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Abstract

In this paper, using the asymptotic expansion of the ratio of gamma functions, we
obtain new inversion formulas for the fractional Legendre transforms. These formulas
are given in terms of some integral representations of the inverse Mellin transforms.
Also, the closed forms of solutions of the fractional Laplace and Helmholtz equations
are obtained by these inversion formulas.

1. Introduction

The Legendre transform and its inversion formula, for the first time was
introduced by Tranter [26]

1
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where the Legendre polynomials p,(x) = il
differential equation neodx

d 5 d B
(1-3) E(l—x )ay—i—n(n—l—l)y—o, neN.

The most important applications of this transform are found in the boundary
value problems in spherical coordinates particularly elliptic equations. For
example, for the analysis of Laplace, Poisson and Helmoltz equations in spherical
coordinates and corresponding operational calculus, see [10-12], [14], [25]. As
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generalization of the Legendre differential equation in the sense of fractional
derivatives, Klimek and Agrawal introduced a fractional Legendre differential
equation with respect to the Riemann-Liouville and Caputo fractional derivatives
(18]

r 1
(1-4) “D? (1 —xz)anﬁy—%yzo, m—1<oa<m meN.
To express the properties of this equation, we can refer to the real eigenvalues,
orthogonal eigenfunctions and the Legendre polynomials p,(x) as the solution of
it. For more details in these properties and similar fractional Sturm-Liouville
problems, see [3], [8], [17, 18], [23]. In this sense, for the fractional Legendre
equation (1-4) they introduced the following finite fractional Legendre transform
with its inversion formula

1
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One of the important property of this transform is the impact on the fractional
operator %, , = D (1 — x*)*D* ., which leads to the eigenvalues with respect
to the gamma function

IF'n+o+1)

(1-7) Tur{ DT (1= 2Dy )iy = ooy e

For more applications of this transform in boundary value problems, see [3], [18].
Now, in this paper we intend to survey some partial fractional differential
equations which lead to the fractional Legendre equation (1-4) and then, we state
new theorems for the inverse fractional Legendre transforms in terms of the
gamma function and its approximations. For this purpose, in Section 2 we recall
some definitions and lemmas in fractional calculus, operational calculus of the
Mellin transform and asymptotic expansion of the gamma function. In Section
3, we state new theorems for the inverse fractional Legendre transforms with
respect to the first, second, third and fourth approximations of the ratio of
gamma functions. In Section 4 and Section 5, we use these theorems for
applications in the fractional Laplace and Helmoltz equations and we find closed
forms of solutions of these equations. Finally, the main conclusions are set.

2. Preliminaries

DErFINITION 2.1. For n—1<oa<n, neN and f € Li(a,b), the left-sided
and right-sided Riemann-Liouville and Caputo fractional integrals and derivatives
are defined as [16, 24]
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i L )Y ds, x>a
(1) D) = 7| =90 dr x>a
(2-2) i f)(x):ﬁjj(s—x)“_lf(s) ds, x<b,
(2-3) (D f)(x) = D"(L°f)(x),
(2-4) (Dy-f)(x) = (=D)"(L;=")(x),
(2-5) (D} f)(x) = (17D"f)(x),
(2-6) (“Dy f)(x) = (I;7*(=D)"f)(x),
where D :%.

LemMa 2.2 [7]). Let ®(s) be an entire function such that for even and odd
Sfunctions u(r) and v(r), we have ¢(+ir) =u(r) + iv(r). Then for the M-Wright
Sfunction [20, 22]

(—x)"
27 My(x) = .0 1,
@7) 0= 2 a1y 0
the following relations hold for ¢; < R(s) < ¢z
(2-8) 1) :J e (E,7) dE,
(2-9) e Pl :J %oty (&, 7) dé,

where the functions </,(¢, 1) and </ (&, ) are shown by

(2-10) Ay (E,0) = %J: vt (v, ) My (2(—E) ) da,
(2-11) oA (E, D) = %r e M) cos(ré + Au(r)) dr.
0

LemMmA 2.3. In special case ®(s)=s, we can write the following integral
representation for e in terms of the M-Wright function as [4—6]

2 “ 1
(2-12) e_)vs = OM,J\ mMa(il_“)e_‘” dl7 O<a< 1,
0
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and for o =14 it gives rise to
A
Valo l\f

Lemma 2.4.  Asymptotic formula for the ratio of gamma functions is given by

the following series in terms of the Norlund's generalized Bernoulli polynomial
B\(y) [13, 15]
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”'H’ S /ﬁ+1 FB—y+k) 1
2-14
( ) ; k' (y) F(ﬁ _ y) nb—r+k
L (BB
nb— 2nB—r+l
(%V +4Vﬁ 24V—%l)’+%+§ﬁ2)(ﬂ—y)(/)’+y+1)
+ 2nf-r+2
eyt mB—EB =B B — 57
6nﬁ }+3
+457° + ) (B—7+))
onf-r+3
2 2
+( 320V+320ﬁ+5763’/’)+1152ﬁ — 537’8 — 153 7P
24nf-r+4
25 02 1.3 1 1 p3
SN VEs VAt VA 2 VA )
2anfr+4
— A+ B+ &Y+ B + B (B + )
2anfrt4
2
7(_11%7’ 1920ﬁ+11527’/’)+11520ﬁ + 5302 7° B + 530 VP
120np-7+5
3
I —1ian?” T oa?’ —ma? —mwh twe? —wm’h
120nf-r+5
12872ﬁ 288yﬁ +768y4'8+384y3ﬁ +3843’/’)
120nf-r+s
1 4 1 4 1 5 4 R
++mVﬂ — 5l +wol )Hj:o(/)’—VJrJ)Jrn_
120nf-r+5 '
and in special case y=1+o, f=1—a, it follows that
I'n+1+a)
2-15 B T ——
(2-15) I'n+1—o)

20— 1)(a — 1 220 — 1)(2a — 2
R e )|



662 ALIREZA ANSARI

Example 2.5. According to the relation (2-12), for the first approximation
of the above asymptotic expansion, we have

o200 " © 1 _ —Q
(2-16) e :2mJ M, (At *)e ™ dt.
0

t23(+1

Example 2.6. In tlzlis egialmple, we intend to find the inverse Mellin transform
of function F(s) = e *"*%™) " Since the given function F does not satisfy the
relations (2-8) and (2-9), we consider the direct inversion formula

l etioo o200 201 .
(2-17) 1 J e HTERT) 78 s,

2mi c—ioo

For the above integral, s =0 is a branch point and we can use the well-known
Titchmarsh theorem [2], [9]
| '
(2-18) F(x) = (F(s);x) = ;J XS (F(re=™)) dr,
0
to obtain the following integral representation for the second approximation of
the asymptotic expansion (2-15)

(2-19) e HST ) r et V(e 2) de,
-
where
(2_20) &/Q)(X, /1) _ %Jm xrefﬂ(rz" cos(2ma)+or? ! cos((20—1)r))
0

x sin(A(r?* sin(2za) + ! sin((2e — 1)7))) dr.

Also, according to the relation (2-13) we have the following integral represen-
tation

PR A(*(* 1 2 .
(2_21) et 1/44sP4as?t 7~ Y /4t7(1/4)t+sg&{(2) (657 l) dédt.
\/E 0 J-wo t\/z

Example 2.7. Using the Titchmarsh theorem (2-18), we can obtain the
following integral representations for the third and fourth approximations of the
asymptotic expansion (2-15)

(2_22) e—)v\/l/4+52"+c<s2°‘*l—oqs“*2 _ LJOO J% Le—)v2/4t—(l/4)t+s§&/(3) (85 1) dédt
\/ﬁ 0 J-oo [\/E 7 7

(2_23) e—/l\/l/4+sz“+ocsz°‘*l—alsz’*z—a252“*3
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= — _e e ’ ’
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200—1 —1 20— 1)(2u—2
where o :a( * 12)(0( ), az:oz (2 7;( x ) and
(2_24) %(3)()6 )L) _ ljoc xre—i(r“ cos(2ma)+ar? ! cos((20—1)7)) oy r2*~2 cos((20—2)7))
b) 7[ 0

x sin(A(r* sin(2ma) 4 or®* ! sin((20 — 1)7))

— 2 sin((20 — 2)n)))) dr,

1 J% xre—/l(rz’“ cos(2ma)+or?* 7! cos((20—1)7)) —oy r2*~2 cos((20—2)m) —02r>*~3 cos((20—3)7))

X sin </1(r2“ sin(27) + o™ ! sin((20 — 1)7))

2
o1 sin((20 — j — 1)7[))) dr.
=1

3. Main theorems

THEOREM 3.1.  For the entire function ®(n), the inverse fractional Legendre
transform of f, = r®") is given by

. 1 1
(3-1) 7, Mr®"in— x} = EJ (1= e¥)(1 = 2ex + &¥) 2y, (5,111 (r>> de.

Proof. If we use the following fact [14, 25]

(1—r)(1 —2rx + r2)73/2,

N —

(3-2) 7, M — x) =

and apply the integral representation (2-9), then we get the inverse fractional
Legendre transform of f, as

38 7 ) = [ 7 et (6 (1) ) g

or equivalently the relation (3-1).

THEOREM 3.2.  For the entire function ®(n) and modified Bessel function of
order v, 1, the inverse fractional Legendre transform of f, = I is given by the
Jfollowing formula in terms of the relation (3-1)
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-1
— - 1 _ o
(3-4) 7, opn(2)in— x} = —J e —— 3 817, A — XY du,
—w  wu?—1)

1
1 o
—l—J e‘m;%f;l B(D(”);n—wc du,
0 77,'(1—142)1/2 [ ,l{ }]

Deim o
where A = and B = el (),
[(—u =12+ (—ut 1))

Proof. We use the following fact for the inverse Mellin transform of modi-
fied Bessel function [21]

(3-5) L(z) = Jw e () du,

where the function f is given in terms of the Heaviside unite step function

1 o Del™ ! 1y
o (”)__n<u2—1)””([(—01—1>1/2+<—u+1>”212>H( o

1

n(l —u?)'?

R(e" OV (Hu+1) — Hu—1)).

The relation (3-4) can be easily derived by applying (3-1) for the inverse fractional
Legendre transform of r®").

THEOREM 3.3. The inverse fractional Legendre transforms of rV'/*"* and
r\/1/4+n2“+xn2°‘*1 are di b
given by

(3_7) gr(x) _ g—o;ll{r\/l/4+n21; N X}

B o In(r) Joo Jm o~ In*(r)/41—(1/4)t
0

T 2ﬁ 0 \/24:29&1
x Mo, (1E7)(1 — %) (1 — 2e~“x + %) 7 dédt,
(3-8) g‘ajll{r\/m;n S
ln(l’) JOO JOC 1 1 2(.)/4,7(1/4)1 2
= — - n-(r 1 _ &
PAVER I t\/fe (I—e™)

x (1= 2ex 4 )27 (4 1) dédr,
where the function /®(E,1) is given by (2-20).

Proof. The results can be easily obtained by applying the relations (2-16),
(2-21) and (3-2) simultaneously.
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CoROLLARY 3.4. The inverse fractional Legendre transforms of I e (2)

and 1 \/W(z) are obtained by the formula (3-4) in terms of the relations

(3-7) and (3-8).

COROLLARY 3.5. For the inverse fractional Legendre transforms of expres-
sions

20 20—1__ 20-2 2u 20—1__ 20-2__ 20-3
(3_9) r\/l/4+n +on on : r\/1/4+n +on ogn oon

)

(3'10) I\/1/4+n2u+mz«71,alnzkz (Z)a I\/1/4+nz;+m2171,xlnzkz,aznz%z (Z)a

we can write the similar identities in terms of the relations (2-22) and (2-23).

4. The Laplace equation on the sphere of unit radius

As an application of the fractional Legendre transform in boundary value
problems, we express the following Dirichlet problem within sphere of unit radius

(4-1) rlz{jrrzerrc%,x]‘P(r,O):o, 0<r<1,0<0<ma>0,
(4-2) Y(1,0) = f(cos(0)),

(4-3) Y(r,0)—0, r—0,

where

(4-4) Lyx = CDf‘,(l — xz)“Df1+7 x = cos(0).

If we consider ¥,(r) = 7, /{¥(r,0); x — n}, then it follows from relation (1-4)

that the function W satisfy the Cauchy-Euler differential equation

0,0 Tm+a+l)

(4-5) o o IF'n+1—a)

Y, (r) =0,
with boundary condition

(4-6) ¥(1,n) = fo = Zu{f(x);x — n}.

Since the solution of the problem tends to 0 when r — 0, we get the solution of
second order differential equation as

(4-7) P, (r) = fnr—1/2+\/1/4+F(n+a+1)/l"(n+171)’

which implies that

(4-8) ‘P(}", '9) _ ylel {fnr—l/2+\/l/4+l"(n+%+l)/F(n+l—o<); n— COS(H)}.
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The required solution W(r,0) can be obtained by the convolution theorem of
Legendre transform of two bounded integrable functions f and ¢, that is [25]

(4-9) W(r,0) = 1J" J F(cos(@)) sin(0')g(cos(®)) dodg,

TTJo Jo

where ® is given by the equation

(4-10) cos(®) = cos(f) cos(0') + sin() sin(0") cos(¢),

and f(x) _ 9-0&1{ _n;n _ COS(H)}, g(x) _ g-y:ll{r71/2+\/1/4+F(n+ot+l)/l"(n+lfzz);
n—cos(0)}. To simplify our solution we choice two cases for 0 <a < I.
The case 1 < o <2 can be written as the third and fourth approximations with
respect to the relations (2-22) and (2-23).

250
200
150
100

50

-50.

-100.]
0

-100.]
0

FiGURE 1. The fractional kernel g,(x)

4.1. The first approximation for 0 < « <%

In this case, by the first approximation of the asymptotic expansion (2-15),
we have

(4_11) \T;n(r) :f_nr—l/2+\/l/4+n21’
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which by applying the integral (3-7) for 7, ' {r~1/>*VV/4"* .y — x}, we get the
function g¢,(x) as follows '

o In(r) (* we—lnz(r)/4lf(1/4)l
(4-12) gr(x) = ( )J J

- 27 0 \/;ézwl
X Moy (172 (1 — e ) (1 = 2¢ Sx + ) % dcar.

0

4.2. The second approximation for § <o <1
In this case, by the second approximation of the asymptotic expansion
(2-15), we have

(4-13) Po(r) = fop V2V 1A T

which by applying the integral (3-8) for 7, {r~1/2*VI/#tntan™ .y, x} we get
the function ¢,(x) as follows

In(r) (= 1 _»2 B
4-14 X — = —In*(r)/4t—(1/4)t
A

x (1= eX)(1 = 2e5x + &) /(e 1) dédt.

Figure 1 shows the fractional kernel g,(x) for a =%, a =14, a=3.

5. The Helmholtz equation on the sphere of unit radius

Similar to the previous section for the fractional Legendre transform in
boundary value problems, we express the following Helmholtz equation within
sphere of unit radius

2 lor ar
(5-2) ¥(1,0) = f(cos(0)),
(5-3) Y(r,0) —0, r—0.

(5-1) 1[6 2£+$x’x}‘l’(;’,9)—zc2‘l’(r,0):O, 0<r<1,0<0<ma>0,

By considering ¥, (r) = 7, ,{¥(r,0);x — n} and relation (1-4), the function ¥
satisfy the following differential equation

with boundary condition

(5-5) ¥(1,n) = f, = TZo{f(x);x — n}.
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Now, by the change of function ©,(r) = \/r'¥,(r), the above equation can be
rewritten into the modified Bessel differential equation

(5—6) [r 8—2 + rﬁ — (r2K2 + M + 1) @n(") =0,

orror I'n+1—a) 4

which has the following solution in terms of the modified Bessel function of first
kind 7, and second kind K,

(5-7)  Ou(r) = CII\/ )(kr) + CZK\/1

44T (4ot 1)/ T (nt 12 JA T (ntot 1)/ T (nt 1—2) (rer).

Because of the boundedness of the solution, we must write the above solution
as

(5-8) Ou(r) = ClI\/1/4+1"(n+a+1)/1"(n+1—oc)(Kr)’
or equivalently we have

— 1
(5-9) Yu(r) = G

7;1\/1/4+F(n+a+1)/l"(n+1—oc) (rer).

To obtain the unknown constant Cj, by applying the boundary condition we
finally get the solution of the Helmholtz equation in the following form

I (rcr)
1 - -
(5_10) ‘P(V, 0) _ Eg"ajll {_ﬁq \/1/4+1"(n+x+1)/1"(n+1 o) n— COS(@)},
Vr I\/1/4+r(n+a+1)/r(n+1ﬂ)(K)

or equivalently in series form

ﬂ o n o (Kr)
r0 Z(’H‘ ) \/1/4+r o 1) /T (n+1—2) pu(c0s(0).

" AT e )

and for the first and second

In special case f, =1 VAT at D)/t - ()

approximations, we can get the inverse fractional Legendre transform of
I W(w) and [/ \/m(;cr) in terms of the integral representations
(3-4), (3-7) and (3-8). The third and fourth approximations can be obtained
using the results of Corollary 3.5. Figure 2 shows the inverse fractional

o ]\/1/4+F(n+zx+1)/l"(n+lfcc)(r)

Legendre transform /,(x) = .7, ;n — cos(0)}, for

%=1.303 (BNl

6. Other coordinates

Many boundary value problems with fractional derivatives in other coor-
dinates can be solved by this approach. For example, in prolate spheroidal
coordinates the Laplace equation takes the form [19]
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FIGURE 2. The fractional kernel /,(x) for o =1, a=1 2=3

1 0 . 0
(6-1) Eh(E) 7 Sinh() 35+ Lux|W(B,0) =0, 0<f< 0,050 0,0>0
(6-2) ¥(By,0) = f(cos(0)),
(6-3) W(B,0)—0, B— 0.

After using the fractional Legendre transform on the equation, we get the
Legendre differential equation with a solution in terms of the Toroidal type
function [1]

(6-4) Wu(r) = Clp—l/2+l/2\/l+4(F(11+ot+1)/F(n+1—(x))(COSh(ﬁ))’

which by applying the boundary conditions we have

_ Py /TTaT G ey (Cosh(B)
(6-5) ) =/, v

p*1/2+1/2\/1+4(F(n+ot+l)/r(n+lfoc))(COSh(ﬁO)) .

In order to obtain the inversion of the above equation, if we consider the special
cosh(f,)), then by the following integral

case f, = p—l/2+1/2\/1+4(1"(n+ac+1)/I"(n+l—o<))(
representation for the Legendre polynomials p,

(6-6) p(z) = lr(z —Vz2—1lcos(t))" dt, R(z)>0,

TTJo
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and relations (3-7) and (3-8), we can get the inversions for case 0 < o < 1 as the
first and second approximations

(6-7) 'Txle{P,l/zﬂ/m(COSh(ﬂ)); n— x}

— ljn 7,1 {(cosh(B) — sinh(p) COs(t))*l/ZJr\/W} it

TTJo
(6-8) %Tzl{P,1/2+\/W(COSh(/>’)); n— x}
=2 [ 7 ttcosn(p) — sinh(g) cos(n) VI g

T Jo

For the case 1 < a < 2, we can use the associated integral representations as the
third and fourth approximations.

7. Concluding remarks

This paper provides new inversion techniques for the fractional Legendre
transforms. We applied some integral representations to get these inversions for
the Dirichlet problems on sphere in terms of the gamma functions. We used the
first and second approximations of the ratio of gamma functions to obtain the
solution in a formal form. Also, as a complementary work we can survey other
approximations of asymptotic expansion to extend the solution of fractional
Legendre differential equation (1-4) for m—1 <o <m, m=3,4,....
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