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LOCALLY HOMOGENEOUS AFFINE HYPERSPHERES

WITH CONSTANT SECTIONAL CURVATURE

Cece Li

Abstract

In this paper, we study the n-dimensional locally homogeneous a‰ne hyperspheres

with constant sectional curvature, vanishing Pick invariant and the di¤erence tensor

K satisfying K n�1 0 0. As main results, we classify such hyperspheres for dimension

na 5.

1. Introduction

An important problem in unimodular-a‰ne di¤erential geometry is to
classify all the a‰ne hyperspheres with a‰ne metric of constant sectional
curvature. The following results are well known.

Theorem 1.1 ([28]). Let M be a locally strongly convex a‰ne hypersphere in
Rnþ1 with constant sectional curvature. Then M is locally a‰ne equivalent to
either a hyperquadric or the hyperbolic a‰ne hypersphere

x1x2 � � � xnþ1 ¼ 1;

where ðx1; . . . ; xnþ1Þ is the standard coordinate of Rnþ1.

Theorem 1.2 ([29]). Let M be an a‰ne hypersphere in Rnþ1 with constant
sectional curvature c and nonzero Pick invariant. Then c ¼ 0 and M is locally
a‰ne equivalent to

ðx2
1 G x2

2Þðx2
3 G x2

4Þ � � � ðx2
2m�1 G x2

2mÞ ¼ 1

if n ¼ 2m� 1, or

ðx2
1 G x2

2Þðx2
3 G x2

4Þ � � � ðx2
2m�1 G x2

2mÞx2mþ1 ¼ 1

if n ¼ 2m, where ðx1; . . . ; xnþ1Þ is the standard coordinate of Rnþ1.
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However, the classification problem becomes much more di‰cult if the a‰ne
metric is indefinite and the Pick invariant vanishes [2]. Up to now, the following
problem of L. Vrancken remains open.

Problem 1 ([1]). Classify all a‰ne hyperspheres with indefinite a‰ne metric
of constant sectional curvature and vanishing Pick invariant.

We remark from [6, 30] that a‰ne hyperspheres with constant sectional
curvature and nonzero Pick invariant are homogeneous under unimodular a‰ne
transformations. However, a‰ne hyperspheres with constant sectional curvature
and vanishing Pick invariant are not necessarily homogeneous [25]. The solution
of Problem 1 for dimension 2 and 3 has been obtained in [27] and [2] respectively,
but there appear many implicit examples.

On the other hand, di¤erent from Euclidean geometry, the class of higher
dimensional homogeneous a‰ne hypersurfaces is very large (cf. [6]), and one
is far from a complete classification. For homogeneous a‰ne surfaces one
obtained the classification [21, 22]. The classification of 3-dimensional case
has been completed except for Lorentzian a‰ne hyperspheres (cf. [3, 20, 23,
24, 25]). For general dimension only partial results are known, see [4, 5, 15] for
details. In particular for locally strongly convex homogeneous a‰ne hyper-
spheres, Sasaki [26] reduced the classification to that of homogeneous convex
cones. We notice that a‰ne hypersurfaces with parallel cubic form are locally
homogeneous a‰ne hyperspheres [8], and recently, such homogeneous a‰ne
hyperspheres have been classified for the locally strongly convex case [14], the
Lorentzian case [12], 3 and 4-dimensional case [11, 13], and the other subcases
[10, 19].

Recently, a whole family of homogeneous a‰ne hypersurfaces constructed
by M. Eastwood and V. Ezhov in [9], called the generalized Cayley hypersurfaces,
were found in [18] with the following properties: they are improper a‰ne hyper-
sphere with flat indefinite a‰ne metric, zero Pick invariant and the di¤erence
tensor K satisfying ‘ðaÞK ¼ 0 and Kn�1 0 0. For each constant a A R, it is
defined by the graph immersion of xnþ1 ¼ Fðx1; . . . ; xn; aÞ, where

Fðx1; . . . ; xn; aÞ ¼
Xnþ1

d¼2

ð�1Þd

d!

Yd�3

s¼0

½ð1� aÞsþ 2�
X

j1þ���þjd¼nþ1

xj1 � � � xjd ;ð1:1Þ

and ðx1; . . . ; xnþ1Þ is the standard coordinate of Rnþ1. This is the Cayley surface,
the Cayley hypersurface (1) of [9] and the hypersurface (6.3) of [7] corresponding
to n ¼ 2, a ¼ 0 and a ¼ 1, respectively. Note that the 3-dimensional generalized
Cayley hypersurfaces, explicitly given by

x4 ¼ Fðx1; x2; x3; aÞ ¼ x1x3 þ
1

2
x2
2 � x2

1x2 þ
3� a

12
x4
1 ;ð1:2Þ

are characterized by M. Ooguri as follows:
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Theorem 1.3 (cf. Proposition 4.2 of [25]). Let M 3 be a locally homogeneous
a‰ne hypersphere in R4 with constant sectional curvature k and vanishing Pick
invariant. If K 2 0 0, then k ¼ 0 and M 3 is locally a‰ne equivalent to the
3-dimensional generalized Cayley hypersurfaces.

Without the condition of homogeneity, both the characterization of the Cayley
hypersurface and that of the generalized Cayley hypersurfaces are obtained in [16]
and [18], respectively.

Motivated by above facts, it is nature to consider the following problem:

Problem 2. Besides the n-dimensional generalized Cayley hypersurfaces, do
there exist other examples, which are locally homogeneous a‰ne hypersphere
with constant sectional curvature, vanishing Pick invariant and Kn�1 0 0?

Remark 1.1. For dimension n ¼ 2, there indeed exists such a‰ne sphere
[21], namely x3 ¼ x1x2 þ log x1. However, for n ¼ 3 it follows from Theorem
1.3 that there doesn’t exist such a‰ne hypersphere.

In this paper, we give a positive answer to Problem 2 for n ¼ 4 and 5,
namely

Main Theorem. Let Mn be a locally homogeneous a‰ne hypersphere in
Rnþ1 with constant sectional curvature and vanishing Pick invariant. If K n�1 0 0,
then Mn is an improper a‰ne hypersphere with flat indefinite a‰ne metric for
na 5. Furthermore, M 4 is locally a‰ne equivalent to the graph immersions of

x5 ¼ Fðx1; . . . ; x4; aÞ �
b

4
x4
1 ;ð1:3Þ

and M 5 is locally a‰ne equivalent to one of the two graph immersions:

x6 ¼ Fðx1; . . . ; x5; aÞ �
g

4
x4
1 �

2b

3
x3
1x2 þ

ð25� 11aÞb
75

x5
1 ;ð1:4Þ

x6 ¼ Fðx1; . . . ; x5; 0Þ � ax3
1x3 þ

a

2
x2
1x

2
2 þ

aðaþ 1Þ
2

x4
1x2 þ

aða2 � 3Þ
12

x6
1ð1:5Þ

� g

4
x4
1 �

2b

3
x3
1x2 þ

ð1� aÞb
3

x5
1 ;

where a, b, g are arbitrary constant, and Fðx1; . . . ; xn; aÞ is given by (1.1).

This paper is organized as follows. In Section 2, we introduce the theory of
local a‰ne hypersurfaces. In Section 3, we study the locally homogeneous a‰ne
hyperspheres of Main Theorem to obtain a canonical local frame. The proof of
Main Theorem is given in Section 4 for dimension n ¼ 4 and in Section 5 for
dimension n ¼ 5, respectively.
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2. Preliminaries

We briefly recall the theory of local equia‰ne hypersurfaces in [17, 22]. Let
Rnþ1 be the standard ðnþ 1Þ-dimensional real a‰ne space, i.e., Rnþ1 endowed
with the standard flat connection D and its parallel volume form o, given by the
determinant. Let F : M ,! Rnþ1 be a non-degenerate a‰ne hypersurface. It is
well known that on such hypersurface there exists a canonical transversal vector
field x called the a‰ne normal. Then we can write

DXF�ðYÞ ¼ F�ð‘XYÞ þ hðX ;Y Þx;ð2:1Þ
DXx ¼ �F�ðSX Þ:ð2:2Þ

This a‰ne normal induces the following invariants on M: the a‰ne connection
‘, the a‰ne metric, or Berwald-Blaschke metric h, the a‰ne shape operator S
and the cubic form, or Fubini-Pick form C :¼ ‘h. Moreover, the a‰ne mean

curvature of M is defined by H ¼ 1

n
trace S. The hypersurface M is called an

a‰ne hypersphere if S ¼ H id, then one easily proves that H ¼ const if nb 2.
M is called a proper a‰ne hypersphere if H0 0 and an improper a‰ne hyper-
sphere if H ¼ 0. For a proper a‰ne hypersphere the a‰ne normal satisfies
x ¼ �HðF � cÞ, where c is a fixed point in Rnþ1, called the center of F ðMÞ, for
simplicity, we choose c as the origin of Rnþ1. For an improper a‰ne hyper-
sphere the a‰ne normal x is constant.

The classical Pick-Berwald theorem states that the a‰ne connection coincides
with the Levi-Civita connection ‘̂‘ of a‰ne metric h if and only if the hyper-
surface is a hyperquadric. For that reason, the di¤erence tensor KðX ;YÞ :¼
‘XY � ‘̂‘XY , related to the cubic form by CðX ;Y ;ZÞ ¼ �2hðKðX ;Y Þ;ZÞ, plays
a fundamental role in a‰ne di¤erential geometry. Denote by R̂R the curvature
tensor of ‘̂‘, by di¤erence tensor K we have the Gauss and Codazzi equations:

R̂RðX ;YÞZ ¼ 1

2
½hðY ;ZÞSX � hðX ;ZÞSY þ hðSY ;ZÞX � hðSX ;ZÞY � � ½KX ;KY �Z;

ð‘̂‘XKÞðY ;ZÞ � ð‘̂‘YKÞðX ;ZÞ ¼ 1

2
½hðY ;ZÞSX � hðX ;ZÞSY

� hðSY ;ZÞX þ hðSX ;ZÞY �;

Contracting Gauss equation twice we have

w ¼ H þ J;ð2:3Þ

where J ¼ 1

nðn� 1Þ hðK ;KÞ is the Pick invariant and w is the normalized scalar

curvature of h. Moreover, we have the apolarity condition tr KZ ¼ 0, and the
property that hðKðX ;YÞ;ZÞ is totally symmetric for all X , Y and Z.

For an a‰ne hypersphere with constant a‰ne sectional curvature and J ¼ 0,
we have w ¼ H and the Gauss and Codazzi equations reduce to
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R̂RðX ;YÞZ ¼ H½hðY ;ZÞX � hðX ;ZÞY �;ð2:4Þ
½KX ;KY �Z ¼ 0;ð2:5Þ

ð‘̂‘XKÞðY ;ZÞ ¼ ð‘̂‘YKÞðX ;ZÞ:ð2:6Þ

We prepare the following definitions and lemmas.

Definition 2.1 (cf. Remark 3.3 of [7]). For given positive integer k, a
ð1; k þ 1Þ-tensor field Kk is defined by

KkðX1; . . . ;Xkþ1Þ ¼ KX1
� � �KXk

Xkþ1

for any X1; . . . ;Xkþ1. If ½KX ;KY � ¼ 0 for all X and Y , the tensor field Kk

is totally symmetric. Hence Kk vanishes identically if and only if ðKvÞkv ¼ 0
for all vectors v. Denote by m the smallest number such that the symmetric
tensor Km is identically zero at the point p. Then for any tangent vector v at
p, we have ðKvÞmv ¼ 0 and there exists a tangent vector u at p such that
hððKuÞm�1

u; uÞ0 0.

Lemma 2.1 (cf. Lemma 3.3 of [7]). If ½KY ;KZ� ¼ 0 for all Y and Z, then KX

is nilpotent for each X. In particular, Kn ¼ 0.

An a‰ne hypersurface M in Rnþ1 is called locally homogeneous if for all
points p and q, there exists a neighborhood U of p and an equia‰ne trans-
formation A of Rnþ1, i.e., A A SLðnþ 1;Rnþ1ÞyRnþ1, such that AðpÞ ¼ q and
AðUÞHM. If U ¼ M holds for any p A M, then M is homogeneous. Recall
the following

Lemma 2.2 (cf. Lemma 2.1 of [25]). If M is locally homogeneous a‰ne
hypersurface, then for any p; q A M there exists a neighborhood U of p and
A A SLðnþ 1;Rnþ1ÞyRnþ1 such that AðFðpÞÞ ¼ FðqÞ, AðFðUÞÞHF ðMÞ and
A�ðxðpÞÞ ¼ xðqÞ. Such transformation A preserves ‘, h, S and K.

3. A canonical local frame

Let M be a locally homogeneous a‰ne hypersphere of Rnþ1 with constant
sectional curvature and zero Pick invariant, i.e., J ¼ 0. Then we have w ¼ H,
(2.4), (2.5) and (2.6). Moreover, if Kn�1 0 0 we can choose a canonical local
frame as follows.

Lemma 3.1. If ½KX ;KY � ¼ 0 for each X , Y and K n�1 0 0, then there exists a
local frame fX1; . . . ;Xng such that

KðXi;XjÞ ¼
Xiþj; i þ ja n;

0; otherwise;

�
hðXi;XjÞ ¼

1; i þ j ¼ nþ 1;

0; otherwise:

�
ð3:1Þ

The frame is uniquely up to a sign determined.
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Proof. The proof of the first part is the same as the proof of Lemma 6.1 in
[7], see also Lemma 3.2 in [16], although we obtain the local frame instead of
basis. Note that Lemma 3.1 has been proved for n ¼ 3 (cf. Lemma 3.4 and
Remark 3.4 of [2]). For the uniqueness of frame, we assume that there exist two
frames fX1; . . . ;Xng and fY1; . . . ;Yng satisfying (3.1). Set Y1 ¼ a1X1 þ � � � þ
anXn. Since Ykþ1 ¼ KðY1;YkÞ for k ¼ 1; . . . ; n� 1, we see from (3.1) that

hðY1;YlÞ ¼ h a1X1 þ � � � þ anXn;
X

i1þ���þilan

ai1 � � � ailXi1þ���þil

 !

¼ anþ1�l

X
i1þ���þil¼l

ai1 � � � ail þ � � � þ a1
X

i1þ���þil¼n

ai1 � � � ail ;

where l ¼ 2; . . . ; n. Denote by d the standard Kronecker delta. Solving the
equations hðY1;YlÞ ¼ dln for l ¼ n; . . . ; 1 respectively, we obtain that

anþ1
1 ¼ 1; a2 ¼ a3 ¼ � � � ¼ an ¼ 0:

Hence Y1 ¼GX1, then by (3.1) the second conclusion is attained. r

Set ‘̂‘Xi
Xj ¼

Pn
k¼1 G

k
i; jXk for the frame fX1; . . . ;Xng. Then, by local homo-

geneity of M we see from Lemma 2.2 and 3.1 that Gk
i; j are constant. From now

on we follow the convention:

i; j; k; l A f1; . . . ; ng; G t
p;q ¼ 0 if fp; q; tgU f1; . . . ; ng:

From (3.1) we obtain

hð‘̂‘Xi
Xj;Xn�kþ1Þ þ hðXj; ‘̂‘Xi

Xn�kþ1Þ ¼ 0;ð3:2Þ

which shows

Gk
i; j þ G

n�jþ1
i;n�kþ1 ¼ 0; Ei; j; k:ð3:3Þ

In particular, Gk
i;n�kþ1 ¼ 0. By (2.6) there holds

ð‘̂‘Xi
KÞðXj;XkÞ ¼ ð‘̂‘Xj

KÞðXi;XkÞ ¼ ð‘̂‘Xk
KÞðXj ;XiÞ:

A simple computation shows

Xn
l¼1

Gl
i; jþkXl �

Xn�k

p¼1

G
p
i; jXpþk �

Xn�j

q¼1

G
q
i;kXqþj

¼
Xn
l¼1

Gl
j; iþkXl �

Xn�k

p¼1

G
p
j; iXpþk �

Xn�i

q¼1

G
q
j;kXqþi

¼
Xn
l¼1

Gl
k; jþiXl �

Xn�i

p¼1

G
p
k; jXpþi �

Xn�j

q¼1

G
q
k; iXqþj :
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Then we can rewrite above formulas as

Gl
i; jþk � Gl�k

i; j � G
l�j
i;k ¼ Gl

j; iþk � Gl�k
j; i � Gl�i

j;k ¼ Gl
k; jþi � Gl�i

k; j � G
l�j
k; i ;ð3:4Þ

which immediately imply that

Gl
i; jþk ¼ Gl

j; iþk ¼ Gl
k; jþi; laminfi; j; kg:ð3:5Þ

Together with (3.3) there hold

G1
i;n ¼ G1

j;n�jþi ¼ G
j�iþ1
j;n ¼ 0; Ei; j:ð3:6Þ

Taking i ¼ 1, k ¼ n in (3.4), we have

G
l�j
1;n ¼ Gl�1

j;n ¼ Gl�1
n; j þ G

l�j
n;1 � Gl

n; jþ1:ð3:7Þ

For la j we get Gl�1
j;n ¼ Gl�1

n; j � Gl
n; jþ1 ¼ 0. By induction and (3.3) there

hold

Gl
j;n ¼ Gl

n; j ¼ 0; l < j:

While for l ¼ j þ 1a n, by (3.3) we obtain

0 ¼ G
j
j;n ¼ G

j
n; j þ G1

n;1 � G
jþ1
n; jþ1:

Thus G
jþ1
n; jþ1 ¼ ð j þ 1ÞG1

n;1 for ja n� 1. Together with Gn
n;n ¼ �G1

n;1 (cf. (3.3))

we see that

G
j
j;n ¼ G

j
n; j ¼ 0; Ej:ð3:8Þ

For lb j þ 2 we set l ¼ j þmþ 1 for m ¼ 1; . . . ; n� j � 1 in (3.7) to
obtain

Gmþ1
1;n ¼ G

jþm
j;n ¼ G

jþm
n; j þ Gmþ1

n;1 � G
jþmþ1
n; jþ1 ;

which by induction gives that G
jþmþ1
n; jþ1 ¼ ð j þ 1ÞGmþ1

n;1 � jGmþ1
1;n for mþ ja n� 1.

Together with Gn
n;n�m ¼ �Gmþ1

n;1 (cf. (3.3)) we get

Gmþ1
1;n ¼ n�mþ 1

n�m� 1
Gmþ1
n;1 ; G

jþmþ1
n; jþ1 ¼ 1� 2j

n�m� 1

� �
Gmþ1
n;1 :

Summing above we have proved the following

Lemma 3.2.

Gl
j;n ¼ Gl

n; j ¼ 0; la j;ð3:9Þ

G
jþmþ1
n; jþ1 ¼ 1� 2j

n�m� 1

� �
Gmþ1
n;1 ; G

jþm
j;n ¼ n�mþ 1

n�m� 1
Gmþ1
n;1 ;ð3:10Þ

mþ ja n� 1:
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Next, taking i ¼ 1, k ¼ n� 1 in (3.4) we have

d
j
1G

l
1;n � dlnG

1
1; j � G

l�j
1;n�1 ¼ Gl

j;n � dlnG
1
j;1 � Gl�1

j;n�1ð3:11Þ

¼ Gl
n�1; jþ1 � Gl�1

n�1; j � G
l�j
n�1;1:

For la ja n� 1, by (3.9) we obtain Gl�1
j;n�1 ¼ Gl�1

n�1; j � Gl
n�1; jþ1 ¼ 0. By induc-

tion and (3.3) there hold

Gl
j;n�1 ¼ Gl

n�1; j ¼ 0; l < ja n� 1:ð3:12Þ

While for l ¼ j þ 1a n in (3.11), by (3.3) and (3.9) we get

ð1þ d
j
1 þ d

j
n�1ÞG

1
1;n�1 ¼ G

j
j;n�1 þ d

j
n�1G

1
n�1;1 � G

jþ1
j;n

¼ G
j
n�1; j þ G1

n�1;1 � G
jþ1
n�1; jþ1:

Then there hold

G
jþ1
n�1; jþ1 ¼ G

j
n�1; j þ G1

n�1;1 � ð1þ d
j
1 þ d

j
n�1ÞG

1
1;n�1; ja n� 1;

G
j
j;n�1 ¼ G

jþ1
j;n þ ð1þ d

j
1ÞG

1
1;n�1; ja n� 2:

ð3:13Þ

By induction in the first line equations of (3.13), we obtain

G
jþ1
n�1; jþ1 ¼ ð j þ 1ÞðG1

n�1;1 � G1
1;n�1Þ � d

j
n�1G

1
1;n�1; ja n� 1:

In particular, if j ¼ n� 1, by Gn
n�1;n ¼ �G1

n�1;1 we see that G1
n�1;1 ¼ G1

1;n�1,
thus

Gk
n�1;k ¼ 0; 2a ka n� 1:

Considering the second line equations of (3.13), by (3.3) and (3.10) we have

G
j
j;n�1 ¼ 0; 2a ja n� 2:

When lb j þ 2, set l ¼ j þmþ 1 for m ¼ 1; . . . ; n� j � 1 in (3.11), we
obtain

d
j
1G

mþ2
1;n � d

j
n�m�1G

1
1;n�m�1 � Gmþ1

1;n�1 ¼ G
jþmþ1
j;n � d

j
n�m�1G

1
n�m�1;1 � G

jþm
j;n�1

¼ G
jþmþ1
n�1; jþ1 � G

jþm
n�1; j � Gmþ1

n�1;1;

which by (3.3) and (3.10) reduce to

Gn�1
n�m�1;n�1 ¼ Gmþ1

1;n�1 � Gmþ2
1;n � 2G1

n�m�1;1; ma n� 3;

G
jþm
j;n�1 ¼ Gmþ1

1;n�1 þ ð1� d
j
1ÞG

mþ2
1;n ; j < n�m� 1;

G
jþmþ1
n�1; jþ1 ¼ G

jþm
n�1; j þ Gmþ1

n�1;1 � Gmþ1
1;n�1 þ ðd j

1 þ d
j
n�m�1ÞG

mþ2
1;n ; ja n�m� 1:
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The last equations imply that

G
jþmþ1
n�1; jþ1 ¼ ð j þ 1ÞGmþ1

n�1;1 � jGmþ1
1;n�1 þ ð1þ d

j
n�m�1ÞG

mþ2
1;n ; ja n�m� 1:

Thus by (3.3) we have ðn�mþ 1ÞGmþ1
n�1;1 þ 2Gmþ2

1;n ¼ ðn�m� 1ÞGmþ1
1;n�1 and

G
jþmþ1
n�1; jþ1 ¼ 1� 2j

n�m� 1

� �
ðGmþ1

n�1;1 þ Gmþ2
1;n Þ; j < n�m� 1:

Summing above by Lemma 3.2 we proved the following

Lemma 3.3.

G1
n�1;1 ¼ G1

1;n�1; Gk
n�1;k ¼ Gk

k;n�1 ¼ 0; 2a ka n� 1;

Gl
j;n�1 ¼ Gl

n�1; j ¼ 0; l < j;

G
jþm
j;n�1 ¼ Gmþ1

1;n�1 þ ð1� d
j
1ÞG

mþ2
1;n ; mþ j < n� 1;

Gn�1
n�m�1;n�1 ¼ Gmþ1

1;n�1 � Gmþ2
1;n � 2G1

n�m�1;1; ma n� 3;

G
jþmþ1
n�1; jþ1 ¼ 1� 2j

n�m� 1

� �
ðGmþ1

n�1;1 þ Gmþ2
1;n Þ; mþ j < n� 1;

Gmþ1
1;n�1 ¼

n�mþ 1

n�m� 1
Gmþ1
n�1;1 þ

2

n�m� 1
Gmþ2
1;n ; ma n� 2:

Since M has constant sectional curvature H, from (2.4) and the definition of
R̂R we have

Hðd jþk
nþ1Xi � d iþk

nþ1XjÞ ¼ R̂RðXi;XjÞXkð3:14Þ

¼ ‘̂‘Xi
‘̂‘Xj

Xk � ‘̂‘Xj
‘̂‘Xi

Xk � ‘̂‘½Xi ;Xj �Xk

¼
Xn
p;q¼1

ðGp
j;kG

q
i;p � G

p
i;kG

q
j;p þ G

p
j; iG

q
p;k � G

p
i; jG

q
p;kÞXq:

First, taking i < j ¼ k ¼ n in (3.14), by Lemma 3.2 we have

d i1HXn ¼
X

i<p<qan

ðGp
i;nG

q
n;p þ G

p
i;nG

q
p;n � G

p
n; iG

q
p;nÞXq:ð3:15Þ

When n ¼ 2, H ¼ 0. For nb 3, looking at the components of Xn we have

d i1H ¼
X
i<p<n

ðGp
i;nG

n
n;p þ G

p
i;nG

n
p;n � G

p
n; iG

n
p;nÞð3:16Þ

¼
Xn�i�1

m¼1

ðG iþm
i;n Gn

n; iþm þ G iþm
i;n Gn

iþm;n � G iþm
n; i Gn

iþm;nÞ:
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Note from (3.10) that

G iþm
n; i ¼ n�mþ 1

n�m� 1
� 2i

n�m� 1

� �
Gmþ1
n;1 ; mþ ia n;

G iþm
i;n ¼ n�mþ 1

n�m� 1
Gmþ1
n;1 ; mþ ia n� 1:

ð3:17Þ

Then (3.16) reduce to

d i1H ¼
Xn�i�1

m¼1

1

n�m� 1
Gmþ1
n;1 ½ðn�mþ 1ÞGn

n; iþm þ 2iGn
iþm;n�:ð3:18Þ

For i ¼ n� 2, by (3.3) we obtain dn3H ¼ � 1

n� 2
G2
n;1½nG2

n;1 þ 2ðn� 2ÞG1
n�1;1�.

The first equation of Lemma 3.3 and (3.17) give �G1
n�1;1 ¼ G2

1;n ¼
n

n� 2
G2
n;1,

thus

dn3H ¼ n

n� 2
ðG2

n;1Þ
2:ð3:19Þ

Thus G2
n;1 ¼ Gn

n;n�1 ¼ Gn
n�1;n ¼ 0 for nb 4, and (3.18) reduce to

d i1H ¼
Xn�i�2

m¼2

1

n�m� 1
Gmþ1
n;1 ½ðn�mþ 1ÞGn

n; iþm þ 2iGn
iþm;n�:ð3:20Þ

For i ¼ n� 3 in (3.20) we obtain dn4H ¼ 0, i.e., H ¼ 0 when n ¼ 4. For
i ¼ n� 4, by (3.3) we have

dn5H ¼ � 1

n� 3
G3
n;1½ðn� 1ÞG3

n;1 þ 2ðn� 4ÞG1
n�2;1�; nb 5:ð3:21Þ

Next, taking i < j ¼ n� 1 < k ¼ n in (3.14), by Lemma 3.2 and 3.3 we
have

d i1HXn�1 ¼
X

i<p<qan

G
p
i;nG

q
n�1;pXq � Gn

n�1;n

X
i<qan

G
q
i;nXqð3:22Þ

þ
X

i<p<qan

ðGp
i;n�1 � G

p
n�1; iÞG

q
p;nXq:

Looking at the components of Xn�1 we have

d i1H ¼
X

i<p<n�1

ðGp
i;nG

n�1
n�1;p þ G

p
i;n�1G

n�1
p;n � G

p
n�1; iG

n�1
p;n Þ � Gn

n�1;nG
n�1
i;n :

For i ¼ n� 2 we get dn3H ¼ 0. Then (3.19) shows G2
n;1 ¼ 0 for all nb 3.

Summing above, by previous lemmas we have the following

44 cece li



Lemma 3.4.

G iþ1
n; i ¼ G iþ1

i;n ¼ 0; nb 3;

Gl
j;n�1 ¼ Gl

n�1; j ¼ 0; la j;

H ¼ 0; na 4:

Now, we continue to consider the totally symmetry of ‘̂‘K . Taking ði; kÞ ¼
ð1; n� 2Þ in (3.4) we have

Gl
1;nþj�2 � Gl�nþ2

1; j � G
l�j
1;n�2 ¼ Gl

j;n�1 � Gl�nþ2
j;1 � Gl�1

j;n�2ð3:23Þ

¼ Gl
n�2; jþ1 � Gl�1

n�2; j � G
l�j
n�2;1:

For la ja n� 2 in (3.23), by Lemma 3.4 we get

0 ¼ Gl�1
j;n�2 ¼ Gl�1

n�2; j � Gl
n�2; jþ1;

which imply that

Gl
j;n�2 ¼ Gl

n�2; j ¼ 0; l < ja n� 1:ð3:24Þ

Similarly, for l ¼ j þ 1a n� 1 in (3.23) there hold

ð1þ d
j
2 þ d

j
n�2ÞG

1
1;n�2 ¼ G

j
j;n�2 � G

jþ1
j;n�1 þ d

j
n�2G

1
n�2;1ð3:25Þ

¼ G
j
n�2; j þ G1

n�2;1 � G
jþ1
n�2; jþ1:

On the one hand, there hold G2
n�2;2 ¼ 2G1

n�2;1 � ð1þ dn3 ÞG1
1;n�2 and

G
jþ1
n�2; jþ1 ¼ ð j þ 1ÞðG1

n�2;1 � G1
1;n�2Þ � d

j
n�2G

1
1;n�2; 2a ja n� 2:

Combining with Gn�1
n�2;n�1 ¼ �G2

n�2;2 we see that

G1
n�2;1 ¼ G1

1;n�2; G2
n�2;2 ¼ ð1� dn3 ÞG1

1;n�2;

G
jþ1
n�2; jþ1 ¼ 0; 2a j < n� 2:

ð3:26Þ

The first equation of (3.26) and (3.10) give that

G1
n�2;1 ¼ G1

1;n�2 ¼ �G3
1;n ¼ � n� 1

n� 3
G3
n;1;

then we obtain from (3.21) that dn5H ¼ ðn� 1Þðn� 5Þ
ðn� 3Þ2

ðG3
n;1Þ

2, which show that

H ¼ 0 when n ¼ 5 and G3
n;1 ¼ 0 for n > 5. On the other hand, for ja n� 2 in

(3.25) there hold

G
j
j;n�2 � G

jþ1
j;n�1 ¼ ð1þ d

j
2ÞG

1
1;n�2:
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By the third line equation of Lemma 3.3 and (3.26) we obtain

G
j
j;n�2 ¼ d

j
2G

1
1;n�2; 2a ja n� 2:

As before, for lb j þ 2, set l ¼ j þmþ 1 for m ¼ 1; . . . ; n� j � 1 in (3.23),
by (3.3) we obtain

ðd j
1 þ d

j
n�m�1ÞG

mþ2
1;n�1 þ ðd j

2 þ d
j
n�m�2ÞG

mþ3
1;n � Gmþ1

1;n�2ð3:27Þ

¼ G
jþmþ1
j;n�1 � G

mþ j
j;n�2 � d

j
n�m�2G

1
n�m�2;1 � d

j
n�m�1G

2
n�m�1;1

¼ G
jþmþ1
n�2; jþ1 � G

jþm
n�2; j � Gmþ1

n�2;1; mþ ja n� 1:

Summing above, by previous lemmas we have proved the following

Lemma 3.5. There hold (3.27) and

G iþ2
n; i ¼ G iþ2

i;n ¼ 0; n > 5;

Gl
j;n�2 ¼ Gl

n�2; j ¼ 0; l < j;

G1
n�2;1 ¼ G1

1;n�2 ¼ � n� 1

n� 3
G3
n;1; nb 4;

G
j
n�2; j ¼ G

j
j;n�2 ¼ d

j
2G

1
1;n�2; 2a ja n� 2;

H ¼ 0; n ¼ 5:

4. The 4-dimensional case

In this section, for dimension n ¼ 4 we completely determine the a‰ne
hyperspheres by proving the following

Theorem 4.1. Let M be a locally homogeneous 4-dimensional a‰ne hyper-
sphere of R5 with constant sectional curvature and vanishing Pick invariant. If
K 3 0 0, then M is an improper a‰ne hypersphere with flat indefinite a‰ne metric,
and M is locally a‰ne equivalent to one of the graph immersions of polynomials

x5 ¼ Fðx1; . . . ; x4; aÞ �
b

4
x4
1 ;ð4:1Þ

where a, b are arbitrary constant.

Proof. By Lemma 3.2–3.5, for n ¼ 4 we see that H ¼ 0, thus R̂R ¼ 0.
Moreover,

G
q
k;p þ G

5�p
k;5�q ¼ 0; G i

j;4 ¼ G i
4; j ¼ G i

j;3 ¼ G i
3; j ¼ 0; ia ja 4;

G iþ1
i;4 ¼ G iþ1

4; i ¼ 0; ia 3; G4
2;4 ¼ G3

1;4 ¼ G3
2;3 ¼ 2G4

3;3 ¼ 3G3
4;1;

G3
1;3 ¼ 3G3

3;1 þ 2G4
1;4; 2G4

2;3 ¼ 2G3
1;3 þ G4

1;4; 3G4
2;2 ¼ 2G4

1;3:
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For ði; j; kÞ ¼ ð1; 3; 1Þ in (3.14), a direct computation gives

0 ¼ R̂RðX1;X3ÞX1

¼ 9ðG3
4;1Þ

2
X1 þ

3

4
G3
4;1ð16G3

3;1 þ 11G4
1;4ÞX2 þ G3

3;1ðG3
3;1 þ G4

1;4ÞX3:

Thus G3
4;1 ¼ 0 and G3

3;1ðG3
3;1 þ G4

1;4Þ ¼ 0. Now, taking ði; j; kÞ ¼ ð1; 2; 1Þ in
(3.14) we further obtain

0 ¼ R̂RðX1;X2ÞX1 ¼
3

4
ð6G3

3;1 þ 5G4
1;4Þð2G3

3;1 þ G4
1;4ÞX2 �

1

3
ð8G3

3;1 þ 5G4
1;4ÞG4

1;3X3:

These equations show that G3
3;1 ¼ G4

1;4 ¼ 0. Set G4
1;3 ¼

a

2
and G4

1;2 ¼ b, there
hold

‘̂‘X4
Xi ¼ ‘̂‘Xi

X4 ¼ ‘̂‘X3
Xi ¼ ‘̂‘X2

X3 ¼ 0; Ei;

‘̂‘X1
X3 ¼

a

2
X4; ‘̂‘X1

X2 ¼ bX4; ‘̂‘X2
X1 ¼ � a

3
X3;

‘̂‘X1
X1 ¼ � a

2
X2 � bX3; ‘̂‘X2

X2 ¼
a

3
X4:

ð4:2Þ

The only nonzero components of ‘̂‘K are

‘̂‘KðX2;X1;X1Þ ¼ aX4;

‘̂‘KðX1;X1;X1Þ ¼ aX3 þ 3bX4;

and the only nonzero Lie brackets are

½X1;X2� ¼
a

3
X3 þ bX4; ½X1;X3� ¼

a

2
X4:

Now, we look at the following system of di¤erential equations of ðr1; r2Þ.

X1ðr1Þ ¼ 0; X2ðr1Þ ¼
a

3
; X3ðr1Þ ¼ X4ðr1Þ ¼ 0;

X1ðr2Þ ¼ � a

2
r1; X2ðr2Þ ¼ b; X3ðr2Þ ¼

a

2
; X4ðr2Þ ¼ 0:

8><
>:ð4:3Þ

A direct computation shows that for k ¼ 1; 2

ðXiXj � XjXi � ½Xi;Xj�Þrk ¼ 0; Ei; j:

Hence, for instance by introducing coordinates, it is clear that the system of
di¤erential equations (4.3) has a unique solution ðr1; r2Þ with initial conditions
r1ð0Þ ¼ r2ð0Þ ¼ 0. Then, by straightforward computation, using (4.3) we verify
the following lemma.

Lemma 4.1. The linear independent vector fields

Y1 ¼ X1 þ r1X3 þ r2X4; Y2 ¼ X2; Y3 ¼ X3; Y4 ¼ X4
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satisfy ½Yi;Yj� ¼ 0 for all i, j. Hence, there exist local coordinates fu1; u2; u3; u4g

on M such that
q

qui
¼ Yi for i ¼ 1; 2; 3; 4 and r1 ¼

a

3
u2, r2 ¼ bu2 þ

a

2
u3.

Expressing the Levi-Civita connection in terms of the frame Yi we see that

‘̂‘Y3
Y3 ¼ ‘̂‘Y2

Y3 ¼ ‘̂‘Y3
Y2 ¼ 0; ‘̂‘Y4

Yi ¼ ‘̂‘Yi
Y4 ¼ 0; Ei;

‘̂‘Y1
Y1 ¼ � a

2
Y2 � bY3 þ

1

6
a2u2Y4; ‘̂‘Y2

Y2 ¼
a

3
Y4;

‘̂‘Y1
Y2 ¼ ‘̂‘Y2

Y1 ¼ bY4; ‘̂‘Y1
Y3 ¼ ‘̂‘Y3

Y1 ¼
a

2
Y4:

ð4:4Þ

Also the only nonzero components of the a‰ne metric are

hðY1;Y1Þ ¼ 2bu2 þ au3; hðY1;Y2Þ ¼
a

3
u2; hðY1;Y4Þ ¼ hðY2;Y3Þ ¼ 1;

and the only nonzero components of the di¤erence tensor are

KY1
Y1 ¼ Y2 þ

2

3
au2Y4; KY1

Y2 ¼ Y3; KY1
Y3 ¼ KY2

Y2 ¼ Y4:

Note that the a‰ne normal field x of improper a‰ne hypersphere M is constant.
From DXY ¼ KXY þ ‘̂‘XY þ hðX ;YÞx, it follows that the immersion F is deter-
mined by the following system of di¤erential equations:

Fu1u1 ¼
2� a

2
Fu2 � bFu3 þ

að4þ aÞ
6

u2Fu4 þ ð2bu2 þ au3Þx;

Fu1u2 ¼ Fu3 þ bFu4 þ
a

3
u2x; Fu1u3 ¼

2þ a

2
Fu4 ;

Fu2u2 ¼
3þ a

3
Fu4 ; Fu1u4 ¼ Fu2u3 ¼ x;

Fu3u3 ¼ Fu2u4 ¼ Fu3u4 ¼ Fu4u4 ¼ 0;

8>>>>>>>><
>>>>>>>>:

where Fui :¼ F�
q

qui
. Solving above system of di¤erential equations, up to an

a‰ne transformation, we obtain

F ¼ Aþ u1A1 þ u2 þ
2� a

4
u21

� �
A2 þ u3 þ u1u2 þ

2� a

12
u31 �

b

2
u21

� �
A3

þ u4 þ
2þ a

2
u1u3 þ

3þ a

6
u22 þ

2þ a

4
u21u2 þ

4� a2

4!� 4
u41 þ bu1u2 �

1

6
abu31

� �
A4

þ
�
u1u4 þ u2u3 þ

3þ a

6
u1u

2
2 þ

2þ a

4
u21u3 þ

2þ a

12
u31u2

þ 4� a2

5!� 4
u51 þ

b

2
u21u2 �

ab

4!
u41

�
x;
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where Ai ¼ Fuið0Þ, A ¼ F ð0Þ are constant vectors of R5. Because of non-
degenerate, M lies linearly full in R5. Hence x;A1; . . . ;A4 are linearly indepen-
dent vectors. By an equia‰ne transformation we can write

F ¼
�
u1; u2 þ

2� a

4
u21 ; u3 þ u1u2 þ

2� a

12
u31 �

b

2
u21 ; u4 þ

2þ a

2
u1u3 þ

3þ a

6
u22

þ 2þ a

4
u21u2 þ

4� a2

4!� 4
u41 þ bu1u2 �

1

6
abu31 ; u1u4 þ u2u3 þ

3þ a

6
u1u

2
2

þ 2þ a

4
u21u3 þ

2þ a

12
u31u2 þ

4� a2

5!� 4
u51 þ

b

2
u21u2 �

ab

4!
u41

�
,! R5:

Set x1 ¼ u1, x2 ¼ u2 þ
2� a

4
u21 , x3 ¼ u3 þ u1u2 þ

2� a

12
u31 �

b

2
u21 and

x4 ¼ u4 þ
2þ a

2
u1u3 þ

3þ a

6
u22 þ

2þ a

4
u21u2 þ

4� a2

4!� 4
u41 þ bu1u2 �

1

6
abu31 ;

x5 ¼ u1u4 þ u2u3 þ
3þ a

6
u1u

2
2 þ

2þ a

4
u21u3 þ

2þ a

12
u31u2

þ 4� a2

5!� 4
u51 þ

b

2
u21u2 �

ab

4!
u41 ;

we see that M lies on the graph immersion of polynomial

x5 ¼ x1x4 þ x2x3 � x2
1x3 � x1x

2
2 þ

3� a

3
x3
1x2 �

ð2� aÞð3� aÞ
30

x5
1 �

b

4
x4
1 :

This is exactly the hypersurface (4.1). Obviously, if b ¼ 0 these are exactly the
4-dimensional generalized Cayley hypersurfaces. r

5. The 5-dimensional case

In this section, for dimension n ¼ 5 we completely determine the a‰ne
hyperspheres by proving the following

Theorem 5.1. Let M be a locally homogeneous 5-dimensional a‰ne hyper-
sphere of R6 with constant sectional curvature and vanishing Pick invariant. If
K 4 0 0, then M is an improper a‰ne hypersphere with flat indefinite a‰ne metric,
and M is locally a‰ne equivalent to one of the two graph immersions:

x6 ¼ Fðx1; . . . ; x5; aÞ �
g

4
x4
1 �

2b

3
x3
1x2 þ

ð25� 11aÞb
75

x5
1 ;ð5:1Þ

x6 ¼ Fðx1; . . . ; x5; 0Þ � ax3
1x3 þ

a

2
x2
1x

2
2 þ

aðaþ 1Þ
2

x4
1x2 þ

aða2 � 3Þ
12

x6
1ð5:2Þ

� g

4
x4
1 �

2b

3
x3
1x2 þ

ð1� aÞb
3

x5
1 ;

where a, b, g are arbitrary constant.
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Proof. By Lemma 3.2–3.5, H ¼ 0 (thus R̂R ¼ 0) and (3.14) we see that

0 ¼ hðR̂RðX3;X4ÞX3;X2Þ ¼ ðG4
4;3Þ

2;

thus G4
4;3 ¼ 0. Moreover,

G
q
k;p þ G

6�p
k;6�q ¼ 0; G i

j;5 ¼ G i
5; j ¼ G i

j;4 ¼ G i
4; j ¼ 0; ia j;

G iþ1
i;5 ¼ G iþ1

5; i ¼ 0; ia 4; Gk
j;3 ¼ Gk

3; j ¼ 0; k < j;

G iþ1
i;4 ¼ G iþ1

4; i ¼ 0; ia 4; G
jþ2
j;5 ¼ G

jþ2
5; j ¼ 0; ja 3;

3G4
5;1 ¼ G4

1;5 ¼ G3
1;4 þ 2G5

4;3; 2G5
2;5 ¼ G4

2;4 þ 2G5
4;3;

G4
2;4 þ G5

2;5 ¼ 2G4
1;5 þ G3

1;4 ¼ 2G4
3;3 þ G5

3;4; 2G5
3;4 ¼ 2G3

1;4 þ G4
3;3;

G4
1;4 þ G5

1;5 ¼ 2G5
2;4 � G4

2;3 ¼ 2G5
3;3; G4

1;4 ¼ 3G4
4;1 þ 2G5

1;5;

2G5
1;4 ¼ G4

1;3 þ 3G5
3;2:

ð5:3Þ

For ði; j; kÞ ¼ ð2; 5; 2Þ and ð3; 4; 2Þ in (3.14), the direct computations show that

0 ¼ R̂RðX2;X5ÞX2 ¼ G5
5;2ðG5

5;2 þ G4
2;4ÞX5;

0 ¼ R̂RðX3;X4ÞX2 ¼ ðG4
3;3G

5
4;3 þ G5

5;2G
5
4;3 � G5

5;2G
5
3;4ÞX5:

ð5:4Þ

Claim: G4
5;1 ¼ 0. Otherwise, assume that G4

5;1 ¼ a0 0, by (3.3) we see from

the first equation of (5.4) and (5.3) that

G4
2;4 ¼ a; G5

3;4 ¼ � 4

5
a; G4

3;3 ¼
12

5
a; G3

1;4 ¼ �2a;

G5
2;5 ¼ G4

1;5 ¼ 3a; G5
4;3 ¼

5

2
a:

Then the second equation of (5.4) implies that a ¼ 0, a contradiction. Claim has
been proved. Then it follows from (5.3) and (5.4) that

G4
5;1 ¼ G4

2;4 ¼ G5
3;4 ¼ G4

3;3 ¼ G3
1;4 ¼ G5

2;5 ¼ G4
1;5 ¼ G5

4;3 ¼ 0:

Similarly, by (3.3) and the sixth line equations of (5.3) there hold

0 ¼ hðR̂RðX1;X2ÞX1;X4Þ ¼ G5
2;4ðG5

2;4 � G5
1;5Þ;

0 ¼ R̂RðX1;X4ÞX1 ¼ G4
4;1ðG4

4;1 þ G5
1;5ÞX4;

0 ¼ R̂RðX1;X3ÞX1 ¼ G5
3;3ðG5

3;3 � G5
1;5ÞX3 � ðG5

3;3 þ G4
4;1ÞðG5

3;2 þ G4
1;3ÞX4:

ð5:5Þ

Claim: G5
3;3 ¼ 0. Otherwise, assume that G5

3;3 ¼ b0 0, by (5.5) we see from
the sixth line equations of (5.3) that G5

1;5 ¼ G4
1;4 ¼ �3G4

4;1 ¼ b. Then the second
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equation of (5.5) implies that b ¼ 0, a contradiction. Claim has been proved.
Moreover, we see from

ð‘̂‘X1
KÞðX2;X2Þ ¼ ð‘̂‘X2

KÞðX1;X2Þ; ð‘̂‘X2
KÞðX1;X1Þ ¼ ð‘̂‘X1

KÞðX2;X1Þ
that

3G4
1;4 ¼ G5

2;4 þ 2G4
2;3; 2G5

2;3 ¼ G5
1;4 þ 2G4

1;3; 3G5
2;2 ¼ 2G5

1;3:ð5:6Þ

It follows from this and the sixth line equations of (5.3) that

G4
2;3 ¼ 2G5

2;4 :¼ 2l; G4
1;4 ¼ G4

4;1 ¼ �G5
1;5 ¼

5

3
l:

Taking this into the first equation of (5.5) we obtain l ¼ 0, thus

G5
2;4 ¼ G4

2;3 ¼ G4
1;4 ¼ G4

4;1 ¼ G5
1;5 ¼ G5

3;3 ¼ 0:

Set G5
1;3 ¼ b, G5

1;2 ¼ g. Summing above, by the last equation of (5.3) and
the last two equations of (5.6) we can express the Levi-Civita connection as
follows:

‘̂‘X5
Xi ¼ ‘̂‘Xi

X5 ¼ ‘̂‘X4
Xi ¼ ‘̂‘Xiþ1

X4 ¼ ‘̂‘X3
X3 ¼ 0; Ei;

‘̂‘X1
X4 ¼ G5

1;4X5; ‘̂‘X2
X2 ¼

2

3
bX5;

‘̂‘X1
X3 ¼ G4

1;3X4 þ bX5; ‘̂‘X3
X1 ¼

1

3
G4
1;3 �

2

3
G5
1;4

� �
X4;

‘̂‘X2
X3 ¼ G4

1;3 þ
1

2
G5
1;4

� �
X5; ‘̂‘X3

X2 ¼
2

3
G5
1;4 �

1

3
G4
1;3

� �
X5;

‘̂‘X1
X2 ¼ �G4

1;3X3 þ gX5; ‘̂‘X2
X1 ¼ � G4

1;3 þ
1

2
G5
1;4

� �
X3 �

2

3
bX4;

‘̂‘X1
X1 ¼ �G5

1;4X2 � bX3 � gX4:

ð5:7Þ

Combining with the Gauss equation R̂RðX1;X2ÞX1 ¼ 0 we obtain that

ðG4
1;3 þ G5

1;4Þ G4
1;3 �

1

3
G5
1;4

� �
¼ 0:ð5:8Þ

Hence we can divide our discussion into two cases:

Case I: G5
1;4 ¼ 3G4

1;3; Case II: G5
1;4 ¼ �G4

1;3:

For Case I, we set G5
1;4 ¼ 3G4

1;3 ¼
3a

5
. We note from (5.7) that the only

nonzero components of ‘̂‘K are

‘̂‘KðX1;X1;X1Þ ¼ aX3 þ 2bX4 þ 3gX5; ‘̂‘KðX3;X1;X1Þ ¼ aX5;

‘̂‘KðX2;X1;X1Þ ¼ aX4 þ 2bX5; ‘̂‘KðX1;X2;X2Þ ¼ aX5:
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The only nonzero Lie brackets are

½X1;X4� ¼
3a

5
X5; ½X1;X3� ¼

8a

15
X4 þ bX5;

½X2;X3� ¼
a

6
X5; ½X1;X2� ¼

3a

10
X3 þ

2

3
bX4 þ gX5:

Now, we look at the following system of di¤erential equations of
ðr1; . . . ; r4Þ.

X1ðr1Þ ¼ 0; X2ðr1Þ ¼
3a

10
; X3ðr1Þ ¼ X4ðr1Þ ¼ X5ðriÞ ¼ 0; Ei;

X1ðr2Þ ¼ � a

6
r1; X2ðr2Þ ¼ 0; X3ðr2Þ ¼

a

6
; X4ðr2Þ ¼ 0;

X1ðr3Þ ¼ � 8a

15
r1; X2ðr3Þ ¼

2b

3
; X3ðr3Þ ¼

8a

15
; X4ðr3Þ ¼ 0;

X1ðr4Þ ¼ � br1 þ
3a

5
r3

� �
; X2ðr4Þ ¼ g� a

6
r1;

X3ðr4Þ ¼ b; X4ðr4Þ ¼
3a

5
:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð5:9Þ

Direct computations show that for k ¼ 1; 2; 3; 4

ðXiXj � XjXi � ½Xi;Xj�Þrk ¼ 0; Ei; j:

Hence, for instance by introducing coordinates, it is clear that the system of
di¤erential equations (5.9) has a unique solution ðr1; . . . ; r4Þ with initial condi-
tions r1ð0Þ ¼ � � � ¼ r4ð0Þ ¼ 0. Then, by straightforward computation, using (5.7)
and (5.9) we verify the following lemma.

Lemma 5.1. The linear independent vector fields

Y1 ¼ X1 þ r1X3 þ r3X4 þ r4X5; Y2 ¼ X2 þ r2X5;

Y3 ¼ X3; Y4 ¼ X4; Y5 ¼ X5

satisfy ½Yi;Yj� ¼ 0 for all i; j. Hence, there exist local coordinates fu1; . . . ; u5g on

M such that
q

qui
¼ Yi and

r1 ¼
3a

10
u2; r2 ¼

a

6
u3; r3 ¼

2b

3
u2 þ

8a

15
u3; r4 ¼ � a2

40
u22 þ gu2 þ bu3 þ

3a

5
u4:

Expressing the Levi-Civita connection in terms of the frame Yi we see that

‘̂‘Y3
Y3 ¼ ‘̂‘Yiþ1

Y4 ¼ ‘̂‘Y4
Yiþ1 ¼ 0; ‘̂‘Y5

Yj ¼ ‘̂‘Yj
Y5 ¼ 0; Ei; j;

‘̂‘Y1
Y1 ¼ � 3a

5
Y2 � bY3 � gþ a2

25
u2

� �
Y4 þ

7ab

10
u2 þ

21a2

50
u3

� �
Y5;
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‘̂‘Y2
Y1 ¼ ‘̂‘Y1

Y2 ¼ � a

5
Y3 þ gþ a2

10
u2

� �
Y5; ‘̂‘Y2

Y3 ¼ ‘̂‘Y3
Y2 ¼

a

2
Y5;

‘̂‘Y1
Y3 ¼ ‘̂‘Y3

Y1 ¼
a

5
Y4 þ bY5; ‘̂‘Y1

Y4 ¼ ‘̂‘Y4
Y1 ¼

3a

5
Y5; ‘̂‘Y2

Y2 ¼
2b

3
Y5:

The only nonzero components of the a‰ne metric are

hðY1;Y1Þ ¼
a2

25
u22 þ 2gu2 þ 2bu3 þ

6a

5
u4; hðY1;Y2Þ ¼

2b

3
u2 þ

7a

10
u3;

hðY1;Y3Þ ¼
3a

10
u2; hðY1;Y5Þ ¼ hðY2;Y4Þ ¼ hðY3;Y3Þ ¼ 1;

and the only nonzero components of the di¤erence tensor are

KY1
Y1 ¼ Y2 þ

3a

5
u2Y4 þ

4b

3
u2 þ

9a

10
u3

� �
Y5; KY1

Y2 ¼ Y3 þ
3a

10
u2Y5;

KY1
Y3 ¼ KY2

Y2 ¼ Y4; KY1
Y4 ¼ KY2

Y3 ¼ Y5:

As before, the immersion F is determined by the following system of
di¤erential equations:

Fu1u1 ¼
5� 3a

5
Fu2 � bFu3 þ

að15� aÞ
25

u2 � g

� �
Fu4

þ ð40þ 21aÞb
30

u2 þ
ð45þ 21aÞa

50
u3

� �
Fu5

þ a2

25
u22 þ 2gu2 þ 2bu3 þ

6a

5
u4

� �
x;

Fu1u2 ¼
5� a

5
Fu3 þ

aðaþ 3Þ
10

u2 þ g

� �
Fu5 þ

2b

3
u2 þ

7a

10
u3

� �
x;

Fu1u3 ¼
5þ a

5
Fu4 þ bFu5 þ

3a

10
u2x; Fu2u2 ¼ Fu4 þ

2b

3
Fu5 ;

Fu1u4 ¼
5þ 3a

5
Fu5 ; Fu2u3 ¼

2þ a

2
Fu5 ; Fu1u5 ¼ Fu2u4 ¼ Fu3u3 ¼ x;

Fu3u4 ¼ Fu4u4 ¼ Fuiþ1u5 ¼ 0; Ei;

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

where Fui :¼ F�
q

qui
. Solving above system of di¤erential equations, up to an

a‰ne transformation, we obtain

F ¼ Aþ u1A1 þ u2 þ
5� 3a

10
u21

� �
A2

þ u3 þ
5� a

5
u1u2 þ

ða� 5Þð3a� 5Þ
3!� 25

u31 �
b

2
u21

� �
A3
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þ
�
u4 þ

5þ a

5
u1u3 þ

1

2
u22 þ

25� a2

50
u21u2

þ ða2 � 25Þð3a� 5Þ
5!� 25

u41 �
g

2
u21 �

ð5þ aÞb
30

u31

�
A4

þ
�
u5 þ

5þ 3a

5
u1u4 þ

2þ a

2
u2u3 þ

ð3aþ 5Þðaþ 5Þ
50

u21u3 þ
5þ 3a

10
u1u

2
2

� ða2 � 25Þð3aþ 5Þ
3!� 125

u31u2 þ
ða2 � 25Þð9a2 � 25Þ

5!� 252
u51 þ bu1u3 þ gu1u2

þ b

3
u22 þ

ð5� aÞb
10

u21u2 �
ag

5
þ b2

3!

 !
u31 �

ab

15
u41

�
A5

þ
�
u1u5 þ u2u4 þ

1

2
u23 þ

1

3!
u32 þ

2þ a

2
u1u2u3 þ

5þ 3a

10
u21u4 þ

3aþ 5

20
u21u

2
2

þ ð3aþ 5Þðaþ 5Þ
3!� 25

u31u3 �
ða2 � 25Þð3aþ 5Þ

5!� 25
u41u2 þ

ða2 � 25Þð9a2 � 25Þ
6!� 252

u61

þ b

2
u21u3 þ

b

3
u1u

2
2 þ

g

2
u21u2 þ

ð5� aÞb
30

u31u2 �
ag

20
þ b2

4!

 !
u41 �

ab

75
u51

�
x;

where Ai ¼ Fuið0Þ, A ¼ F ð0Þ are constant vectors of R6. Similar to the proof
of Theorem 4.1, by an equia‰ne transformation we see that M lies on the graph
immersion of polynomial

x6 ¼ x1x5 þ x2x4 þ
1

2
x2
3 � x2

1x4 �
1

3
x3
2 � 2x1x2x3 þ

3� a

3
x3
1x3 þ

3� a

2
x2
1x

2
2

� ð3� aÞð2� aÞ
6

x4
1x2 þ

4ð3� aÞð2� aÞð5� 3aÞ
6!

x6
1

� g

4
x4
1 �

2b

3
x3
1x2 þ

ð25� 11aÞb
75

x5
1 :

This is exactly the hypersurface (5.1). Obviously, if b ¼ g ¼ 0 these are exactly
the 5-dimensional generalized Cayley hypersurfaces.

For Case II, we set G5
1;4 ¼ �G4

1;3 ¼ a. We note from (5.7) that the only
nonzero components of ‘̂‘K are

‘̂‘KðX1;X1;X1Þ ¼ 3aX3 þ 2bX4 þ 3gX5; ‘̂‘KðX3;X1;X1Þ ¼ 3aX5;

‘̂‘KðX2;X1;X1Þ ¼ �aX4 þ 2bX5; ‘̂‘KðX1;X2;X2Þ ¼ �aX5:

The only nonzero Lie brackets are

½X1;X4� ¼ aX5; ½X1;X3� ¼ bX5;

½X2;X3� ¼ � 3

2
aX5; ½X1;X2� ¼

a

2
X3 þ

2

3
bX4 þ gX5:
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Now, we look at the following system of di¤erential equations of
ðr1; . . . ; r4Þ.

X1ðr1Þ ¼ 0; X2ðr1Þ ¼
a

2
; X3ðr1Þ ¼ X4ðr1Þ ¼ X5ðriÞ ¼ 0; Ei;

X1ðr2Þ ¼
3a

2
r1; X2ðr2Þ ¼ 0; X3ðr2Þ ¼ � 3a

2
; X4ðr2Þ ¼ 0;

X1ðr3Þ ¼ 0; X2ðr3Þ ¼
2b

3
; X3ðr3Þ ¼ X4ðr3Þ ¼ 0;

X1ðr4Þ ¼ �ðbr1 þ ar3Þ; X2ðr4Þ ¼ gþ 3a

2
r1;

X3ðr4Þ ¼ b; X4ðr4Þ ¼ a:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð5:10Þ

Direct computations show that for k ¼ 1; 2; 3; 4

ðXiXj � XjXi � ½Xi;Xj�Þrk ¼ 0; Ei; j:

As before, by straightforward computation, using (5.7) and (5.10) we verify the
following lemma.

Lemma 5.2. The linear independent vector fields

Y1 ¼ X1 þ r1X3 þ r3X4 þ r4X5; Y2 ¼ X2 þ r2X5;

Y3 ¼ X3; Y4 ¼ X4; Y5 ¼ X5

satisfy ½Yi;Yj� ¼ 0 for all i, j. Hence, there exist local coordinates fu1; . . . ; u5g on

M such that
q

qui
¼ Yi and

r1 ¼
a

2
u2; r2 ¼ � 3a

2
u3; r3 ¼

2b

3
u2; r4 ¼

3a2

8
u22 þ gu2 þ bu3 þ au4:

Expressing the Levi-Civita connection in terms of Yi we see that

‘̂‘Y3
Y3 ¼ ‘̂‘Yiþ1

Y4 ¼ ‘̂‘Y4
Yiþ1 ¼ 0; ‘̂‘Y5

Yj ¼ ‘̂‘Yj
Y5 ¼ 0; Ei; j;

‘̂‘Y1
Y1 ¼ �aY2 � bY3 � ðgþ a2u2ÞY4 þ

7ab

6
u2 �

3a2

2
u3

� �
Y5;

‘̂‘Y2
Y1 ¼ ‘̂‘Y1

Y2 ¼ aY3 þ gþ a2

2
u2

� �
Y5; ‘̂‘Y2

Y3 ¼ ‘̂‘Y3
Y2 ¼ � a

2
Y5;

‘̂‘Y1
Y3 ¼ ‘̂‘Y3

Y1 ¼ �aY4 þ bY5; ‘̂‘Y1
Y4 ¼ ‘̂‘Y4

Y1 ¼ aY5; ‘̂‘Y2
Y2 ¼

2b

3
Y5:

The only nonzero components of the a‰ne metric are
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hðY1;Y1Þ ¼ a2u22 þ 2gu2 þ 2bu3 þ 2au4; hðY1;Y2Þ ¼
2b

3
u2 �

3a

2
u3;

hðY1;Y3Þ ¼
a

2
u2; hðY1;Y5Þ ¼ hðY2;Y4Þ ¼ hðY3;Y3Þ ¼ 1;

and the only nonzero components of the di¤erence tensor are

KY1
Y1 ¼ Y2 þ au2Y4 þ

4b

3
u2 þ

3a

2
u3

� �
Y5; KY1

Y2 ¼ Y3 þ
a

2
u2Y5;

KY1
Y3 ¼ KY2

Y2 ¼ Y4; KY1
Y4 ¼ KY2

Y3 ¼ Y5:

Then, the immersion F is determined by the system of di¤erential equations:

Fu1u1 ¼ ð1� aÞFu2 � bFu3 þ ðau2 � a2u2 � gÞFu4

þ ð7aþ 8Þb
6

u2 þ
3að1� aÞ

2
u3

� �
Fu5 þ ða2u22 þ 2gu2 þ 2bu3 þ 2au4Þx;

Fu1u2 ¼ ð1þ aÞFu3 þ
aðaþ 1Þ

2
u2 þ g

� �
Fu5 þ

2b

3
u2 �

3a

2
u3

� �
x;

Fu1u3 ¼ ð1� aÞFu4 þ bFu5 þ
a

2
u2x; Fu2u2 ¼ Fu4 þ

2b

3
Fu5 ;

Fu1u4 ¼ ð1þ aÞFu5 ; Fu2u3 ¼
2� a

2
Fu5 ; Fu1u5 ¼ Fu2u4 ¼ Fu3u3 ¼ x;

Fu3u4 ¼ Fu4u4 ¼ Fuiþ1u5 ¼ 0; Ei;

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

where Fui :¼ F�
q

qui
. Solving above system of di¤erential equations, up to an

a‰ne transformation, we obtain

F ¼ Aþ u1A1 þ u2 þ
1� a

2
u21

� �
A2 þ u3 þ ð1þ aÞu1u2 þ

1� a2

3!
u31 �

b

2
u21

� �
A3

þ
"
u4 þ ð1� aÞu1u3 þ

1

2
u22 þ

1� a2

2
u21u2

þ ð1� a2Þð1� aÞ
4!

u41 �
g

2
u21 þ

ða� 1Þb
3!

u31

#
A4

þ
"
u5 þ ð1þ aÞu1u4 þ

2� a

2
u2u3 þ

1� a2

2
u21u3 þ

1þ a

2
u1u

2
2

þ ð1þ aÞð1� a2Þ
3!

u31u2 þ
ð1� a2Þ2

5!
u51 þ bu1u3 þ gu1u2 þ

b

3
u22

þ ð1þ aÞb
2

u21u2 �
2agþ b2

3!
u31

#
A5
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þ
"
u1u5 þ u2u4 þ

1

2
u23 þ

1

3!
u32 þ

2� a

2
u1u2u3 þ

1þ a

2
u21u4 þ

1þ a

4
u21u

2
2

þ 1� a2

3!
u31u3 þ

ð1� a2Þð1þ aÞ
4!

u41u2 þ
ð1� a2Þ2

6!
u61 þ

b

2
u21u3 þ

b

3
u1u

2
2

þ g

2
u21u2 þ

ð1þ aÞb
3!

u31u2 �
2agþ b2

4!
u41

#
x;

where Ai ¼ Fuið0Þ, A ¼ Fð0Þ are constant vectors of R6. As before, by an equi-
a‰ne transformation we see that M lies on the graph immersion of polynomial

x6 ¼ x1x5 þ x2x4 þ
1

2
x2
3 � x2

1x4 �
1

3
x3
2 � 2x1x2x3 þ ð1� aÞx3

1x3 þ
3þ a

2
x2
1x

2
2

� ð1� aÞð2þ aÞ
2

x4
1x2 þ

ð1� aÞ2ð2þ aÞ
12

x6
1 �

g

4
x4
1 �

2b

3
x3
1x2 þ

ð1� aÞb
3

x5
1 :

This is exactly the hypersurface (5.2) of Main Theorem. When a ¼ 0, we note
that above graph immersion coincides with that of (5.1). r

The proof of Main Theorem follows immediately from that H ¼ 0 for na 5
in Section 3, Theorem 4.1 and 5.1.
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