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SOME INVERSE FRACTIONAL LEGENDRE TRANSFORMS

OF GAMMA FUNCTION FORM

Alireza Ansari

Abstract

In this paper, using the asymptotic expansion of the ratio of gamma functions, we

obtain new inversion formulas for the fractional Legendre transforms. These formulas

are given in terms of some integral representations of the inverse Mellin transforms.

Also, the closed forms of solutions of the fractional Laplace and Helmholtz equations

are obtained by these inversion formulas.

1. Introduction

The Legendre transform and its inversion formula, for the first time was
introduced by Tranter [26]

Tlf f ðxÞ; ng ¼ fn ¼
ð1
�1

f ðxÞpnðxÞ dx;ð1-1Þ

T�1
l f fn; xg ¼ f ðxÞ ¼

Xy
n¼0

nþ 1

2

� �
fn pnðxÞ;ð1-2Þ

where the Legendre polynomials pnðxÞ ¼
ð�1Þn

2nn!

d n

dxn
ð1� x2Þn satisfy the Legendre

di¤erential equation

d

dx
ð1� x2Þ d

dx
yþ nðnþ 1Þy ¼ 0; n A N:ð1-3Þ

The most important applications of this transform are found in the boundary
value problems in spherical coordinates particularly elliptic equations. For
example, for the analysis of Laplace, Poisson and Helmoltz equations in spherical
coordinates and corresponding operational calculus, see [10–12], [14], [25]. As
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generalization of the Legendre di¤erential equation in the sense of fractional
derivatives, Klimek and Agrawal introduced a fractional Legendre di¤erential
equation with respect to the Riemann-Liouville and Caputo fractional derivatives
[18]

CDa
1�ð1� x2ÞaDa

�1þ y�
Gðnþ aþ 1Þ
Gðnþ 1� aÞ y ¼ 0; m� 1 < aam; m A N:ð1-4Þ

To express the properties of this equation, we can refer to the real eigenvalues,
orthogonal eigenfunctions and the Legendre polynomials pnðxÞ as the solution of
it. For more details in these properties and similar fractional Sturm-Liouville
problems, see [3], [8], [17, 18], [23]. In this sense, for the fractional Legendre
equation (1-4) they introduced the following finite fractional Legendre transform
with its inversion formula

Ta; lf f ðxÞ; ng ¼ fn ¼
ð1
�1

f ðxÞpnðxÞ dx;ð1-5Þ

T�1
a; l f fn; xg ¼ f ðxÞ ¼

Xy
n¼0

nþ 1

2

� �
fn pnðxÞ:ð1-6Þ

One of the important property of this transform is the impact on the fractional
operator La;x ¼ CDa

1�ð1� x2ÞaDa
�1þ , which leads to the eigenvalues with respect

to the gamma function

Ta; lfCDa
1�ðð1� x2ÞaDa

�1þ f ÞðxÞ; ng ¼ Gðnþ aþ 1Þ
Gðnþ 1� aÞ fn:ð1-7Þ

For more applications of this transform in boundary value problems, see [3], [18].
Now, in this paper we intend to survey some partial fractional di¤erential

equations which lead to the fractional Legendre equation (1-4) and then, we state
new theorems for the inverse fractional Legendre transforms in terms of the
gamma function and its approximations. For this purpose, in Section 2 we recall
some definitions and lemmas in fractional calculus, operational calculus of the
Mellin transform and asymptotic expansion of the gamma function. In Section
3, we state new theorems for the inverse fractional Legendre transforms with
respect to the first, second, third and fourth approximations of the ratio of
gamma functions. In Section 4 and Section 5, we use these theorems for
applications in the fractional Laplace and Helmoltz equations and we find closed
forms of solutions of these equations. Finally, the main conclusions are set.

2. Preliminaries

Definition 2.1. For n� 1 < a < n, n A N and f A L1ða; bÞ; the left-sided
and right-sided Riemann-Liouville and Caputo fractional integrals and derivatives
are defined as [16, 24]
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ðI aaþ f ÞðxÞ ¼
1

GðaÞ

ð x
a

ðx� sÞa�1
f ðsÞ ds; x > a;ð2-1Þ

ðI ab� f ÞðxÞ ¼
1

GðaÞ

ð b
x

ðs� xÞa�1
f ðsÞ ds; x < b;ð2-2Þ

ðDa
aþ f ÞðxÞ ¼ DnðI n�a

aþ f ÞðxÞ;ð2-3Þ
ðDa

b� f ÞðxÞ ¼ ð�DÞnðI n�a
b� f ÞðxÞ;ð2-4Þ

ðCDa
aþ f ÞðxÞ ¼ ðI n�a

aþ Dnf ÞðxÞ;ð2-5Þ

ðCDa
b� f ÞðxÞ ¼ ðI n�a

b� ð�DÞnf ÞðxÞ;ð2-6Þ

where D ¼ d

dx
.

Lemma 2.2 [7]. Let FðsÞ be an entire function such that for even and odd
functions uðrÞ and vðrÞ, we have fðGirÞ ¼ uðrÞG ivðrÞ. Then for the M-Wright
function [20, 22]

MaðxÞ ¼
Xy
k¼0

ð�xÞk

k!Gð�ak þ 1� aÞ ; 0 < a < 1;ð2-7Þ

the following relations hold for c1 < <ðsÞ < c2

e�lFðsÞ ¼
ðy
�y

esxAðx; lÞ dx;ð2-8Þ

e�lFðsaÞ ¼
ðy
�y

esxAaðx; lÞ dx;ð2-9Þ

where the functions Aaðx; lÞ and Aðx; lÞ are shown by

Aaðx; lÞ ¼ � a

pxaþ1

ðy
�y

tAðt; lÞMaðtð�xÞ�aÞ dt;ð2-10Þ

Aðx; lÞ ¼ 1

p

ðy
0

e�luðrÞ cosðrxþ lvðrÞÞ dr:ð2-11Þ

Lemma 2.3. In special case FðsÞ ¼ s, we can write the following integral

representation for e�ls a in terms of the M-Wright function as [4–6]

e�lsa ¼ al

ðy
0

1

taþ1
Maðlt�aÞe�st dt; 0 < a < 1;ð2-12Þ
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and for a ¼ 1
2 it gives rise to

e�l
ffiffi
s

p
¼ lffiffiffi

p
p
ðy
0

1

t
ffiffi
t

p e�l2=4te�st dt:ð2-13Þ

Lemma 2.4. Asymptotic formula for the ratio of gamma functions is given by
the following series in terms of the Nörlund’s generalized Bernoulli polynomial
B

ðaÞ
k ðgÞ [13, 15]

Gðnþ gÞ
Gðnþ bÞ ¼

Xy
k¼0

ð�1Þk

k!
B

ðg�bþ1Þ
k ðgÞGðb � gþ kÞ

Gðb � gÞ
1

nb�gþk
ð2-14Þ

¼ 1

nb�g
� ðb � gÞðb þ g� 1Þ

2nb�gþ1

þ
�
1
8 g

2 þ 1
4 gb � 7

24 g� 5
24 b þ 1

12 þ 1
8 b

2
�
ðb � gÞðb þ gþ 1Þ

2nb�gþ2

�
�
1
16 gþ 1

48 b � 1
8 gb � 1

24 b
2 þ 1

16 g
2b þ 1

16 gb
2 � 1

12 g
2

6nb�gþ3

þ
þ 1

48 g
3 þ 1

48 b
3
�
P2

j¼0ðb � gþ jÞ
6nb�gþ3

þ
�
� 1

320 gþ 1
320 b þ 11

576 gb þ 1
1152 b

2 � 7
192 g

2b � 5
192 gb

2

24nb�gþ4

þ
þ 25

1152 g
2 � 1

64 g
3 þ 1

384 g
4 � 1

192 b
3

24nb�gþ4

þ
� 1

720 þ 1
96 g

3b þ 1
64 g

2b2 þ 1
96 gb

3 þ 1
384 b

4
�
P3

j¼0ðb � gþ jÞ
24nb�gþ4

�
�
� 1

1152 g� 1
1920 b þ 1

1152 gb þ 13
11520 b

2 þ 17
2304 g

2b þ 5
2304 gb

2

120nb�gþ5

þ
� 23

11520 g
2 þ 11

2304 g
3 � 5

2304 g
4 � 1

2304 b
3 þ 1

3840 g
5 � 1

144 g
3b

120nb�gþ5

þ
� 1

128 g
2b2 � 1

288 gb
3 þ 1

768 g
4b þ 1

384 g
3b2 þ 1

384 g
2b3

120nb�gþ5

þ
þ 1

768 gb
4 � 1

2304 b
4 þ 1

3840 b
5
�
P4

j¼0ðb � gþ jÞ
120nb�gþ5

þ � � � ;

and in special case g ¼ 1þ a, b ¼ 1� a, it follows that

Gðnþ 1þ aÞ
Gðnþ 1� aÞð2-15Þ

¼ n2a 1þ a

n
� að2a� 1Þða� 1Þ

12n2
� a2ð2a� 1Þð2a� 2Þ

72n3
þOðn�4Þ

� �
:
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Example 2.5. According to the relation (2-12), for the first approximation
of the above asymptotic expansion, we have

e�ls2a ¼ 2al

ðy
0

1

t2aþ1
M2aðlt�2aÞe�st dt:ð2-16Þ

Example 2.6. In this example, we intend to find the inverse Mellin transform
of function FðsÞ ¼ e�lðs2aþas2a�1Þ. Since the given function F does not satisfy the
relations (2-8) and (2-9), we consider the direct inversion formula

I ¼ 1

2pi

ð cþiy

c�iy
e�lðs2aþas2a�1Þx�s ds:ð2-17Þ

For the above integral, s ¼ 0 is a branch point and we can use the well-known
Titchmarsh theorem [2], [9]

f ðxÞ ¼ M�1fF ðsÞ; xg ¼ 1

p

ðy
0

xr=ðFðre�ipÞÞ dr;ð2-18Þ

to obtain the following integral representation for the second approximation of
the asymptotic expansion (2-15)

e�lðs2aþas2a�1Þ ¼
ðy
�y

esxAð2Þðex; lÞ dx;ð2-19Þ

where

Að2Þðx; lÞ ¼ 1

p

ðy
0

xre�lðr2a cosð2paÞþar2a�1 cosðð2a�1ÞpÞÞð2-20Þ

� sinðlðr2a sinð2paÞ þ ar2a�1 sinðð2a� 1ÞpÞÞÞ dr:

Also, according to the relation (2-13) we have the following integral represen-
tation

e�l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þs2aþas2a�1

p
¼ lffiffiffi

p
p
ðy
0

ðy
�y

1

t
ffiffi
t

p e�l2=4t�ð1=4ÞtþsxAð2Þðex; tÞ dxdt:ð2-21Þ

Example 2.7. Using the Titchmarsh theorem (2-18), we can obtain the
following integral representations for the third and fourth approximations of the
asymptotic expansion (2-15)

e�l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þs2aþas2a�1�a1s2a�2

p
¼ lffiffiffi

p
p
ðy
0

ðy
�y

1

t
ffiffi
t

p e�l2=4t�ð1=4ÞtþsxAð3Þðex; tÞ dxdt;ð2-22Þ

e�l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þs2aþas2a�1�a1s2a�2�a2s2a�3

p
ð2-23Þ

¼ lffiffiffi
p

p
ðy
0

ðy
�y

1

t
ffiffi
t

p e�l2=4t�ð1=4ÞtþsxAð4Þðex; tÞ dxdt;
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where a1 ¼
að2a� 1Þða� 1Þ

12
, a2 ¼

a2ð2a� 1Þð2a� 2Þ
72

and

Að3Þðx; lÞ ¼ 1

p

ðy
0

xre�lðr2a cosð2paÞþar2a�1 cosðð2a�1ÞpÞÞ�a1r
2a�2 cosðð2a�2ÞpÞÞð2-24Þ

� sinðlðr2a sinð2paÞ þ ar2a�1 sinðð2a� 1ÞpÞÞ

� a1r
2a�2 sinðð2a� 2ÞpÞÞÞÞ dr;

Að4Þðx; lÞð2-25Þ

¼ 1

p

ðy
0

xre�lðr2a cosð2paÞþar2a�1 cosðð2a�1ÞpÞÞ�a1r
2a�2 cosðð2a�2ÞpÞ�a2r

2a�3 cosðð2a�3ÞpÞÞ

� sin

 
lðr2a sinð2paÞ þ ar2a�1 sinðð2a� 1ÞpÞÞ

�
X2
j¼1

ajr
2a�j�1 sinðð2a� j � 1ÞpÞÞ

!
dr:

3. Main theorems

Theorem 3.1. For the entire function FðnÞ, the inverse fractional Legendre
transform of fn ¼ rFðn aÞ is given by

T�1
a; l frFðn aÞ; n ! xg ¼ 1

2

ðy
�y

ð1� e2xÞð1� 2exxþ e2xÞ�3=2Aa x; ln
1

r

� �� �
dx:ð3-1Þ

Proof. If we use the following fact [14, 25]

T�1
a; l frn; n ! xg ¼ 1

2
ð1� r2Þð1� 2rxþ r2Þ�3=2;ð3-2Þ

and apply the integral representation (2-9), then we get the inverse fractional
Legendre transform of fn as

T�1
a; l frFðn aÞ; n ! xg ¼

ðy
�y

T�1
a; l fðexÞ

n; n ! xgAa x; ln
1

r

� �� �
dx;ð3-3Þ

or equivalently the relation (3-1).

Theorem 3.2. For the entire function FðnÞ and modified Bessel function of
order n, In, the inverse fractional Legendre transform of fn ¼ IFðnaÞ is given by the
following formula in terms of the relation (3-1)
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T�1
a; l fIFðn aÞðzÞ; n ! xg ¼ �

ð�1

�y
ezu

1

pðu2 � 1Þ1=2
=½T�1

a; l fAFðn aÞ; n ! xg� du;ð3-4Þ

þ
ð1
�1

ezu
1

pð1� u2Þ1=2
<½T�1

a; l fBFðn aÞ; n ! xg� du;

where A ¼ 2eip

½ð�u� 1Þ1=2 þ ð�uþ 1Þ1=2�2
and B ¼ ei cos

�1ðuÞ.

Proof. We use the following fact for the inverse Mellin transform of modi-
fied Bessel function [21]

InðzÞ ¼
ðy
�y

ezuf ðuÞ du;ð3-5Þ

where the function f is given in terms of the Heaviside unite step function

f ðuÞ ¼ � 1

pðu2 � 1Þ1=2
= 2eip

½ð�u� 1Þ1=2 þ ð�uþ 1Þ1=2�2

 !n
Hð�1� uÞð3-6Þ

þ 1

pð1� u2Þ1=2
<ðei cos�1ðuÞÞnðHðuþ 1Þ �Hðu� 1ÞÞ:

The relation (3-4) can be easily derived by applying (3-1) for the inverse fractional
Legendre transform of rFðn aÞ.

Theorem 3.3. The inverse fractional Legendre transforms of r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2a

p
and

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1

p
are given by

grðxÞ ¼ T�1
a; l fr

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2a

p
; n ! xgð3-7Þ

¼ � a lnðrÞ
2
ffiffiffi
p

p
ðy
0

ðy
0

e�ln2ðrÞ=4t�ð1=4Þtffiffi
t

p
x2aþ1

�M2aðtx�2aÞð1� e�2xÞð1� 2e�xxþ e�2xÞ�3=2
dxdt;

T�1
a; l fr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1

p
; n ! xgð3-8Þ

¼ � lnðrÞ
2
ffiffiffi
p

p
ðy
0

ðy
�y

1

t
ffiffi
t

p e�ln2ðrÞ=4t�ð1=4Þtð1� e2xÞ

� ð1� 2exxþ e2xÞ�3=2Að2Þðex; tÞ dxdt;

where the function Að2Þðx; tÞ is given by (2-20).

Proof. The results can be easily obtained by applying the relations (2-16),
(2-21) and (3-2) simultaneously.
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Corollary 3.4. The inverse fractional Legendre transforms of I ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2a

p ðzÞ
and I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=4þn2aþan2a�1
p ðzÞ are obtained by the formula (3-4) in terms of the relations

(3-7) and (3-8).

Corollary 3.5. For the inverse fractional Legendre transforms of expres-
sions

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1�a1n2a�2

p
; r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1�a1n2a�2�a2n2a�3

p
;ð3-9Þ

I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1�a1n2a�2

p ðzÞ; I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1�a1n2a�2�a2n2a�3

p ðzÞ;ð3-10Þ

we can write the similar identities in terms of the relations (2-22) and (2-23).

4. The Laplace equation on the sphere of unit radius

As an application of the fractional Legendre transform in boundary value
problems, we express the following Dirichlet problem within sphere of unit radius

1

r2
q

qr
r2

q

qr
þLa;x

� �
Cðr; yÞ ¼ 0; 0a ra 1; 0a ya p; a > 0;ð4-1Þ

Cð1; yÞ ¼ f ðcosðyÞÞ;ð4-2Þ
Cðr; yÞ ! 0; r ! 0;ð4-3Þ

where

La;x ¼ CDa
1�ð1� x2ÞaDa

�1þ ; x ¼ cosðyÞ:ð4-4Þ

If we consider CnðrÞ ¼ Ta; lfCðr; yÞ; x ! ng, then it follows from relation (1-4)

that the function C satisfy the Cauchy-Euler di¤erential equation

q

qr
r2

q

qr
� Gðnþ aþ 1Þ
Gðnþ 1� aÞ

� �
CnðrÞ ¼ 0;ð4-5Þ

with boundary condition

Cð1; nÞ ¼ fn ¼ Ta; lf f ðxÞ; x ! ng:ð4-6Þ

Since the solution of the problem tends to 0 when r ! 0, we get the solution of
second order di¤erential equation as

CnðrÞ ¼ fnr
�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p
;ð4-7Þ

which implies that

Cðr; yÞ ¼ T�1
a; l f fnr�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p
; n ! cosðyÞg:ð4-8Þ
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The required solution Cðr; yÞ can be obtained by the convolution theorem of
Legendre transform of two bounded integrable functions f and g, that is [25]

Cðr; yÞ ¼ 1

p

ð p
0

ð p
0

f ðcosðy 0ÞÞ sinðy 0ÞgðcosðYÞÞ dydf;ð4-9Þ

where Y is given by the equation

cosðYÞ ¼ cosðyÞ cosðy 0Þ þ sinðyÞ sinðy 0Þ cosðfÞ;ð4-10Þ

and f ðxÞ ¼ T�1
a; l f fn; n ! cosðyÞg, gðxÞ ¼ T�1

a; l fr�1=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p
;

n ! cosðyÞg. To simplify our solution we choice two cases for 0 < a < 1.
The case 1 < a < 2 can be written as the third and fourth approximations with
respect to the relations (2-22) and (2-23).

4.1. The first approximation for 0 < a < 1
2

In this case, by the first approximation of the asymptotic expansion (2-15),
we have

CnðrÞ ¼ fnr
�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2a

p
;ð4-11Þ

Figure 1. The fractional kernel grðxÞ for a ¼ 1
4 , a ¼ 1

2 , a ¼ 3
4
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which by applying the integral (3-7) for T�1
a; l fr�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2a

p
; n ! xg, we get the

function grðxÞ as follows

grðxÞ ¼ � a lnðrÞ
2
ffiffiffiffiffi
pr

p
ðy
0

ðy
0

e�ln2ðrÞ=4t�ð1=4Þtffiffi
t

p
x2aþ1

ð4-12Þ

�M2aðtx�2aÞð1� e�2xÞð1� 2e�xxþ e�2xÞ�3=2
dxdt:

4.2. The second approximation for 1
2 a a < 1

In this case, by the second approximation of the asymptotic expansion
(2-15), we have

CnðrÞ ¼ fnr
�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1

p
;ð4-13Þ

which by applying the integral (3-8) for T�1
a; l fr�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1

p
; n ! xg, we get

the function grðxÞ as follows

grðxÞ ¼ � lnðrÞ
2
ffiffiffiffiffi
pr

p
ðy
0

ðy
�y

1

t
ffiffi
t

p e�ln2ðrÞ=4t�ð1=4Þtð4-14Þ

� ð1� e2xÞð1� 2exxþ e2xÞ�3=2Að2Þðex; tÞ dxdt:

Figure 1 shows the fractional kernel grðxÞ for a ¼ 1
4 , a ¼ 1

2 , a ¼ 3
4 .

5. The Helmholtz equation on the sphere of unit radius

Similar to the previous section for the fractional Legendre transform in
boundary value problems, we express the following Helmholtz equation within
sphere of unit radius

1

r2
q

qr
r2

q

qr
þLa;x

� �
Cðr; yÞ � k2Cðr; yÞ ¼ 0; 0a ra 1; 0a ya p; a > 0;ð5-1Þ

Cð1; yÞ ¼ f ðcosðyÞÞ;ð5-2Þ
Cðr; yÞ ! 0; r ! 0:ð5-3Þ

By considering CnðrÞ ¼ Ta; lfCðr; yÞ; x ! ng and relation (1-4), the function C
satisfy the following di¤erential equation

q

qr
r2

q

qr
� r2k2 þ Gðnþ aþ 1Þ

Gðnþ 1� aÞ

� �� �
CnðrÞ ¼ 0;ð5-4Þ

with boundary condition

Cð1; nÞ ¼ fn ¼ Ta; lf f ðxÞ; x ! ng:ð5-5Þ
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Now, by the change of function YnðrÞ ¼
ffiffi
r

p
CnðrÞ; the above equation can be

rewritten into the modified Bessel di¤erential equation

r2
q2

qr2
þ r

q

qr
� r2k2 þ Gðnþ aþ 1Þ

Gðnþ 1� aÞ þ
1

4

� �" #
YnðrÞ ¼ 0;ð5-6Þ

which has the following solution in terms of the modified Bessel function of first
kind In and second kind Kn

YnðrÞ ¼ C1I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p ðkrÞ þ C2K ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p ðkrÞ:ð5-7Þ

Because of the boundedness of the solution, we must write the above solution
as

YnðrÞ ¼ C1I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p ðkrÞ;ð5-8Þ

or equivalently we have

CnðrÞ ¼ C1
1ffiffi
r

p I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p ðkrÞ:ð5-9Þ

To obtain the unknown constant C1, by applying the boundary condition we
finally get the solution of the Helmholtz equation in the following form

Cðr; yÞ ¼ T�1
a; l

1ffiffi
r

p fn

I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p ðkrÞ
I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=4þGðnþaþ1Þ=Gðnþ1�aÞ
p ðkÞ ; n ! cosðyÞ

( )
;ð5-10Þ

or equivalently in series form

Cðr; yÞ ¼ 1ffiffi
r

p
Xy
n¼0

nþ 1

2

� �
fn

I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p ðkrÞ
I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=4þGðnþaþ1Þ=Gðnþ1�aÞ
p ðkÞ pnðcosðyÞÞ:

In special case fn ¼ I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þGðnþaþ1Þ=Gðnþ1�aÞ

p ðkÞ and for the first and second

approximations, we can get the inverse fractional Legendre transform of
I ffiffiffiffiffiffiffiffiffiffiffiffiffi

1=4þn2a
p ðkrÞ and I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=4þn2aþan2a�1
p ðkrÞ in terms of the integral representations

(3-4), (3-7) and (3-8). The third and fourth approximations can be obtained
using the results of Corollary 3.5. Figure 2 shows the inverse fractional

Legendre transform hrðxÞ ¼ T�1
a; l

1ffiffi
r

p
I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=4þGðnþaþ1Þ=Gðnþ1�aÞ
p ðrÞ
I ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=4þGðnþaþ1Þ=Gðnþ1�aÞ
p ð1Þ ; n ! cosðyÞg;

(
for

a ¼ 1
4 ;

1
2 ;

3
4 .

6. Other coordinates

Many boundary value problems with fractional derivatives in other coor-
dinates can be solved by this approach. For example, in prolate spheroidal
coordinates the Laplace equation takes the form [19]
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1

sinhðbÞ
q

qb
sinhðbÞ q

qb
þLa;x

� �
Cðb; yÞ ¼ 0; 0a b <y; 0a ya y0; a > 0ð6-1Þ

Cðb0; yÞ ¼ f ðcosðyÞÞ;ð6-2Þ
Cðb; yÞ ! 0; b ! 0:ð6-3Þ

After using the fractional Legendre transform on the equation, we get the
Legendre di¤erential equation with a solution in terms of the Toroidal type
function [1]

CnðrÞ ¼ C1 p�1=2þ1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4ðGðnþaþ1Þ=Gðnþ1�aÞÞ

p ðcoshðbÞÞ;ð6-4Þ
which by applying the boundary conditions we have

CnðrÞ ¼ fn

p�1=2þ1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4ðGðnþaþ1Þ=Gðnþ1�aÞÞ

p ðcoshðbÞÞ
p�1=2þ1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4ðGðnþaþ1Þ=Gðnþ1�aÞÞ

p ðcoshðb0ÞÞ
:ð6-5Þ

In order to obtain the inversion of the above equation, if we consider the special
case fn ¼ p�1=2þ1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4ðGðnþaþ1Þ=Gðnþ1�aÞÞ

p ðcoshðb0ÞÞ, then by the following integral

representation for the Legendre polynomials pn

pnðzÞ ¼
1

p

ð p
0

ðz�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 1

p
cosðtÞÞn dt; <ðzÞ > 0;ð6-6Þ

Figure 2. The fractional kernel hrðxÞ for a ¼ 1
4 , a ¼ 1

2 , a ¼ 3
4

669some inverse fractional legendre transforms of gamma function form



and relations (3-7) and (3-8), we can get the inversions for case 0 < a < 1 as the
first and second approximations

T�1
a; l fp�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2a

p ðcoshðbÞÞ; n ! xgð6-7Þ

¼ 1

p

ð p
0

T�1
a; l fðcoshðbÞ � sinhðbÞ cosðtÞÞ�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2a

p
g dt;

T�1
a; l fp�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1

p ðcoshðbÞÞ; n ! xgð6-8Þ

¼ 1

p

ð p
0

T�1
a; l fðcoshðbÞ � sinhðbÞ cosðtÞÞ�1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4þn2aþan2a�1

p
g dt:

For the case 1 < a < 2, we can use the associated integral representations as the
third and fourth approximations.

7. Concluding remarks

This paper provides new inversion techniques for the fractional Legendre
transforms. We applied some integral representations to get these inversions for
the Dirichlet problems on sphere in terms of the gamma functions. We used the
first and second approximations of the ratio of gamma functions to obtain the
solution in a formal form. Also, as a complementary work we can survey other
approximations of asymptotic expansion to extend the solution of fractional
Legendre di¤erential equation (1-4) for m� 1 < aam, m ¼ 3; 4; . . . .
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