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Abstract

We consider the following system of coupled nonlinear Schrödinger equations

�suþ aðxÞu ¼ jujp�2
uþ lðxÞv; x A RN ;

�svþ bðxÞv ¼ jvj2
��2

vþ lðxÞu; x A RN ;

u; v A H 1ðRNÞ;

8><
>:

where Nb 3, 2 < p < 2�, 2� ¼ 2N=ðN � 2Þ is the Sobolev critical exponent, a; b; l A
CðRN ;RÞ \ LyðRN ;RÞ and aðxÞ, bðxÞ and lðxÞ are asymptotically periodic, and can be

sign-changing. By using a new technique, we prove the existence of a ground state of

Nehari type solution for the above system under some mild assumptions on a, b and

l. In particular, the common condition that jlðxÞj <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðxÞbðxÞ

p
for all x A RN is not

required.

1. Introduction

In this paper, we study the following system of coupled nonlinear Schrö-
dinger equations

�suþ aðxÞu ¼ jujp�2
uþ lðxÞv; x A RN ;

�svþ bðxÞv ¼ jvj2
��2

vþ lðxÞu; x A RN ;

u; v A H 1ðRNÞ;

8><
>:ð1:1Þ

where Nb 3, 2 < p < 2� and 2� ¼ 2N=ðN � 2Þ is the critical Sobolev exponent;
a; b; l : RN 7! R. Systems of this type arise in nonlinear optics [4].

562

2000 Mathematics Subject Classification. 35B33; 35J20; 58E50.

Key words and phrases. Linearly coupled Schrödinger system; Nehari-type ground state solu-

tions; Sobolev critical exponent.

This work is partially supported by the National Natural Science Foundation of China

(No: 11571370).
†Corresponding author.

Received October 24, 2016; revised January 11, 2017.



During the last decades, many works have been orientated to the analysis
of nonlinear Schrödinger equation of the form

�suþ VðxÞu ¼ f ðx; uÞ; u A H 1ðRNÞ

under various hypotheses on the potential and the nonlinearity (see [11–13, 17,
18, 22–25] and the references therein).

However, by Kaminow [15], we know that single-mode optical fibers are not
really ‘‘single-mode’’, but actually bimodal due to the presence of birefringence.
Recently, di¤erent authors focused their attention on coupled nonlinear Schrö-
dinger systems (see [1, 2, 5–10, 16, 19, 21, 26, 28–30] and the references therein)
which describe physical phenomena, such as nonlinear optics and Bose-Einstein
condensates (see, e.g., [3, 4, 14]).

What’s more, since critical exponent elliptic problems create some di‰culties
in using variational methods due to the lack of compactness, there are a few
papers to investigate the system of Schrödinger equations with critical exponent
(see [8, 10, 16] and so on).

It is well known that solutions of (1.1) correspond to the critical points of the
functional F : H 1ðRNÞ �H 1ðRNÞ ! R given by

Fðu; vÞ ¼ 1

2

ð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dxð1:2Þ

� 1

p

ð
RN

jujp dx� 1

2�

ð
RN

jvj2
�
dx:

Let gp be the sharp constant of the Sobolev embedding H 1ðRNÞ ,! LpðRNÞð
RN

ðj‘uj2 þ juj2Þ dxb gp

ð
RN

jujp dx
� �2=p

;

and S be the sharp constant of D1;2ðRNÞ ,! L2� ðRNÞð
RN

j‘uj2 dxbS

ð
RN

juj2
�
dx

� �2=2 �

;ð1:3Þ

where D1;2ðRNÞ :¼ fu A L2ðRNÞ : j‘uj A L2ðRNÞg with norm

kukD1; 2 :¼
ð
RN

j‘uj2 dx
� �1=2

:

As in [8], define

m0 ¼
2p

Nðp� 2ÞS
N=2g�p=ðp�2Þ

p

� �ðp=ðp�2Þ�N=2Þ�1

:

Chen and Zou [8] studied System (1.1) with aðxÞ1 a > 0, bðxÞ1 b > 0 and
lðxÞ1 l > 0. Under the assumptions that 0 < aa m0 and l2 < ab, they proved
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that System (1.1) has a positive solution ðu; vÞ A H 1ðRNÞ �H 1ðRNÞ satisfying
Fðu; vÞ ¼ infM F, where

M ¼ fðu; vÞ A H 1ðRNÞ �H 1ðRNÞnfð0; 0Þg : F 0ðu; vÞ ¼ 0g:

In fact, M is a set of nontrivial critical points of F, it may contain only two
elements, which is very small subset of the Nehari manifold

N ¼ fðu; vÞ A H 1ðRNÞ �H 1ðRNÞnfð0; 0Þg : hF 0ðu; vÞ; ðu; vÞi ¼ 0g:

In contrast to M, N contains infinitely many elements of H 1ðRNÞ �H 1ðRNÞ.
If ðu; vÞ A H 1ðRNÞ �H 1ðRNÞ is a solution at which F has least ‘‘energy’’ in set
N, we shall call it a Nehari-type ground state solution. In general, it is much
more di‰cult to find a solution ðu; vÞ for Problem (1.1) with a constraint con-
dition Fðu; vÞ ¼ infN F than with one Fðu; vÞ ¼ infM F.

Subsequently, Li and Tang [16], based on the work of [8], established
the existence of Nehari-type ground state solutions for System (1.1). Under
assumptions:

(i) aðxÞ, bðxÞ and lðxÞ are 1-periodic in each of x1; x2; . . . ; xN ;
(ii) 0 < aðxÞ < m0, bðxÞ > 0, Ex A RN ;

(iii) jlðxÞj2 < aðxÞbðxÞ, Ex A RN ,
they proved that (1.1) has a solution ðu; vÞ A H 1ðRNÞ �H 1ðRNÞ such that
Fðu; vÞ ¼ infN F > 0.

In all the work mentioned above, it has been assumed that infRN a > 0,
infRN b > 0, a, b and l are periodic and jlðxÞj2 < aðxÞbðxÞ for all x A RN .
Clearly, in this case,

kðu; vÞk ¼
ð
RN

½j‘uj2 þ j‘vj2 þ aðxÞjuj2 þ bðxÞjvj2 � 2lðxÞuv� dx
� �1=2

is a norm defined on H 1ðRNÞ �H 1ðRNÞ, which is equivalent to
kð� ; �ÞkH 1ðRN Þ�H 1ðRN Þ. Here we point out that their arguments become invalid

if aðx0Þbðx0Þa 0 or jlðx0Þj2 b aðx0Þbðx0Þ for some x0 A RN . To the best of our
knowledge, there seems no existence result for System (1.1) dealing with this case
in the literature. In addition, the problem will become more complex by the
dropping of periodicity of aðxÞ, bðxÞ and lðxÞ.

In the present paper, motivated by [8, 16, 18], considering the case that

aðx0Þbðx0Þa 0 or jlðx0Þj2 b aðx0Þbðx0Þ for some x0 A RN , we shall investigate
the existence of Nehari-type ground solutions for asymptotically periodic linearly
coupled Schrödinger equations with critical exponent.

Before presenting the main results, we introduce the following assumptions.
(A0) aðxÞ ¼ a0ðxÞ þ a1ðxÞ, a0 A CðRN ; ½0;yÞÞ, a0ðxÞ is 1-periodic in each of

x1; x2; . . . ; xN , a1 A CðRN ; ð�y; 0�Þ and limjxj!y a1ðxÞ ¼ 0;
(B0) bðxÞ ¼ b0ðxÞ þ b1ðxÞ, b0 A CðRN ; ½0;yÞÞ, b0ðxÞ is 1-periodic in each of

x1; x2; . . . ; xN , b1 A CðRN ; ð�y; 0�Þ and limjxj!y b1ðxÞ ¼ 0;
(S0) lðxÞ ¼ l0ðxÞ þ l1ðxÞ, l0 A CðRN ;RÞ, l0ðxÞ is 1-periodic in each of

x1; x2; . . . ; xN , l1 A CðRN ;RÞ and limjxj!y l1ðxÞ ¼ 0;
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(S1) aðxÞa a A ð0;yÞ, bðxÞa b A ð0;yÞ, supRN jlj <
ffiffiffiffiffi
ab

p
, and there exists

a constant z0 > 0 such thatð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx

b z0

ð
RN

ð½a� aðxÞ�u2 þ ½b� bðxÞ�v2Þ dx;

Eðu; vÞ A H 1ðRNÞ �H 1ðRNÞ;

(S2) jl0ðxÞj2 a a0ðxÞb0ðxÞ and

jl1ðxÞj2
< a1ðxÞb1ðxÞ; jxja 1þ

ffiffiffiffiffi
N

p
;

a a1ðxÞb1ðxÞ; jxj > 1þ
ffiffiffiffiffi
N

p
;

�

(S3) supRN jlj <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsupRN aÞ � ðsupRN bÞ

p
, and there exist a constant y A ð0; 1Þ

and a bounded measurable set W A RN such that

jlðxÞja y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jaðxÞbðxÞj

p
; Ex A RNnW;

inf
RNnW

a :¼ a� > 0;

ð
W

jð1� yÞa� þ jlðxÞj � aðxÞjN=2 dxaSN=2

and

inf
RNnW

b :¼ b� > 0;

ð
W

jð1� yÞb� þ jlðxÞj � bðxÞjN=2 dxaSN=2:

We will prove in Section 2 that condition (S3) implies condition (S1) (see
Lemma 2.2). Here is an example where the assumptions apply.

Example 1.1. Let

a0ðxÞ ¼ a0; a1ðxÞ ¼ � a1

1þ jxj2
; aðxÞ ¼ a0 �

a1

1þ jxj2
;

b0ðxÞ ¼ b0; b1ðxÞ ¼ � b1

1þ jxj2
; bðxÞ ¼ b0 �

b1

1þ jxj2
;

l0ðxÞ ¼ %0 cos
2 x1; l1ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
ja1b1j

p
e�jxj2 ; lðxÞ ¼ %0 cos

2 x1 þ
ffiffiffiffiffiffiffiffiffiffiffiffi
ja1b1j

p
e�jxj2 :

Then there exist many constants a0, b0, %0, a1, and b1 such that above a, b and l
satisfy (A0), (B0), (S0), (S2) and (S3). For example:

a0 ¼
1

4
o

�2=N
N S; b0 ¼

1

9
o

�2=N
N S; %0 ¼

1

3
a0 ¼

1

12
o

�2=N
N S;

a1 ¼
1

2
a0 ¼

1

8
o

�2=N
N S; b1 ¼

1

2
b0 ¼

1

18
o

�2=N
N S;
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where and in the sequel, oN ¼ measðB1ð0ÞÞ ¼ 2pN=2=NGðN=2Þ. It is easy to
check that a, b and l satisfy (A0), (B0), (S0) and (S2). Next we verify that (S3)
holds. Set

W :¼ fx A RN : jxja 1g:
Then, we have

a� ¼ inf
RNnW

a ¼ a0 �
1

2
a1 ¼

3

4
a0 > 0; b� ¼ inf

RNnW
b ¼ b0 �

1

2
b1 ¼

3

4
b0 > 0

and

jlðxÞj2 a ð%0 þ
ffiffiffiffiffiffiffiffiffi
a1b1

p
e�1Þ2 ¼ 1

4
ð1þ e�1Þ2a0b0; Ex A RNnW:

Clearly,

jlðxÞj2 a 8

9
aðxÞbðxÞ; Ex A RNnW;

which implies that the first inequality in (S3) holds with y ¼ 8=9. Moreover, it is
easy to see thatð

W

jð1� yÞa� þ jlðxÞj � aðxÞjN=2 dx

¼
ð
W

a0

12
þ 1

2

ffiffiffiffiffiffiffiffiffi
a0b0

p
ðcos x1 þ e�jxj2Þ � a0 þ

a0

2ð1þ jxj2Þ

�����
����� dx

a
2

3
a0

� �N=2

oN < SN=2

and ð
W

jð1� yÞb� þ jlðxÞj � bðxÞjN=2 dx

¼
ð
W

b0
12

þ 1

2

ffiffiffiffiffiffiffiffiffi
a0b0

p
ðcos x1 þ e�jxj2Þ � b0 þ

b0

2ð1þ jxj2Þ

�����
����� dx

a
13

12
b0

� �N=2

oN < SN=2:

In particular, we mention that l2ð0Þ > að0Þbð0Þ.

We are now in a position to state the main result of this paper.

Theorem 1.2. Assume that (A0), (B0), (S0), (S1), (S2) are satisfied, and that
aðxÞ < m0 for all x A RN. Then Problem (1.1) has a solution ðu; vÞ A H 1ðRNÞ �
H 1ðRNÞ such that Fðu; vÞ ¼ infN F > 0.
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Corollary 1.3. Assume that (A0), (B0), (S0), (S2), (S3) are satisfied, and
that aðxÞ < m0 for all x A RN. Then Problem (1.1) has a solution ðu; vÞ A
H 1ðRNÞ �H 1ðRNÞ such that Fðu; vÞ ¼ infN F > 0.

Remark 1.4. It was pointed out in [8] that, by Pohozaev Identity, System
(1.1) with aðxÞ1 a > 0 and bðxÞ1 b > 0 has no nontrivial solutions if p ¼ 2�.
That is why we assume 2 < p < 2� in this paper.

The rest of the paper is organized as below. In Section 2, we provide some
lemmas. The proofs of Theorem 1.2 and Corollary 1.3 are given in Section 3.

2. Preliminaries

In this section, we present some lemmas.

Lemma 2.1. Assume that (S1) are satisfied. Then there exist two positive
constants z1; z2 > 0 such that

z1kzk2H 1ðRN Þ�H 1ðRN Þ a

ð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx

a z2kzk2H 1ðRN Þ�H 1ðRN Þ; Ez ¼ ðu; vÞ A H 1ðRNÞ �H 1ðRNÞ:

Proof. Using (S1), one hasð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dxð2:1Þ

¼
ð
RN

½j‘uj2 þ j‘vj2 þ au2 þ bv2 � 2lðxÞuv� dx

�
ð
RN

ð½a� aðxÞ�u2 þ ½b� bðxÞ�v2Þ dx

b

ð
RN

½j‘uj2 þ j‘vj2 þ au2 þ bv2 � 2lðxÞuv� dx

� 1

z0

ð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx:

Moreover, (S1) implies that there exists a constant y0 A ð0; 1Þ such that

jlðxÞja y0

ffiffiffiffiffi
ab

p
; Ex A RN :ð2:2Þ

Combining (2.1) with (2.2), we getð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx

b
z0

1þ z0

ð
RN

½j‘uj2 þ j‘vj2 þ au2 þ bv2 � 2lðxÞuv� dx
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b
z0ð1� y0Þ
1þ z0

ð
RN

½j‘uj2 þ j‘vj2 þ au2 þ bv2� dx

b z1kzk2H 1ðRN Þ�H 1ðRN Þ:

On the other hand, from (S1) and boundedness of a, b it follows thatð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx

a

ð
RN

½j‘uj2 þ j‘vj2 þ 2au2 þ 2bv2� dxa z2kzk2H 1ðRN Þ�H 1ðRN Þ:

This completes the proof. r

Let E ¼ H 1ðRNÞ �H 1ðRNÞ. Define

ðz1; z2Þ ¼
ð
RN

½‘u1 � ‘u2 þ ‘v1 � ‘v2 þ aðxÞu1u2 þ bðxÞv1v2 � lðxÞðu1v2 þ u2v1Þ� dx;

Ezi ¼ ðui; viÞ A E; i ¼ 1; 2

and

kzk2 ¼
ð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx; Ez ¼ ðu; vÞ A E:

By Lemma 2.1, ð� ; �Þ is an inner product and k � k is the corresponding norm on
E. Moreover, E is a Hilbert space with this inner product. For any s A ½2; 2��,
there exists an imbedding constant ~ggs A ð0;yÞ such that

kzks a ~ggskzk; Ez A E;

where and in the sequel, by k � ks we denote the usual norm in space
LsðRNÞ � LsðRNÞ.

In view of the definition of k � k and (1.2), we can rewrite F in the form

FðzÞ ¼ 1

2
kzk2 � 1

p

ð
RN

jujp dx� 1

2�

ð
RN

jvj2
�
dx; Ez ¼ ðu; vÞ A E:ð2:3Þ

It is easy to see that F is of class C1ðE;RÞ, and

hF 0ðzÞ; ~zzi ¼
ð
RN

½‘u � ‘~uuþ ‘v � ‘~vvþ aðxÞu~uuþ bðxÞv~vv� lðxÞðu~vvþ v~uuÞ� dxð2:4Þ

�
ð
RN

jujp�2
u~uu dx�

ð
RN

jvj2
��2

v~vv dx;

Ez ¼ ðu; vÞ; ~zz ¼ ð~uu; ~vvÞ A E:

Lemma 2.2. If (S3) holds, then (S1) does.

568 sitong chen, xianhua tang and jianxiong li



Proof. By (S3) and the Hölder inequality, we getð
RN

½j‘uj2 þ j‘vj2 þ aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx

¼
ð
RN

ðj‘uj2 þ j‘vj2Þ dxþ
ð
W

½aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx

þ
ð
RNnW

½aðxÞu2 þ bðxÞv2 � 2lðxÞuv� dx

b k‘uk22 þ k‘vk22 þ
ð
W

½aðxÞ � jlðxÞj�u2 dxþ
ð
W

½bðxÞ � jlðxÞj�v2 dx

þ ð1� yÞ
ð
RNnW

½aðxÞu2 þ bðxÞv2� dx

b k‘uk22 þ k‘vk22 þ
ð
W

½aðxÞ � jlðxÞj�u2 dxþ
ð
W

½bðxÞ � jlðxÞj�v2 dx

þ ð1� yÞ
ð
RNnW

½a�u2 þ b�v
2� dx

¼ k‘uk22 þ k‘vk22 þ
ð
W

½aðxÞ � ð1� yÞa� � jlðxÞj�u2 dx

þ
ð
W

½bðxÞ � ð1� yÞb� � jlðxÞj�v2 dxþ ð1� yÞ
ð
RN

ða�u2 þ b�v
2Þ dx

b k‘uk22 þ k‘vk22 �
ð
W

jð1� yÞa� þ jlðxÞj � aðxÞjN=2 dx

� �2=N

kuk22 �

�
ð
W

jð1� yÞb� þ jlðxÞj � bðxÞjN=2 dx

� �2=N

kvk22 �

þ ð1� yÞ
ð
RN

ða�u2 þ b�v
2Þ dx

b ð1� yÞ
ð
RN

ða�u2 þ b�v
2Þ dx

þ 1�
ð
W

jð1� yÞa� þ jlðxÞj � aðxÞjN=2 dx

� �2=N

S

" #
k‘uk22

þ 1�
ð
W

jð1� yÞb� þ jlðxÞj � bðxÞjN=2 dx

� �2=N

S

" #
k‘vk22

b ð1� yÞ min
a�

a� a
;

b�

b� b

� �ð
RN

ð½a� aðxÞ�u2 þ ½b� bðxÞ�v2Þ dx; Eðu; vÞ A E;
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where a :¼ infRN a, b :¼ infRN b, a :¼ supRN a and b :¼ supRN b. This shows
that (S1) holds with z0 ¼ ð1� yÞ minfa�=ða� aÞ; b�=ðb� bÞg. r

Lemma 2.3 ([18, Lemma 8]). Let X be a Banach space. Let M0 be a closed
subspace of the metric space M and G0 � CðM0;XÞ. Define

G ¼ fg A CðM;XÞ : gjM0
A G0g:

If C A C1ðX ;RÞ satisfies

y > d :¼ inf
g AG

sup
t AM

CðgðtÞÞ > d0 :¼ sup
g0 AG0

sup
t AM0

Cðg0ðtÞÞ;

then there exists a sequence fung � X satisfying

CðunÞ ! d; kC 0ðunÞkð1þ kunkÞ ! 0:

Lemma 2.4. Assume that (S1) is satisfied. Then for any z ¼ ðu; vÞ A
Enfð0; 0Þg, there exists tðzÞ > 0 such that tðzÞz A N.

Proof. Let z ¼ ðu; vÞ A Enfð0; 0Þg be fixed and define the function
gðtÞ :¼ FðtzÞ on ½0;yÞ. Obviously, we have

g 0ðtÞ ¼ 0 , tz A N , kzk2 ¼ tp�2kukp
p þ t2

��2kvk2
�

2 � :

Using (S1), it is easy to verify that gð0Þ ¼ 0, gðtÞ > 0 for t > 0 small and gðtÞ < 0
for t large. Therefore, maxt A ½0;yÞ gðtÞ is achieved at t0 ¼ tðzÞ so that g 0ðt0Þ ¼ 0
and tðzÞz A N. r

Lemma 2.5. Assume that (S1) is satisfied. For z ¼ ðu; vÞ A N, there
holds

FðzÞbFðtzÞ; Etb 0:ð2:5Þ

Proof. For z ¼ ðu; vÞ A N, one has

FðzÞ �FðtzÞ ¼ 1� t2

2
þ tp � 1

p

� �
kukp

p þ
1� t2

2
þ t2

� � 1

2�

� �
kvk2

�

2 � :

It is easy to verify that

1� t2

2
þ ts � 1

s
b 0; Etb 0; s A ð2; 2��:

Then (2.5) holds. r

Define

c1 :¼ inf
N

F; c2 :¼ inf
z AEnfð0;0Þg

max
tb0

FðtzÞ; c :¼ inf
g AG

sup
t A ½0;1�

FðgðtÞÞ;
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where

G ¼ fg A Cð½0; 1�;EÞ : gð0Þ ¼ ð0; 0Þ;Fðgð1ÞÞ < 0g:

Employing Lemmas 2.3–2.5, we can show the following lemma in the same
way as [16, 27].

Lemma 2.6. Assume that (S1) is satisfied. Then c1 ¼ c2 ¼ c > 0 and there
exists a sequence fzng ¼ fðun; vnÞg � E satisfying

FðznÞ ! c; kF 0ðznÞkð1þ kznkÞ ! 0:ð2:6Þ

Lemma 2.7. Assume that (S1) is satisfied. Then any sequence fzng � E
satisfying (2.6) is bounded in E.

Proof. By virtue of (2.3) and (2.4), we obtain that

d þ oð1Þ ¼ FðznÞ �
1

p
hF 0ðznÞ; zni

¼ 1

2
� 1

p

� �
kznk2 þ

1

p
� 1

2�

� �
kvnk2

�

2 �

b
1

2
� 1

p

� �
kznk2:

Hence, the sequence fzng is bounded in E. r

Analogous to the proof of [8, Lemma 2.4], we have the following
lemma.

Lemma 2.8. Assume that (S1) is satisfied, and that aðxÞ < m0. Then there

holds c2 <
1

N
SN=2.

3. Proofs of the results

In this section, we give the proofs of Theorem 1.2 and Corollary 1.3.
Define a functional F0 as follows:

F0ðu; vÞ ¼
1

2

ð
RN

½j‘uj2 þ j‘vj2 þ a0ðxÞu2 þ b0ðxÞv2 � 2l0ðxÞuv� dxð3:1Þ

� 1

p

ð
RN

jujp dx� 1

2�

ð
RN

jvj2
�
dx; Eðu; vÞ A E:

Then (A0), (B0) and (S0) imply that F0 A C1ðE;RÞ, and
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hF 0
0ðzÞ; ~zzi ¼

ð
RN

½‘u � ‘~uuþ ‘v � ‘~vvþ a0ðxÞu~uuþ b0ðxÞv~vv� l0ðxÞðu~vvþ v~uuÞ� dxð3:2Þ

�
ð
RN

jujp�2
u~uu dx�

ð
RN

jvj2
��2

v~vv dx;

Ez ¼ ðu; vÞ; ~zz ¼ ð~uu; ~vvÞ A E:

Proof of Theorem 1.2. Lemma 2.6 yields the existence of a se-
quence fzng ¼ fðun; vnÞg � E satisfying (2.6). This, together with Lemma 2.8,
implies

FðznÞ ! c <
1

N
SN=2; kF 0ðznÞkð1þ kznkÞ ! 0:ð3:3Þ

Employing Lemma 2.7, fzng is bounded in E. Passing to a subsequence, we can
assume that

zn ¼ ðun; vnÞ * z ¼ ðu; vÞ in E; zn ! z in Ls
locðRNÞ � Ls

locðRNÞ;ð3:4Þ

2a s < 2�; zn ! z a:e: on RN :

Next, we prove that z0 ð0; 0Þ. Arguing by contradiction, suppose that
z ¼ ð0; 0Þ, i.e. zn * ð0; 0Þ in E, and so zn ! ð0; 0Þ in Ls

locðR
NÞ � Ls

locðR
NÞ,

2a s < 2� and zn ! ð0; 0Þ a.e. on RN . Hence, using the Hölder inequality,
it is easy to get that

lim
jxj!y

ð
RN

a1ðxÞu2n dx ¼ 0; lim
jxj!y

ð
RN

b1ðxÞv2n dx ¼ 0;ð3:5Þ

and

lim
jxj!y

ð
RN

l1ðxÞunvn dx ¼ 0:ð3:6Þ

Note that

F0ðznÞ ¼ FðznÞ �
1

2

ð
RN

½a1ðxÞu2n þ b1ðxÞv2n � 2l1ðxÞunvn� dxð3:7Þ

and

hF 0
0ðznÞ; ~zzni ¼ hF 0ðznÞ; ~zzni�

ð
RN

½a1ðxÞun~uun þ b1ðxÞvn~vvnð3:8Þ

� 2l1ðxÞðun~vvn þ ~uunvnÞ� dx; E~zzn ¼ ð~uun; ~vvnÞ A E:

By a standard argument, we can prove that

F0ðznÞ ! c; kF 0
0ðznÞkð1þ kznkÞ ! 0:ð3:9Þ
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If d :¼ lim supn!y supy AR
Ð
B1ð yÞ jznj

2 dx ¼ 0, then using the Lions’ concentra-

tion compactness principle [20, Lemma 1.21] we have

kznks
s ! 0 ) kunks

s ! 0 and kvnks
s ! 0; E2 < s < 2�:ð3:10Þ

Hence, it follows from (2.3), (2.4), (3.3) and (3.10) that

kvnk2
�

2 � ¼ N FðznÞ �
1

2
hF 0ðznÞ; zni� p� 2

2p
kunkp

p

� �
¼ Ncþ oð1Þ:ð3:11Þ

The combination of (2.4), (3.3), (3.10) and (3.11) implies that

kznk2 ¼ hF 0ðznÞ; zniþ kunkp
p þ kvnk2

�

2 � ¼ Ncþ oð1Þ;

which, together with (3.5) and (3.6), yields thatð
RN

½j‘unj22 þ j‘vnj22 þ a0ðxÞu2n þ b0ðxÞv2n � 2l0ðxÞunvn� dx ¼ Ncþ oð1Þ:ð3:12Þ

From (1.3), (3.11), (3.12) and (S2), one can get

Ncþ oð1Þ ¼ kvnk2
�

2 � aS�N=ðN�2Þðk‘vnk22Þ
N=ðN�2Þð3:13Þ

aS�N=ðN�2Þ
�
k‘unk22 þ k‘vnk22 þ

ð
RN

½a0ðxÞu2n

þ b0ðxÞv2n � 2l0ðxÞunvn� dx
�N=ðN�2Þ

¼ Nc

S

� �N=ðN�2Þ
þ oð1Þ:

Applying Lemma 2.6, (3.13) implies that

c2 ¼ cb
1

N
SN=2;

which contradicts (3.3). Thus d > 0.
Going if necessary to a subsequence, we may assume the existence

of kn A ZN such that
Ð
B1þ

ffiffiffi
N

p ðknÞ jznj
2 dx >

d

2
. Define ~zznðxÞ ¼ ð~uunðxÞ; ~vvnðxÞÞ ¼

znðxþ knÞ. Then k~zznkH 1ðRÞ�H 1ðRÞ ¼ kznkH 1ðRÞ�H 1ðRÞ andð
B1þ

ffiffiffi
N

p ð0Þ
j~zznj2 dx >

d

2
:ð3:14Þ

Since a0ðxÞ, b0ðxÞ and l0ðxÞ are periodic, by (3.9), we have

F0ð~zznÞ ! c; kF 0
0ð~zznÞkð1þ k~zznkÞ ! 0:ð3:15Þ
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Note that f~zzng is bounded in H 1ðRNÞ �H 1ðRNÞ, then passing to a subsequence,
we can assume that ~zzn * ~zz ¼ ð~uu; ~vvÞ in E, ~zzn ! ~zz in Ls

locðRNÞ � Ls
locðRNÞ,

2a s < 2� and ~zzn ! ~zz a.e. on RN . Obviously, (3.14) implies that ~zz0 ð0; 0Þ
on B1þ

ffiffiffi
N

p ð0Þ. By virtue of (3.7), (3.8), (3.15) and Fatou’s lemma, we obtain
that

c ¼ lim
n!y

F0ð~zznÞ �
1

2
hF 0

0ð~zznÞ; ~zzni
� �

ð3:16Þ

¼ lim
n!y

1

2
� 1

p

� �
k~uunkp

p þ
1

2
� 1

2�

� �
k~vvnk2

�

2 �

� �

b
1

2
� 1

p

� �
k~uukp

p þ
1

2
� 1

2�

� �
k~vvk2

�

2 �

¼ F0ð~zzÞ �
1

2
hF 0

0ð~zzÞ; ~zzi ¼ F0ð~zzÞ:

For ~zz0 ð0; 0Þ, according to Lemma 2.4, there exists t0 ¼ tð~zzÞ > 0 such that
t0~zz A N, and so Fðt0~zzÞb c. Since hF 0

0ð~zzÞ; ~zzi ¼ 0, by the same way as the proof
of Lemma 2.5 we can verify that F0ð~zzÞbF0ðt~zzÞ for all tb 0. Thus, it follows
from (3.1), (3.7), (3.16) and (S2) that

cbF0ð~zzÞbF0ðt0~zzÞ

¼ Fðt0~zzÞ þ
t20
2

ð
RN

½2l1ðxÞ~uu~vv� a1ðxÞ~uu2 � b1ðxÞ~vv2� dx

> Fðt0~zzÞb c:

This contradiction implies that that z0 ð0; 0Þ given by (3.4). By a standard
argument, we can verify that F 0ðzÞ ¼ 0 and FðzÞ ¼ c ¼ infN F > 0. This shows
that z A H 1ðRNÞ �H 1ðRNÞ is a solution for Problem (1.1). r

Obviously, Corollary 1.3 is the direct consequence of Lemma 2.2 and
Theorem 1.2.
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