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UNIVERSAL INEQUALITIES FOR EIGENVALUES OF A CLASS

OF OPERATORS ON RIEMANNIAN MANIFOLD

Jianghai Shi

Abstract

In this paper, we investigate the boundary value problem of the following operator

D2u� a div A‘uþ Vu ¼ rlu in W;

ujqW ¼ qu

qv

����
qW

¼ 0;

8><
>:

where W is a bounded domain in an n-dimensional complete Riemannian manifold

Mn, A is a positive semidefinite symmetric (1,1)-tensor on Mn, V is a non-negative

continuous function on W, v denotes the outwards unit normal vector field of qW and

r is a weight function which is positive and continuous on W. By the Rayleigh-Ritz

inequality, we obtain universal inequalities for the eigenvalues of these operators on

bounded domain of complete manifolds isometrically immersed in a Euclidean space,

and of complete manifolds admitting special functions which include the Hadamard

manifolds with Ricci curvature bounded below, a class of warped product manifolds,

the product of Euclidean spaces with any complete manifold and manifolds admitting

eigenmaps to a sphere.

1. Introduction

Let W be a bounded domain in an n-dimensional complete Riemannian
manifold M. The Dirichlet eigenvalue problem of the biharmonic operator:

D2u ¼ lu in W;

ujqW ¼ qu

qv

����
qW

¼ 0;

8><
>:ð1:1Þ

where v denotes the outwards unit normal vector field of qW, and D2 is the
biharmonic operator on M. It is also called a clamped plate problem, which
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describes the characteristic vibrations of a clamped plate. An open question in
estimates for eigenvalues of problem (1.1) is to give universal upper bounds of the
ðk þ 1Þ-th eigenvalue in terms of the first k eigenvalues.

To begin with, people were concerned about the case that W is a bounded
domain in RN . In 1956, Payne, Pólya and Weinberger [13] obtained the follow-
ing universal inequality:

lkþ1 � lk a
8ðnþ 2Þ
n2k

Xk
i¼1

li:ð1:2Þ

By using an improved method, Hile and Protter [10] generalized the above
results. In 1990, Hook [11] and Chen and Qian [2] independently proved

n2k2

8ðnþ 2Þ a
Xk
i¼1

l
1=2
i

lkþ1 � li

Xk
i¼1

l
1=2
i :ð1:3Þ

In 2006, Cheng and Yang [5] obtained the following sharper inequality

lkþ1 a
1

k

Xk
i¼1

li þ
8ðnþ 2Þ

n2

� �1=2
1

k

Xk
i¼1

½liðlkþ1 � liÞ�1=2:ð1:4Þ

It is natural to consider the estimates for eigenvalues of problem (1.1) on the
other Riemannian manifolds. In 2007, Wang and Xia [18] gave

Xk
i¼1

ðlkþ1 � liÞ2 a
8ðnþ 2Þ

n2

Xk
i¼1

ðlkþ1 � liÞlið1:5Þ

on an n-dimensional complete minimal submanifold in a Euclidean space, and

Xk
i¼1

ðlkþ1 � liÞ2 a
1

n2

Xk
i¼1

ðlkþ1 � liÞ½n2 þ ð2nþ 4Þl1=2i �½n2 þ 4l
1=2
i �ð1:6Þ

on an n-dimensional unit sphere.
In 2010, Cheng, Ichikawa and Mametsuka [6] proved that, for any complete

Riemannian manifold M, there exists a universal bound of the ðk þ 1Þ-th eigen-
value in terms of the first k eigenvalues of (1.1). They obtained the following
remarkable inequality of eigenvalues

Xk
i¼1

ðlkþ1 � liÞ2 a
1

n2

Xk
i¼1

ðlkþ1 � liÞ½n2H 2
0 þ ð2nþ 4Þl1=2i �ðn2H 2

0 þ 4l
1=2
i Þ;ð1:7Þ

where H 2
0 is a constant which only depends on the mean curvature of M. It is

easy to find that (1.7) contains the inequalities (1.5) and (1.6).
In recent years, there are some researches on eigenvalue estimates for quad-

ratic polynomial operator of laplacian:
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D2u� pDuþ qu ¼ lu in W;

ujqW ¼ qu

qv

����
qW

¼ 0;

8><
>:ð1:8Þ

where W is a bounded domain in an n-dimensional complete Riemannian mani-
fold M, v denotes the outwards unit normal vector field of qW, the constants
p; qb 0, D ¼ ðdiv ‘Þ is the laplacian and D2 is the biharmonic operator on M.
In 2011, Sun and Qi [16] obtained universal eigenvalue inequalities of problem
ð1:8Þ

Xk
i¼1

ðlkþ1 � liÞ2ð1:9Þ

a
1

n2

Xk
i¼1

ðlkþ1 � liÞððnH0Þ2 þ ð2nþ 4ÞEi þ npÞððnH0Þ2 þ 4EiÞ;

where H0 is a constant which only depends on the mean curvature of M and

Ei ¼
1

2
ð�pþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4ðli � qÞ

q
Þ:

For other related results, one can see [4, 15, 17].
Based on the recent studies on the Dirichlet eigenvalues of elliptic operators

in divergence form on Riemannian manifold, see [7, 8]. We find it necessary and
also interesting to study the eigenvalues of the following problem:

Let ðMn; h ; iÞ be an n-dimensional complete Riemannian manifold isomet-
rically immersed in the Euclidean space RN by C, W is a bounded domain in Mn.
In this paper, we are interested in extrinsic upper bounds for the eigenvalues of
following operator defined on W:

D2u� a div A‘uþ Vu ¼ rlu in W;

ujqW ¼ qu

qv

����
qW

¼ 0;

8><
>:ð1:10Þ

where A is a positive semidefinite symmetric (1,1)-tensor on Mn, a is a non-
negative constant, ba lAjW a c (lAjW is the eigenvalues of A on W, b and c are
constants, bb 0), trðAÞjW a constant d (i.e. A can also be viewed as a smooth
symmetric and positive semidefine section of the bundle of all endomorphisms
of TðMnÞ), D ¼ ðdiv ‘Þ is the laplacian, ‘ is the gradient operator on Mn, V is
non-negative continuous function on W, v denotes the outwards unit normal
vector field of qW and r is a weight function which is positive and continuous
on W.

One will find easily both problem (1.1) and (1.8) are special cases of problem
(1.10). However, it is well known that problem (1.10) has a real and discrete
spectrum 0 < l1 a l2 a l3 a � � � ! þy, where each eigenvalue is repeated
according to its multiplicity. Our results are stated as follows.
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Theorem 1.1. Let ðMn; h ; iÞ be an n-dimensional complete Riemannian mani-
fold isometrically immersed in the Euclidean space RN by C, W is a bounded
domain in Mn. A is a positive semidefinite symmetric (1,1)-tensor on Mn and a

is a non-negative constant. Assume that ba lAjW a c (lAjW is the eigenvalues of
A on W, b and c are constants, bb 0) and that trðAÞjW a constant d. Let r be
a continuous function on W satisfying r1 a rðxÞa r2, Ex A W, for some positive
constants r1 and r2. v denotes the outwards unit normal vector field of qW. Let
V be non-negative continuous function on W and denote by fligyi¼1 the eigenvalues
of problem

D2u� a div A‘uþ Vu ¼ rlu in W;

ujqW ¼ qu

qv

����
qW

¼ 0:

8><
>:

Then we have

Xk
i¼1

ðlkþ1 � liÞ2 a
r22
n2r31

Xk
i¼1

ðlkþ1 � liÞ 4r1Ei þ n2 sup
W

jHj2
� �

ð1:11Þ

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �
;

where Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ, H is the mean curvature vector of the

immersion C and s ¼ infW
V

r
.

Theorem 1.2. Under the same assumptions as Theorem 1.1, we obtain

lkþ1 aAk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

k � Bk

q
;ð1:12Þ

where

Ak ¼ 1

k

(Xk
i¼1

li þ
r22

2n2r31

Xk
i¼1

4r1Ei þ n2 sup
W

jHj2
� �

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �)
;

Bk ¼
1

k

(Xk
i¼1

l2i þ
r22
n2r31

Xk
i¼1

li 4r1Ei þ n2 sup
W

jHj2
� �

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �)
;
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jHj is the mean curvature of the immersion C, Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ

and s ¼ infW
V

r
.

Putting div A‘ ¼ D, a ¼ p, V 1 q and r1 1 in (1.10), we get (1.9).
Namely, it is a corollary of Theorem 1.1. As applications of Theorems 1.1 and
1.2, we can also obtain some results for an n-dimensional complete minimal
submanifold Mn in an Euclidean space RN , and an n-dimensional unit sphere
Mn ¼ Snð1Þ.

Corollary 1.1. Let ðMn; h ; iÞ be an n-dimensional complete Riemannian
manifold minimally isometrically immersed in the Euclidean space RN by C, W is
a bounded domain in Mn. Assume that ba lAjW a c (lAjW is the eigenvalues of
A on W, b and c are constants, bb 0). Let r be a continuous function on W
satisfying r1 a rðxÞa r2, Ex A W, for some positive constants r1 and r2. v denotes
the outwards unit normal vector field of qW. Let V is non-negative continuous
function on W. Then for the eigenvalues of problem (1.10), we have

Xk
i¼1

ðlkþ1 � liÞ2 a
r22
n2r21

Xk
i¼1

ðlkþ1 � liÞ4Eiðð2nþ 4Þr1Ei þ adÞ;ð1:13Þ

where Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ, s ¼ infW

V

r
.

Corollary 1.2. Under the same assumptions as Corollary 1.1, we obtain

lkþ1 aAk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

k � Bk

q
;ð1:14Þ

where

Ak ¼
1

k

Xk
i¼1

li þ
r22

2n2r21

Xk
i¼1

4Eiðð2nþ 4Þr1Ei þ adÞ
( )

;

Bk ¼
1

k

Xk
i¼1

l2i þ
r22
n2r21

Xk
i¼1

li4Eiðð2nþ 4Þr1Ei þ adÞ
( )

;

Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ; s ¼ inf

W

V

r
:

In Corollary 1.1 and 1.2, the mean curvature of the immersion C equals 0
(i.e. jHj ¼ 0), for C is minimal. By Theorem 1.1 and Theorem 1.2, we can
easily get the proofs.

Corollary 1.3. Under the same assumptions as Theorem 1.1, assume that
Mn is an n-dimensional unit sphere Snð1Þ, we have
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Xk
i¼1

ðlkþ1 � liÞ2ð1:15Þ

a
r22
n2r31

Xk
i¼1

ðlkþ1 � liÞð4r1Ei þ n2Þðn2 þ ð2nþ 4Þr1Ei þ adÞ;

where Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ, s ¼ infW

V

r
.

Corollary 1.4. Under the same assumptions as Corollary 1.3, we obtain

lkþ1 aAk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

k � Bk

q
;ð1:16Þ

where

Ak ¼ 1

k

Xk
i¼1

li þ
r22

2n2r31

Xk
i¼1

ð4r1Ei þ n2Þðn2 þ ð2nþ 4Þr1Ei þ adÞ
 !

;

Bk ¼ 1

k

Xk
i¼1

l2i þ
r22
n2r31

Xk
i¼1

lið4r1Ei þ n2Þðn2 þ ð2nþ 4Þr1Ei þ adÞ
 !

;

Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ; s ¼ inf

W

V

r
:

Using jHj ¼ 1 and Theorem 1.1 and Theorem 1.2, we can also easily get the
proof of Corollary 1.3 and Corollary 1.4.

Then, we prove universal inequalities for eigenvalues of these operators on
complete manifolds admitting special functions. Our main result is as follows.

Theorem 1.3. Let ðMn; h ; iÞ be an n-dimensional complete Riemannian mani-
fold and W is a bounded domain in Mn. A is a positive semidefinite symmetric
(1,1)-tensor on Mn and a is a non-negative constant. Assume that ba lAjW a c
(lAjW is the eigenvalues of A on W, b and c are constants, bb 0). Let r be
a continuous function on W satisfying r1 a rðxÞa r2, Ex A W, for some positive
constants r1 and r2. v denotes the outwards unit normal vector field of qW. Let
V is non-negative continuous function on W and denote by fligyi¼1 the eigenvalues
of problem

D2u� a div A‘uþ Vu ¼ rlu in W;

ujqW ¼ qu

qv

����
qW

¼ 0:

8><
>:

1. If there exists a C4ðWÞ function g : W ! R such that

j‘gj ¼ 1; jDgjaA0; on W;ð1:17Þ
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then we have

Xk
i¼1

ðlkþ1 � liÞ2 a
r22
r31

Xk
i¼1

ðlkþ1 � liÞð8r1Ei þ 2A2
0Þð10r1Ei þ 2A2

0 þ acÞ:ð1:18Þ

Specially, if there exists a C4ðWÞ function ~gg : W ! R such that

j‘~ggj ¼ 1; D~gg ¼ B0; on W;ð1:19Þ
then

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

ðlkþ1 � liÞ
4r22Ei

r1
� B2

0

� �
6Ei

r1
� B2

0

r2
þ acr1

� �
:ð1:20Þ

2. If there exists l C4ðWÞ functions gp : W ! R such that

h‘gp;‘gqi ¼ dpq; Dgp ¼ 0; on W; p; q ¼ 1; . . . ; l;ð1:21Þ
then

Xk
i¼1

ðlkþ1 � liÞ2 a
4r22
l2r21

Xk
i¼1

ðlkþ1 � liÞEi½ð2l þ 4Þr1Ei þ acl�:ð1:22Þ

3. If Mn admits an C 4ðWÞ eigenmap g ¼ ðg1; g2; . . . ; gmþ1Þ : W ! Sm cor-

responding to an eigenvalue m, that is,
Pmþ1

a¼1 g2a ¼ 1, Dga ¼ �mga,
a ¼ 1; . . . ;mþ 1, then we get

Xk
i¼1

ðlkþ1 � liÞ2 a
r22

4m2r31

Xk
i¼1

ð6mr1Ei þ m2 þ acÞð4mr1Ei þ m2Þ:ð1:23Þ

In the above, A0 and B0 are constants, Sm is the unit m-sphere, Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ and s ¼ infW

V

r
.

Now we give some examples of manifolds admitting special functions as in
Theorem 1.3.

Example 1.1. Let Mn be an n-dimensional complete Riemannian manifold
with Ricci curvature satisfying RicM b�ðn� 1Þc2, cb0. Let g ! R be a smooth
function with j‘gj1 1. It has been proved by Sakai that jDgja ðn� 1Þc on
Mn (see theorem 3.5 in [14]). Assume further that Mn is a Hadamard manifold
and let g : ½0;þyÞ ! Mn be a geodesic ray, namely a unit speed geodesic with
dðgðsÞ; gðsÞÞ ¼ t� s for any t > s > 0. The Busemann function bg corresponding
to g defined by

bgðxÞ ¼ lim
t!þy

ðdðx; gðtÞÞ � tÞð1:24Þ
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satisfies j‘bgj1 1 (Cf. [1, 9]). We know from Sakai’s theorem that jDbgja
ðn� 1Þc on Mn. Thus, any Hadamard manifold with Ricci curvature bounded
below by a negative constant admits functions satisfying (1.17).

In [7] M. do Carmo gives two examples as follow:

Example 1.2. Let ðN; ds2NÞ be a complete Riemannian manifold and define
a Riemannian manifold on M ¼ R�N by

h ; i ¼ ds2M ¼ dt2 þ h2ðtÞ ds2N ;ð1:25Þ
where h is a positive smooth function defined on R with hð0Þ ¼ 1. Then,
ðM; h ; iÞ is called a warped product and denoted by M ¼ R�h N. It is known
that M is a complete Riemannian manifold. Set h ¼ e�t and consider the
warped product M ¼ R�e�t N. Define c : M ! R by cðx; tÞ ¼ t. Then, by
some calculations (see Example 4.2 in [7]). We get

j‘cj ¼ 1; Dc ¼ n� 1:ð1:26Þ
That is, a warped product manifold ¼ R�e�t N admits functions satisfying (1.19).

Let Hn be the n-dimensional hyperbolic space with constant curvature �1.
Using the upper half-space model, Hn is given by

Rn
þ ¼ fðx1; x2; . . . ; xnÞ j xn > 0gð1:27Þ

with metric

ds2 ¼ dx2
1 þ � � � þ dx2

n

x2
n

:ð1:28Þ

One can check thet map F : R�e�t Rn�1 ! Hn given by

Fðt; xÞ ¼ ðx; etÞð1:29Þ
is an isometry. Therefore, Hn admits a warped product model, Hn ¼R�e�t Rn�1.

Example 1.3. Let N be any complete Riemannian manifold. Let

M ¼ R l �N ¼ fðx1; x2; . . . xl ; zÞ j ðx1; x2; . . . xlÞ A R l ; z A Ngð1:30Þ
be the product of R l and N endowed with the product metric. Consider the
functions fq : M ! R, q ¼ 1; . . . ; l, defined by

fqðx1; x2; . . . ; xl ; zÞ ¼ xq:ð1:31Þ
It is easy to see that ffqg

l
q¼1 satisfy (1.21).

At last, we give

Example 1.4. Any compact homogeneous Riemannian manifold admits
eigenmaps for the first positive eigenvalue of the Laplacian (Cf. [12]).
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2. Proof of the Theorem 1.1 and the Theorem 1.2

Firstly, we give the following lemma.

Lemma 2.1. Under the same assumptions as Theorem 1.1, let ui be i-th
orthonormal eigenfunctions of problem (1.10) corresponding to eigenvalues li (i.e.Ð
W ruiuj ¼ dij), i ¼ 1; . . . ; k. Then we haveð

W

j‘uij2 aEi;ð2:1Þ

where Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ, s ¼ infW

V

r
.

Proof. Sinceð
W

j‘uij2 ¼
ð
W

�uiðDuiÞa
ð
W

u2i

ð
W

ðDuiÞ2
� �1=2

a
1

r1

ð
W

ðDuiÞ2
� �1=2

;ð2:2Þ

and

li ¼
ð
W

uiðD2ui � a div A‘ui þ VuiÞð2:3Þ

¼
ð
W

ðDuiÞ2 þ a

ð
W

h‘ui;A‘uiiþ
ð
W

V

r
ru2i :

Substituting (2.2) into (2.3), and lðAÞjW b b. Let s ¼ infW
V

r
, so we have

li b r1

ð
W

j‘uij2
� �2

þ b

ð
W

j‘uij2 þ s;ð2:4Þ

0b r1

ð
W

j‘uij2
� �2

þ b

ð
W

j‘uij2 þ ðs� liÞ:ð2:5Þ

Thus, we have b2 � 4ðs� liÞb 0, andð
W

j‘uij2 aEi ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ:ð2:6Þ

Lemma 2.2. Under the same assumptions as Lemma 2.1, for any function
f A C4ðMnÞ, we have

�2
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

fui h‘f ;‘uiiþ 1

2
uiDf

� �
ð2:7Þ

a
Xk
i¼1

diðlkþ1 � liÞ2vi þ
Xk
i¼1

1

di
ðlkþ1 � liÞ

ð
W

1

r
h‘f ;‘uiiþ 1

2
uiDf

� �2
;
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where di ði ¼ 1; . . . ; kÞ are any positive constants which satisfies fdig is monotoni-
cally decreasing and

vi ¼
ð
W

½ð2h‘f ;‘uiiþ uiDf Þ2 � 2uiDuij‘f j2ð2:8Þ

� 2afuih‘f ;A‘uii� afu2i div A‘f �:

Proof. Consider the trial functions

ci ¼ fui �
Xk
j¼1

gijuj; i ¼ 1; . . . ; k;ð2:9Þ

where

gij ¼
ð
W

rfuiuj ¼ gji:ð2:10Þ

Hence, we have ð
W

rciuj ¼ 0ð2:11Þ

and ð
W

rci fui ¼
ð
W

rc2
i :ð2:12Þ

Then, it is easy to check

D2ci � a div A‘ci þ Vcið2:13Þ

¼ D2 fui �
Xk
j¼1

gijuj

 !
� a div A‘ fui �

Xk
j¼1

gijuj

 !

þ V fui �
Xk
j¼1

gijuj

 !

¼ D2ð fuiÞ � a div A‘ð fuiÞ þ Vfui �
Xk
j¼1

gijD
2uj

þ a
Xk
j¼1

gij div A‘uj � V
Xk
j¼1

gijuj

¼ D2ð fuiÞ � a div A‘ð fuiÞ þ Vfui �
Xk
j¼1

gijljujr
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¼ fD2ui þ 2DfDui þ 2h‘f ;‘Duiiþ uiD
2f þ 2h‘ui;‘D f i

þ 2Dh‘f ;‘uii� a divð fA‘uiÞ � a divðuiA‘f Þ þ Vfui �
Xk
j¼1

gijljujr

¼ fD2ui þ 2DfDui þ 2h‘f ;‘Duiiþ uiD
2f þ 2h‘ui;‘D f i

þ 2Dh‘f ;‘uii� ah‘f ;A‘uii� af div A‘ui � ah‘ui;A‘f i

� aui div A‘f þ Vfui �
Xk
j¼1

gijljujr

¼ hi þ f liuir�
Xk
j¼1

gijljujr;

where

hi ¼ uiD
2f þ 2h‘f ;‘Duiiþ 2h‘ui;‘D f iþ 2Dh‘f ;‘uiið2:14Þ

þ 2DfDui � 2ah‘f ;A‘uii� aui div A‘f :

From (2.11), (2.12), (2.13) and (2.14), we get

ð
W

ciðD2ci � a div A‘ci þ VciÞ ¼
ð
W

ci hi þ f liuir�
Xk
j¼1

gijljujr

 !
ð2:15Þ

¼
ð
W

fuihi �
Xk
j¼1

ð
W

gijujhi þ li

ð
W

c2
i r

¼
ð
W

fuihi �
Xk
j¼1

gijsij þ li

ð
W

c2
i r;

where

sij ¼
ð
W

hiuj:ð2:16Þ

Putting (2.15) into Rayleigh–Ritz inequality

lkþ1 a

Ð
W ciðD2ci � a div A‘ci þ VciÞÐ

W c2
i r

;ð2:17Þ

it follows that

ðlkþ1 � liÞ
ð
W

c2
i ra

ð
W

fuihi �
Xk
j¼1

gijsij:ð2:18Þ
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Then, using Stokes’ theorem, we obtainð
W

fuihi ¼ vi;ð2:19Þ

where

vi ¼
ð
W

½ð2h‘f ;‘uiiþ uiDf Þ2 � 2uiDuij‘f j2 � 2afuih‘f ;A‘uii� afu2i div A‘f �:

Then, from the definitions of hi and sij, we have

sij ¼
ð
W

hiujð2:20Þ

¼
ð
W

uj½D2ð fuiÞ � a div A‘ð fuiÞ þ Vð fuiÞ � f liuir�

¼
ð
W

fuiðD2ðujÞ � a div A‘ðujÞ þ VðujÞÞ � li

ð
W

fuiujr

¼
ð
W

fuiljujr� li

ð
W

fuiujr

¼ ðlj � liÞgij:

Substituting (2.19) and (2.20) into (2.18), it gets

ðlkþ1 � liÞ
ð
W

c2
i ra vi þ

Xk
j¼1

ðli � ljÞg2ij:ð2:21Þ

Then it follows from (2.9) that

�2

ð
W

ci hA‘f ;‘uiiþ 1

2
uiDf

� �
ð2:22Þ

¼ �2

ð
W

fui h‘f ;‘uiiþ 1

2
uiDf

� �
þ 2

Xk
j¼1

gij tij;

where

tij ¼
ð
W

uj h‘f ;‘uiiþ 1

2
uiDf

� �
ð2:23Þ

¼
ð
W

uj divðui‘f Þ � uiDf þ
1

2
uiDf

� �

¼
ð
W

uj divðui‘f Þ �
1

2
uiujDf

� �

¼
ð
W

divðujui‘f Þ � h‘uj; ui‘f i� 1

2
uiujDf

� �

240 jianghai shi



¼ �
ð
W

ui h‘f ;‘ujiþ 1

2
ujDf

� �

¼ �tji:

Multiplying ðlkþ1 � liÞ in the both sides of (2.22), then taking sum on i from 1 to
k, and using the following inequality

2
Xk
i; j¼1

ðlkþ1 � liÞ2gij tij ¼ �2
Xk
i; j¼1

ðlkþ1 � liÞðli � ljÞgij tijð2:24Þ

b
Xk
i; j¼1

diðlkþ1 � liÞðli � ljÞ2g2ij �
Xk
i; j¼1

1

di
ðlkþ1 � liÞt2ij ;

where we take arbitrary positive constants di ði ¼ 1; . . . ; kÞ which satisfies fdig is
monotonically decreasing. Hence, we get

�2
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

ci h‘f ;‘uiiþ 1

2
uiDf

� �
ð2:25Þ

b�2
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

fui h‘f ;‘uiiþ 1

2
uiDf

� �

�
Xk
i; j¼1

diðlkþ1 � liÞðli � ljÞ2g2ij �
Xk
i; j¼1

1

di
ðlkþ1 � liÞt2ij:

Then, utilizing (2.21), one has

ðlkþ1 � liÞ2 �2

ð
W

ci h‘f ;‘uiiþ 1

2
uiDf

� �� �
ð2:26Þ

¼ �2ðlkþ1 � liÞ2
ð
W

ffiffiffi
r

p
ci

1ffiffiffi
r

p h‘f ;‘uiiþ 1

2
uiDf

� �
� ffiffiffi

r
p Xk

j¼1

tijuj

" #

a
ðlkþ1 � liÞ

di

ð
W

1ffiffiffi
r

p h‘f ;‘uiiþ 1

2
uiDf

� �
� ffiffiffi

r
p Xk

j¼1

tijuj

" #2

þ diðlkþ1 � liÞ3
ð
W

rc2
i

a
ðlkþ1 � liÞ

di

ð
W

1

r
h‘f ;‘uiiþ 1

2
uiDf

� �2
�
Xk
j¼1

t2ij

" #

þ diðlkþ1 � liÞ2 vi þ
Xk
j¼1

ðli � ljÞg2ij

" #
:
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Taking summation on i from 1 to k in (2.26), we have

Xk
i¼1

ðlkþ1 � liÞ2 �2

ð
W

ci h‘f ;‘uiiþ 1

2
uiDf

� �� �
ð2:27Þ

a
Xk
i¼1

ðlkþ1 � liÞ
di

ð
W

1

r
h‘f ;‘uiiþ 1

2
uiDf

� �2
�
Xk
j¼1

t2ij

" #

þ
Xk
i¼1

diðlkþ1 � liÞ2 vi þ
Xk
j¼1

ðli � ljÞg2ij

" #
:

Since the positive constants di ði ¼ 1; . . . ; kÞ satisfies that fdig is monotonically
decreasing, we can obtain

Xk
i; j¼1

diðlkþ1 � liÞ2ðli � ljÞg2ij a�
Xk
i; j¼1

diðlkþ1 � liÞðli � ljÞ2g2ij:ð2:28Þ

Then, putting (2.25) and (2.28) into (2.27), we have

�2
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

fui h‘f ;‘uiiþ 1

2
uiDf

� �
ð2:29Þ

�
Xk
i; j¼1

diðlkþ1 � liÞðli � ljÞ2g2ij �
Xk
i; j¼1

1

di
ðlkþ1 � liÞt2ij

a
Xk
i¼1

ðlkþ1 � liÞ
di

ð
W

1

r
h‘f ;‘uiiþ 1

2
uiDf

� �2
�
Xk
j¼1

t2ij

" #

þ
Xk
i¼1

diðlkþ1 � liÞ2vi �
Xk
i; j¼1

diðlkþ1 � liÞðli � ljÞ2g2ij :

Hence, we have

�2
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

fui h‘f ;‘uiiþ 1

2
uiDf

� �

a
Xk
i¼1

diðlkþ1 � liÞ2vi þ
Xk
i¼1

1

di
ðlkþ1 � liÞ

ð
W

1

r
h‘f ;‘uiiþ 1

2
uiDf

� �2
:

Thus, Lemma 2.2 is proved to be true.
Now, by Lemma 2.1 and Lemma 2.2, we can give the proof of Theorem 1.1:

Proof of Theorem 1.1. Let y1; y2; . . . ; yN be the standard coordinate
functions of RN . Taking f ¼ ya, a ¼ 1; . . . ;N, we get
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�2
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

yaui h‘ya;‘uiiþ 1

2
uiDy

a

� �
ð2:30Þ

a
Xk
i¼1

diðlkþ1 � liÞ2vai

þ
Xk
i¼1

1

di
ðlkþ1 � liÞ

ð
W

1

r
h‘ya;‘uiiþ 1

2
uiDy

a

� �2
;

where

vai ¼
ð
W

½ð2h‘ya;‘uiiþ uiDy
aÞ2 � 2uiDuij‘yaj2ð2:31Þ

� 2ayauih‘y
a;A‘uii� ayau2i div A‘ya�:

On the other hand, we have the following equalities:

XN
a¼1

j‘yaj2 ¼ n;
XN
a¼1

h‘ya;‘uii
2 ¼ j‘uij2;

XN
a¼1

ðDyaÞ2 ¼ n2jHj2;
XN
a¼1

ðh‘ya;‘uiiDy
aÞ ¼ 0;

see [3, Lemma 2.1], where jHj is the mean curvature. Then, from Lemma 2.1,
we obtain

XN
a¼1

vai ¼
ð
W

XN
a¼1

ð2h‘ya;‘uiiþ uiDy
aÞ2 � 2uiDui

XN
a¼1

j‘yaj2
" #

ð2:32Þ

� 2
XN
a¼1

ð
W

ayauih‘y
a;A‘uii�

XN
a¼1

ð
W

ayau2i div A‘ya

¼ n2
ð
W

jHj2u2i þ 4

ð
W

j‘uij2 � 2n

ð
W

uiDui

� 2
XN
a¼1

ð
W

ayauih‘y
a;A‘uii�

XN
a¼1

ð
W

ayau2i div A‘ya

¼ n2
ð
W

jHj2u2i þ 4

ð
W

j‘uij2 � 2n

ð
W

uiDui

�
XN
a¼1

ð
W

a½yah‘ya;A‘u2i iþ yau2i div A‘ya�
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¼ n2
ð
W

jHj2u2i þ 4

ð
W

j‘uij2 � 2n

ð
W

uiDui

�
XN
a¼1

ð
W

a½yahA‘ya;‘u2i iþ yau2i div A‘ya�

¼ n2
ð
W

jHj2u2i þ 4

ð
W

j‘uij2 � 2n

ð
W

uiDui

�
XN
a¼1

ð
W

ayaðdivðu2i A‘yaÞÞ

¼ n2
ð
W

jHj2u2i þ ð2nþ 4Þ
ð
W

j‘uij2 �
XN
a¼1

ð
W

að�u2i h‘y
a;A‘yaiÞ

¼ n2
ð
W

jHj2ru2i þ ð2nþ 4Þ
ð
W

j‘uij2 þ
ð
W

au2i ðtrðAÞÞ

¼ n2
ð
W

1

r
jHj2ru2i þ ð2nþ 4Þ

ð
W

j‘uij2 þ
ð
W

a

r
ru2i ðtrðAÞÞ

a
n2

r1
sup
W

jHj2 þ ð2nþ 4ÞEi þ
ad

r1
;

ð
W

XN
a¼1

h‘ya;‘uiiþ 1

2
uiDy

a

� �2
¼
ð
W

1

r
j‘uij2 þ

1

4
n2
ð
W

1

r
u2i jHj2ð2:33Þ

a
Ei

r1
þ n2

4r21
sup
W

jHj2;

and

�2
XN
a¼1

ð
W

yaui h‘ya;‘uiiþ 1

2
uiDy

a

� �
¼
ð
W

u2i

XN
a¼1

j‘yaj2 b n

r2
:ð2:34Þ

Substituting (2.32), (2.33) and (2.34) into (2.30) yields

n

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

diðlkþ1 � liÞ2
n2

r1
sup
W

jHj2 þ ð2nþ 4ÞEi þ
ad

r1

� �
ð2:35Þ

þ
Xk
i¼1

1

di
ðlkþ1 � liÞ

Ei

r1
þ n2

4r21
sup
W

jHj2
� �

:

Now, we can define

di ¼
d

n2

r1
supWjHj2 þ ð2nþ 4ÞEi þ

ad

r1

;ð2:36Þ
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where d is an arbitrary positive constant, and it is easy to find fdig is monoto-
nically decreasing. Thus, we have

n

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

dðlkþ1 � liÞ2ð2:37Þ

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

Ei

r1
þ n2

4r21
sup
W

jHj2
� �

� n2

r1
sup
W

jHj2 þ ð2nþ 4ÞEi þ
ad

r1

� �
:

Then taking

ð2:38Þ

d ¼

Pk
i¼1ðlkþ1 � liÞ

4Ei

r1
þ n2

r21
supWjHj2

� �
n2

r1
supWjHj2 þ ð2nþ 4ÞEi þ

ad

r1

� �
4
Pk

i¼1ðlkþ1 � liÞ2

8>>><
>>>:

9>>>=
>>>;

1=2

in (2.37), we have

Xk
i¼1

ðlkþ1 � liÞ2 a
r22
n2r31

Xk
i¼1

ðlkþ1 � liÞ 4r1Ei þ n2 sup
W

jHj2
� �

ð2:39Þ

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �
:

It completes the proof of Theorem 1.1.

Proof of Theorem 1.2.
Since

Xk
i¼1

ðlkþ1 � liÞ2 a
r22
n2r31

Xk
i¼1

ðlkþ1 � liÞ 4r1Ei þ n2 sup
W

jHj2
� �

ð2:40Þ

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �
;

we have

Xk
i¼1

ðl2kþ1 � 2lkþ1li þ l2i Þa
r22
n2r31

Xk
i¼1

ðlkþ1 � liÞ 4r1Ei þ n2 sup
W

jHj2
� �

ð2:41Þ

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �
:
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By the direct calculations, one get

kl2kþ1 � 2kAklkþ1 þ kBk a 0;ð2:42Þ
where

Ak ¼ 1

k

(Xk
i¼1

li þ
r22

2n2r31

Xk
i¼1

4r1Ei þ n2 sup
W

jHj2
� �

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �)
;

Bk ¼
1

k

(Xk
i¼1

l2i þ
r22
n2r31

Xk
i¼1

li 4r1Ei þ n2 sup
W

jHj2
� �

� n2 sup
W

jHj2 þ ð2nþ 4Þr1Ei þ ad

� �)
:

Hence, we have

lkþ1 aAk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

k � Bk

q
:ð2:43Þ

3. Proof of the Theorem 1.3

Proof of Theorem 1.3. Similar calculations as in the lemma 2.1 giveð
W

j‘uij2 aEi;ð3:1Þ

where Ei ¼
1

2r1
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ðs� liÞr1

q
Þ, s ¼ infW

V

r
.

1. Taking f ¼ g on W in (2.7), using (1.17), (3.1), h‘g;A‘gia cj‘gj2 and
Schwarz inequality, we have

1

r2

Xk
i¼1

ðlkþ1 � liÞ2ð3:2Þ

a
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

u2i

a
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

u2i j‘gj
2

a�2
Xk
i¼1

ðlkþ1 � liÞ2
ð
W

gui h‘g;‘uiiþ 1

2
uiDg

� �

a
Xk
i¼1

diðlkþ1 � liÞ2vi þ
Xk
i¼1

1

di
ðlkþ1 � liÞ

ð
W

1

r
h‘g;‘uiiþ 1

2
uiDg

� �2
;
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and

vi ¼
ð
W

½ð2h‘g;‘uiiþ uiDgÞ2 � 2uiDuij‘gj2ð3:3Þ

� 2aguih‘g;A‘uii� agu2i div A‘g�

¼
ð
W

½ð2h‘g;‘uiiþ uiDgÞ2 � 2uiDui� þ a

ð
W

u2i h‘g;A‘gi

a

ð
W

8h‘g;‘uii
2 þ 2u2i ðDgÞ

2 þ 2

ð
W

j‘uij2 þ a

ð
W

1

r
ru2i h‘g;A‘gi

a

ð
W

8j‘uij2 þ 2j‘uij2 þ
ð
W

2u2i A
2
0 þ

ac

r1

a 10Ei þ
2A2

0

r1
þ ac

r1
:

We also have

ð
W

1

r
h‘g;‘uiiþ 1

2
uiDg

� �2
a

ð
W

1

r
2h‘g;‘uii

2 þ 1

2
u2i ðDgÞ

2

� �
ð3:4Þ

a

ð
W

1

r
2j‘uij2 þ A2

0

ð
W

1

2r
u2i

a
2Ei

r1
þ A2

0

2r21
:

Thus, one have

1

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

diðlkþ1 � liÞ2 10Ei þ
2A2

0

r1
þ ac

r1

� �
ð3:5Þ

þ
Xk
i¼1

1

di
ðlkþ1 � liÞ

2Ei

r1
þ A2

0

2r21

� �
:

Putting

di ¼
d

10Ei þ
2A2

0

r1
þ ac

r1

ð3:6Þ

in (3.5), where d is an arbitrary positive constant, and it is easy to find
fdig is monotonically decreasing.
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Thus, one can get

1

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

dðlkþ1 � liÞ2ð3:7Þ

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

2Ei

r1
þ A2

0

2r21

� �
10Ei þ

2A2
0

r1
þ ac

r1

� �
:

Taking

d ¼

Pk
i¼1ðlkþ1 � liÞ

8Ei

r1
þ 2A2

0

r21

� �
10Ei þ

2A2
0

r1
þ ac

r1

� �
4
Pk

i¼1ðlkþ1 � liÞ2

8>>><
>>>:

9>>>=
>>>;

1=2

;ð3:8Þ

we have (1.18)

Xk
i¼1

ðlkþ1 � liÞ2 a
r22
r31

Xk
i¼1

ðlkþ1 � liÞð8r1Ei þ 2A2
0Þð10r1Ei þ 2A2

0 þ acÞ:

Specially, we take f ¼ ~gg on W in (2.7) and use (1.19), we get

vi ¼
ð
W

½ð2h‘~gg;‘uiiþ uiD~ggÞ2 � 2uiDuij‘~ggj2ð3:9Þ

� 2a~gguih‘~gg;A‘uii� a~ggu2i div A‘~gg�

¼
ð
W

ð6j‘uij2 þ 4uiB0h‘~gg;‘uiiþ u2i B
2
0Þ þ a

ð
W

u2i h‘~gg;A‘~ggi

a

ð
W

ð6j‘uij2 � 2u2i B0D~ggþ u2i B
2
0Þ þ a

ð
W

u2i h‘~gg;A‘~ggi

a 6Ei � B2
0

ð
W

u2i þ
ac

r1

a 6Ei �
B2
0

r1
þ ac

r1
;

and

ð
W

1

r
h‘~gg;‘uiiþ 1

2
uiD~gg

� �2
ð3:10Þ

a

ð
W

1

r
h‘~gg;‘uii

2 þ uiD~ggh‘~gg;‘uiiþ 1

4
u2i ðD~ggÞ

2

� �
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a

ð
W

1

r
j‘uij2 �

ð
W

1

4r
u2i ðD~ggÞ

2

a
Ei

r1
� B2

0

4r21
:

By similar calculations as in (3.2), we have (1.20).
2. Taking f ¼ gp on W in (2.7), one get

1

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

diðlkþ1 � liÞ2vpið3:11Þ

þ
Xk
i¼1

1

di
ðlkþ1 � liÞ

ð
W

1

r
h‘gp;‘uiiþ 1

2
uiDgp

� �2
;

and

v
p
i ¼

ð
W

½ð2h‘gp;‘uiiþ uiDgpÞ2 � 2uiDuij‘gpj2ð3:12Þ

� 2agpuih‘gp;A‘uii� agpu
2
i div A‘gp�

¼
ð
W

4h‘gp;‘uii
2 �

ð
W

2uiDui þ a

ð
W

u2i h‘gp;A‘gpi

a

ð
W

4h‘gp;‘uii
2 þ 2

ð
W

j‘uij2 þ a

ð
W

1

r
ru2i h‘gp;A‘gpi

a

ð
W

4h‘gp;‘uii
2 þ 2Ei þ

ac

r1
;

we also haveð
W

1

r
h‘gp;‘uiiþ 1

2
uiDgp

� �2
a

ð
W

1

r
h‘gp;‘uii

2:ð3:13Þ

Let di ¼ d ði ¼ 1; . . . ; kÞ, d is an arbitrary positive constant. di is also
monotonically decreasing. Thus, we know from (3.11), (3.12) and (3.13)
that

1

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

dðlkþ1 � liÞ2
ð
W

4h‘gp;‘uii
2 þ 2Ei þ

ac

r1

� �
ð3:14Þ

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

ð
W

1

r
h‘gp;‘uii

2:
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From (1.21), we know that

Xl

p¼1

h‘gp;‘uii
2
a j‘uij2:

Hence, we obtain by summing over p in (3.14) that

l

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

dðlkþ1 � liÞ2
Xl

p¼1

ð
W

4h‘gp;‘uii
2 þ 2Ei þ

ac

r1

� �
ð3:15Þ

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

Xl

p¼1

ð
W

1

r
h‘gp;‘uii

2

a
Xk
i¼1

dðlkþ1 � liÞ2
ð
W

4j‘uij2 þ 2lEi þ
acl

r1

� �

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

ð
W

1

r
j‘uij2

a
Xk
i¼1

dðlkþ1 � liÞ2 4Ei þ 2lEi þ
acl

r1

� �

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

Ei

r1
:

Taking

d ¼
Pk

i¼1ðlkþ1 � liÞEi

4
Pk

i¼1ðlkþ1 � liÞ2½ð4þ 2lÞr1Ei þ acl �

( )1=2
;ð3:16Þ

we obtain (1.22).
3. Taking the Laplacian of the equation

Xmþ1

a¼1

g2a ¼ 1;

and using the fact that

Dga ¼ �mga; a ¼ 1; . . . ;mþ 1;

we get

Xmþ1

a¼1

j‘gaj2 ¼ m:
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Then, by taking take f ¼ ga on W in (2.7), letting di ¼ arbitrary positive
constant d ði ¼ 1; . . . ; kÞ and sunmming over a, we have

m

r2

Xk
i¼1

ðlkþ1 � liÞ2ð3:17Þ

a
Xk
i¼1

ðlkþ1 � liÞ2
Xmþ1

a¼1

ð
W

u2i j‘gaj
2

a�2
Xk
i¼1

ðlkþ1 � liÞ2
Xmþ1

a¼1

ð
W

gaui h‘ga;‘uiiþ 1

2
uiDga

� �

a
Xk
i¼1

dðlkþ1 � liÞ2
Xmþ1

a¼1

vai

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

Xmþ1

a¼1

ð
W

1

r
h‘ga;‘uiiþ 1

2
uiDga

� �2
:

We also have

Xmþ1

a¼1

vai ¼
Xmþ1

a¼1

ð
W

½ð2h‘ga;‘uiiþ uiDgaÞ2 � 2uiDuij‘gaj2ð3:18Þ

� 2agauih‘ga;A‘uii� agau
2
i div A‘ga�

¼
Xmþ1

a¼1

ð
W

ð2h‘ga;‘uii� uimgaÞ2 �
ð
W

2muiDui

þ a
Xmþ1

a¼1

ð
W

u2i h‘ga;A‘gai

a

ð
W

4
Xmþ1

a¼1

h‘ga;‘uii
2 þ

ð
W

u2i m
2 þ 2m

ð
W

j‘uij2

þ a
Xmþ1

a¼1

ð
W

u2i h‘ga;A‘gai

a

ð
W

4
Xmþ1

a¼1

j‘gaj2j‘uij2 þ
m2

r1
þ 2mEi þ

ac

r1

a 4mEi þ
m2

r1
þ 2mEi þ

ac

r1
¼ 6mEi þ

m2

r1
þ ac

r1
;

and
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Xmþ1

a¼1

ð
W

1

r
h‘ga;‘uiiþ 1

2
uiDga

� �2
¼
Xmþ1

a¼1

ð
W

1

r
h‘ga;‘uiiþ 1

2
uimga

� �2
ð3:19Þ

a

ð
W

1

r

Xmþ1

a¼1

h‘ga;‘uii
2 þ u2i m

2

4

 !

a
mEi

r1
þ m2

4r21
:

Thus, we get

m

r2

Xk
i¼1

ðlkþ1 � liÞ2 a
Xk
i¼1

dðlkþ1 � liÞ2 6mEi þ
m2

r1
þ ac

r1

� �
ð3:20Þ

þ
Xk
i¼1

1

d
ðlkþ1 � liÞ

mEi

r1
þ m2

4r21

� �
:

Taking

d ¼
Pk

i¼1ðlkþ1 � liÞð4mr1Ei þ m2Þ
4r1

Pk
i¼1ðlkþ1 � liÞ2ð6mr1Ei þ mþ acÞ

( )1=2
;ð3:21Þ

we obtain (1.23). This completes the proof of Theorem 1.3.
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