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Abstract

In this paper, we deal with complete linear Weingarten submanifolds Mn immersed

with parallel normalized mean curvature vector field in a Riemannian space form Qnþp
c

of constant sectional curvature c. Under an appropriated restriction on the norm of

the traceless part of the second fundamental form, we show that such a submanifold

Mn must be either totally umbilical or isometric to a Cli¤ord torus, if c ¼ 1, a circular

cylinder, if c ¼ 0, or a hyperbolic cylinder, if c ¼ �1. We point out that our results are

natural generalizations of those ones obtained in [2] and [6].

1. Introduction

The problem of characterizing hypersurfaces immersed with constant mean
curvature or with constant scalar curvature in a Riemannian space form Qnþ1

c of
constant sectional curvature c constitutes an important thematic into the theory
of isometric immersions. In the seminal work [5], Cheng and Yau introduced
a new self-adjoint di¤erential operator, the so-called square operator, acting on
smooth functions defined on Riemannian manifolds and used it to classify closed
hypersurfaces with constant normalized scalar curvature R satisfying Rb c and
nonnegative sectional curvature immersed in Qnþ1

c . Later on, Li [9] extended the
results due to Cheng and Yau [5] in terms of the squared norm of the second
fundamental form of the hypersurface Mn.

In [10], Li studied the rigidity of compact hypersurfaces with nonnegative
sectional curvature immersed a unit sphere with scalar curvature proportional to
the mean curvature. Next, Li et al. [11] extended the result of [5] and [10] by
considering closed linear Weingarten hypersurfaces immersed in the unit sphere

Snþ1, that is, closed hypersurfaces of Snþ1 whose mean curvature and normalized
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scalar curvature are linearly related. In this setting, they showed that if Mn is
a closed linear Weingarten hypersurface with nonnegative sectional curvature
immersed in Snþ1, then Mn is either totally umbilical or isometric to a Cli¤ord
torus.

Afterwards, Guo and Li [6] studied submanifolds in the unit sphere Snþp

with constant scalar curvature and parallel normalized mean curvature vector
field (that is, the normalized mean curvature vector field is parallel as a section
of the normal bundle) and, in this setting, they generalized the results of [9].
Meanwhile, the first and fourth authors jointly with Aquino [2], working with a
suitable Cheng-Yau’s modified operator, extended the results of [11] to the context
of complete linear Weingarten hypersurfaces immersed in a Riemannian space
form Qnþ1

c . More precisely, under the assumption that the mean curvature
attains its maximum and supposing an appropriated restriction on the norm of
the traceless part of the second fundamental form, they proved that such a
hypersurface must be either totally umbilical or isometric to a Cli¤ord torus, if
c ¼ 1, a circular cylinder, if c ¼ 0, or a hyperbolic cylinder, if c ¼ �1.

Here, we deal with complete linear Weingarten submanifolds immersed with
parallel normalized mean curvature vector field in a Riemannian space form
Qnþp

c . In this setting, we extend the technique developed in [2] in order to
characterize such submanifolds under an appropriated restriction on the norm of
the traceless part of the second fundamental form, obtaining natural generaliza-
tions of the main results of [2] and [6].

This manuscript is organized in the following way: In Section 2 we recall
some basic facts concerning submanifolds immersed in a Riemannian space form
Qnþp

c . Next, in Section 3 we develop a Simon’s type formula for submanifolds
with parallel normalized mean curvature vector field in Qnþp

c (cf. Proposition 3.1).
Afterwards, in Section 4 we present some auxiliary lemmas. Finally, in Section 5
we establish our characterization theorems concerning complete linear Weingarten
submanifolds immersed with parallel normalized mean curvature vector field in
Qnþp

c (cf. Theorems 5.1 and 5.2).

2. Preliminaries

Let Mn be an n-dimensional connected submanifold immersed in a Rieman-
nian space form Qnþp

c , with constant sectional curvature c. Let foBg be the
corresponding dual coframe, and foBCg the connection 1-forms on Qnþp

c . We
choose a local field of orthonormal frame fe1; . . . ; enþpg in Qnþp

c , with dual
coframe fo1; . . . ;onþpg, such that, at each point of Mn, e1; . . . ; en are tangent to
Mn and enþ1; . . . ; enþp are normal to Mn. We will use the following convection
for indices

1aA;B;C; . . .a nþ p; 1a i; j; k; . . .a n and nþ 1a a; b; g; . . . nþ p:

With restricting on Mn, the second fundamental form, the curvature tensor
of Mn and the normal curvature tensor of Mn are given by
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oia ¼
X
j

ha
ijoj; A ¼

X
i; j;a

ha
ijoi nojea;

doij ¼
X
k

oik5okj �
1

2

X
k; l

Rijklok5ol ;

doab ¼
X
g

oag5oga �
1

2

X
k; l

R?
abklok5ol :

The components ha
ijk of the covariant derivative ‘A satisfy

X
k

ha
ijkok ¼ dha

ij þ
X
k

ha
kiokj þ

X
k

ha
kjoki þ

X
b

h
b
ijoba;ð2:1Þ

The Gauss equation is

Rijkl ¼ cðdik djl � dil djkÞ þ
X
a

ðha
ik h

a
jl � ha

ilh
a
jkÞ:ð2:2Þ

In particular, the components of the Ricci tensor Rik and the normalized scalar
curvature R are given, respectively, by

Rik ¼ ðn� 1Þdik þ n
X
a

H aha
ik �

X
a; j

ha
ijh

a
jkð2:3Þ

and

R ¼ 1

ðn� 1Þ
X
i

Rii:ð2:4Þ

From (2.3) and (2.4), we get the following relation

nðn� 1ÞR ¼ nðn� 1Þcþ n2H 2 � jAj2;ð2:5Þ

where jAj2 ¼
P

a; i; jðha
ijÞ

2 is the norm square of the second fundamental form

and, being H ¼
P

a H
aea ¼

1

n

P
a

P
k h

a
kk

� �
ea the mean curvature vector field,

H ¼ jHj is the mean curvature function of Mn.
By exterior di¤erentiation of (2.1), we have the following Ricci identity

ha
ijkl � ha

ijlk ¼
X
m

ha
mjRmikl þ

X
m

ha
imRmjkl þ

X
b

h
b
ijR

?
bakl :ð2:6Þ

The Codazzi equation and the Ricci equation are given by

ha
ijk ¼ ha

ikj ¼ ha
jikð2:7Þ
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and

R?
abij ¼

X
k

ðha
ikh

b
kj � ha

jkh
b
kiÞ:ð2:8Þ

3. A Simon’s type formula

From now on, we will deal with submanifolds Mn of Qnþp
c having parallel

normalized mean curvature vector field, which means that the mean curvature
function H is positive and that the corresponding normalized mean curvature

vector field
H

H
is parallel as a section of the normal bundle.

In this context, we can choose a local orthonormal frame fe1; . . . ; enþpg such

that enþ1 ¼
H

H
. Thus,

Hnþ1 ¼ 1

n
trðhnþ1Þ ¼ H and H a ¼ 1

n
trðhaÞ ¼ 0; ab nþ 2:ð3:1Þ

We will also consider the following symmetric tensor

F ¼
X
a; i; j

Fa
ijoi nojea;

where Fa
ij ¼ ha

ij �H adij. Consequently, we have that

Fnþ1
ij ¼ hnþ1

ij �Hdij and Fa
ij ¼ ha

ij ; nþ 2a aa nþ p:ð3:2Þ
Let jFj2 ¼

P
a; i; jðFa

ijÞ
2 be the square of the length of F. It is easy to check

that F is traceless with

jFj2 ¼ jAj2 � nH 2:ð3:3Þ
Now, we are in position to show the following suitable Simon-type formula

Proposition 3.1. Let Mn be an n-dimensional ðnb 2Þ submanifold immersed
with parallel normalized mean curvature vector field in a Riemannian space form
Qnþp

c . Then, we have

1

2
DjAj2 ¼ j‘Aj2 þ

X
i; j;a

nH a
ij h

a
ij þ cnjFj2 þ n

X
b; i; j;k

Hhnþ1
ij h

b
jkh

b
ki

�
X
i; j;k; l

X
a

ha
ijh

a
kl

 !2
�
X
i; j;a;b

ðR?
abijÞ

2:

Proof. Taking into account that

1

2
DjAj2 ¼

X
a; i; j

ha
ijDh

a
ij þ

X
a; i; j;k

ðha
ijkÞ

2;ð3:4Þ
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where the Laplacian Dha
ij of ha

ij is defined by Dha
ij ¼

P
k h

a
ijkk, using Codazzi

equation (2.7) into (3.4) we have

1

2
DjAj2 ¼

X
a; i; j

ha
ij

X
k

ha
ijkk

 !
þ
X
a; i; j;k

ðha
ijkÞ

2 ¼ j‘Aj2 þ
X
a; i; j;k

ha
ijh

a
kijk:ð3:5Þ

Thus, from (2.6) and (3.5) we conclude that

1

2
DjAj2 ¼ j‘Aj2 þ

X
a; i; j;k

ðha
ijh

a
kkiÞj �

X
a; i; j;k

ha
ijjh

a
kki þ

X
a; i; j;m

ha
ijh

a
miRmjð3:6Þ

þ
X

a; i; j;k;m

ha
ijh

a
kmRmijk þ

X
b;a; i; j;k

ha
ijh

b
kiR

?
bajk:

Hence, observing that
P

a; i; j;k h
a
ijjh

a
kki ¼ n2j‘?Hj2, where j‘?Hj2 ¼

P
a; iðH a

i Þ
2,

from (3.6) we get

1

2
DjAj2 ¼ j‘Aj2 � n2j‘?Hj2 þ

X
a; i; j;k

ðha
ijh

a
kkiÞj þ

X
a; i; j;k;m

ha
ijh

a
mkRmijkð3:7Þ

þ
X

a; i; j;m

ha
ijh

a
imRmj þ

X
a;b; i; j;k

ha
ijh

b
ikR

?
bajk:

But, using once more Codazzi equation (2.7) we obtain that

�n2j‘?Hj2 þ
X
a; i; j;k

ðha
ijh

a
kkiÞj ¼

X
i; j;a

nH a
ij h

a
ij :ð3:8Þ

From (2.2) and (2.3) we also conclude thatX
a; i; j;k;m

ha
ijh

a
mkRmijk þ

X
a; i; j;m

ha
ijh

a
imRmj þ

X
b;a; i; j;k

ha
jih

b
ikR

?
bajkð3:9Þ

¼ cjFj2 �
X

a;b; i; j;k;m

ha
ijh

b
ij h

a
mkh

b
mk þ n

X
a;b; i; j;m

H bh
b
mjh

a
ijh

a
im

�
X

a;b; i; j;m; l

ha
ijh

a
imh

b
mlh

b
ij þ

X
a;b; i; j;k;m

ha
ijh

a
kmh

b
jmh

b
ik þ

X
a;b; i; j;k

ha
jih

b
ikR

?
bajk:

On the other hand, from (3.1) we getX
a;b; i; j;m

H bh
b
mjh

a
ijh

a
im ¼

X
b; i; j;k

Hhnþ1
ij h

b
jkh

b
ki;ð3:10Þ

and X
a;b; i; j;k;m

ha
ijh

b
ij h

a
mkh

b
mk ¼

X
i; j;k; l

X
a;b

ha
ijh

a
klh

b
ij h

b
kl

 !
¼
X
i; j;k; l

X
a

ha
ijh

a
kl

 !2
:ð3:11Þ

Furthermore, using (2.8) we have
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X
a;b; j;k

ðR?
abjkÞ

2 ¼
X

a;b; j;k

X
i

ðH b
ji h

a
ik � ha

jih
b
ikÞ

" #
R?

bajkð3:12Þ

¼
X

a;b; i; j;k

h
b
ji h

a
ikR

?
bajk �

X
a;b; i; j;k

ha
jih

b
ikR

?
bajk

¼
X

a;b; i; j;m; l

ha
ijh

a
imh

b
mlh

b
lj �

X
a;b; i; j;k;m

ha
ijh

a
kmh

b
jmh

b
ik

�
X

a;b; i; j;k

ha
jih

b
ikR

?
bajk:

Therefore, considering (3.8), (3.9), (3.10), (3.11) and (3.12) in (3.7), we
conclude the proof. r

4. Key lemmas

In order to establish our main results, we devote this section to present some
auxiliary lemmas. The first one can be proven reasoning in a similar way of that
in Proposition 2:2 of [14] (see also Lemma 3:2 of [2]).

Lemma 4.1. Let Mn be a linear Weingarten submanifold immersed in a
Riemannian space form Qnþp

c , with R ¼ aH þ b for some a; b A R. Suppose that

ðn� 1Þa2 þ 4nðb� cÞb 0:ð4:1Þ
Then

j‘Aj2 b n2j‘Hj2:ð4:2Þ
Moreover, the equality holds in (4.2) on Mn if, and only if, Mn is an isoparametric
submanifold of Qnþp

c .

We will also need the following algebraic lemma, whose proof can be found
in [12].

Lemma 4.2. Let B;C : Rn ! Rn be symmetric linear maps that BC � CB ¼ 0
and tr B ¼ tr C ¼ 0, then

� n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p jBj2jCja trðB2CÞa n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p jBj2jCj:ð4:3Þ

Consider the following algebraic lemma, whose proof can be found in [8].

Lemma 4.3. Let B1;B2; . . . ;Bn be symmetric ðn� nÞ-matrices. Set Sab ¼
trðBaBbÞ, Sa ¼ Saa, S ¼

P
a Sa, thenX

a;b

jBaBb � BbBaj2 þ
X
a;b

S2
ab a

3

2

X
a

Sa

 !2
:ð4:4Þ
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Now, let f ¼
P

i; j fijoioj be a symmetric tensor on Mn defined by

fij ¼ nHdij � hnþ1
ij :

Following Cheng-Yau [5], we introduce a operator k associated to f acting on
any smooth function f by

k f ¼
X
i; j

fij fij ¼
X
i; j

ðnHdij � hnþ1
ij Þ fij:ð4:5Þ

Here, in order to study linear Weingarten submanifolds, we will consider, for
each a A R, an appropriated Cheng-Yau’s modified operator, which is given by

L ¼k� n� 1

2
aD:ð4:6Þ

By taking a local orthonormal frame field e1; . . . ; en at q A Sn such that
hnþ1
ij ¼ lnþ1

i dij , we can show the following su‰cient criterion of ellipticity in a

similar way of Lemma 3:3 in [2].

Lemma 4.4. Let Mn be a linear Weingarten submanifold immersed with
parallel normalized mean curvature vector field in a Riemannian space form Qnþp

c ,
such that R ¼ aH þ b with b > c. Then, L is elliptic.

We will also use the following result obtained by Caminha [3], which extends
a previous one due to Yau in [16] (cf. Proposition 2:1 of [3]). In what follows,
let L1ðMnÞ denote the space of Lebesgue integrable functions on Mn.

Lemma 4.5. Let X be a smooth vector field on an n-dimensional complete
oriented Riemannian manifold Mn such that div X does not change sign on Mn.
If jX j A L1ðMnÞ, then div X ¼ 0.

5. Main results

In this section we present our characterization results concerning complete
linear Weingarten submanifolds immersed in a space form. The first one will be
obtained applying the Hopf ’s strong maximum principle and it is a natural
extension of Theorem 1:1 of [2].

Theorem 5.1. Let Mn be a complete linear Weingarten submanifold im-
mersed with parallel normalized mean curvature vector field in a Riemannian
space form Qnþp

c (c ¼ 1; 0;�1 and nb 4), such that R ¼ aH þ b with ab 0 and
b > c. In the case that c ¼ �1, assume in addition that R > 0. If H attains its
maximum on Mn and

sup
M

jFj2 a nðn� 1ÞR2

ðn� 2ÞðnR� ðn� 2ÞcÞ ;ð5:1Þ
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then
i. either jFj1 0 and Mn is totally umbilical,

ii. or jFj2 1 nðn� 1ÞR2

ðn� 2ÞðnR� ðn� 2ÞcÞ and Mn is isometric to a

(a) Cli¤ord torus S1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
Þ � Sn�1ðrÞ ,! Snþ1 ,! Snþp, when c ¼ 1,

(b) circular cylinder R� Sn�1ðrÞ ,! Rnþ1 ,! Rnþp, when c ¼ 0,

(c) hyperbolic cylinder H1ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
Þ � Sn�1ðrÞ ,! Hnþ1 ,! Hnþp, when

c ¼ �1,
where r is constant and equal to

ffiffiffiffiffiffiffiffiffiffiffi
n� 2

nR

r
.

Proof. From (2.5), (4.5), (4.6) and Proposition 3.1 that

LðnHÞ ¼
X
i; j

ðnHdij � hnþ1
ij ÞðnHÞij �

n� 1

2
aDðnHÞð5:2Þ

¼ 1

2
n2DH 2 � n2j‘Hj2 � n� 1

2
aDðnHÞ � n

X
i; j

hnþ1
ij Hij

¼ ðj‘Aj2 � n2j‘Hj2Þ þ cnjFj2 þ n
X
b; i; j;k

Hhnþ1
ij h

b
jkh

b
ki

�
X
i; j;k; l

X
a

ha
ijh

a
kl

 !2
�
X
a;b; i; j

ðR?
abijÞ

2:

From (3.1) and (3.2) we haveX
i; j;k;b

Hhnþ1
ij h

b
jkh

b
kið5:3Þ

¼
X
i; j;k

Hhnþ1
ij hnþ1

jk hnþ1
ki þ

Xnþp

b¼nþ2

X
i; j;k

Hhnþ1
ij F

b
jkF

b
ki

¼ H trðFnþ1 þHIÞ3 þ
Xnþp

b¼nþ2

X
i; j;k

HFnþ1
ij F

b
jkF

b
ki þ

Xnþp

b¼nþ2

H 2jFbj2

¼ H trðFnþ1Þ3 þ 3H 2jFnþ1j2 þ nH 4 þ
Xnþp

b¼nþ2

H 2jFbj2

þ
Xnþp

b¼nþ2

X
i; j;k

HFnþ1
ij F

b
jkF

b
ki:

Noticing that tr Fa ¼ 0 and Fnþ1Fb �FbFnþ1 ¼ 0, nþ 2a ba nþ p, from
Lemma 4.2 we obtain
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H trðFnþ1Þ3 þ 3H 2jFnþ1j2 þ nH 4 þ
Xnþp

b¼nþ2

H 2jFbj2 þ
Xnþp

b¼nþ2

X
i; j;k

HFnþ1
ij F

b
jkF

b
kið5:4Þ

b� n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HjFnþ1j3 þ 2H 2jFnþ1j2 þH 2jFj2 þ nH 4

� n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p Xnþp

b¼nþ2

HjFnþ1j jFbj2

¼ 2H 2jFnþ1j2 þH 2jFj2 þ nH 4 � n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HjFnþ1j jFj2:

Hence, from (5.3) and (5.4) we haveX
b; i; j;k

Hhnþ1
ij h

b
jkh

b
kib2H 2jFnþ1j2 þH 2jFj2 þ nH 4 � n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p HjFnþ1j jFj2:ð5:5Þ

From Ricci equation (2.3) we get

X
i; j;k; l

X
a

ha
ijh

a
kl

 !2
þ
X
a;b; i; j

ðR?
abijÞ

2ð5:6Þ

¼
X
a;b

ðtrðAaAbÞÞ2 þ
X

a0nþ1;b0nþ1; i; j

ðR?
abijÞ

2

¼ ½trðAnþ1Anþ1Þ�2 þ 2
X

b0nþ1

½trðAnþ1AbÞ�2

þ
X

a0nþ1;b0nþ1

ðtrðAaAbÞÞ2 þ
X

a0nþ1;b0nþ1

jAaAb � AbAaj2:

But, using (3.2) and Lemma 4.3 we obtainX
a0nþ1;b0nþ1

½trðAaAbÞ�2 þ
X

a0nþ1;b0nþ1

jAaAb � AbAaj2ð5:7Þ

a
3

2

X
b0nþ1

trðAbAaÞ
 !2

a
3

2

X
b0nþ1

jFbj
 !2

:

Hence, from (5.6) and (5.7) we have

X
i; j;k; l

X
a

ha
ijh

a
kl

 !2
þ
X
a;b; i; j

ðR?
abijÞ

2ð5:8Þ

a ½trðAnþ1Anþ1Þ�2 þ 2
X

b0nþ1

½trðAnþ1AbÞ�2 þ 3

2

X
b0nþ1

jFbj2
 !2
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¼ jFnþ1j4 þ 2nH 2jFnþ1j2 þ n2H 4 þ 2
X

b0nþ1

½trðFnþ1FbÞ�2

þ 3

2
ðjFj2 � jFnþ1j2Þ2

a
5

2
jFnþ1j4 þ 2nH 2jFnþ1j2 þ n2H 4 þ 2jFnþ1j2ðjFj2 � jFnþ1j2Þ

þ 3

2
jFj4 � 3jFj2jFnþ1j2

¼ 1

2
jFnþ1j4 þ 2nH 2jFnþ1j2 þ n2H 4 � jFj2jFnþ1j2 þ 3

2
jFj4:

Therefore, from (5.2), (5.5) and (5.8) we get

LðnHÞb cnjFj2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HjFnþ1j jFj2 þ nH 2jFj2ð5:9Þ

� 1

2
jFnþ1j4 þ jFj2jFnþ1j2 � 3

2
jFj4

¼ jFj2 �jFj2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HjFj þ nðH 2 þ cÞ
 !

þ ðjFj � jFnþ1jÞ

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HjFj2 � 1

2
ðjFj � jFnþ1jÞðjFj þ jFnþ1jÞ2

 !
:

On the other hand, from (2.5) and (3.3) we obtain

H 2 ¼ 1

nðn� 1Þ jFj2 þ ðR� cÞ:ð5:10Þ

Thus, from (5.9) and (5.10) we get

LðnHÞb ðjFj � jFnþ1jÞ
"

nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HjFj2ð5:11Þ

� 1

2
ðjFj � jFnþ1jÞðjFj þ jFnþ1jÞ2

#

þ 1

n� 1
jFj2QRðjFjÞ;

where QRðxÞ is the function introduced by Alı́as, Garcı́a-Martı́nez and Rigoli in
[1] and which is given by

QRðxÞ ¼ �ðn� 2Þx2 � ðn� 2Þx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ nðn� 1ÞðR� cÞ

q
þ nðn� 1ÞR:
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On the other hand, we note that holds the following algebraic inequality
ð3:5Þ of [6]

ðjFj � jFnþ1jÞðjFj þ jFnþ1jÞ2 a 32

27
jFj3:ð5:12Þ

Moreover, since that ab 0 and b > c and using (2.5), we also have

n2H 2
b n2H 2 � nðn� 1ÞaH ¼ jAj2 þ nðn� 1Þðb� cÞb jAj2 ¼ jFj2 þ nH 2;

which give us

Hb
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p jFj:ð5:13Þ

Thus, from (5.12) and (5.13) we conclude that

nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HjFj2 � 1

2
ðjFj � jFnþ1jÞðjFj þ jFnþ1jÞ2 b n� 2

n� 1
� 16

27

� �
jFj3:ð5:14Þ

But, taking into account our assumption that nb 4, we have that

n� 2

n� 1
� 16

27
> 0:ð5:15Þ

Consequently, from (5.11), (5.14) and (5.15) we get that

LðnHÞb 1

n� 1
jFj2QRðjFjÞ þ ðjFj � jFnþ1jÞ n� 2

n� 1
� 16

27

� �
jFj3ð5:16Þ

b
1

n� 1
jFj2QRðjFjÞ

We will observe that, from ours hypothesis on a, b and Mn be linear
Weingarten, we get

R ¼ aH þ bb b > c:ð5:17Þ

Hence, when c ¼ 0; 1, from (5.17) we must have R > 0. Thus, QRð0Þ ¼
nðn� 1ÞR > 0 and the function QRðxÞ is strictly decreasing for xb 0, with
QRðx�Þ ¼ 0 at

x� ¼ R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

ðn� 2ÞðnR� ðn� 2ÞcÞ

s
> 0;

once

nR� ðn� 2Þc ¼ naH þ nðb� cÞ þ 2c > 2c
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and, consequently, if c ¼ 0; 1, we get nR� ðn� 2Þc > 0. Moreover, since we are
assuming that R > 0 when c ¼ �1, we also have that nRþ ðn� 2Þ > 0.

Thus, from our restriction (5.1) on the norm of F, we obtain that
QRðjFjÞb 0. Hence, from (5.16)

LðnHÞb 1

n� 1
jFj2QRðjFjÞb 0:

Since Lemma 4.4 guarantees that L is elliptic and as we are supposing that
H attains its maximum on Mn, from (5.16) we conclude that H is constant
on Mn. Thus, returning to (5.2), we get that equality holds in (4.2). So,
Lemma 4.1 guarantees that Mn is a isoparametric submanifold of Qnþp

c and,
in particular, jFj is constant. Now, suppose that Mn is not totally umbilical,
which means that jFj a positive constant. In this case, taking into account
(5.15), from (5.16) we conclude that jFj ¼ jFnþ1j and, consequently, Fa ¼ 0, for
all nþ 2a aa nþ p. Thus, since enþ1 is parallel in the normal bundle of Mn,
we are in position to apply Theorem 1 of [15] to conclude that Mn is, in fact,
isometrically immersed in a ðnþ 1Þ-dimensional totally geodesic submanifold
Qnþ1

c of Qnþp
c . Hence, by the classical results on isoparametric hypersurfaces of

real space forms [4, 7, 13] and taking into account that R > 0, we conclude that

either jFj1 0 and Mn is totally umbilical, or jFj2 1 nðn� 1ÞR2

ðn� 2ÞðnR� ðn� 2ÞcÞ and
Mn is isometric to a

(a) Cli¤ord torus S1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
Þ � Sn�1ðrÞ, whit 0 < r < 1, if c ¼ 1,

(b) circular cylinder R� Sn�1ðrÞ, whit r > 0, if c ¼ 0,

(c) hyperbolic cylinder H1ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
Þ � Sn�1ðrÞ, whit r > 0, if c ¼ �1.

When c ¼ 1, for a given radius 0 < r < 1, is a standard fact that the product

embedding S1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
Þ � Sn�1ðrÞ ,! Snþ1 has constant principal curvatures given

by

l1 ¼
rffiffiffiffiffiffiffiffiffiffiffiffiffi

1� r2
p ; l2 ¼ � � � ¼ ln ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p

r
:

Thus, in this case,

H ¼ nr2 � ðn� 1Þ
nr

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p and jFj2 ¼ n� 1

nr2ð1� r2Þ :

When c ¼ 0, for a given radius r > 0, R� Sn�1ðrÞ ,! Rnþ1 has constant
principal curvatures given by

l1 ¼ 0; l2 ¼ � � � ¼ ln ¼
1

r
:

In this case,

H ¼ n� 1

nr
and jFj2 ¼ n� 1

nr2
:

225linear weingarten submanifolds immersed in a space form



Finally, when c ¼ �1, for a given radius r > 0, H1ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
Þ � Sn�1ðrÞ ,!

Hnþ1 has constant principal curvatures given by

l1 ¼
rffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r2
p ; l2 ¼ � � � ¼ ln ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p

r
:

Thus, in this case,

H ¼ nr2 þ ðn� 1Þ
nr

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p and jFj2 ¼ n� 1

nr2ð1þ r2Þ :

Therefore, in order to finish our proof, from equations (2.5) and (3.3) and
with algebraic computations it is not di‰cult to verify that in all these previously

described situations we must have r ¼
ffiffiffiffiffiffiffiffiffiffiffi
n� 2

nR

r
. r

We will close our paper applying Lemma 4.5 in order to get the following

Theorem 5.2. Let Mn be a complete linear Weingarten submanifold im-
mersed with parallel normalized mean curvature vector field in a Riemannian
space form Qnþp

c (c ¼ 1; 0;�1 and nb 4), such that R ¼ aH þ b with ab 0
and bb c. In the case that either b ¼ c ¼ 0 or c ¼ �1, assume in addition that
R > 0. If H is bounded on Mn, j‘Hj A L1ðMnÞ and

sup
M

jFj2 a nðn� 1ÞR2

ðn� 2ÞðnR� ðn� 2ÞcÞ ;

then
i. either jFj1 0 and Mn is totally umbilical,

ii. or jFj2 1 nðn� 1ÞR2

ðn� 2ÞðnR� ðn� 2ÞcÞ and Mn is isometric to a

(a) Cli¤ord torus S1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
Þ � Sn�1ðrÞ ,! Snþ1 ,! Snþp, when c ¼ 1,

(b) circular cylinder R� Sn�1ðrÞ ,! Rnþ1 ,! Rnþp, when c ¼ 0,

(c) hyperbolic cylinder H1ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
Þ � Sn�1ðrÞ ,! Hnþ1 ,! Hnþp, when

c ¼ �1,
where r is constant and equal to

ffiffiffiffiffiffiffiffiffiffiffi
n� 2

nR

r
.

Proof. We observe that from (4.5) and (4.6) it is not di‰cult to verify that

LðnHÞ ¼ divðPð‘HÞÞ;ð5:18Þ
where

P ¼ n2H � nðn� 1Þ
2

a

� �
I � nhnþ1;ð5:19Þ

hnþ1 ¼ ðhnþ1
ij Þ stands for the second fundamental form of Mn in direction enþ1

and I the identity in the algebra of smooth vector fields on Mn.
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On the other hand, since R ¼ aH þ b and H is bounded on Mn, from
equation (2.5) we have that A is bounded on Mn. Consequently, from (5.19) we
conclude that the operator P is bounded, that is, there exists a positive constant
C such that jPjaC. Since we are also assuming that j‘Hj A L1ðMnÞ, we
obtain that

jPð‘HÞja jPj j‘HjaCj‘Hj A L1ðMnÞ:
Hence, we can apply Lemma 4.5 to obtain that LðnHÞ ¼ 0 on Mn. Thus,

since still holds (5.16), we can use once more Lemma 4.1 to get that Mn is an
isoparametric submanifold of Qnþp

c . Therefore, at this point we can reason as
in the proof of Theorem 5.1 to conclude the result. r

Remark 5.3. Considering in Theorem 5.2 that case that Mn is compact,
a ¼ 0 and c ¼ 1, we just reobtain Theorem 1:3 of [6].
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