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RATE FUNCTIONS FOR RANDOM WALKS ON RANDOM

CONDUCTANCE MODELS AND RELATED TOPICS

Chikara Nakamura

Abstract

We consider laws of the iterated logarithm and the rate function for sample paths of

random walks on random conductance models under the assumption that the random

walks enjoy long time sub-Gaussian heat kernel estimates.

1. Introduction

The random conductance model (RCM) is a pair of a graph and a family
of non-negative random variables (random conductances) which are indexed by
edges of the graph. The RCM includes various important examples such as the
supercritical percolation cluster, whose random conductances are i.i.d. Bernoulli
random variables. In the recent progress on the RCM, various asymptotic
behaviors of random walks are obtained on a class of RCM such as invariance
principle, functional CLT, local CLT and long time heat kernel estimates. Here
is a partial list of examples of the RCM;

1. Uniform elliptic case [14],
2. The supercritical percolation cluster [3],
3. I.i.d. unbounded conductance bounded from below [5],
4. I.i.d. bounded conductance under some tail conditions near 0 [10],
5. The level sets of Gaussian free field and the random interlacements [34].

We refer to [8], [32], [36] for the invariance principle for random walks on the
supercritical percolation cluster, [6] for the local limit theorem for random walks
on the supercritical percolation cluster, [1] for the invariance principle on general
i.i.d. RCMs, [2] for the Gaussian heat kernel upper bound on the possibly
degenerate RCMs. We also refer to [9] and [29] for more details about the
RCM.

In [31], we discussed the laws of the iterated logarithms (LILs) for discrete
time random walks on a class of RCM under the assumption on long time heat
kernel estimates. The aims of this paper are to establish the laws of the iterated
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logarithm and to describe the rate functions for the sample paths of continuous
time random walks on the RCM.

The LILs describe the fluctuation of stochastic processes, which was orig-
inally obtained by Khinchin [24] for a random walk. We establish the LIL w.r.t.
both sup0asat dðY o

0 ;Y o
s Þ and dðY o

0 ;Y o
t Þ, and another LIL, which describes

liminf behavior of sup0asat dðY o
0 ;Y o

s Þ, where fY o
t gtb0 is a continuous time

random walk on the random environment o.
The rate function describes the sample path ranges of stochastic processes.

For d-dimensional Brownian motion B ¼ fBtgtb0, the Kolmogorov test tells us
that

PðjBtjb t1=2hðtÞ for su‰ciently large tÞ

¼ 1

0;

�
according as

ðy
1

1

t
hðtÞde�hðtÞ2=2 dt

< y

¼ y;

�

where hðtÞ is a positive function such that hðtÞ % y as t ! y. For db 3, the
Dvoretzky and Erdős test tells us that

PðjBtjb t1=2hðtÞ for su‰ciently large tÞð1:1Þ

¼ 1

0;

�
according as

ðy
1

1

t
hðtÞd�2

dt
< y

¼ y;

�
where hðtÞ is a positive function such that hðtÞ & 0 as t ! y. These results
were extended to various frameworks such as symmetric stable processes on
Rd , Brownian motions on Riemannian manifolds, symmetric Markov chains
on weighted graphs and b stable like processes (bb 2). We refer to [21], [25],
[26], [39], [41] for stable processes on Rd , [18], [19] for Brownian motions on
Riemannian manifolds, [22], [23] for symmetric Markov chains on weighted
graphs, [35] for b stable like processes. We establish an analogue of (1.1) w.r.t.
random walks on the RCM.

Our approach is as follows; We assume quenched heat kernel estimates and
establish both quenched LILs and an analogue of the Dvoretzky and Erdős test.
As we will see in Section 1.2, our results are applicable for various models since
heat kernel estimates are obtained for random walks on various RCMs. The
concrete examples are given in Section 1.2.

The organization of this paper is as follows. First, we give the framework
and main results of this paper in Section 1.1 and examples in Section 1.2. In
Section 2 we establish some preliminary results. In Section 3 we give the proof
of the LILs. In Section 4 we establish an analogue of (1.1). Finally in Section
5 we discuss the case where G ¼ Zd and the media is ergodic.

In this paper, we use the following notation.

Notation. (1) We use c;C; c1; c2; . . . as the deterministic positive constants.
These constants do not depend on the random environment o, time para-
meters t; s . . . , distance parameters r; . . . , and vertices of graphs.

(2) We define a4b :¼ maxfa; bg and a5b :¼ minfa; bg.
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1.1. Framework and main results
Let G ¼ ðV ;EÞ ¼ ðVðGÞ;EðGÞÞ be a countable and connected graph of

bounded degree, i.e. M :¼ supx AVðGÞ deg x < y. We write x@ y i¤ ðx; yÞ A
EðGÞ. A sequence lxy : x ¼ x0, x1; . . . ; xn ¼ y on G is called a path from x
to y if xi @ xiþ1 for all i ¼ 0; 1; . . . ; n� 1. We write dð� ; �Þ as the usual graph
distance, that is, the length of a shortest path in G, and denote Bðx; rÞ ¼
fy A VðGÞ j dðx; yÞa rg.

Throughout this paper we assume that there exist ab 1, c1; c2 > 0 such that

c1r
a
aaBðx; rÞa c2r

að1:2Þ
for any x A VðGÞ and rb 1.

We introduce the random conductance model below. Let o ¼
foe ¼ oxyge¼ðx;yÞ AEðGÞ be a family of non-negative weight which is defined on

a probability space ðW;F ;PÞ. We call o the random conductance. For non-
negative weights o ¼ foege, we define poðxÞ ¼

P
y;y@x oxy and noðxÞ ¼ 1. We

fix a base point x0 A VðGÞ, and define graphs Go ¼ ðVðGoÞ;EðGoÞÞ as

VðGoÞ ¼ y A VðGÞ
����� There exists a path lx0y : x0; x1; . . . ; xn ¼ y such that

oxixiþ1
> 0 for all i ¼ 0; 1; . . . ; n� 1:

( )
;

EðGoÞ ¼ fe ¼ ðx; yÞ A EðGÞ j x; y A VðGoÞ and oxy > 0g:

We denote doð� ; �Þ as the graph distance of Go. Note that Go ¼ G and do ¼ d
if conductance o is strictly positive.

We will consider two types of random walks, constant speed random walk
(CSRW) and variable speed random walk (VSRW) associated with o A W.
Both CSRW and VSRW are continuous time random walks whose transition

probability is given by Poðx; yÞ ¼ oxy

poðxÞ . For the CSRW, the holding time

distribution at x A VðGoÞ is Exp ð1Þ, whereas for the VSRW, the holding time
distribution at x A VðGoÞ is Exp ðpoðxÞÞ. We write Lo

y for the generator which
is given by

Lo
y f ðxÞ ¼ 1

yoðxÞ
X
y;y@x

ð f ðyÞ � f ðxÞÞoxy;

and we also write the corresponding heat kernel as

qo
t ðx; yÞ ¼

Poðx; yÞ
yoðyÞ ;

where yo ¼ po for the CSRW case and yo 1 1 for the VSRW case. We write
Y o ¼ fY o

t gtb0 as either the CSRW or the VSRW, Po
x as the law of the random

walk Y o which starts at x, and

tF ¼ toF ¼ infftb 0 jY o
t B Fg; sF ¼ so

F ¼ infftb 0 jY o
t A Fg;ð1:3Þ

sþ
F ¼ sþo

F ¼ infft > 0 jY o
t A Fg:
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We denote F o ¼ F \ VðGoÞ, V oðF Þ ¼
P

y AF\V oðGÞ y
oðyÞ for F � VðGÞ and

V oðx; rÞ ¼ V oðBðx; rÞÞ. We write T o
0 ¼ 0 and T o

nþ1 ¼ infft > T o
n jY o

t 0Y o
T o
n
g,

and introduce a discrete time random walk fX o
n :¼ Y o

T o
n
gnb0.

First, we state the results about the LILs. To do this, we need the following
assumptions.

Assumption 1.1. There exist positive constants e, b such that eþ 1 < b and a
family of non-negative random variables fNx ¼ Nx; egx AVðGÞ such that the following
hold;

(1) There exist positive constants c1:1, c1:2, c1:3, c1:4 such that

qo
t ðx; yÞa

c1:1

ta=b
exp �c1:2

dðx; yÞb

t

 !1=ðb�1Þ
0
@

1
A; if tb dðx; yÞ;

c1:3 exp �c1:4dðx; yÞ 14log
dðx; yÞ

t

� �� �
; if ta dðx; yÞ;

8>>>><
>>>>:

ð1:4Þ

for almost all o A W, all x; y A VðGoÞ and tbNxðoÞ.
(2) There exist positive constants c2:1, c2:2 such that

qo
t ðx; yÞb

c2:1

ta=b
exp �c2:2

dðx; yÞb

t

 !1=ðb�1Þ
0
@

1
Að1:5Þ

for almost all o A W, all x; y A VðGoÞ and tb 0 with dðx; yÞ1þe4NxðoÞ
a t.

(3) There exist positive constants c3:1, c3:2 such that

c3:1r
a
aV oðx; rÞa c3:2r

að1:6Þ

for almost all o A W, all x A VðGoÞ and rbNxðoÞ.
(4) There exist positive constants c4:1, c4:2, c4:3, c4:4, c4:5 such that

qo
t ðx; yÞð1:7Þ

a

c4:1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yoðxÞyoðyÞ

p exp �c4:2
dðx; yÞ2

t

 !
; if tbc4:3dðx; yÞ;

c4:4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yoðxÞyoðyÞ

p exp �c4:5dðx; yÞ 14log
dðx; yÞ

t

� �� �
; if tac4:3dðx; yÞ;

8>>>><
>>>>:

for almost all o A W, all t > 0 and x; y A VðGoÞ with dðx; yÞbNxðoÞ5
NyðoÞ.

Note that (1.4) holds for tbNxðoÞ while (1.7) holds for all t > 0. (1.7) is
called the Carne-Varopoulos bound. This type of bound was originally obtained
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by [11], [43]. It is known that (1.7) holds under general conditions which will be
described in the following Proposition (see [17, Theorems 2.1 and 2.2]).

Proposition 1.2. Let fNxg be as in Assumption 1.1 and do
y ð� ; �Þ be a metric

on Go ¼ ðVðGoÞ;EðGoÞÞ which satisfies

1

yoðxÞ
X

y AVðGoÞ
do
y ðx; yÞ

2oxy a 1:ð1:8Þ

If there exists a positive constant c such that do
y ðx; yÞb cdðx; yÞ for all x; y A

VðGoÞ with dðx; yÞbNxðoÞ5NyðoÞ, then (1.7) holds.

Next we assume the following three types of integrability conditions.

Assumption 1.3. Let fNxgx AVðGÞ be as in Assumption 1.1 and define f ðtÞ ¼
feðtÞ ¼ PðNx b tÞ. We impose one of the following three types of integrability
conditions on f ðtÞ.

(1)
P

nb1 n
af ðnÞ < y,

(2)
P

nb1 n
abf ðnÞ < y,

(3) For positive and non-increasing function hðtÞ,
P

n n
af ðnhðnbÞÞ < y.

We now state the main results of this paper.

Theorem 1.4. (1) Under Assumptions 1.1 (1) (2) (3) and 1.3 (1), for almost
all o A W there exists positive numbers c1 ¼ co1 , c2 ¼ co2 such that

lim sup
t!y

dðY o
0 ;Y o

t Þ
t1=bðlog log tÞ1�1=b

¼ c1; Po
x -a:s: for all x A VðGoÞ;

lim sup
t!y

sup0asat dðY o
0 ;Y o

s Þ
t1=bðlog log tÞ1�1=b

¼ c2; Po
x -a:s: for all x A VðGoÞ:

ð1:9Þ

(2) Under Assumptions 1.1 (1) (2) (3) and 1.3 (2), for almost all o A W there
exist a positive number c3 ¼ co3 such that

lim inf
t!y

sup0asat dðY o
0 ;Y o

s Þ
t1=bðlog log tÞ�1=b

¼ c3; Po
x -a:s: for all x A VðGoÞ:ð1:10Þ

Theorem 1.5. Suppose Assumption 1.1 (1) (2) (3) (4) and a=b > 1. In
addition yoðxÞ ¼ poðxÞb c for a positive constant c > 0 in the case of CSRW.
Let h : ð1;yÞ ! ð0;yÞ be a function such that hðtÞ & 0 as t ! y and the

function jðtÞ :¼ t1=bhðtÞ is increasing. If hðtÞ satisfies Assumption 1.3 (3), then

Po
x ðdðx;Y o

t Þb t1=bhðtÞ for all su‰ciently large tÞ ¼ 1;

for almost all o A W and all x A VðGoÞ;
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or

Po
x ðdðx;Y o

t Þb t1=bhðtÞ for all su‰ciently large tÞ ¼ 0;

for almost all o A W and all x A VðGoÞ;

according as
Ðy
1

1

t
hðtÞa�b

dt < y or ¼ y respectively.

Note that the condition a=b > 1 implies the transience of fY o
t gtb0.

Finally we discuss the constants c1, c2, c3 in (1.9) and (1.10). When we
consider a case of G ¼ Zd , we can take c1, c2 as deterministic constants under
some appropriate assumptions. To state this, we take the base point x0 ¼ 0 A Zd

and we write shift operators as tx, ðx A ZdÞ, where tx is given by

ðtxoÞyz ¼ oxþy;xþz:ð1:11Þ

We assume the following conditions.

Assumption 1.6. Assume that ðW;F ;PÞ satisfies the following conditions;
(1) P is ergodic with respect to the translation operators tx, namely P � tx ¼ P

and if txðAÞ ¼ A for all x A Zd and for all A A F then PðAÞ ¼ 0 or 1.
(2) For almost all environment o, VðGoÞ contains a unique infinite connected

component.
(3) (VSRW case) E

1

poð0Þ

� �
A ð0;yÞ.

Theorem 1.7. Suppose that the same assumptions as in Theorem 1.4 are
fulfilled and suppose in addition Assumption 1.6. Then we can take c1, c2, c3 in
(1.9) and (1.10) as deterministic constants (i.e. do not depend on o).

1.2. Example
In this subsection, we give some examples for which our results are

applicable.

Example 1.8 (Bernoulli supercritical percolation cluster). Let G ¼ ðZd ;EdÞ
be a graph, where Ed ¼ ffx; yg j x; y A Zd ; jx� yj1 ¼ 1g. Put a Bernoulli random
variable oe with Pðhe ¼ 1Þ ¼ p on each edge. This model is called the bond
percolation. We write pcðdÞ as the critical probability. It is known that there
exists a unique infinite connected component when p > pcðdÞ. See [20] for more
details about the percolation.

Barlow [3] proved that heat kernels of CSRWs on the super-critical per-
colation cluster (that is, when p > pcðdÞ) on Zd , db 2 satisfy Assumptions 1.1
(1) (2) (3) (4) and 1.3 (1) (2) with a ¼ d, b ¼ 2 and feðtÞ ¼ c expð�c 0tdÞ for some
c; c 0; d > 0. Since the media is i.i.d. and there exists a unique infinite con-
nected component, we can obtain Theorem 1.4 with deterministic constants by
Theorem 1.7.
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In addition, we can easily check that hðtÞ ¼ 1

ðlog tÞk=ðd�2Þ for k > 0 satisfy the

conditions in Assumption 1.3 (3) and the assumptions of Theorem 1.5 in the
case of d > 2. Thus Po

x ðdðx;Y o
t Þb t1=bhðtÞ for all su‰ciently large t) ¼ 1; 0

according as k > d � 2, a d � 2 respectively by Theorem 1.5.
Note that (1.9) for the supercritical percolation cluster was already obtained

by [16, Theorem 1.1].

Example 1.9 (Gaussian free fields and random interlacements). The Gaus-
sian free field on a graph G ¼ ðV ;EÞ is a family of centered Gaussian variables
fjxgx AG with covariance E½jxjy� ¼ gðx; yÞ, where gðx; yÞ is the Green function of
a random walk on G. Here we are interested in the level sets of the Gaussian
free field Eh ¼ fx A V j jx b hg. We can regard the level sets as one of the
percolation models which has correlation among the vertices in V . See [38] for
the details.

The random interlacements concern geometries of random walk trajectories,
e.g. how many random walk trajectories are needed to make the underlying graph
disconnected? Sznitman [37] formulated the model of random interlacements.
Although the model of random interlacements is defined through Poisson point
process on a trajectory space, we can also regard this model as the percolation
model with long range correlation. From the viewpoint of the RCM, we can
regard the model of random interlacements as one of the RCM whose conduc-
tances take the value 0 or 1 and the conductances are not independent. See [15]
for the details.

Sapozhnikov [34, Theorem 1.15] proved that for Zd , db 3, the CSRWs on
(i) certain level sets of the Gaussian free fields; (ii) random interlacements at
level u > 0; (iii) vacant sets of random interlacements for suitable level sets,
satisfy our Assumption 1.1 (1) (2) (3) with a ¼ d, b ¼ 2 and the tail estimates

of NxðoÞ as feðtÞ ¼ c expð�c 0ðlog tÞ1þdÞ for some c; c 0; d > 0. As the same
reason with the case of Bernoulli supercritical percolation cluster, Assumption
1.1 (3) is also satisfied in these models. This subexponential tail estimate is

su‰cient for Assumption 1.3 (3) with hðtÞ ¼ 1

ðlog tÞk=ðd�2Þ for k > 0. Since the

media is ergodic and there is a unique infinite connected components (see [33],
[37, Corollary 2.3] and [42, Theorem 1.1]), Theorem 1.4 holds with deterministic

constants by Theorem 1.7, and Theorem 1.5 holds with hðtÞ ¼ 1

ðlog tÞk=ðd�2Þ for
kb d � 2, < d � 2 respectively.

Example 1.10 (Uniform elliptic case). Suppose that a graph G ¼ ðV ;EÞ is
endowed with weight 1 on each edge and satisfies (1.2) and the scaled Poincaré
inequalities. Take c1, c2 as positive constants and put random conductances on
all edges so that c1 aoðeÞa c2 for all e A E and for almost all o. Delmotte [14]
obtained Gaussian heat kernel estimates for CSRWs in this framework. Thus
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Assumption 1.1 (1) (2) (3) hold with b ¼ 2 and Nx 1 1. Hence Theorem 1.4
holds.

In addition, this model satisfies Assumption 1.1 by [13, Corollaries 11 and 12].
(See also Proposition 1.2, note that the graph distance satisfies (1.8) for CSRW

case.) Thus Theorem 1.5 holds with hðtÞ ¼ 1

ðlog tÞk=ðd�2Þ (kb d � 2, < d � 2
respectively).

Example 1.11 (Unbounded conductance bounded from below). Let G ¼ Zd

ðdb 2Þ and put random conductances o ¼ foxygxy AE which take the value ½1;yÞ.
Barlow and Deuschel [5, Theorem 1.2] proved that the heat kernels of VSRW
satisfy Assumptions 1.1 (1) (2) and 1.3 (1) (2) with a ¼ d, b ¼ 2 and feðtÞ ¼
c1 expð�c2t

dÞ for some c1; c2; d > 0. (Note that Assumption 1.1 (3) is trivial
since V oðx; rÞ ¼aBðx; rÞ for the VSRW case.) Hence Theorem 1.4 holds.

In addition, this model satisfies Assumption 1.1 (4) by either [5, Theorems
2.3 and 4.3 (b)] or [17, Theorems 2.1 and 2.2]. Thus Theorem 1.5 for the VSRW

holds with hðtÞ ¼ 1

ðlog tÞk=ðd�2Þ (kb d � 2, < d � 2 respectively).

Moreover, if the conductances foege satisfy Assumption 1.6 (3) then
Theorem 1.4 holds with deterministic constants.

2. Consequences of Assumption 1.1

In this section we give some preliminary results of our assumptions.

2.1. Consequences of heat kernel estimates
In this subsection, we give preliminary results of Assumption 1.1 (1) (2) (3).
Recall the notations in (1.4).

Lemma 2.1. Suppose Assumption 1.1 (1) (3). For all d A ð0; c1:25c1:4Þ there
exist positive constants c1 ¼ c1ðdÞ, c2 ¼ c2ðdÞ, c3 ¼ c3ðdÞ such that

Po
x ðdðx;Y o

t Þb rÞa c1 exp �ðc1:2 � dÞ r

t1=b

� �b=ðb�1Þ
" #

þ c2 expð�c3tÞð2:1Þ

for almost all o A W, all x A VðGoÞ, rbNxðoÞ and tbNxðoÞ.

This lemma is standard except for the part of estimates of Poissonian regime
(the bottom line of (1.4)). For the sake of completeness we give the proof here.

Proof. We first prepare some preliminary facts to estimate Po
x ðdðx;Y o

t Þb rÞ.
Set h1ðh; sÞ ¼ exp½�hsb=ðb�1Þ� and h2ðh; sÞ ¼ exp½�hs�. For h1ðh; sÞ, we can easily
see that there exists a constant z0 > 1 such that

h1ðh; zsÞa h1ðh; 1Þh1ðh; sÞð2:2Þ
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for all zb z0, h > 0 and sb 1. (We can take z0 as the positive number which

satisfies z
b=ðb�1Þ
0 � 1 ¼ 1.) For h2ðh; sÞ, we can easily see that

h2ðh; zsÞa h2ðh; 1Þh2ðh; sÞð2:3Þ

for all zb 2, h > 0 and sb 1. Next, we easily see that for all z > 1 there exists
c1 ¼ c1ðzÞ such that for almost all o A W

V oðx; rzÞa c1V
oðx; rÞð2:4Þ

for all x A VðGÞ and for all rbNxðoÞ. (Use (1.6) and take c1 ¼
c3:2z

a

c3:1
.)

Thirdly, it is also easy to see that for all d A ð0; c1:2Þ there exists c2ðdÞ such
that

sa exp½�c1:2s
b=ðb�1Þ�a c2ðdÞ exp½�ðc1:2 � dÞsb=ðb�1Þ�ð2:5Þ

for all sb 1, where c1:2 is the same constant as in (1.4). We can also see that
for all d A ð0; c1:4Þ there exists a positive constant c3 ¼ c3ðdÞ such that

sa exp½�c1:4s�a c3ðdÞ exp½�ðc1:4 � dÞs�ð2:6Þ

for all sb 1. Using (2.5), we can see that for dðx; zÞb sb t1=b and d A ð0; c1:2Þ

c1:1

ta=b
exp �c1:2

dðx; zÞ
t1=b

� �b=ðb�1Þ
" #

ð2:7Þ

¼ c1:1

dðx; zÞa
dðx; zÞ
t1=b

� �a
exp �c1:2

dðx; zÞ
t1=b

� �b=ðb�1Þ
" #

a
c4ðdÞ

dðx; zÞa exp �ðc1:2 � dÞ dðx; zÞ
t1=b

� �b=ðb�1Þ
" #

ðuse ð2:5ÞÞ

a
c4ðdÞ
sa

exp �ðc1:2 � dÞ s

t1=b

� �b=ðb�1Þ
" #

; ðuse dðx; zÞb sÞ:

Now we estimate Po
x ðdðx;Y o

t Þb rÞ. We first consider the case ra t1=b.
Since s 7! h1ðh; sÞ, (h > 0) is non-increasing, we have

Po
x ðdðx;Y o

t Þb rÞa 1a

h1 c1:2;
r

t1=b

� �
h1ðc1:2; 1Þ

¼ c5h1 c1:2;
r

t1=b

� �
;ð2:8Þ

where we set c5 ¼ 1=hðc1:2; 1Þ. So we may and do assume rb t1=b. Take
zb z042 so that (2.2), (2.3) and (2.4) hold. We divide Po

x ðdðx;Y o
t Þb rÞ into
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XK�1

k¼0

X
z ABoðx; rzkþ1ÞnBoðx; rzkÞ

þ
X

z ABoðx; btcÞnBoðx; rzK Þ

0
@

1
Aqo

t ðx; zÞy
oðzÞ;

X
z ABoðx; rzKþ1ÞnBoðx; btcÞ

þ
Xy

k¼Kþ1

X
z ABoðx; rzkþ1ÞnBoðx; rzkÞ

0
@

1
Aqo

t ðx; zÞy
oðzÞ;

ð2:9Þ

where K is the positive integer which satisfies rzK a t < rzKþ1 and btc is the
greatest integer which is less than or equal to t. We have for tbNxðoÞ,
rbNxðoÞ and using (1.4)

ðThe first term of ð2:9ÞÞð2:10Þ

a
XK
k¼0

X
z ABoðx; rzkþ1ÞnBoðx; rzkÞ

c1:1

ta=b
exp �c1:2

dðx; zÞ
t1=b

� �b=ðb�1Þ
" #

yoðzÞ

a
XK
k¼0

c6ðdÞ
ðrzkÞa

exp �ðc1:2 � dÞ rzk

t1=b

 !b=ðb�1Þ
2
4

3
5ðrzkþ1Þa

ðuse ð2:7Þ and ð1:6ÞÞ

a
XK
k¼0

c7ðd; zÞh1 c1:2 � d;
rzk

t1=b

 !

a c7ðd; zÞh1 c1:2 � d;
r

t1=b

� �XK
k¼0

h1ðc1:2 � d; 1Þk ðuse ð2:2ÞÞ

a c8ðd; zÞ exp �ðc1:2 � dÞ r

t1=b

� �b=ðb�1Þ
" #

; ðsince h1ðc1:2 � d; 1Þ < 1Þ:

For the second term of (2.9), using (1.4), tbNxðoÞ and rbNxðoÞ we have

ðThe second term of ð2:9ÞÞð2:11Þ

a
Xy
k¼K

X
z ABoðx; rzkþ1ÞnBoðx; rzkÞ

c1:3 exp �c1:4dðx; zÞ 14log
dðx; zÞ

t

� �� �
yoðzÞ

a
Xy
k¼K

X
z ABoðx; rzkþ1ÞnBoðx; rzkÞ

c1:3 exp½�c1:4dðx; zÞ�yoðzÞ

since 14log
dðx; zÞ

t
b 1

� �

a
Xy
k¼K

c9 exp½�c1:4ðrzkÞ�ðrzkþ1Þa ðuse ð1:6ÞÞ
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a c10ðz; dÞ
Xy
k¼K

exp½�ðc1:4 � dÞrzk� ðuse ð2:6ÞÞ

¼ c10ðz; dÞ
Xy
k¼K

h2ðc1:4 � d; rzkÞ

a c11ðz; dÞh2ðc1:4 � d; rzKÞ
Xy
k¼0

h2ðc1:4 � d; 1Þk ðuse ð2:3ÞÞ

a c12ðz; dÞ exp½�c13ðz; dÞt�; ðsince rzK a t < rzKþ1Þ:

Therefore, by (2.8), (2.10), (2.11) and adjusting the constants, we obtain
(2.1). We thus complete the proof. r

Again recall the notations c1:2 and c1:4 in (1.4).

Lemma 2.2. Suppose Assumption 1.1 (1) (3). Then for all d A ð0; c1:25c1:4Þ
there exist positive constants c1 ¼ c1ðdÞ, c2 ¼ c2ðdÞ, c3 ¼ c3ðdÞ such that

Po
x sup

0asat

dðx;Y o
s Þb 2r

� �
ð2:12Þ

a c1 exp �ðc1:2 � dÞ r

ð2tÞ1=b

 !b=ðb�1Þ
2
4

3
5þ c2 exp½�c3t�

Po
x sup

0asat

dðy;Y o
s Þb 4r

� �
ð2:13Þ

a c1 exp �ðc1:2 � dÞ r

ð2tÞ1=b

 !b=ðb�1Þ
2
4

3
5þ c2 exp½�c3t�

for almost all o A W, all x; y A VðGoÞ, tb 1 and rb 1 with dðx; yÞa 2r, tb
maxu ABðx;2rÞ NuðoÞ and rbmaxu ABðx;2rÞ NuðoÞ.

Proof. This is standard (see the proof of [4, Lemma 3.9 (c)]), so we omit
the proof. r

Lemma 2.3. Suppose Assumption 1.1 (1) (2) (3). Then there exist positive
constants hb 1, c1; c2 > 0 such that

Po
x sup

0asat

dðx;Y o
s Þa 3hr

� �
b c1 exp �c2

t

rb

� �
ð2:14Þ

for almost all o A W, all x A VðGoÞ, tb rb 1 with r1=b bmaxz ABðy;3hrÞ NzðoÞ.
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Proof. The proof is quite similar to that of [30, Proposition 3.3], so we omit
the proof. r

Let c1, c2 be as in Lemma 2.3. Note that we can assume that c1 < 1 (and
therefore c1 exp½�c2� A ð0; 1Þ). We define r1, ak, bk, lk, uk, sk as

r1 ¼ c1 exp½�c2�; a
b
k ¼ ek

2

; b
b
k ¼ ek;

lk ¼
2

3jlog r1j
logð1þ kÞ; uk ¼ lka

b
k ; sk ¼

Xk�1

i¼1

ui:
ð2:15Þ

Corollary 2.4 (Corollary of Lemma 2.3). Let hb 1 be as in Lemma 2.3.
Then under Assumption 1.1 (1) (2) (3) we have

inf
z ABoðx;akÞ

Po
z sup

0asauk

dðz;Y o
s Þa 3hak

 !
b rlk

1ð2:16Þ

for almost all o A W, all k with maxz ABðx;4hakÞ NvðoÞa a
1=b
k .

Proof. We can see from Lemma 2.3 that

Po
z sup

0asauk

dðz;Y o
s Þa 3hak

 !
b c1 exp �c2

uk

a
b
k

" #
b rlk

1

for all kb 1 with maxv ABðz;3hakÞ NvðoÞa a
1=b
k . Hence (2.16) holds for k with

maxz ABðx;akÞ maxv ABðz;3hakÞ NvðoÞa a
1=b
k . r

Lemma 2.5. Suppose Assumption 1.1 (1) (3). Then there exist positive con-
stants c1, c2 such that

Po
x sup

0asat

dðx;Y o
s Þa r

� �
a c1 exp �c2

t

rb

� �

for almost all environment o A W, all x A VðGoÞ, tb 1 and rb 1 with
maxy ABðx; rÞ NyðoÞa 2r.

Proof. The proof is quite similar to that of [30, Lemma 3.2], so we omit it.
r

We will need the following version of 0–1 law.

Theorem 2.6 (0–1 law for tail events). For almost all environment o A W,
the following holds; Let Ao be a tail event, i.e. Ao A

Ty
t¼0 sfY o

s : sb tg. Then
either Po

x ðAoÞ ¼ 0 for all x or Po
x ðAoÞ ¼ 1 for all x.

The proof of the above theorem is quite similar to that of [7, Proposition 2.3]
(see also [3, Theorem 4]), so we omit the proof here.
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2.2. Green function
In this subsection, we deduce the Green function estimates. We define the

Green function as

goðx; yÞ ¼
ðy
0

qo
t ðx; yÞ dt:ð2:17Þ

Recall that yoðxÞ ¼ poðxÞ in the case of CSRW and yoðxÞ ¼ 1 in the case
of VSRW.

Proposition 2.7. Let a > b and suppose Assumption 1.1 (1) (2) (4). In
addition we assume there exists a positive constant c > 0 such that yoðxÞb c for
all x A VðGoÞ in the case of CSRW. Then there exist positive constants c1, c2
such that

c1

dðx; yÞa�b
a goðx; yÞa c2

dðx; yÞa�b
ð2:18Þ

for almost all o A W, all x; y A VðGoÞ with dðx; yÞbNxðoÞ5NyðoÞ.

Proof. This proof is similar to [6, Proposition 6.2]. We first prove the
upper bound of (2.18).

goðx; yÞ ¼
ð ðc4:3dðx;yÞÞ5NxðoÞ

0

qo
t ðx; yÞ dtþ

ðNxðoÞ

ðc4:3dðx;yÞÞ5NxðoÞ
qo
t ðx; yÞ dtð2:19Þ

þ
ð dðx;yÞ
NxðoÞ

qo
t ðx; yÞ dtþ

ðy
dðx;yÞ

qo
t ðx; yÞ dt

:¼ J1 þ J2 þ J3 þ J4:

We estimate J1, J2, J3, J4 as follows.

J1 a

ð ðc4:3dðx;yÞÞ5NxðoÞ

0

c4:4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yoðxÞyoðyÞ

p exp½�c4:5dðx; yÞ� dt ðuse ð1:7ÞÞð2:20Þ

a c1dðx; yÞ exp½�c2dðx; yÞ�;

J2 a

ðNxðoÞ

ðc4:3dðx;yÞÞ5NxðoÞ

c4:1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yoðxÞyoðyÞ

p exp �c4:2
dðx; yÞ2

t

" #
dt ðuse ð1:7ÞÞ

a c3NxðoÞ exp �c4
dðx; yÞ2

NxðoÞ

" #
a c3dðx; yÞ exp½�c4dðx; yÞ�

ðuse dðx; yÞbNxðoÞÞ;

J3 a

ð dðx;yÞ
NxðoÞ

c1:3 exp½�c1:4dðx; yÞ� dt ðuse ð1:4ÞÞ
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a c1:3dðx; yÞ exp½�c1:4dðx; yÞ�;

J4 a

ðy
dðx;yÞ

c1:1

ta=b
exp �c1:2

dðx; yÞ
t1=b

� �b=ðb�1Þ
" #

dta
c5

dðx; yÞa�b
:

By (2.19) and (2.20) we have goðx; yÞa c6

dðx; yÞa�b
for dðx; yÞbNxðoÞ. Note

that goðx; yÞ ¼ goðy; xÞ. Thus we complete the upper bound of (2.18).
Next we prove the lower bound of (2.18). We can obtain the lower bound

in the following way.

goðx; yÞb
ðy
dðx;yÞ b

qo
t ðx; yÞ dtb

ðy
dðx;yÞ b

c2:1

ta=b
exp �c2:2

dðx; yÞ
t1=b

� �b=ðb�1Þ
" #

dt

b
c7

dðx; yÞa�b
:

We thus complete the proof. r

2.3. Consequences of the Green function and Assumption 1.1
In this subsection we give some preliminary results of Assumption 1.1 (1) (2)

(3) (4) in the case of a > b. This subsection is based on [35, Section 4.1]. In
this subsection we assume the following conditions.

Assumption 2.8. (1) a > b,
(2) (CSRW case) There exists a positive constant c such that yoðxÞb c for

almost all o A W and all x A VðGoÞ.

Recall that Proposition 2.7 holds under Assumptions 1.1 (1) (2) (4) and 2.8.
We write eoF ðxÞ ¼ Po

x ðsþo
F ¼ yÞ1F ðxÞ as the equilibrium measure of F �

VðGoÞ, and define CapoðF Þ ¼
P

x AF e
o
F ðxÞy

oðxÞ as the capacity of F � VðGoÞ.
Then we have

Po
x ðsþo

F < yÞ ¼
X
y AF

goðx; yÞeoF ðyÞy
oðyÞð2:21Þ

for any finite set F and for any x A VðGoÞ since

Po
x ðsþo

F < yÞ

¼
ðy
0

X
y AF

Po
x ðY o

t ¼ y;Y o
s B F for any s > tÞ dt ðlast exit decompositionÞ

¼
ðy
0

X
y AF

qo
t ðx; yÞy

oðyÞPo
y ðsþo

F ¼ yÞ dt ðby the Markov propertyÞ

¼
X
y AF

goðx; yÞeoF ðyÞy
oðyÞ:
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Lemma 2.9. Under Assumptions 1.1 (1) (2) (3) (4) and 2.8, there exists a
positive constant c such that

CapoðBoðx; 2rÞÞb cra�b

for almost all o A W, all x A VðGoÞ and rb 1 with rbmaxv ABðx; rÞ NvðoÞ.

Proof. Recall the notations in (1.3).

1 ¼ 1

yoðBðx; rÞÞ
X

y ABoðx; rÞ
Po
y ðsþo

Bðx;2rÞ < yÞyoðyÞ

¼ 1

yoðBðx; rÞÞ
X

y ABoðx; rÞ

X
z ABoðx;2rÞ
dðx; zÞ¼2r

goðy; zÞeoBoðx;2rÞðzÞy
oðzÞyoðyÞ ðwe use ð2:21ÞÞ

a
c1

yoðBðx; rÞÞ
1

ra�b

X
z ABoðx;2rÞ
dðx; zÞ¼2r

X
y ABoðx; rÞ

eoBoðx;2rÞðzÞy
oðzÞyoðyÞ

ðsince dðy; zÞb rbNyðoÞ and Proposition 2:7Þ

¼ c1

yoðBðx; rÞÞ
yoðBðx; rÞÞ

ra�b

X
z ABoðx;2rÞ
dðx; zÞ¼2r

eoBoðx;2rÞðzÞy
oðzÞ

¼ c1

ra�b
CapoðBoðx; 2rÞÞ:

We thus complete the proof. r

Recall the notations in (1.3) and set

gox;F ðK1Þ ¼ Po
x ðY o

sþ
F
A K1Þ;

po
x;F ðdt;K2Þ ¼ Po

x ðY o
sþ
F
A K2; s

þ
F A dtÞ

for F ;K1;K2 � VðGoÞ. Note that
Ðy
0 po

x;F ðdt;KÞ ¼ gox;F ðKÞ and gox;F ðFÞ ¼
Po
x ðsoþ

F < yÞ.

Lemma 2.10. For almost all o A W,

goðx; yÞ ¼
X
v AF o

goðv; yÞgox;F oðvÞð2:22Þ

for any finite set F o � VðGoÞ, x B F o and y A F o. In particular we have

Po
x ðY o

t A F o for some t > 0Þa inf
y AF o

goðx; yÞ
inf z AF o goðz; yÞ

� �
:ð2:23Þ
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Proof. We write F ¼ F o and s ¼ soþ
F o ¼ infft > 0 jY o

t A Fg for notational
simplification. Then for any x B F , y A F we have

Po
x ðY o

t ¼ yÞ ¼ Eo
x ½1fsatgP

o
Y o

s
ðY o

t�s ¼ yÞ� ¼
X
v AF

Eo
x ½1fsatg1fY o

s ¼vgP
o
Ys
ðY o

t�s ¼ yÞ�

¼
X
v AF

ð t
0

Po
v ½Y o

t�s ¼ y�po
x;F ðds; vÞ:

Hence we have

goðx; yÞ ¼
ðy
0

X
v AF

ð t
0

qo
t�sðv; yÞpo

x;F ðds; vÞ dt ¼
ðy
0

X
v AF

ðy
s

qo
t�sðv; yÞ dtpo

x;F ðds; vÞ

¼
ðy
0

X
v AF

goðv; yÞpo
x;F ðds; vÞ ¼

X
v AF

goðv; yÞgox;F ðvÞ:

We thus complete the proof of (2.22). (2.23) is immediate from (2.22). r

Lemma 2.11. Under Assumptions 1.1 (1) (2) (3) (4) and 2.8 there exist
positive constants c1, c2 such that for almost all o A W the following hold.

(1) Po
x ðsþo

Bðx0;2rÞ <yÞa c1
ra�b

ðdðx; x0Þ � rÞa�b
for all x; x0 A VðGoÞ, rb 1 with

dðx; x0Þb 2rþ 1 and rbmaxv ABðx0; rÞ NvðoÞ.

(2) Po
x ðsþo

Bðx0;2rÞ <yÞb c2
ra�b

ðdðx; x0Þ þ 2rÞa�b
for all x; x0 A VðGoÞ, rb 1 with

dðx; x0Þb 2r, rbNxðoÞ and rbmaxv ABðx0; rÞ NvðoÞ.

Proof. We first prove (1) by using (2.23). Let x; x0 A VðGoÞ satisfy
dðx; x0Þb 2rþ 1. For any y A Bðx0; rÞ we have

dðx; yÞb dðx; x0Þ � dðx0; yÞb dðx; x0Þ � rb 2r� r ¼ r:

By Proposition 2.7, for any y A Boðx0; rÞ and for any r with rbmaxy ABðx0; rÞ NyðoÞ
we have

goðx; yÞa c1

dðx; yÞa�b
a

c1

ðdðx; x0Þ � rÞa�b
:ð2:24Þ

Next note that Bðx0; 2rÞ � Bðy; 3rÞ for any y A Bðx0; rÞ. Since goð� ; yÞ is a
superharmonic function, using the minimum principle and Proposition 2.7 we
have

inf
z ABoðx0;2rÞ

goðz; yÞb inf
z ABoðy;3rÞ

goðz; yÞb inf
z ABoðy;3rþ1Þ
dðy; zÞ¼3rþ1

goðz; yÞb c2

ra�b
ð2:25Þ
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for all rb 1 and y A Boðx0; rÞ with 3rþ 1bmaxv ABðx0; rÞ NvðoÞ. Hence by
(2.23), (2.24) and (2.25) we have

Po
x ðsþ

Bðx0;2rÞ < yÞa inf
y ABoðx0; rÞ

goðx; yÞ
inf z ABoðx0;2rÞ gðz; yÞ

� �
a c3

ra�b

ðdðx; x0Þ � rÞa�b

for all r with rbmaxv ABðx0; rÞ NvðoÞ. Thus we complete the proof of ð1Þ.
Next we prove (2). Note that

Po
x ðsþo

Bðx0;2rÞ < yÞ ¼
X

y ABoðx0;2rÞ
goðx; yÞeoBoðx0;2rÞðyÞy

oðyÞ ðuse ð2:21ÞÞ

b inf
y ABoðx0;2rÞ

goðx; yÞ
� � X

y ABoðx0;2rÞ
eoBðx0;2rÞðyÞy

oðyÞ

¼ inf
y ABoðx0;2rÞ

goðx; yÞ
� �

CapoðBðx0; 2rÞÞ:

By Bðx0; 2rÞ � Bðx; dðx; x0Þ þ 2rÞ, the minimum principle for superharmonic
functions and our assumptions we have

inf
y ABoðx0;2rÞ

goðx; yÞb inf
y ABoðx;dðx;x0Þþ2rÞ

goðx; yÞb inf
y ABoðx;dðx;x0Þþ2rþ1Þ
dð y;xÞ¼dðx;x0Þþ2rþ1

goðx; yÞ

b
c4

ðdðx; x0Þ þ 2rÞa�b

for rbNxðoÞ. By Lemma 2.9 CapoðBðx0; rÞÞbc5r
a�b for rbmaxv ABðx0; rÞ NvðoÞ.

Hence

Po
x ðsþo

Bðx0;2rÞ < yÞb c6r
a�b

ðdðx; x0Þ þ 2rÞa�b

for rbNxðoÞ and rbmaxv ABðx0; rÞ NvðoÞ. We thus complete the proof. r

Lemma 2.12. Under Assumptions 1.1 (1) (2) (3) (4) and 2.8 there exist
positive constants c1 and T0 such that

Po
x ðdðx0;Y o

s Þa 2r for some s > tÞa c1r
a�bt

ta=b

for almost all o A W, all tbT0, rb 1 and x; x0 A VðGoÞ with t1=b b r, dðx; x0Þa r
and rbmaxz ABðx0; rÞ NzðoÞ.

Proof. First note that

Po
x ðdðx0;Y o

s Þa 2r for some s > tÞ

¼
X

y AVðGoÞ
Po
x ðY o

t ¼ yÞPo
y ðdðx0;Y o

s Þa 2r for some s > 0Þ
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¼
X

y; t1=b<dðx0;yÞ�r

Po
x ðY o

t ¼ yÞPo
y ðdðx0;Y o

s Þa 2r for some s > 0Þ

þ
X

y; r<dðx0;yÞ�rat1=b

Po
x ðY o

t ¼ yÞPo
y ðdðx0;Y o

s Þa 2r for some s > 0Þ

þ
X

y;dðx0;yÞa2r

Po
x ðY o

t ¼ yÞPo
y ðdðx0;Y o

s Þa 2r for some s > 0Þ

:¼ J1 þ J2 þ J3:

We estimate J1, J2 and J3 in the following way.
For t; rb 1 with tbNxðoÞ and rbmaxz ABðx0; rÞ Nz (note that tbNxðoÞ

follows from our assumptions), using (1.4), Lemma 2.11, (1.6) we have

J1 a
X

y; t1=b<dðx0;yÞ�r

c1r
a�b

ðdðy; x0Þ � rÞa�b

� c1:1

ta=b
exp �c1:2

dðx; yÞ
t1=b

� �b=ðb�1Þ
" #

þ c1:3 exp½�c1:4dðx; yÞ�
( )

yoðyÞ

ðuse ð1:4Þ and Lemma 2:11Þ

a
Xy
l¼1

X
y;dðx0;yÞ A ½lt1=bþr; ðlþ1Þt1=bþr�

c2r
a�b

ðdðy; x0Þ � rÞa�b

1

ta=b

� exp �c1:2
dðy; x0Þ � r

t1=b

� �b=ðb�1Þ
" #

yoðyÞ

þ
Xy
l¼1

X
y;dðx0;yÞ A ½lt1=bþr; ðlþ1Þt1=bþr�

c3r
a�b

ðdðy; x0Þ � rÞa�b
exp½�c1:4ðdðy; x0Þ � rÞ�yoðyÞ

ðsince dðx; yÞb dðy; x0Þ � dðx0; xÞ and dðx0; xÞa rÞ

a
Xy
l¼1

c2r
a�b

ðlt1=bÞa�b

1

ta=b
exp½�c1:2l

b=ðb�1Þ�yoðBðx0; ðlþ 1Þt1=b þ rÞÞ

þ
Xy
l¼1

c3r
a�b

ðlt1=bÞa�b
exp½�c1:4lt

1=b�yoðBðx0; ðlþ 1Þt1=b þ rÞÞ

a
c4r

a�b

ta=b�1

Xy
l¼1

lb exp½�c1:2l
b=b�1� þ c5r

a�b

ta=b�1
ta=b

Xy
l¼1

lb exp½�c1:4lt
1=b�

ðuse yoðBðx0; ðlþ 1Þt1=b þ rÞÞa cðlt1=bÞa since t1=b b rÞ

a
c6r

a�b

ta=b�1
; ðsince t 7! ta=b

Xy
l¼1

lb exp½�c1:4lt
1=b� is boundedÞ:
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Next we see J2. First note that for rbNx0ðoÞ we haveX
y; radðx0;yÞ�rat1=b

yoðyÞ
ðdðy; x0Þ � rÞa�b

ð2:26Þ

¼
X

k A ½2r; rþt1=b �

yoðBðx0; kÞnBðx0; k � 1ÞÞ
ðk � rÞa�b

a
X

l A ½0; log2ðt1=b=rÞ�

X
k A ½rþ2lr; rþ2ðlþ1Þr�

yoðBðx0; kÞnBðx0; k � 1ÞÞ
ðk � rÞa�b

a c7
X

l A ½0; log2ðt1=b=rÞ�

ðrþ 2lþ1rÞa

ð2lrÞa�b
a c8r

b
X

l A ½0; log2ðt1=b=rÞ�
2lb a c9t:

We go back to estimate J2. Note that for y with ra dðx0; yÞ � ra t1=b we see
dðx; yÞa dðx; x0Þ þ dðx0; yÞa 3t1=b. For rb 1, tb 1 with tbT0 :¼ 3b=ðb�1Þ (so
that 3t1=b a t for tbT0) and rbmaxz ABðx0; rÞ NzðoÞ (in particular tbNxðoÞ),
using Lemma 2.11, (1.4) and (2.26) we have

J2 a
X

y; r<dðx0;yÞ�rat1=b

c10r
a�b

ðdðy; x0Þ � rÞa�b

yoðyÞ
ta=b

¼ c10r
a�b

ta=b

X
y; radðx0;yÞ�rat1=b

yoðyÞ
ðdðy; x0Þ � rÞa�b

a
c11r

a�bt

ta=b
; ðuse ð2:26ÞÞ:

Finally we see J3. For tbT0 :¼ 3b=ðb�1Þ, NxðoÞa t and NxðoÞa r, using
(1.4) we have

J3 a
X

y;dðy;x0Þa2r

Po
x ðY o

t ¼ yÞ ¼
X

y;dðy;x0Þa2r

qo
t ðx; yÞy

oðyÞ

a
X

y;dðx;yÞa3r

qo
t ðx; yÞy

oðyÞa c12r
a

ta=b
a

c12r
a�bt

ta=b
:

We thus complete the proof. r

Lemma 2.13. Under Assumptions 1.1 (1) (2) (3) (4) and 2.8 there exist
constants c1 > 0; c2;T0 b 1 such that

Po
x ðdðx0;Y o

s Þa 2r for some s > tÞb c1r
a�bt

ta=b

for almost all o A W, all rb 1, tbT0, x; x0 A VðGoÞ with dðx; x0Þa r, tb rb,
rbmaxz ABðx0; c2t1=bÞ NzðoÞ.
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Proof. Take a constant c2 such that c3:1c
a
2 � c3:22

a > 0. Note that by

(1.6) we have yoðfy A VðGÞ j dðx0; yÞ A ½2t1=b; c2t1=b�gÞb ðc3:1ca2 � c3:22
aÞta=b, and

for y and su‰ciently large t (say tbT0Þ with dðx0; yÞ A ½2t1=b; c2t1=b� we have

dðx; yÞ1þe
a ðdðx; x0Þ þ dðx0; yÞÞ1þe

a fðc2 þ 1Þt1=bg1þe
a t since 1þ e < b (see

Assumption 1.1). Then by Lemma 2.11 (2), (1.5), (1.6), for t, r as in the
statement above we have

Po
x ðdðx0;Y o

s Þa 2r for some s > tÞ

¼
X

y AVðGoÞ
qo
t ðx; yÞy

oðyÞPo
y ðdðx0;Y o

s Þa 2r for some s > 0Þ

b
X

y:dðx0;yÞ A ½2t1=b ; c2t1=b �
qo
t ðx; yÞy

oðyÞPo
y ðdðx0;Y o

s Þa 2r for some s > 0Þ

b
X

y:dðx0;yÞ A ½2t1=b ; c2t1=b �

c2:1

ta=b
exp �c2:2

dðx; yÞ
t1=b

� �b=ðb�1Þ
" #

yoðyÞ c3r
a�b

ðdðx0; yÞ þ 2rÞa�b

ðuse ð1:5Þ; Lemma 2:11 and dðx; yÞ1þe
a t; note that tbNxðoÞ

follows from our assumptionsÞ

b
X

y:dðx0;yÞ A ½2t1=b ; c2t1=b �

c4

ta=b
yoðyÞ ra�b

ðt1=bÞa�b

ðuse dðx; yÞa dðx; x0Þ þ dðx0; yÞa ðc2 þ 1Þt1=b for y A Bðx0; c2t1=bÞÞ

b
c5ðc3:1ca1 � c3:22

aÞra�bt

ta=b
:

We thus complete the proof by taking c1 ¼ c5ðc3:1ca2 � c3:22
aÞ. r

Lemma 2.14. Under Assumptions 1.1 (1) (2) (3) (4) and 2.8 there exist
positive constants c1, c2, h0, T0 such that for any hb h0 the following holds;

Po
x ðdðx0;Y o

s Þa 2r for some s A ðt; ht�Þb c1r
a�bt

ta=b

for almost all o A W, all rb 1, tbT0, x; x0 A VðGoÞ with dðx; x0Þa r, tb rb,
rbmaxz ABðx0; c2t1=bÞ NzðoÞ.

Proof. By Lemmas 2.12 and 2.13 there exist positive constants c1, c2, c3, T0

such that for almost all o A W

c1r
a�bt

ta=b
aPo

x ðdðx0;Y o
s Þa 2r for some s > tÞa c2r

a�bt

ta=b
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for rb1, tbT0, x; x0 AVðGoÞ with dðx; x0Þar, tbrb, rbmaxz ABðx0; c3t1=bÞ NzðoÞ.

Take h0 such that c2 �
c1

ha=b�1
>

c2

2
for all hb h0. Then we have

Po
x ðdðx0;Y o

s Þa 2r for some s A ðt; ht�Þ
bPo

x ðdðx0;Y o
s Þa 2r for some s > tÞ � Po

x ðdðx0;Y o
s Þa 2r for some s > htÞ

b c2
ra�bt

ta=b
� c1

ra�bðhtÞ
ðhtÞa=b

¼ ra�bt

ta=b
c2 �

c1

ha=b�1

� �
:

We complete the proof by adjusting the constants. r

2.4. Consequences of Assumption 1.3
In this subsection, we give easy consequences of Assumption 1.3. We use

jðqÞ ¼ jCðqÞ ¼ Cq1=bðlog log qÞ1�1=b in this subsection.

Lemma 2.15. (1) Under Assumption 1.3 (1), for all g1; g2 > 0, q > 1 and for

almost all o A W there exists a positive number Lð1ÞðoÞ ¼ L
ð1Þ
x; e; g1; g2;qðoÞ

such that

g1q
n=b

b max
y ABðx; g2qn=bÞ

NyðoÞ; g1jðqnÞb max
y ABðx; g2jðqnÞÞ

NyðoÞ;

for all nbLð1ÞðoÞ.
(2) Under Assumption 1.3 (2), for all g1; g2 > 0, q > 1 and for almost all

o A W there exists a positive number Lð2ÞðoÞ ¼ L
ð2Þ
x; e; g1; g2;qðoÞ such that

g1q
n=b

b max
y ABðx; g2qnÞ

NyðoÞ

for all nbLð2ÞðoÞ.
(3) Set cðtÞ :¼ t1=bhðtÞ, where hðtÞ is non-increasing and cðtÞ is increasing

function. Under Assumption 1.3 (3), for all g1; g2 > 0, q > 1 and for

almost all o A W there exists a positive number Lð3ÞðoÞ ¼ L
ð3Þ
x; e; g1; g2;qðoÞ

such that

g1cðqnÞb max
y ABðx; g2qn=bÞ

NyðoÞ

for all nbLð3ÞðoÞ.

Proof. We can prove (1) (2) (3) similarly, so we prove only the first
inequality in (1). Since

P g1q
n=b < max

y ABðx; g2qn=bÞ
Ny

� �
a

X
y ABðx; g2qn=bÞ

Pðg1qn=b < NyÞ

a cðg2qn=bÞaf ðg1qn=bÞ;
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where we use union bound in the first inequality and use (1.2) in the second
inequality. The conclusion follows by the Borel-Cantelli lemma. r

3. Proof of Theorem 1.4

In this section we give the proof of Theorem 1.4.

3.1. Proof of the LIL
We follow the strategy as in [16].

Theorem 3.1. Let jðtÞ ¼ jCðtÞ ¼ Ct1=bðlog log tÞ1�1=b, where C >
21þ1=bc

�ðb�1Þ=b
1:2 . Then under Assumptions 1.1 (1) (2) (3) and 1.3 (1) the following

hold for almost all o A W;

lim sup
t!y

sup0asat dðY o
0 ;Y o

s Þ
jðtÞ a 1; Po

x -a:s: for all x A VðGoÞ;ð3:1Þ

Po
x sup

0asat

dðx;Y o
s Þa jðtÞ for all su‰ciently large t

� �
¼ 1;ð3:2Þ

for all x A VðGoÞ:

In particular, we have

lim sup
t!y

dðY o
0 ;Y o

t Þ
jðtÞ a 1; Po

x -a:s: for all x A VðGoÞ;

Po
x ðdðx;Y o

t Þa jðtÞ for all su‰cient large tÞ ¼ 1; for all x A VðGoÞ:

Proof. Take h > 0 and d A ð0; c1:25c1:4Þ su‰ciently small constants which

satisfy C > 21=bð1þ hÞ1=b 1

c1:2 � d

� �ðb�1Þ=b
. Set tn ¼ ð1þ hÞn.

First we estimate Po
x ðsup0asatnþ1

dðx;Y o
s Þb 2jCðtnÞÞ. For all d A ð0; c1:25

c1:4Þ, using Lemma 2.2 we have

Po
x sup

0asatnþ1

dðx;Y o
s Þb 2jðtnÞ

 !
ð3:3Þ

a c1 exp �ðc1:2 � dÞ jðtnÞ
ð2tnþ1Þ1=b

 !b=ðb�1Þ
2
4

3
5þ c2 exp½�c3tnþ1�

a c1 exp �ðc1:2 � dÞ jðtnÞ
ð2ð1þ hÞtnÞ1=b

 !b=ðb�1Þ
2
4

3
5þ c2 exp½�c3tnþ1�
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for supz ABðx;2jðtnÞÞ NzðoÞa jðtnÞ5tnþ1. Note that supz ABðx;2jðtnÞÞ NzðoÞa jðtnÞ5
tnþ1 for all n larger than a certain constant L ¼ LðoÞ by Lemma 2.15 (1).

(3.1) is immediate from (3.3) and the Borel-Cantelli Lemma.

We prove (3.2). Let C > 21=bð1þ hÞ1=b 1

c1:2 � d

� �ðb�1Þ=b
be as above. Since

Po
x sup

0asatn

dðx;Y o
s Þb 2jðtÞ

 !
aPo

x sup
0asatnþ1

dðx;Y o
s Þb 2jðtnÞ

 !

for t A ½tn; tnþ1� and the last term of (3.3) is summable by the definition of h
and d. By the Borel-Cantelli lemma we have

Po
x sup

0asat

dðY o
0 ;Y o

s Þa 2jðtÞ for all su‰ciently large t

� �
¼ 1;ð3:4Þ

for all x A VðGoÞ:

We thus complete the (3.2) by adjusting the constants. r

Theorem 3.2. Let jðtÞ ¼ jCðtÞ ¼ Ct1=bðlog log tÞ1�1=b, where 0 < C <

1

21þ1=b

c3:1

c3:2

� �1=a 1

c2:2

� �ðb�1Þ=b
. Then under Assumptions 1.1 (1) (2) (3) and 1.3 (1)

the following holds;

lim sup
t!y

dðY o
0 ;Y o

t Þ
jðtÞ b 1; Po

x -a:s: for all x A VðGoÞ:

In particular, we have

Po
x ðdðY o

0 ;Y o
t Þb jðtÞ for su‰ciently large tÞ ¼ 1; for all x A VðGoÞ;

lim sup
t!y

sup0asat dðY o
0 ;Y o

s Þ
jðtÞ b 1; Po

x -a:s: for all x A VðGoÞ:

Proof. Define FðqÞ ¼ q1=bðlog log qÞ1�1=b and let C be as above. Take
h > 0 as a su‰ciently small constant such that

C <
1

21=b
1

2

c3:1

c3:2

� �1=a
� h

( )
1

c2:2

� �ðb�1Þ=b
:

Set
1

l
¼ 1

2

c3:1

c3:2

� �1=a
� h. Note that c3:1l

a � c3:22
a > 0 and c2:2ð21=bClÞb=ðb�1Þ < 1.

We prove that X
n

Po
x ðAo

n jF o
2 nÞ ¼ y;ð3:5Þ

where Ao
n ¼ fdðY o

2 n ;Y o
2 nþ1Þb 2jð2nþ1Þg and F o

t ¼ sðY o
s j sa tÞ. To prove (3.5),

first note that by Theorem 3.1 there exists a su‰ciently large constant C1 such
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that for almost all o A W

dðx;Y o
2 nÞaC1Fð2nÞ for su‰ciently large n ðsay nb ~NN1Þ; Po

x -a:s:

Set Bo
n ¼ Ao

n \ fdðY o
0 ;Y o

2 nÞaC1Fð2nÞg. Then we have

Po
x ðAo

n jF o
2 nÞbPo

x ðBo
n jF o

2 nÞð3:6Þ

¼ 1fdðY o
0
;Y o

2 n
ÞaC1Fð2 nÞgP

o
Y o

2n
ðdðY o

0 ;Y o
2nþ1�2 nÞb 2jð2nþ1ÞÞ

b inf
u ABoðx;C1Fð2 nÞÞ

Po
u ðdðY o

0 ;Y o
2 nÞb 2jð2nþ1ÞÞ

� �

� 1fdðY o
0
;Y o

2n
ÞaC1Fð2nÞg; Po

x -a:s:

We consider the first term of (3.6). Take u A Boðx;C1Fð2nÞÞ. Since 1þ e < b,

there exists a positive integer ~NN2 ¼ ~NN2ðlÞ (which does not depend on u, o) such
that dðu; vÞ1þe

a 2n for all nb ~NN2 and v A Boðu; ljð2nþ1ÞÞ. So for all nb ~NN2

with 2n52jð2nþ1ÞbNuðoÞ, using (1.5) and (1.6) we have

Po
u ðdðY o

0 ;Y o
2 nÞb 2jð2nþ1ÞÞ

bPo
u ð2jð2nþ1Þa dðY o

0 ;Y o
2 nÞa ljð2nþ1ÞÞ

¼
X

v AVðGoÞ
2jð2 nþ1Þadðu; vÞaljð2 nþ1Þ

qo
2 nðu; vÞyoðvÞ

b
X

v AVðGoÞ
2jð2 nþ1Þadðu; vÞaljð2 nþ1Þ

c2:1

ð2nÞa=b
exp �c2:2

dðu; vÞ
ð2nÞ1=b

 !b=ðb�1Þ
2
4

3
5yoðvÞ

b
c2:1

ð2nÞa=b
exp �c2:2

ljð2nþ1Þ
ð2nÞ1=b

 !b=ðb�1Þ
2
4

3
5

� yoðfv A VðGoÞ j 2jð2nþ1Þa dðu; vÞa ljð2nþ1ÞgÞ

b c2:1ðc3:1la � c3:22
aÞC a 1

ðnþ 1Þ log 2

� �c2:2ð21=blCÞ b=ðb�1Þ

ðlog log 2nþ1Þðb�1Þa=b:

By the above estimate we have

inf
u ABoðx;C1Fð2 nÞÞ

Po
u ðdðY o

0 ;Y o
2 nÞb 2jð2nþ1ÞÞð3:7Þ

b c2:1ðc3:1la � c3:22
aÞC a 1

ðnþ 1Þ log 2

� �c2:2ð21=blCÞ b=ðb�1Þ

� ðlog log 2nþ1Þðb�1Þa=b
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for nb ~NN2 with maxu ABðx;C1Fð2nÞÞ NuðoÞa 2n52jð2nþ1Þ. By Lemma 2.15 (1),

maxu ABðx;C1Fð2 nÞÞ NuðoÞa 2n52jð2nþ1Þ holds for su‰ciently large n (say nb ~NN3

¼ ~NN3ðoÞ). Hence by (3.6) and (3.7) we have

Po
x ðAo

n jF o
2 nÞb c2:1ðc3:1la � c3:22

aÞC a 1

ðnþ 1Þ log 2

� �c2:2ð21=blCÞb=ðb�1Þ

ð3:8Þ

� ðlog log 2nþ1Þðb�1Þa=b

for nb ~NN14 ~NN24 ~NN3. We thus complete to show (3.5).
By (3.5) and the second Borel-Cantelli lemma, we have dðY o

2 n ;Y o
2 nþ1Þb

2jð2nþ1Þ for infinitely many n. This implies dðx;Y o
2 nÞb jð2nÞ or dðx;Y o

2 nþ1Þb
jð2nþ1Þ for infinitely many n. Hence

lim sup
t!y

dðY o
0 ;Y o

t Þ
jðtÞ b 1:

We thus complete the proof. r

By Theorems 3.1, 3.2 and 2.6 we obtain (1.9).

3.2. Another law of the iterated logarithm
The proof of Theorem 1.4 (2) is quite similar to that of [31, Theorem 4.1]

by using Lemmas 2.2, 2.5, 2.15 (2), Corollary 2.4 and Theorem 2.6. So we omit
the proof.

4. Lower rate function

In this section we give the proof of Theorem 1.5. We follow the strategy
as in [35, Section 4.1].

Theorem 4.1. Suppose Assumption 1.1 (1) (2) (3) (4). In addition suppose
that there exists a positive constant c such that yoðxÞb c for all x A VðGoÞ in
the case of CSRW. Let a=b > 1, h : ½0;yÞ ! ð0;yÞ be a function such that
hðtÞ & 0 as t ! y, jðtÞ :¼ t1=bhðtÞ be increasing for all su‰ciently large t and
satisfy Assumption 1.3 (3). If the function hðtÞ satisfiesðy

1

1

t
hðtÞa�b

dt < yð4:1Þ

then for almost all o A W and all x A VðGoÞ we have

Po
x ðdðx;Y o

t Þb t1=bhðtÞ for all su‰ciently large tÞ ¼ 1:

Proof. Set jðtÞ :¼ t1=bhðtÞ, tn :¼ 2n and Ao
n :¼ fdðx;Y o

s Þa jðsÞ for some
s A ðtn; tn þ 1�g. Note that there exists a constant c1 such that jðsÞa 2c1jðtnÞ for
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all su‰ciently large n (say nbN1) and for all s A ðtn; tnþ1�. Then by Lemma
2.12 we have

Po
x ðAo

n ÞaPo
x ðdðx;Y o

s Þa 2c1jðtnÞ for some s > tnÞa
c2jðtnÞa�b

tn

t
a=b
n

for n with

nbN1; 2n
bT0; where T0 is as in Lemma 2:12; t1=bn b c1jðtnÞ;

c1jðtnÞb max
z ABðx; c1jðtnÞÞ

NzðoÞ:
ð4:2Þ

Note that (4.2) is satisfied for su‰ciently large n (say nbN2 ¼ N2ðoÞÞ by
Assumption 1.3 (3) and Lemma 2.15 (3). Thus

X
nbN2ðoÞ

Po
x ðAo

n Þa
X

nbN2ðoÞ

c2jðtnÞa�b
tn

t
a=b
n

¼
X

nbN2ðoÞ

c2hðtnÞa�b
tn

tn

a
X

nbN2ðoÞ

c3hðtnÞa�bðtn � tn�1Þ
tn

a c4

ðy
tN2�1

hðsÞa�b

s
ds:

Since the last expression above is integrable by (4.1), by the Borel-Cantelli lemma
we have

Po
x ðdðx;Y o

t Þb t1=bhðtÞ for all su‰ciently large tÞ ¼ 1:

We thus complete the proof. r

Theorem 4.2. Under the same setting as in Theorem 4.1, if the function hðtÞ
satisfies ðy

1

1

t
hðtÞa�b

dt ¼ yð4:3Þ

then for almost all o A W and all x A VðGoÞ

Po
x ðdðx;Y o

t Þb jðtÞ for all su‰ciently large tÞ ¼ 0:ð4:4Þ

We cite the following form of the Borel-Cantelli Lemma (see [35, Lemma
4.15], [40, Lemma B], [12, Theorem 1]).

Lemma 4.3. Let fAkgkb1 be a family of event which satisfies the following
conditions;

(1)
P

k PðAkÞ ¼ y,
(2) Pðlim sup AkÞ ¼ 0 or 1,
(3) There exist two constants c1, c2 such that for each Aj there exist

Aj1 ; . . . ;Ajs A fAkgkb1 such that
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(a)
Ps

i¼1 PðAj \ AjiÞa c1PðAjÞ,
(b) for any k A f j þ 1; j þ 2; . . .gnf j1; j2; . . . ; jsg we have PðAj \ AkÞa

c2PðAjÞPðAkÞ.
Then infinitely many events fAkgkb1 occur with probability 1.

Proof of Theorem 4.2. First we prepare preliminary facts. Since hðtÞ & 0
as t ! y, there exists a positive constant T1 such that hðtÞ < 1 for all tbT1.

So there exists a constant k A ð0; 1Þ such that jðtÞa ðktÞ1=b for tbT1. Take

h > 14h0 (where h0 is as in Lemma 2.14) with 1� 1

h
b k and c1 ¼ c1ðhÞ A ð0; 1Þ

such that 2c1ðhnþ1Þ1=b a ðhnÞ1=b for all n. Note that for all s with hnþ1 a sa
hnþ2 we have

jðhnþ1Þ ¼ ðhnþ1Þ1=bhðhnþ1Þb 2c1ðhnþ2Þ1=bhðsÞb 2c1jðsÞ;ð4:5Þ

and for all su‰ciently large i, j with ib j þ 2 and h j bT1 (say jbN1) we
have

ð2c1jðh iþ1ÞÞb a
ð4:5Þ

jðh iÞb a kh i
a

1�1=hbk

h i � h i�1
a h i � h jþ1:ð4:6Þ

Now we prove (4.4). Set Ao
n :¼ fdðY o

0 ;Y o
s Þa 2c1jðhnþ1Þ for some s A

ðhn; hnþ1�g. We use Lemma 4.3 to show that infinitely many Ao
n occur with

probability 1.
Note that hn b ðc1jðhnþ1ÞÞb for su‰ciently large n (say nbN2 ¼ N2ðhÞ) by

(4.6). By Lemma 2.14 we have

Po
x ðAo

n Þb c2
ðc1jðhnþ1ÞÞa�bhn

hna=b

for hb h0 (where h0 is as in Lemma 2.14) and nbN2 with

hn
bT0; where T0 is as in Lemma 2:14; c1jðhnþ1Þb max

z ABðx; c2h n=bÞ
NzðoÞ:ð4:7Þ

Note that (4.7) holds for su‰ciently large n (say nbN3ðoÞ) by Assumption
1.3 (3) and Lemma 2.15 (3). Hence

X
nbN3

Po
x ðAo

n Þb
X
nbN3

c2ðc1jðhnþ1ÞÞa�bhn

hna=b
¼
X
nbN3

c2c
a�b
1 ha=b hðhnþ1Þa�b

h � hnþ1
hnþ1

¼
X
nbN3

c2c
a�b
1 ha=b

h � ðh� 1Þ
hðhnþ1Þa�b

hnþ1
ðhnþ2 � hnþ1Þ

b
c2c

a�b
1 ha=b

hðh� 1Þ

ðy
hN3þ1

hðsÞa�b

s
ds:

Thus we have
P

n P
o
x ðAo

n Þ ¼ y by (4.5).
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The condition (2) in Lemma 4.3 is immediate from Theorem 2.6, since
lim supk A

o
k is a tail event.

Next we show the condition (3) in Lemma 4.3. Set so
n :¼ infft A ðhn; hnþ1� j

dðY o
0 ;Y o

t Þa 2c1jðhnþ1Þg. Then for ib j þ 2 we have

Po
x ðAo

i \ Ao
j Þ ¼ Po

x ðsj a h jþ1; si a h iþ1Þð4:8Þ

¼ Eo
x ½1fsjah jþ1gP

o
Ysj

ðdðx;Y o
t Þa 2c1jðh iþ1Þ

for some t A ðh i � sj; h
iþ1 � sj�Þ�

aEo
x ½1fsjah jþ1gP

o
Ysj

ðdðx;Y o
t Þa 2c1jðh iþ1Þ

for some t > h i � h jþ1Þ�

a

 
sup

z:dðx; zÞa2c1jðh jþ1Þ
Po
z ðdðx;Y o

t Þa 2c1jðh iþ1Þ

for some t > h i � h jþ1Þ
!

� Po
x ðsj a h jþ1Þ:

By Lemma 2.12, for any ib j þ 2 with

h i � h jþ1
b ðc1jðh iþ1ÞÞb; 2c1jðh jþ1Þa c1jðh iþ1Þ;ð4:9Þ

jðh iþ1Þb max
z ABðx;jðh iþ1ÞÞ

NzðoÞ

we have

sup
z:dðx; zÞa2c1jðh jþ1Þ

Po
z ðdðx;Y o

t Þa 2c1jðh iþ1Þ for some t > h i � h jþ1Þð4:10Þ

a
c3ðc1jðh iþ1ÞÞa�bðh i � h jþ1Þ

ðh i � h jþ1Þa=b
a

c4ðc1jðh iþ1ÞÞa�b
h i

ðh iÞa=b
:

(4.9) holds for su‰ciently large i, j with ib j þ 2 (say jbN4 ¼ N4ðoÞ) by (4.5),
(4.6), Assumption 1.3 (3) and Lemma 2.15 (3). By Lemma 2.14, for any i with

h i
bT0; where T0 is as in Lemma 2:14; h i

b ðc1jðh iþ1ÞÞb;ð4:11Þ

c1jðh iþ1Þb max
v ABðx; c5h i=bÞ

NvðoÞ

we have

ðc1jðh iþ1ÞÞa�bh i

ðh iÞa=b
a c6P

o
x ðdðx;Y o

t Þa 2c1jðh iþ1Þ for some t A ðh i; h iþ1�Þð4:12Þ

¼ c6P
o
x ðAo

i Þ:
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(4.11) holds for su‰ciently large j (say jbN5 ¼ N5ðoÞ) by (4.5), Assump-
tion 1.3 (3) and Lemma 2.15 (3). Hence by (4.8), (4.10) and (4.12) we have
Po
x ðAo

i \ Ao
j Þa cPo

x ðAo
i ÞPo

x ðAo
j Þ for su‰ciently large j ( jbN6 :¼ N44N5Þ and

ib j þ 2. In the case of i ¼ j þ 1 we have Po
x ðAo

jþ1 \ Ao
j ÞaPo

x ðAo
j Þ. Thus

we obtain the condition (3) of Lemma 4.3 for fAo
i gibN6

.
By Lemma 4.3, we thus complete the proof. r

By Theorems 4.1 and 4.2 we complete the proof of Theorem 1.5.

5. Ergodic media

In this section, we consider the case G ¼ ðV ;EÞ ¼ Zd and obtain Theorem
1.7 under Assumption 1.6. We follow the strategy as in [16].

5.1. Ergodicity of the shift operator on WZ

We consider Markov chains on the random environment, which is called the
environment seen from the particle, according to Kipnis and Varadhan [28].

Let W ¼ ½0;yÞE and define B as the natural s-algebra (generated by coor-
dinate maps). We write Y ¼ WZ, Y ¼ BnZ. If each conductance may take the
value 0, we regard 0 as the base point and define C0ðoÞ ¼ fx A Zd j 0 $o xg ¼
VðGoÞ, where 0 $o x means that there exists a path g ¼ e1e2 � � � ek from 0 to x
such that oðeiÞ > 0 for all i ¼ 1; 2; . . . ; k. Define W0 ¼ fo A W jaC0ðoÞ ¼ yg
and P0 ¼ Pð� jW0Þ.

Next we consider the Markov chains seen from the particle. Recall that
fX o

n gnb0 is the discrete time random walk which is introduced in Section 1.1.
Let onð�Þ ¼ oð� þ X o

n Þ ¼ tX o
n
oð�Þ A W. We can regard this Markov chain

fongnb0 as being defined on Y ¼ WZ. We define a probability kernel
Q : W0 �B ! ½0; 1� as

Qðo;AÞ ¼ 1P
e 0:je 0 j¼1 oe 0

X
v:jvj¼1

o0v1ftvo AAg:

This is nothing but the transition probability of the Markov chain fongnb0.
Next we define the probability measure on ðY ;YÞ as

mððo�n; . . . ;onÞ A BÞ ¼
ð
B

P0ðdo�nÞQðo�n; do�nþ1Þ � � �Qðon�1; donÞ:

By the above definition, ftX o
k
ogkb0 has the same law in E0ðPo

0 ð�ÞÞ as ðo0;o1; . . .Þ
has in m, that is,

E0½Po
0 ðftX o

k
ogkb0 A BÞ� ¼ mððo0;o1; . . .Þ A BÞð5:1Þ

for any B A Y.
We need the following Theorem. Let T : Y ! Y be a shift operator of Y ,

that is,

ðToÞn ¼ onþ1:
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Theorem 5.1. Under Assumption 1.6, T is ergodic with respect to m.

The proof is similar to [8, Proposition 3.5], so we omit it.
We also need the following Zero-One law (see Proposition 5.2). Let ab 0

and Ao
1 ðaÞ, Ao

2 ðaÞ, Ao
3 ðaÞ be the events

Ao
1 ðaÞ ¼ lim sup

n!y

dðX o
0 ;X o

n Þ
n1=bðlog log nÞ1�1=b

> a

( )
;

Ao
2 ðaÞ ¼ lim sup

n!y

sup0akan dðX o
0 ;X o

k Þ
n1=bðlog log nÞ1�1=b

> a

( )
;

Ao
3 ðaÞ ¼ lim inf

n!y

sup0akan dðX o
0 ;X o

k Þ
n1=bðlog log nÞ�1=b

> a

( )
:

Define

~AAiðaÞ ¼ fo A W jAo
i ðaÞ holds for Po

x -a:s: and for all x A C0ðoÞg:

Proposition 5.2. P0ð ~AAiðaÞÞ is either 0 or 1.

Proof. See [31, Proposition 5.2]. r

5.2. Proof of Theorem 1.7
In this subsection we discuss the proof of Theorem 1.7. Recall T o

0 ¼ 0,
T o
nþ1 ¼ infft > T o

n jY o
t 0Y o

T o
n
g and X o

n ¼ Y o
T o
n
.

First we consider the CSRW. fT o
nþ1 � T o

n gnb0 is a family of i.i.d. random
variables whose distributions are exponential with mean 1, so the law of large
number gives us

T o
n

n
! 1 Po

0 -a:s:

Thus

lim sup
t!y

dðY o
0 ;Y o

t Þ
t1=bðlog log tÞ1�1=b

¼ lim sup
n!y

dðX o
0 ;X o

n Þ
n1=bðlog log nÞ1�1=b

;

lim sup
t!y

sup0asat dðY o
0 ;Y o

s Þ
t1=bðlog log tÞ1�1=b

¼ lim sup
n!y

sup0akan dðX o
0 ;X o

k Þ
n1=bðlog log nÞ1�1=b

;

lim inf
t!y

sup0asat dðY o
0 ;Y o

s Þ
t1=bðlog log tÞ�1=b

¼ lim inf
n!y

sup0akan dðX o
0 ;X o

k Þ
n1=bðlog log nÞ�1=b

:

By Assumption 1.6, Proposition 5.2 and Theorem 1.4 we obtain Theorem 1.7.
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Next we consider the VSRW. fT o
nþ1 � T o

n gnb0 are non-i.i.d., and the

distribution of T o
nþ1 � T o

n is exponential with mean
1

poðX o
n Þ . Write So

x be a

exponential random variable with parameter poðxÞ and SxðoÞ :¼ So0
x , ðo A Y Þ.

Then by (5.1) and the ergodicity we have

1

n
T o
n ¼ 1

n

Xn�1

k¼0

So
X o

k
¼d 1

n

Xn�1

k¼0

S0ðT koÞ ! Em½S0�

¼ E½Eo
0 ½So

0 �� ¼
ð
W

ðy
0

xpoð0Þ expð�poð0ÞxÞ dxdP ¼ E
1

poð0Þ

� �
:

Thus

lim sup
t!y

dðY o
0 ;Y o

t Þ
t1=bðlog log tÞ1�1=b

¼ 1

E
1

poð0Þ

� �
0
B@

1
CA
1=b

lim sup
n!y

dðX o
0 ;X o

n Þ
n1=bðlog log nÞ1�1=b

;

lim sup
t!y

sup0asat dðY o
0 ;Y o

s Þ
t1=bðlog log tÞ1�1=b

¼ 1

E
1

poð0Þ

� �0
B@

1
CA
1=b

lim sup
n!y

sup0akan dðX o
0 ;X o

k Þ
n1=bðlog log nÞ1�1=b

;

lim inf
t!y

sup0asat dðY o
0 ;Y o

s Þ
t1=bðlog log tÞ�1=b

¼ 1

E
1

poð0Þ

� �0
B@

1
CA
1=b

lim inf
t!y

sup0akan dðX o
0 ;X o

k Þ
n1=bðlog log nÞ�1=b

:

By Assumption 1.6, Proposition 5.2 and Theorem 1.4 we obtain Theorem 1.7.
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[39] J. Takeuchi, On the sample paths of the symmetric stable processes in spaces, J. Math.

Soc. Japan 16 (1964), 109–127.

[40] J. Takeuchi, A local asymptotic law for the transient stable process, Proc. Japan Acad. 40,

1964, 141–144.

[41] J. Takeuchi and S. Watanabe, Spitzer’s test for the Cauchy process on the line,

Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 3 (1964), 204–210.

[42] A. Teixeira, On the uniqueness of the infinite cluster of the vacant set of random inter-

lacements, Ann. Appl. Probab. 19 (2009), 454–466.

[43] N. Th. Varopoulos, Long range estimates for Markov chains, Bull. Sci. Math. 109 (1985),

225–252.

Chikara Nakamura

Faculty of Science

Kyoto University

Kitashirakawa Oimachi-cho, Sakyo-ku

Kyoto 606-8224

Japan

E-mail: chikaran@kurims.kyoto-u.ac.jp

321rate functions for random walks on random conductance models


