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AN EFFECTIVE SCHMIDT’S SUBSPACE THEOREM FOR

HYPERSURFACES IN SUBGENERAL POSITION IN PROJECTIVE

VARIETIES OVER FUNCTION FIELDS

Giang Le

Abstract

We established an e¤ective version of Schmidt’s subspace theorem on a smooth

projective variety X over function fields of characteristic zero for hypersurfaces located

in m-subgeneral position with respect to X.

1. Introduction

One of the cornerstones of modern Diophantine Approximation is the
Schmidt Subspace Theorem. In the number field case, there is still no e¤ective
version of this theorem. On the other hand, with techniques from Nevanlinna
theory it has become possible to obtain e¤ective version of several important
results in Diophantine approximation over algebraic function fields. In [1],
An and Wang obtained an e¤ective Schmidt’s subspace theorem for non-linear
forms over function fields. In [9], Ru and Wang extended such e¤ective results
to divisors of a projective variety X � PM coming from hypersurfaces in PM in
general position with respect to X. Our purpose is to generalize the above
results to the case in which hypersurfaces are located in m-subgeneral position
with respect to X.

Here let X be a n-dimensional projective subvariety of PM defined over K
and m, q be positive integers with mb n and qbmþ 1. Recall that homo-
geneous polynomials Q1; . . . ;Qq A K½X0; . . . ;XM � are said to be in m-subgeneral

position with respect to X if
Tmþ1

j¼1 ðfQij ¼ 0gÞ \XðKÞ ¼ j for any distinct i1; . . . ;
imþ1 A f1; . . . ; qg, where K is the algebraic closure of K . When m ¼ n, they are
said to be in general position with respect to X.

Recently, Chen, Ru, Yan (see [4]) and Levin (see [7], Theorem 5.1) estab-
lished Schmidt’s subspace theorem for hypersurfaces located in m-subgeneral
position over number fields and showed the analogous result for the case of
holomorphic curves. This paper is inspired by these works.
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To state our results, we will recall some definitions and basic facts from
algebraic geometry.

Let k be an algebraically closed field of characteristic 0 and let V be a
projective variety (always assumed irreducible), non-singular in codimension 1
and defined over k. For the rest of paper, we shall fix an embedding of V such
that V � PM0 for some positive integer M0.

Denote by K ¼ kðVÞ the function field of V . Let MK be the set of discrete
absolute values of the function field K obtained from the prime divisors of V .
Let p be a prime divisor of V over k. Such a prime divisor determines its local
ring in the function field kðVÞ and this local ring is a discrete valuation ring.
Thus, we have the notion of order at p of a function x A K , x0 0, noted ordp x.
We can associate to x its divisors

ðxÞ ¼
X
p AMK

ordpðxÞp:

By the degree of p, noted deg p, we shall mean the projective degree, i.e. the
number of points of intersection with a generic linear variety of complementary
dimension in the given projective embedding. Then we have the sum formula

degðxÞ ¼
X
p AMK

ordpðxÞ deg p ¼ 0

for all x A K �.
Let x ¼ ½x0 : x1 : � � � : xM � A PMðKÞ and define

epðxÞ :¼ min
0aiaM

fordpðxiÞg:

We define the (logarithmic) height of x by:

hðxÞ ¼ �
X
p AMK

epðxÞ deg p:

By the sum formula, the height function is well-defined on PMðKÞ.
Let Q ¼

P
I aIx

I be a homogeneous polynomial of degree d in K ½X0; . . . ;
XM �, where xI ¼ xi0

0 � � � xiM
M and the sum is taken over all index sets I ¼ fi0; . . . ;

iMg such that ij b 0 and
PM

j¼0 ij ¼ d. For each p A MK , we set

epðQÞ :¼ minIfordpðaI Þg:
The height of a homogeneous polynomial Q of degree d in K ½X0; . . . ;XM � is
defined by the height of coe‰cients:

hðQÞ ¼
X
p AMK

�epðQÞ deg p:

From the sum formula, we have hðaQÞ ¼ hðQÞ for all a A K �: Since we may
assume that one of the non-zero coe‰cient of Q is 1, it follows that hðQÞb 0.
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The Weil function lp;Q is defined by

lp;QðxÞ :¼ ðordpðQðxÞÞ � depðxÞ � epðQÞÞ deg pb 0

for x A PMðKÞnfQ ¼ 0g:
Let Q1;Q2; . . . ;Qq be homogeneous polynomials of degree d in K ½X0; . . . ;

XM �. We define

epðQ1; . . . ;QqÞ ¼ minfepðQ1Þ; . . . ; epðQqÞg
and

hðQ1; . . . ;QqÞ ¼ �
X
p AMK

epðQ1; . . . ;QqÞ deg p:

Let X be a n-dimensional projective subvariety of PM defined over K . The
height of X is defined by

hðXÞ :¼ hðFXÞ;
where FX is the Chow form of X.

In this paper, we will prove the following e¤ective version of the generalized
Schmidt’s subspace theorem over K which corresponds to Chen-Ru-Yan’s result
[4] in number field case.

Main Theorem. Let K be the function field of a nonsingular projective
variety V defined over an algebraically closed field of characteristic 0 and let S be
a finite set of prime divisors of V. Let X be a smooth n-dimensional projective
subvariety of PN defined over K with projective degree sX. Let m, q be integers
with mb n and qbmþ 1: For all i ¼ 1; . . . ; q, let Qi be homogeneous poly-
nomials of degree di in K ½X0; . . . ;XN � in m-subgeneral position with respect to X.
Then for any given e > 0, there exists an e¤ectively computable finite union We

of proper algebraic subsets of PNðKÞ not containing X and e¤ectively computable
constants Ce, C 0

e such that for any x A XðKÞnWe either

hðxÞaCe

or

Xq
i¼1

X
p AS

d�1
i lp;Qi

ðxÞa ðmðnþ 1Þ þ eÞhðxÞ þ C 0
e :

The algebraic subsets in We and the constants Ce, C
0
e depend on e and N, q, m,

K, S, X and the Qi: Furthermore, the degrees of the algebraic subsets in We can
be bounded above by

2ð2nþ 1Þd nþ1sX
d þN

N

� �
þ qþ 1

� �
e�1 þ d;

where d ¼ lcmðd1; . . . ; dqÞ.

54 giang le



Remark 1.1. The constants Ce, C
0
e will be given in (5.17) and (5.18). They

may depend on e, the degree of the canonical divisor class of V , the projective
degree of V , the degree of S (i.e.

P
p AS deg p), the projective degree of X, the

dimension of X, the height of X and the Qi, q and m, N.

We would like to notice that Levin’s result (Theorem 5.1) gives us a hope

to improve the constant in front of hðxÞ to
mðm� 1Þðnþ 1Þ

mþ n� 2
. However, in order

to have an e¤ective version, we need to make everything explicit and e¤ective.
The complexity of Levin’s method (using ‘lcm’ of each pair of divisors instead
of individual divisor, applying Riemann-Roch’s theorem, e.t.c) causes us some
di‰culty to do this task.

2. Chow forms, Chow weights and Hilbert weights

2.1. Let Y be a n-dimensional projective subvariety of PM defined over
K of degree sY. To Y, we can associate, up to a constant scalar, a unique
polynomial

FYðu0; . . . ; unÞ ¼ FYðu00; . . . ; u0M ; . . . ; un0; . . . ; unMÞ

in ðnþ 1Þ blocks of variables ui ¼ ðui0; . . . ; uiMÞ, i ¼ 0; . . . ; n, which is called the
Chow form of Y, with the following properties:

FY is irreducible,
FY is homogeneous in each block ui, i ¼ 0; . . . ; n,
FYðu0; . . . ; unÞ ¼ 0 if and only if Y \Hu0 \ � � � \Hun contains a K-rational

point, where Hui , i ¼ 0; . . . ; n are hyperplanes given by ui � x ¼ ui0x0 þ � � � þ
uiMxM ¼ 0: It is well-known that the degree of FY in each block ui is sY.

Let c ¼ ðc0; . . . ; cMÞ be a tuple of reals. Let t be an auxiliary variable. We
consider the decomposition

FYðtc0u00; . . . ; tcMu0M ; . . . ; tc0un0; . . . ; t
cM unMÞ

¼ te0G0ðu0; . . . ; unÞ þ � � � þ terGrðu0; . . . ; unÞ;

with G0; . . . ;Gr A K ½u00; . . . ; u0M ; . . . ; un0; . . . ; unM � and e0 > � � � > er: Now, we
define the Chow weight of Y with respect to c by

eYðcÞ :¼ e0:

2.2. Let Y be a projective algebraic variety of PM , defined over K of
dimension n and degree sY. Denote by IY the ideal of K ½y0; . . . ; yM � consisting
of all polynomials vanishing identically on Y: For a positive integer m, let
K½y0; . . . ; yM �m denote the vector space of homogeneous polynomials in K ½y0; . . . ;
yM � of degree m (together with the zero polynomial) and put

ðIYÞm ¼ K ½y0; . . . ; yM �m \ IY:
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Then the Hilbert function of Y is defined by

HYðmÞ :¼ dimKðK½y0; . . . ; yM �m=ðIYÞmÞ

for each mb 1:
By the usual theory of Hilbert polynomials, we have

HYðmÞ ¼sY �m
n

n!
þOðmn�1Þ as m ! y:ð2:1Þ

We define the mth-Hilbert weight sYðm; cÞ of Y with respect to a tuple c ¼
ðc0; . . . ; cMÞ A RMþ1 by

sYðm; cÞ ¼ maxða1 þ � � � þ aHYðmÞÞ � c;

where the maximum is taken over all sets of monomials xa1 ; . . . ; xaHYðmÞ whose
residue classes modulo ðIYÞm form a basis of the K-vector space K ½y0; . . . ;
yM �m=ðIYÞm:

According to Mumford [8], proposition 2.11 we have

sYðm; cÞ ¼ eYðcÞ �
mnþ1

ðnþ 1Þ!þOðmnÞ:

Together with (2.1), this implies that

lim
m!y

1

mHYðmÞ � sYðm; cÞ ¼ 1

sY � ðnþ 1Þ � eYðcÞ:ð2:2Þ

We call
1

mHYðmÞ � sYðm; cÞ the m-th normalized Hilbert weight and
1

sY � ðnþ 1Þ � eYðcÞ the normalized Chow weight of Y with respect to c.

2.3. The estimate on Chow weight of a projective variety Y [9, Lemma 3]
plays an essential role in the proof of Ru-Wang’s main theorem [9]. However,
Ru-Wang Lemma 3 only studies the case of Y satisfying Y \

T
i A I Hi ¼ j where

aI ¼ dim Yþ 1 and Hi, i A I be distinct coordinate hyperplanes. Thus, this
lemma is not suitable for our need. To deal with the m-subgeneral position case,
we need to give a lower bound for the Chow weight of a projective variety Y
which may not satisfy the above-mentioned condition.

Proposition 2.1. Let Y be a n-dimensional projective algebraic subvariety
of PM defined over K of degree sY: Let c ¼ ðc0; . . . ; cMÞ A RMþ1

þ . Let I be a
subset of f0; . . . ;Mg such that Y is not contained in any coordinate hyperplane
Hi :¼ fyi ¼ 0g for all i A I . Then,

eYðcÞbsY �max
i A I

ci:
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Proof. Without loss of generality, we can assume that 0 A I and c0 ¼
maxi A I ci. Then, it is su‰cient to prove that

eYðcÞbsY � c0:
For each positive integer m, we consider the following filtration on the vector

space K ½y0; . . . ; yM �m=ðIYÞm with respect to y0: The filtration

K ½y0; . . . ; yM �m=ðIYÞm ¼ W0 � W1 � � � � � Wm

is defined by

Wi ¼ fg� j g A K ½y0; . . . ; yM �m and yi
0 j gg;

where g� is the projection of g to K ½y0; . . . ; yM �m=ðIYÞm: Take a basis c�
1 ; . . . ;

c�
HYðmÞ, ðcj A K ½y0; . . . ; yM �m; j ¼ 1; . . . ;HYðmÞÞ of the vector space W0 in the

following way:
Since Y 6� H0 :¼ fy0 ¼ 0g, we have ðym

0 Þ
� 0 0: Then, fðym

0 Þ
�g is a basis

for Wm: Choose c1 ¼ ym
0 :

The finite set of vectors fðym
0 Þ

�; ðym�1
0 y1Þ�; . . . ; ðym�1

0 yMÞ�g generates
K-vector space Wm�1. Then, there exists a finite set Im�1 � f1; . . . ;Mg such
that fc�

1 ; ðym�1
0 yiÞ� : i A Im�1g form a basis for Wm�1: Choose ck for k ¼ 2; . . . ;

dim Wm�1 so that

fck j k ¼ 2; . . . ; dim Wm�1g ¼ fym�1
0 yi j i A Im�1g:

Similarly, for each j ¼ m� 1; . . . ; 1, the finite set of vectors(
ðym

0 Þ
�; ðym�1

0 y1Þ�; . . . ; ðym�1
0 yMÞ�; . . . ; ðy j�1

0 ybÞ� : b ¼ ð0; b1; . . . ; bMÞ;

XM
i¼1

bi ¼ m� j þ 1

)

spans K-vector space Wj�1: Then, there exists a finite subset Ij�1 � fð0; b1; . . . ;
bMÞ j

PM
i¼1 bi ¼ m� j þ 1g such that fc�

1 ; . . . ;c
�
dim Wj

; ðy j�1
0 ybÞ� : b A Ij�1g form a

basis for Wj�1: Choose

fck j k ¼ dim Wj þ 1; . . . ; dim Wj�1g ¼ fy j�1
0 yb j b A Ij�1g:

The basis c�
1 ; . . . ;c

�
HYðmÞ of the vector space W0 compatible with the filtration Wi,

i.e., for each i ¼ 0; . . . ;m, it contains a basis of Wi:
For each j ¼ 1; . . . ;HYðmÞ, we can represent cj in the form

cj ¼ y
ij
0 :y

aj ;ð2:3Þ
where aj ¼ ð0; aj1; . . . ; ajMÞ A NMþ1: Notice that, there are exactly dimðWi=Wiþ1Þ
elements cj with ij ¼ i in the set c1; . . . ;cHYðmÞ:

Now, we estimate the sum
PHYðmÞ

j¼1 ij: To do it, we need a lemma from
Chen-Ru-Yan [4], Lemma 2.2. We have included a proof of this lemma for the
sake of completeness.
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Lemma 2.2.

XHYðmÞ

j¼1

ij ¼
sY �mnþ1

ðnþ 1Þ! ð1þ oð1ÞÞ;

where the function oð1Þ depends only on the variety Y.

Proof. It is clear that there are exactly dimðWi=Wiþ1Þ elements cj with
ij ¼ i in the set c1; . . . ;cHYðmÞ: Hence,

XHYðmÞ

j¼1

ij ¼
Xm
i¼1

i � dimðWi=Wiþ1Þ;ð2:4Þ

in which Wmþ1 ¼ f~00g:
Next, we claim that dim Wi ¼ dim K ½y0; . . . ; yM �m�i=ðIYÞm�i: To see it,

notice that each element c of Wi can be represented as c ¼ yi
0:g with g A

K½y0; . . . ; yM �m�i: Furthermore, two polynomials g1, g2 such that yi
0:g1 ¼ yi

0:g2
in Wi i¤ yi

0ðg1 � g2Þ vanishes identically in Y, that means, g1 � g2 vanishes
identically in Y. Therefore dim Wi ¼ HYðm� iÞ: In view of (2.1), for each
positive integer L,

dim K ½y0; . . . ; yM �L=ðIYÞL ¼sY � L
n

n!
þOðLn�1Þ:

Hence,

Xm
i¼1

i � dimðWi=Wiþ1Þ ¼
Xm
i¼1

iðdim Wi � dim Wiþ1Þ

¼
Xm
i¼1

i � dim Wi �
Xm
i¼1

ðði þ 1Þ dim Wiþ1 � dim Wiþ1Þ

¼
Xm
i¼1

dim Wi ¼
sY

n!

Xm
i¼1

ððm� iÞn þOðmn�1ÞÞ

¼sY �mn

n!

Xm
i¼1

1� i

m

� �n
þOðmnÞ

¼sY �mnþ1

n!

ð1
0

ð1� tÞn � dtþ oð1Þ
� �

þOðmnÞ:

Therefore

Xm
i¼1

i � dimðWi=Wiþ1Þ ¼
sY �mnþ1

ðnþ 1Þ! ð1þ oð1ÞÞ:ð2:5Þ

Combining (2.4) and (2.5), we obtain the desired result. r
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Now, we continue with the proof of Proposition 2.1. Set e ¼ ð1; 0; . . . ; 0Þ A
ZMþ1
b0 , in which all coordinates of e are 0 except the first one. In view of (2.3),

the monomials yajþije, j ¼ 1; . . . ;HYðmÞ form a basis of W0. Now, we consider
the sum

XHYðmÞ

j¼1

ðaj þ ijeÞ � c:

We have

XHYðmÞ

j¼1

ðaj þ ijeÞ � cb
XHYðmÞ

j¼1

ije � c

b
XHYðmÞ

j¼1

ij

 !
c0 ¼

sY �mnþ1

ðnþ 1Þ! ð1þ oð1ÞÞ � c0:

By definition of the mth-Hilbert weight sYðm; cÞ, we have

sYðm; cÞbsY �mnþ1

ðnþ 1Þ! ð1þ oð1ÞÞ � c0:

In view of (2.1), it implies that

lim
m!y

1

mHYðmÞ sYðm; cÞb lim
m!y

sY �mnþ1

ðnþ 1Þ! ð1þ oð1ÞÞ � c0

m
sY �mn

n!
ð1þ oð1ÞÞ

¼ 1

nþ 1
� c0:

Together with (2.2), this implies that

1

sY � ðnþ 1Þ eYðcÞb
1

nþ 1
� c0:

Hence, we have

eYðcÞbsY � c0:
This completes the proof. r

2.4. We recall an estimate on heights of Chow forms, due to Ru-Wang
[9, Lemma 8].

Lemma 2.3. Let X be a projective variety of PM defined over K with
dimension nb 1 and degree sX. Let c : X ! PR be a finite morphism given by
cðxÞ ¼ ½g0ðxÞ : � � � : gRðxÞ�, where g0; . . . ; gR are homogeneous polynomials of degree
d in K ½X0; . . . ;XM �. Let Y ¼ cðXÞ. Then,

hðFYÞa d nþ1hðFXÞ þ ðnþ 1Þd nsXhðg0; . . . ; gRÞ:
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3. Canonical polynomials from Chow form

Let X be a n-dimensional projective subvariety of PM defined over K. Let
IX be the homogeneous prime ideal defining X. Brownawell [2] has shown a
canonical way to find polynomials from the Chow form of X which have the
same zero set as IX. We now recall this construction from [2].

First of all, we note that a generic hyperplane passing through a given point
x has the form Sx for a skew-symmetric matrix.

Let FX be the Chow form of X. We now consider how closely the Chow
form FX determines IX:

Let S ð0Þ;S ð1Þ; . . . ;S ðnÞ be ðnþ 1Þ generic skew symmetric ðM þ 1Þ � ðM þ 1Þ
matrices, S ðiÞ ¼ ðsðiÞjk Þ, 0a ia n, and write

FXðS ð0Þx; . . . ;S ðnÞxÞ ¼
X
s AM

PsðxÞsð3:1Þ

where M be the set of all monomials in the nþ 1 blocks of variables sðiÞ ¼
ðsijk : 0a j < kaMÞ, ð0a ia nÞ, which are homogeneous of degree sX in each

block. We note that the coe‰cients of FX are in K since X is defined over K .
Therefore, the coe‰cients of PsðxÞ are in K for all s A M: We define Ps, s A M
as the canonical polynomials.

Since S ð0Þx; . . . ;S ðnÞx are ðnþ 1Þ generic hyperplanes through x,
FXðS ð0Þx; . . . ;S ðnÞxÞ ¼ 0 if and only if x A XðKÞ.

But clearly from (3.1), we have FXðS ð0Þx; . . . ;S ðnÞxÞ ¼ 0 if and only if
PsðxÞ ¼ 0 for all s A M:

Therefore, the ideal generated by fPs j s A Mg determines XðKÞ set theo-
retically. By Hilbert’s Nullstellensatz, we have that IX is the radical of the ideal
generated by Ps, s A M:

We also recall the following result of Catanese [3].

Theorem 3.1 (Catanese [3]). If X is a smooth projective variety in PM , then
the polynomials Ps, ðs A MÞ cut out X scheme-theoretically. In other words, if
ps; i denotes the dehomogenization of Ps in the a‰ne piece Xi 0 0 for i ¼ 0; . . . ; n
the ideal generated by ps; i, ðs A MÞ equals to the ideal IX\Ui

, where Ui ¼
fXi 0 0g:

We end this section by listing some information on Ps: First, clearly from
(3.1) that the degree of Ps is ðnþ 1ÞsX. Moreover, the coe‰cients of Ps are
Z-linear combinations of coe‰cients of the Chow form FX, hence

epðPsÞb epðFXÞ:ð3:2Þ
It is obvious that the number of generating polynomials Ps is at most

ðnþ 1ÞsX þMðM � 1Þ
2

ðnþ 1ÞsX

0
B@

1
CA
nþ1

:ð3:3Þ
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4. Some e¤ective results

Now, we recall the following version of an e¤ective Hilbert’s Nullstellensatz
(See [5], [6]).

Theorem 4.1 (Jenolek [5], Kollár [6]). Let P0; . . . ;Pl be homogeneous
polynomials in K ½X0; . . . ;XM � of total degree at most d such that P0 vanishes
at all common zeros (if any) of P1; . . . ;Pl in KMþ1. Then there exist a positive
integer ua ð4dÞMþ2

and homogeneous polynomials A1; . . . ;Al in K ½X0; . . . ;XM � of
total degree at most ð4dÞMþ2, such that

aPu
0 ¼ A1P1 þ � � � þ AlPl

for some non-zero element a of K : Furthermore, there exists a positive integer

l0 a lð4ð4dÞMþ2ÞM

such that

minfordpðaÞ; epðA1Þ; . . . ; epðAlÞgb l0 � min
1aial

fepðPiÞg

for each p A MK :

By using the same method as in Ru-Wang [9, Lemma 16], we will prove a
slight generalization of this result from general position to sub-general position.

Lemma 4.2. Let X be a smooth n-dimensional projective subvariety of
PM defined over K of degree sX. Let m, q be integers with mb n and qb
mþ 1. Let Q1; . . . ;Qq be homogeneous polynomials in K ½X0; . . . ;XM � of degree
d, in m-subgeneral position with respect to X. For given p A MK , and x A
Xn
Sq

i¼1fQi ¼ 0g, we assume that

ordpðQ1ðxÞÞb � � �b ordpðQqðxÞÞ:ð4:1Þ

Then

ordpðQiðxÞÞ deg p� d � epðxÞ deg p

a ð6 maxfðmþ 1ÞsX; dgÞðnþ1ÞðM 2þMÞðhðFXÞ þ hðQ1; . . . ;QqÞÞ

for p A MK and mþ 1a ia q:

Proof. As hðFXÞ ¼ hðaFXÞ for a A K �, we may assume that one of coe‰-
cients of FX is 1. Similarly, since hðQ1; . . . ;QqÞ ¼ hðaQ1; . . . ; aQqÞ, we can make
the same assumption for Q1. Therefore, we have

epðFXÞa 0; min
1aiaq

epðQiÞa 0;

for each p A MK :
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Let P1; . . . ;Pr A K ½X0; . . . ;XM � be the canonical polynomials from the Chow
form FX of X defined in (3.1). Let

d 0 ¼ maxfdeg P1; . . . ; deg Pr; dg:

Since Q1; . . . ;Qq are in m-subgeneral position with respect to X � PM , then
P1; . . . ;Pr, Q1; . . . ;Qmþ1 have no common zeros in PMðKÞ. Theorem 4.1 tell us
that there exists a constant ua ð4d 0ÞMþ2 and polynomials Aj1; . . . ;Ajr;Aj; rþ1; . . . ;
Aj; rþmþ1 A K ½X0; . . . ;XM � of total degree at most ð4d 0ÞMþ2 such that for 0a ja
M, we have

ajX
u
j ¼ Aj1P1 þ � � � þ AjrPr þ Aj; rþ1Q1 þ � � � þ Aj; rþmþ1Qmþ1

for some non-zero elements aj of K : Furthermore, there exists a positive
integer

l0 a ðrþmþ 1Þð4ð4d 0ÞMþ2ÞMð4:2Þ

such that

minfordpða0Þ; . . . ; ordpðaMÞ; epðAj1Þ; . . . ; epðAj; rþmþ1Þgð4:3Þ

b l0 �minfepðPiÞ; epðQiÞgb l0 � epðFXÞ þ min
1aiaq

epðQiÞ
� �

for each p A MK :
We may assume that Aji, ð1a ia rþmþ 1Þ are homogeneous polynomials

and therefore the degrees of Aj; rþ1; . . . ;Aj; rþmþ1 are u� d.
Let x A XðKÞn

Sq
i¼1fQi ¼ 0g. Then

ajx
u
j ¼ Aj; rþ1ðxÞQ1ðxÞ þ � � � þ Aj; rþmþ1ðxÞQmþ1ðxÞ

and hence, for all j, we have

ordpðajÞ þ u � ordpðxjÞb min
1aiamþ1

ordpðAj; rþiðxÞQiðxÞÞ

b min
1aiamþ1

ordpðAj; rþiðxÞÞ þ min
1aiamþ1

ordpðQiðxÞÞ

b ðu� dÞepðxÞ þ l0 � epðFXÞ þ min
1aiaq

epðQiÞ
� �

þ ordpðQmþ1ðxÞÞ:

(Here, the last inequality follows from (4.3) and (4.1)). Hence

ordpðQmþ1ðxÞÞa depðxÞ þ max
0ajaM

fordpðajÞg � l0 � epðFXÞ þ min
1aiaq

epðQiÞ
� �

ð4:4Þ

for p A MK : Since aj 0 0, ð0a jaMÞ, from the sum formula and (4.3) we
have
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ordpðajÞ deg p ¼ �
X

q AMKnfpg
ordqðajÞ deg q

a�
X

q AMKnfpg
l0 � eqðFXÞ þ min

1aiaq
eqðQiÞ

� �
deg q:

Combining with (4.4), we have

ordpðQmþ1Þ deg pa d � epðxÞ deg p�
X

q AMKnfpg
l0 � eqðFXÞ þ min

1aiaq
eqðQiÞ

� �
deg q

� l0 � epðFXÞ þ min
1aiaq

epðQiÞ
� �

deg p

¼ d � epðxÞ deg pþ l0 � ðhðFXÞ þ hðQ1; . . . ;QqÞÞ:

Now, we estimate l0 introduced in (4.2).
We first estimate the number r introduced in (3.3). This number r can be

bounded by

ra
ðnþ 1ÞsX þMðM � 1Þ

2

ðnþ 1ÞsX

0
B@

1
CA
nþ1

a ð5ðnþ 1ÞsXÞðnþ1ÞMðM�1Þ=2:ð4:5Þ

Here, we use the following inequality

Aþ B

A

� �
a

ðAþ BÞAþB

AABB
¼ 1þ B

A

� �A
� 1þ A

B

� �B
a eB 1þ A

B

� �B
;

where A, B are positive integers and e is the natural exponential number.
Since the degree of Ps is ðnþ 1ÞsX, we have d 0 amaxfðnþ 1ÞsX; dg.

Therefore,

4ð4d 0ÞMþ2
a ð6d 0ÞMþ2

a ½6 maxfðmþ 1ÞsX; dg�Mþ2:ð4:6Þ
By (4.5), we have

rþmþ 1a ð5ðnþ 1ÞsXÞðnþ1ÞMðM�1Þ=2 þ ðmþ 1Þð4:7Þ

a ð6ðmþ 1ÞsXÞðnþ1ÞMðM�1Þ=2

a ½6 maxfðmþ 1ÞsX; dg�ðnþ1ÞMðM�1Þ=2:

Combining (4.6) and (4.7) and (4.2), we have

l0 a ð6 maxfðmþ 1ÞsX; dgÞðnþ1ÞðM 2þMÞ: r

5. Proof of main theorem

We first recall the following theorem, due to Ru-Wang [9, Theorem 23].
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Theorem 5.1 (Ru-Wang [9]). Let K be the function field of a nonsingular
projective variety V defined over an algebraically closed field of characteristic 0.
Let S be a finite set of prime divisors of V. Let Y be an n-dimensional smooth
projective subvariety of PM defined over K. For every p A MK and y ¼ ½y0 : � � � :
yM �, we let cp; iðyÞ ¼ ðordpðyiÞ� epðyÞÞ � deg p ð0a iaMÞ and cpðyÞ ¼ ðcp;0ðyÞ; . . . ;
cp;MðyÞÞ: Then for a given e > 0, there exists an e¤ectively computable finite
union Ze of proper algebraic subsets of PMðKÞ not containing Y and e¤ectively
computable constants ae, a 0

e such that for any y A YðKÞnZe either

hðyÞa aeðhðFYÞ þ 1Þ
or X

p AS

eYðcpðyÞÞa ðnþ 1þ eÞsY � hðyÞ þ a 0
eðhðFYÞ þ 1Þ:

The algebraic subsets in Ze and the constants ae, a
0
e depend on e and M, K, S

and Y. Furthermore, the degrees of the algebraic subsets in Ze can be bounded
above by 1þ 2ð2nþ 1ÞsYðM þ 1Þe�1:

We first use Theorem 5.1 and Proposition 2.1 to prove Theorem 5.2. Then,
we will show that the main theorem is an implication of Theorem 5.2.

Theorem 5.2. Let K be the function field of a nonsingular projective variety
V defined over an algebraically closed field of characteristic 0. Let S be a finite
set of prime divisors of V. Let Y be an n-dimensional smooth projective sub-
variety of PM defined over K. Denote by I0 the subset of f0; . . . ;Mg consisting
of all i A f0; . . . ;Mg such that Y is not contained in coordinate hyperplane Yi.
Let m0 be a positive integer with m0 a jI0j and e > 0. Then there exists an e¤ec-
tively computable finite union Re of proper algebraic subsets of PMðKÞ not con-
taining Y and e¤ectively computable constants be, b

0
e such that for any y A YnRe

either

hðyÞa beðhðFYÞ þ 1Þ
or X

p AS

max
I

X
i A I

lp;Yi
ðyÞa ðm0ðnþ 1Þ þ eÞsY � hðyÞ þ b 0

eðhðFYÞ þ 1Þ:

Here the maximum is taken over all subsets I of I0 with cardinality m0.
The algebraic subsets in Re and the constants be, b

0
e depend on e and M, K , S

and Y. Furthermore, the degrees of the algebraic subsets in Re can be bounded
above by 1þ 2ð2nþ 1ÞsYðM þ 1Þe�1:

Proof. For every p A MK and y ¼ ½y0 : � � � : yM �, we let

cp; iðyÞ ¼ ðordpðyiÞ � epðyÞÞ � deg p ð0a iaMÞ
and cpðyÞ ¼ ðcp;0ðyÞ; . . . ; cp;MðyÞÞ:
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Theorem 5.1 implies that for a given e > 0, there exists an e¤ectively
computable finite union Ze of proper algebraic subsets of PMðKÞ not contain-
ing Y and e¤ectively computable constants ae=m0

, a 0
e=m0

such that for any y A
YðKÞnZe either

hðyÞa ae=m0
ðhðFYÞ þ 1Þ

or X
p AS

eYðcpðyÞÞa nþ 1þ e

m0

� �
sY � hðyÞ þ a 0

e=m0
ðhðFYÞ þ 1Þ:ð5:1Þ

Let I be an arbitrary subset of f0; . . . ;Mg with cardinality m0 such that Y
is not contained in coordinate hyperplanes Yi for all i A I . It follows from
Proposition 2.1 that X

i A I

cp; iðyÞa
m0

sY
eYðcpðyÞÞ:ð5:2Þ

On the other hand, by the definition, lp;Yi
ðyÞ ¼ cp; iðyÞ: Hence,X

i A I

lp;Yi
ðyÞa m0

sY
eYðcpðyÞÞ:ð5:3Þ

Therefore, X
p AS

max
I

X
i A I

lp;Yi
ðyÞa m0

sY

X
p AS

eYðcpðyÞÞ:ð5:4Þ

Set Re ¼ Ze: By combining (5.1) and (5.4), we haveX
p AS

max
I

X
i A I

lp;Yi
ðyÞa ðm0ðnþ 1Þ þ eÞ � hðyÞ þ a 0

e=m0

m0

sY
ðhðFYÞ þ 1Þ:

for all y A YnRe:
The constants be and b 0

e in the assertion can be given by

be ¼ ae=m0
; b 0

e ¼ m0 � a 0
e=m0

;ð5:5Þ

where ae and a 0
e are constants from Theorem 5.1. This completes the proof of

Theorem 5.2. r

Now, we will show that Theorem 5.2 implies the main theorem.

Proof of the main theorem. Let d is the l.c.m of d 0
i , 1a ia q, and let

M0; . . . ;MN1
be all the monomials in X0; . . . ;XN of degree d. We define the

map

c : X ! PN1þq; cðxÞ ¼ ½M0ðxÞ : � � � : MN1
ðxÞ : Qd=d1

1 ðxÞ : � � � : Qd=dq
q ðxÞ�:ð5:6Þ
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Let Y ¼ cðXÞ. Then this map is an embedding and Y is a smooth projective
subvariety of PN1þq defined over K with dim Y ¼ n and deg Y ¼:sY a d nsX:
It follows from Lemma 2.3 that

hðFYÞa d nþ1hðFXÞ þ ðnþ 1ÞsXd
nhðQd=d1

1 ; . . . ;Qd=dq
q Þ:

Since X 6� fQi ¼ 0g then we have Y 6� YN1þi, i ¼ 1; . . . ; q: We apply Theorem

5.2 to Y A PN1þq and the coordinate hyperplanes YN1þ1; . . . ;YN1þq and m0 ¼ m.
Then, for a given e > 0, there exists an e¤ectively computable finite union Re of
proper algebraic subsets of PN1þqðKÞ not containing Y and e¤ectively computable
constants be, b 0

e such that for any cðxÞ A YnRe either

hðcðxÞÞa beðhðFYÞ þ 1Þð5:7Þ

a beð1þ d nþ1hðFXÞ þ ðnþ 1ÞsXd
nhðQd=d1

1 ; . . . ;Qd=dq
q ÞÞ

a ~bbeðhðFXÞ þ 1Þ

or X
p AS

max
I

X
i A I

lp;Yi
ðyÞa ðmðnþ 1Þ þ eÞhðcðxÞÞ þ b 0

eðhðFYÞ þ 1Þð5:8Þ

a ðmðnþ 1Þ þ eÞhðcðxÞÞ þ ~bb 0
eðhðFXÞ þ 1Þ:

Here the maximum is taken over all subsets I of fN1 þ 1; . . . ;N1 þ qg with
cardinality m and the constants ~bbe and ~bb 0

e are given by

~bbe ¼ be � ðd nþ1 þ ðnþ 1ÞsXd
nhðQd=d1

1 ; . . . ;Qd=dq
q ÞÞð5:9Þ

and

~bb 0
e ¼ b 0

e � ðd nþ1 þ ðnþ 1ÞsXd
nhðQd=d1

1 ; . . . ;Qd=dq
q ÞÞ:ð5:10Þ

Here be and b 0
e are the constants from Theorem 5.2 with M ¼ N1 þ q. Notice

that the degrees of the algebraic subsets in Re can be bounded by

2ð2nþ 1ÞsYðM þ 1Þe�1 þ 1a2ð2nþ 1Þd nsX
d þN

N

� �
þ qþ 1

� �
e�1 þ 1:ð5:11Þ

For a given x A Xn
Sq

i¼1fQi ¼ 0g and a fixed p A S, we may reindex the Qi

so that ðd=d1Þ ordpðQ1ðxÞÞb � � �b ðd=dqÞ ordpðQqðxÞÞ: Since Q1; . . . ;Qq are
in m-subgeneral position with respect to X we can apply Lemma 4.2 to

Q
d=d1
1 ; . . . ;Q

d=dq
q . Then, for all mþ 1a ja q, we have

d

dj
ordpðQjðxÞÞ deg pa d � epðxÞ deg pþ c2;ð5:12Þ

where

c2 ¼ ð6 maxfðmþ 1Þs; dgÞðnþ1ÞðN 2þNÞðhðFXÞ þ hðQd=d1
1 ; . . . ;Qd=dq

q ÞÞ:ð5:13Þ
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Notice that c2 b 0: Thus,

epðcðxÞÞ deg p ¼ min d � epðxÞ;
d

d1
ordpðQ1ðxÞÞ; . . . ;

d

dq
ordpðQqðxÞÞ

� �
deg p

a d � epðxÞ deg p:

Hence, for 1a ia q,

lp;YN1þi
ðcðxÞÞ ¼ d

di
ordpðQiðxÞÞ � epðcðxÞÞ

� �
deg pð5:14Þ

b
d

di
ordpðQiðxÞÞ � d � epðxÞ

� �
deg p:

On the other hand,

Xq
i¼1

d

di
lp;Qi

ðxÞ ¼
Xq
i¼1

d

di
ordpðQiðxÞÞ � d � epðxÞ �

d

di
epðQiÞ

� �
deg p

is smaller than

Xq
i¼1

d

di
ordpðQiðxÞÞ � d � epðxÞ

� �
deg p� c2

� �
� q min

1aiaq

d

di
epðQiÞ deg pþ q � c2;

which by (5.12) does not exceed

Xm
i¼1

d

di
ordpðQiðxÞÞ � d � epðxÞ

� �
deg p� c2

� �
� q min

1aiaq

d

di
epðQiÞ deg pþ q � c2:

Combining with (5.14), we have

Xq
i¼1

d

di
lp;Qi

ðxÞð5:15Þ

a
Xm
i¼1

lp;YN1þi
ðcðxÞÞ �mc2 � q min

1aiaq

d

di
epðQiÞ deg pþ q � c2

a max
I

X
i A I

lp;Yi
ðcðxÞÞ � q min

1aiaq

d

di
epðQiÞ deg pþ ðq�mÞ � c2:

Here the maximum is taken over all subsets I of fN1 þ 1; . . . ;N1 þ qg with
cardinality m. Combining with (5.8), we have

X
p AS

Xq
i¼1

d

di
lp;Qi

ðxÞa ðmðnþ 1Þ þ eÞhðcðxÞÞ þ ~bb 0
eðhðFXÞ þ 1Þð5:16Þ

þ q � hðQd=d1
1 ; . . . ;Qd=dq

q Þ þ ðq�mÞjSj � c2:
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We may conclude the proof of the theorem by the following facts. Firstly, if P
is one of the homogeneous polynomials in K ½Y0; . . . ;YN1þq� defining Re, then
G ¼ P 	 c is a homogeneous polynomials of degree d � deg P in K ½X0; . . . ;XN �
and all such G form an e¤ectively computable finite union We of proper algebraic
subsets of PNðKÞ with degree bounded above by

2ð2nþ 1Þd nþ1sX
d þN

N

� �
þ qþ 1

� �
e�1 þ d

by (5.11). Secondly, it is easy to check that

dhðxÞa hðcðxÞÞa dhðxÞ þ hðQd=d1
1 ; . . . ;Qd=dq

q Þ:

Hence, (5.16) becomes

X
p AS

Xq
i¼1

d

di
lp;Qi

ðxÞa ðmðnþ 1Þ þ eÞdhðxÞ þ ~bb 0
eðhðFXÞ þ 1Þ

þ ðqþ ðmðnþ 1Þ þ eÞÞ � hðQd=d1
1 ; . . . ;Qd=dq

q Þ þ ðq�mÞjSj � c2

and (5.7) becomes

hðxÞa 1

d
~bbeðhðFXÞ þ 1Þ:

Combining with (5.5) and (5.9), (5.10) the constants Ce, C
0
e in the assertion can be

given by

Ce ¼
1

d
ae=m � ðd nþ1 þ ðnþ 1ÞsXd

nhðQd=d1
1 ; . . . ;Qd=dq

q ÞÞ � ðhðFXÞ þ 1Þð5:17Þ

and

C 0
e ¼

1

d
a 0
e=m �m � ðd nþ1 þ ðnþ 1ÞsXd

nhðQd=d1
1 ; . . . ;Qd=dq

q ÞÞ � ðhðFXÞ þ 1Þð5:18Þ

þ 1

d
� ðqþ ðmðnþ 1Þ þ eÞÞ � hðQd=d1

1 ; . . . ;Qd=dq
q Þ þ 1

d
� ðq�mÞjSj � c2;

where ae=m and a 0
e=m are the constants from Theorem 5.1.
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