼ 4‘gmðmu; vÞ � 4J‘gmðJmu; vÞ
� 2‘gmðv; muÞ þ 2J‘gmðv; JmuÞ
þ 2‘gmðJv; JmuÞ þ 2J‘gmðJv; muÞ
þ 2‘gmðu; mvÞ � 2J‘gmðu; JmuÞ
� 2‘gmðJu; JmvÞ � 2J‘gmðJu; mvÞ
� 4‘gmðmv; uÞ þ 4J‘gmðJmv; uÞ:

Using the anti J-linearity of ‘g;xm we deduce

8ðysqo

T 1; 0
X ; J

yÞðu; vÞ þ 8ðysqo

T 1; 0
X ; J

yÞðu; vÞ

¼ 4‘gmðmu; vÞ � 4J‘gmðJmu; vÞ
� 4‘gmðmv; uÞ þ 4J‘gmðJmv; uÞ

¼ 8‘1;0
g;Jmðmu; vÞ � 8‘1;0

g;Jmðmv; uÞ

¼ 8ðms‘1;0
g;JmÞðu; vÞ:

The latter combined with

q
T

1; 0
X ; J

yðu; vÞ þ q
T

1; 0
X ; J

yðu; vÞ ¼ qTX ; J
mðu; vÞ;

and (23) implies the required identity (24).
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