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Abstract

Eigenvalues of the Laplace-Beltrami operator on a spherical cap is considered under

the homogeneous Robin condition. The asymptotic behavior of eigenvalues and the

influence of the eigenvalues by the boundary conditions are discussed as the cap becomes

large so that the domain covers almost the whole sphere.

1. Introduction

In this paper we study the linear eigenvalue problem

Lvþ lv ¼ 0 in We HSn;

ðcos sÞqnvþ ðsin sÞv ¼ 0 on qWe;

�
ð1:1Þ

where L is the Laplace-Beltrami operator on the unit sphere SnðHRnþ1Þ, nb 2,
We is the spherical cap centered at the North Pole ð0; 0; . . . ; 0; 1Þ of its geodesic
radius p� e, e > 0, qn is the derivative in the direction of the outer unit normal
to qWe, s A ½0; p=2� and l > 0 are parameters. We investigate the behavior of
the eigenvalues of �L as e ! þ0. The investigation of the behaviors of the
eigenvalues is fundamental and important. Once we know the exact information
on the eigenvalues, we can consider the nonlinear elliptic problem

Luþ luþ jujp�1
u ¼ 0 in We HSn;

ðcos sÞqnuþ ðsin sÞu ¼ 0 on qWe;

(
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and discuss the local bifurcation from the trivial solution u1 0 in a forthcoming
paper.

In the closely related papers by Bandle, the first and the last authors of
this paper [6] and by the third author [11], the distribution of the eigenvalues
of the Laplace-Betrami operator was discussed. In [6], (1.1) under the Neumann
condition (s ¼ 0) was considered and in [11] the two dimensional Dirichlet case
(s ¼ p=2) was done. In this paper, we focus on the e¤ect of the presence of the
parameter s. It is plausible that the dependence of the eigenvalues on s is
continuous, however, how is the influence of s?

As for the pioneering works on the dependence of the eigenvalues concerning
the domain perturbation, there are results due to Ozawa [16, 17, 18, 19]. In [17],
the relationship between the capacity of the small domain which was rid out
from the fixed domain and the behavior of the eigenvalues was discussed. On
manifolds under the Dirichlet boundary condition, the estimates of the perturbed
eigenvalues were obtained by Courtois [10] also in the context of the capacity.
Some results for simple eigenvalues in planar domains with holes under the
Neumann condition are found in Lanza de Cristoforis [12].

In recent years such problems have been investigated on more general
Riemannian manifolds. Results for radial solutions in geodesic balls in spaces of
constant curvature (spheres or a domain on the hyperbolic space) are found in
Bandle, Brillard and Flucher [4], Bandle and Peletier [7], Bandle and Benguria
[3], Brezis and Peletier [9] and the references quoted therein.

We shall treat problem (1.1) as a perturbation in e of the problem

Luþ lu ¼ 0 in Sn:

In this case, all the spectra are completely understood. In fact (cf. i.e.
Shimakura [21]) the k-th eigenvalue (counting from zero) of �L on Sn is

kðk þ n� 1Þ
and its multiplicity is

ð2k þ n� 1Þ ðk þ n� 2Þ!
ðn� 1Þ!k! :

The eigenfunctions are expressed in terms of the associated Legendre polyno-
mials. In case of k ¼ 0, the constant 1 is the corresponding eigenfunction.

This paper is devoted to study of the asymptotic behavior of the eigenvalues
in We for small e. Concerning the Neumann boundary condition, the detailed
properties of the associated Legendre functions or the Gauss hypergeometric
functions are used in [6]. As for the Dirichlet problem, the third author of this
paper [11] also investigated the behavior of eigenvalues and showed their asymp-
totic behavior in the case of n ¼ 2 by using the knowledge of the zeros of the
associated Legendre functions as discussed in Baginski [1, 2] and Macdonald [13].

In contrast to the Dirichlet case or the Neumann case, very little is known
for the Robin problem. Although we can consider (1.1) in any dimension which
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is greater than one, however, we give here results in the cases n ¼ 2 and n ¼ 3.
General cases will be discussed in a forthcoming paper.

The main results are as follows.

Theorem 1.1. Let n ¼ 2. Fix s A ð0; p=2Þ. For any k A N, there exist
ðk þ 1Þ distinct eigenvalues le;k;m;s ðm ¼ 0; 1; . . . ; kÞ of �L exist near kðk þ 1Þ.
As e ! þ0, the following asymptotic expansion hold:

le;k;m;s � kðk þ 1Þ ¼ ck;m;s;2e
maxf2m;1g þ oðemaxf2m;1gÞ ðm ¼ 0; 1; 2; . . . ; kÞ;

where

ck;m;s;2 ¼
� ð2k þ 1Þðmþ kÞ!
4mðk �mÞ!m!ðm� 1Þ! ; m ¼ 1; 2; 3; . . . ; k;

2k þ 1

2
tan s; m ¼ 0:

8>>><
>>>:

Moreover, the multiplicity of le;k;m;s is 2 if mb 1 and that of le;k;0;s is 1.

Remark 1.1. In n ¼ 2 case, if mb 1, then the leading term is exactly the
same as that obtained in [6] under the Neumann condition. However, if m ¼ 0,
the di¤erence from the Neumann condition case appears since tan s ¼ 0. In this
case, the order is e2 by [6].

The relationship between the Dirichlet case and the Neumann case will be
seen in (3.17) in Section 3. We can deduce the same order and the same
coe‰cient as those obtained in [11]. However, for m ¼ 0, the s dependence is
observed.

Theorem 1.2. Let n ¼ 3. Fix s A ð0; p=2�. For any k A N, there exist
ðk þ 1Þ distinct eigenvalues le;k;q;s ðq ¼ 0; 1; . . . ; kÞ of �L exist near kðk þ 2Þ.
As e ! þ0, the following asymptotic expansions hold:

(i) s A ð0; p=2Þ:

le;k;q;s � kðk þ 2Þ ¼ ck;q;s;3e
maxf2qþ1;2g þ oðemaxf2qþ1;2gÞ

with

ck;q;s;3 ¼
� 22ðqþ1Þðk þ 1Þqðk þ qþ 1Þ!ðq!Þ2

ðk � qÞ!f2ðqþ 1Þg!ð2qÞ!p ; qb 1;

2ðk þ 1Þ2 tan s

p
; q ¼ 0:

8>>><
>>>:

(ii) s ¼ p=2:

le;k;q;s � kðk þ 2Þ ¼ ck;q;s;3e
2qþ1 þ oðe2qþ1Þ
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with

ck;q;s;3 ¼
22ðqþ1Þðk þ 1Þðqþ 1Þðk þ qþ 1Þ!ðq!Þ2

ðk � qÞ!f2ðqþ 1Þg!ð2qÞ!p

Moreover, the multiplicity of le;k;q;s is ð2qþ 1Þ if qb 1 and that of le;k;0;s is 1.

Remark 1.2. Similarly to Theorem 1.1, when qb 1, the leading term in the
right-hand side is not dependent on s A ½0; p=2Þ. When q ¼ 0, the leading term
of eigenvalues depends on s. If q ¼ 0 and s ¼ 0 (the Neumann condition), the
asymptotic order is e3 by [6].

In Theorems 1.1, 1.2, the case of k ¼ 0 also holds true for m ¼ 0 and q ¼ 0,
respectively.

Remark 1.3. Theorems 1.1 and 1.2 show that the domain-monotonicity
property (see e.g. pp. 2–5 of Ni [15]) does not necessarily hold under the Robin
condition, either.

Remark 1.4. It is known by Tichmarsh [22, 23] that there exist no eigen-
values other than those obtained by the separation of variables.

This paper is organized as follows. In Section 2, we review several fun-
damental properties of the special functions: the Gauss hypergeometric functions,
the Gamma function and the psi (di-Gamma) function. In Section 3, we discuss
the two dimensional case and in Section 4, we consider the three dimensional
case. We use the properties of the associated Legendre functions and the Gauss
hypergeometric functions. The analysis of those functions are essential in this
paper.

2. Review of the Gauss hypergeomtric functions and the associated
Legendre function

To investigate the eigenfunctions of the Laplace-Beltrami operator we need
to use the spherical harmonic functions and the related special functions. In this
section we collect the properties of special functions, the Gauss hypergeometric
function Fða; b; c; zÞ, the Gamma function GðzÞ and the psi function cðzÞ used in
the successive sections.

Note that all the special functions listed in this section are analytic except for
their poles. If the remainder terms of those functions are of OðjzjzÞ order, then
their derivatives are of Oðjzjz�1Þ.

The definition of the Gauss hypergeomtric function Fða; b; c; zÞ is as follows:

F ða; b; c; zÞ ¼ GðcÞ
GðaÞGðbÞ

Xy
n¼0

Gðaþ nÞGðbþ nÞ
Gðcþ nÞ � z

n

n!
;ð2:1Þ
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with a; b; c A Cnf�1;�2;�3; . . .g and z is a complex variable. If jzj is very
small, we have

F ða; b; c; zÞ ¼ 1þ ab

c
zþOðjzj2Þ:ð2:2Þ

For the Gauss hypergeometric functions, the following conversion formula is
useful (see pp. 270–274 in Beals and Wong [8]). Let a, b, c be real numbers such
that none of c, aþ bþ 1� c and cþ 1� a� b is a non-positive integer. Then
for x A ð�1; 1Þ, there holds

F ða; b; c; xÞð2:3Þ

¼ GðcÞGðc� a� bÞ
Gðc� aÞGðc� bÞF ða; b; aþ bþ 1� c; 1� xÞ

þ GðcÞGðaþ b� cÞ
GðaÞGðbÞ ð1� xÞc�a�b

F ðc� a; c� b; 1þ c� a� b; 1� xÞ:

The associated Legendre function is defined by

Pm
n ðtÞ ¼

empi

Gð1� mÞ
1þ t

1� t

� �m=2
F �n; nþ 1; 1� m;

1� t

2

� �
:ð2:4Þ

in the interval ð�1; 1Þ. If m is a non-negative integer m, then it is also expressed
by

Pm
n ðtÞ ¼

Gð1þ nþmÞ
m!2mGð1þ n�mÞ ð1� t2Þm=2

F m� n;mþ nþ 1; 1þm;
1� t

2

� �
:ð2:5Þ

We recall that this function P ¼ Pm
n is a solution of the associated Legendre

di¤erential equation

ð1� t2ÞP 00ðtÞ � 2tP 0ðtÞ þ nðnþ 1Þ � m2

1� t2

� �
P ¼ 0:ð2:6Þ

The recursion formula is given by

ð1� t2Þ d
dt
Pm
n ðtÞ ¼ ðnþ 1ÞtPm

n ðtÞ � ðn� mþ 1ÞPm
nþ1ðtÞ:ð2:7Þ

For the Gauss hypergeometric function, there is a conversion formula, which is
useful for the analysis on the three dimensional case.

We introduce the psi (or di-Gamma) function cðzÞ defined as

cðzÞ ¼ G 0ðzÞ
GðzÞ :

The psi function has the following property:

cðzþ 1Þ ¼ cðzÞ þ 1

z
:ð2:8Þ
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The limiting behavior of the Gamma function and the psi function are as fol-
lows (see pp. 19–34 in [8] or pp. 2–11 in Moriguchi, Udagawa and Hitotsumatsu
[14]).

Lemma 2.1. Let n be a positive integer. Then there hold

(i) lim
t!0

tGð�n� tÞ ¼ ð�1Þnþ1

n!
:

(ii) lim
t!0

tcð�n� tÞ ¼ 1:

Also, the power series representation of c is useful.

Lemma 2.2. The following expansion holds

cðxÞ ¼ �g�
Xy
n¼0

1

xþ n
� 1

nþ 1

� �
;

where g is the Euler number defined as

g ¼ lim
n!y

Xn
m¼1

1

m
� log n

 !
:

Let a, b be non-integer values and l be a positive integer. The function
Uða; b; l; xÞ is defined as

Uða; b; l; xÞð2:9Þ

¼ ð�1Þl

Gðaþ 1� lÞGðb þ 1� lÞðl� 1Þ!

�
Fða; b; l; xÞ log x

þ
Xy
n¼0

ðaÞnðbÞn
ðlÞnn!

fcðaþ nÞ þ cðb þ nÞ � cðnþ 1Þ � cðlþ nÞgxn

�

þ ðl� 2Þ!
GðaÞGðbÞ x

1�l
Xl�2

n¼0

ðaþ 1� lÞnðb þ 1� lÞn
ð2� lÞnn!

xn;

where ðaÞn ¼ aðaþ 1Þðaþ 2Þ � � � ðaþ n� 1Þ ¼ Gðaþ nÞ=GðnÞ and we agree that
the last term in (2.9) is void if l ¼ 1 (see [8, Section 8.4 (pp. 274–276)]). It is
known that Uða; b; l; xÞ solves the hypergeometric di¤erential equation

xð1� xÞ d
2U

dx2
þ fl� ðaþ b þ 1Þxg dU

dx
� abU ¼ 0ð2:10Þ
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and is linearly independent of Fða; b; l; xÞ, which is also a solution to (2.10). If
aþ b þ 1� l is a non-positive integer,

Fða; b; l; xÞ ¼ GðlÞUða; b; aþ b þ 1� l; 1� xÞð2:11Þ

by [8, p. 276].
We often use the following formula:

Gðzþ 1Þ ¼ zGðzÞ;ð2:12Þ

GðzÞGð1� zÞ ¼ p

sin pz
:ð2:13Þ

3. In case of n ¼ 2

In this section, we treat the S2 case. We use the polar coordinates:

x1 ¼ cos f sin y;

x2 ¼ sin f sin y;

x3 ¼ cos y:

8<
:

Then We is expressed as

We ¼ fðy; fÞ j 0a y < p� e; 0a fa 2pg

and the Laplace-Beltrami operator L yields to

Lv ¼ q2v

qy2
þ cot y

qv

qy
þ 1

sin2 y

q2v

qf2
:

The eigenvalue problem (1.1) is reduced to

q2v

qy2
þ cot y

qv

qy
þ 1

sin2 y

q2v

qf2
þ lv ¼ 0ð3:1Þ

and (3.1) can be solved by the separation of variables.
Let vðy; fÞ ¼ FðyÞCðfÞ. Then we have

sin2 y F 00ðyÞ þ ðcot yÞF 0ðyÞ þ lFf g¼ �C 00ðfÞ
CðfÞ ¼ m2

with m ¼ 0; 1; 2; . . . . Hence we have CðfÞ ¼ c1 cos mfþ c2 sin mf. In case of
m ¼ 0, we agree that CðfÞ1 1. Also, F satisfies

F 00ðyÞ þ ðcot yÞF 0ðyÞ þ l� m2

sin2 y

� �
F ¼ 0:ð3:2Þ

By letting t ¼ cos y and FðyÞ ¼ PðtÞ, we have

ð1� t2ÞP 00ðtÞ � 2tP 0ðtÞ þ l� m2

1� t2

� �
P ¼ 0:ð3:3Þ
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As seen in Section 2, the associated Legendre function Pm
n ðcos yÞ is the regular

solution of (3.2) where l ¼ nðnþ 1Þ with n > 0. The constant n is determined by
the boundary condition

cos s
d

dy
Pm
n ðcos yÞjy¼p�e þ sin sPm

n ðcosðp� eÞÞ ¼ 0:

Using the recursion formula (2.7), we have

d

dy
Pm
n ðcos yÞ ¼

d

dt
Pm
n ðtÞð�

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
Þ ¼ �

ðnþ 1ÞtPm
n ðtÞ � ðn� mþ 1ÞPm

nþ1ðtÞffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p :

Thus the Robin boundary condition can be rewritten as

fðnþ 1Þ cos s cosðp� eÞ � sin s sin egPm
n ðcosðp� eÞÞð3:4Þ

¼ ðn�mþ 1Þ cos sPm
nþ1ðcosðp� eÞÞ:

First we show the existence of an eigenvalue near kðk þ 1Þ to (3.2) under the
condition

cos sF 0ðp� eÞ þ sin sFðp� eÞ ¼ 0:ð3:5Þ

Note that (3.2) is equavalent to

fðsin yÞF 0g0 þ lðsin yÞF� m2

sin y
F ¼ 0:ð3:6Þ

Lemma 3.1. For each k A N, there exists a unique eigenvalue le;k;m;s to (3.6)
with (3.5) near kðk þ 1Þ for any small e > 0.

Proof. We use the Prüfer transform. Let

F ¼ rðyÞ cos sðyÞ;
�ðsin yÞF 0 ¼ rðyÞ sin sðyÞ:

�
ð3:7Þ

Substituting (3.7) for (3.6), we have

�r 0 sin s� rðcos sÞs 0 þ lr cos s� m2

sin y
r cos s ¼ 0ð3:8Þ

and

r 0 cos s� rðsin sÞs 0 ¼ � r sin s

sin y
:ð3:9Þ

Multiplying (3.8) by cos s and (3.9) by sin s, summing them up, we obtain

ds

dy
¼ l sin y cos2 sþ sin2 s

sin y
� m2

sin y
cos2 s:ð3:10Þ
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We take sð0Þ ¼ 0 and rð0Þ ¼ 0 when mb 1 if otherwise, (3.6) cannot be solvable
due to the singularity. While m ¼ 0, we take sð0Þ ¼ 0 and rð0Þ ¼ 1. Thus, to
satisfy the boundary condition, sðyÞ must satisfy

cos s sin sðp� eÞ ¼ sin e sin s cos sðp� eÞ:ð3:11Þ

By the Prüfer comparison theorem [20] (or see Theorem 3 in Section 41 of
Yosida [24]; the Prüfer theorem is applicable to (3.6)), it is well known that
sðyÞ is monotone increasing with respect to l for any fixed y A ½0; pÞ, that
liml!y sðyÞ ¼ y and that sð0Þa 0 by (3.10). Note that kðk þ 1Þ is an eigen-
value of �L on S2, that is, sin sðpÞ ¼ 0 since on the whole sphere, F must
satisfy F 0ðpÞ ¼ 0 (otherwise, it cannot be an eigenfunction). By the continuity
of solutions to (3.10) with respect to y, sin sðp� eÞ is also close to 0. If e > 0
is su‰ciently small, then by the continuity of solutions with respect to the
parameter l, and the monotonicity with respect to l, by (3.11), there must exist
unique le;k;m;s near kðk þ 1Þ. r

Proof of Theorem 1.1. The existence of eigenvalues is assured by Lemma
3.1. We prove the asymptotic behavior of the eigenvalue l ¼ le;k;m;s ¼
nðeÞðnðeÞ þ 1Þ near kðk þ 1Þ for k A N, the condition for m and the multiplicity
of eigenvalues.

We use the expression of Pm
n ðtÞ as (2.5). Since 1þm� ðm� nÞ�

ðmþ nþ 1Þ ¼ �m < 0, Pm
n ðtÞ is singular at t ¼ �1 as in the following proposition:

Proposition 3.1 (cf. [14]). Let a, b, g be real numbers such that aþ b � g
> 0 and let k be the greatest integer which does not exceed aþ b � g. Then there
holds

lim
x!1�0

�
F ða; b; g; xÞ

�
Xk
n¼0

ð�1Þn Gðaþ b � g� nÞGðgÞ
GðaÞGðbÞn! ðg� aÞnðg� bÞnð1� xÞnþg�a�b

�

¼ GðgÞGðg� a� bÞ
Gðg� aÞGðg� bÞ :

However, in our case, a ¼ m� n, b ¼ mþ nþ 1 and g ¼ mþ 1, which yield
g� a� b ¼ �m. Hence, Gðg� a� bÞ in the right-hand side is not defined (its
absolute value is infinity). Thus, to analyze the eigenvalue problem beyond this
di‰culty we use Uða; b; l; xÞ. In our case, a ¼ m� n, b ¼ mþ nþ 1, l ¼ mþ 1
and x ¼ ð1� teÞ=2 with te ¼ cosðp� eÞ. Thus, (2.5) can be written as

Pm
n ðteÞ ¼

Gð1þ nþmÞGðmþ 1Þ
m!2mGð1þ n�mÞ ð1� t2e Þ

m=2
U m� n;mþ nþ 1;mþ 1;

te þ 1

2

� �
:

Then the boundary condition (3.4) yields
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�fðnþ 1Þ cos s cos eþ sin s sin egGð1þ nþmÞ
Gð1þ n�mÞ

�U m� n;mþ nþ 1;mþ 1;
te þ 1

2

� �

¼ ðn�mþ 1Þ cos sGð2þ nþmÞ
Gð2þ n�mÞU m� n� 1;mþ nþ 2;mþ 1;

te þ 1

2

� �

and after some elementary calculation, we have

�fðnþ 1Þ cos s cos eþ sin s sin egU m� n;mþ nþ 1;mþ 1;
te þ 1

2

� �
ð3:12Þ

¼ ðnþmþ 1Þ cos sU m� n� 1;mþ nþ 2;mþ 1;
te þ 1

2

� �
:

Substituting a ¼ m� n, b ¼ mþ nþ 1 and l ¼ mþ 1 for (2.9), we get

Uðm� n;mþ nþ 1;mþ 1; xÞð3:13Þ

¼ ð�1Þmþ1

Gð�nÞGðnþ 1Þm!

�
F ðm� n;mþ nþ 1;mþ 1; xÞ log x

þ
Xy
n¼0

ðm� nÞnðmþ nþ 1Þn
ðmþ 1Þnn!

� fcðm� nþ nÞ

þ cðmþ nþ 1þ nÞ � cðnþ 1Þ � cðmþ 1þ nÞgxn

�

þ ðm� 1Þ!
Gðm� nÞGðmþ nþ 1Þ x

�m
Xm�1

n¼0

ð�nÞnðnþ 1Þn
ð1�mÞnn!

xn

and

Uðm� n� 1;mþ nþ 2;mþ 1; xÞð3:14Þ

¼ ð�1Þmþ1

Gð�n� 1ÞGðnþ 2Þm!

�
F ðm� n� 1;mþ nþ 2;mþ 1; xÞ log x

þ
Xy
n¼0

ðm� n� 1Þnðmþ nþ 2Þn
ðmþ 1Þnn!

� fcðm� n� 1þ nÞ

þ cðmþ nþ 2þ nÞ � cðnþ 1Þ � cðmþ 1þ nÞgxn

�

þ ðm� 1Þ!
Gðm� n� 1ÞGðmþ nþ 2Þ x

�m
Xm�1

n¼0

ð�n� 1Þnðnþ 2Þn
ð1�mÞnn!

xn:

Recall that the last terms in (3.13) and (3.14) are void if m ¼ 0.
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Let us consider the case where m is a positive integer. Substituting x ¼
ðte þ 1Þ=2 ¼ e2=4þOðe4Þ, we have

F m� n;mþ nþ 1;mþ 1;
te þ 1

2

� �
¼ 1þ c1e

2 þOðe4Þ:ð3:15Þ

Thus the first terms in (3.13) and (3.14) are not dominant as e ! þ0. Set n ¼
nðeÞ and consider the value of nð0Þ as e ! þ0. If nð0Þ is not an integer, then we
reach a contradiction. Indeed, if nð0Þ is not an integer, then the last terms in
(3.13) and (3.14) are dominant and Uðm� n;mþ nþ 1;mþ 1; ðte þ 1Þ=2Þ and
Uðm� n� 1;mþ nþ 2;mþ 1; ðte þ 1Þ=2Þ are of the same order e�2m as e ! þ0
according to (3.12). Thus the leading terms of the each side must satisfy

� ðnþ 1Þðm� 1Þ!
Gðm� nÞGðnþmþ 1Þ

e

2

� ��2m

¼ ðnþmþ 1Þðm� 1Þ!
Gðm� n� 1ÞGðmþ nþ 2Þ

e

2

� ��2m

:ð3:16Þ

This leads to nþ 1 ¼ n�mþ 1; which contradicts the assumption m0 0.
If m > k, then (3.16) also implies the contradiction. Thus m ¼ 1; 2; . . . ; k.

Summarizing the above argument, we can expect that

n ¼ nðeÞ ¼ k þ n�ðeÞ; n�ðeÞ ¼ Oðe2mÞ; m ¼ 1; 2; . . . ; k;

where n�ðeÞ may be of smaller order than that of e2m.
In the next step we determine the constant lime!þ0 e�2mn�ðeÞ. Among the

terms in the parenthesis ½ � of (3.13) and (3.14), we need to find a term which
becomes large as e ! þ0. Lemma 2.1 implies that GðzÞ has a pole of order 1
when z is a negative integer. Thus, Gðm� nÞ, Gðm� n� 1Þ and Gð�nÞ become
large as e ! þ0. At the same time, we note that the function cðzÞ also becomes
large as z converges to a negative integer.

First, the term

F m� n;mþ nþ 1;mþ 1;
te þ 1

2

� �
log

te þ 1

2

in (3.13) is neglected since the coe‰cient of this term has Gð�nÞ in the deno-
minator if mb 1. In (3.13),

Xy
n¼0

ðm� nÞnðmþ nþ 1Þn
ðmþ 1Þnn!

cðm� nþ nÞ te þ 1

2

� �n

can be large as n ! k. Since fðte þ 1Þ=2gn ¼ ðe=2Þ2n þOðe2nþ2Þ, then the first
term in the sum is the leading term. By Lemma 2.1, we note that

lim
n!k

cðm� nÞ
Gð�nÞ ¼ ð�1Þkþ1

k!:

The same arguments in this paragraph apply to (3.14). Then, finally, we see that
(3.12) yields
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�fðnþ 1Þ cos s cos eþ sin s sin eg

� ð�1Þmþ1cðm� nÞ
Gð�nÞGðnþ 1Þm!

þ ðm� 1Þ!
Gðm� nÞGðmþ nþ 1Þ

e

2

� ��2m

þOðe�2mþ2Þ
( )" #

¼ ðnþmþ 1Þ cos s

�
"
ð�1Þmþ1cðm� n� 1Þ
Gð�n� 1ÞGðnþ 2Þm!

þ ðm� 1Þ!
Gðm� n� 1ÞGðmþ nþ 2Þ

� e

2

� ��2m

þOðe�2mþ2Þ
( )#

:

As e ! þ0, there holds

� cos s cos eþ sin s

nþ 1
sin e

� �

� ð�1Þmþkþ2
k!

k!m!
þ ð�1Þk�mþ1ðm� 1Þ!ðk �mÞ!

ðmþ kÞ! 4m~cck;m;s;2ðeÞ þOðeÞ
( )

¼ nþmþ 1

nþ 1
cos s

� ð�1Þmþkþ3ðk þ 1Þ!
ðk þ 1Þ!m!

þ ð�1Þm�kþ2ðm� 1Þ!ðk þ 1�mÞ!
ðmþ k þ 1Þ! 4m~cck;m;s;2ðeÞ þOðeÞ

( )
;

where n�ðeÞ ¼ ~cck;m;s;2ðeÞe2m þOðe2mþ1Þ. Then we see that

~cck;m;s;2ðeÞ ¼
� m

k þ 1
cos sþ sin e

k þ 1
sin s

m

k þ 1
cos sþ sin e

k þ 1
sin s

ðmþ kÞ!
4mðk �mÞ!m!ðm� 1Þ!þOðeÞ:ð3:17Þ

Taking the limit as e ! þ0 in (3.17), we conclude that the limit lim
e!þ0

~cck;m;s;2ðeÞ
exists as

~cck;m;s;2 :¼ lim
e!þ0

~cck;m;s;2ðeÞ ¼ � ðmþ kÞ!
4mðk �mÞ!m!ðm� 1Þ!

if s A ½0; p=2Þ and

~cck;m;p=2;2 :¼ lim
e!þ0

~cck;m;p=2;2ðeÞ ¼
ðmþ kÞ!

4mðk �mÞ!m!ðm� 1Þ! ;

if s ¼ p=2, which coincides with a result in [11].
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Next we consider the case m ¼ 0. In this case, the situation is di¤erent
from the case mb 1. In (3.13), logðcosðp� eÞ þ 1Þ=2 may not be neglected.
Although cðnþ 1Þ, cðnþ 2Þ are uniformly bounded, they cannot be neglected
and so cannot be cð1Þ either.

Indeed, as n ! k, the leading terms are as follows and they must satisfy

�
cos s cos eþ sin s

k þ 1
sin e

Gð�nÞGðnþ 1Þ

�
F �n; nþ 1; 1;

te þ 1

2

� �
log

te þ 1

2
ð3:18Þ

þ cð�nÞ þ cðnþ 1Þ � 2cð1Þ þOðe2Þ
�

¼ � cos s

Gð�n� 1ÞGðnþ 2Þ

�
F �n� 1; nþ 2; 1;

te þ 1

2

� �
log

te þ 1

2

þ cð�n� 1Þ þ cðnþ 2Þ � 2cð1Þ þOðe2Þ
�

with te ¼ cosðp� eÞ ¼ �1þ e2=2þOðe4Þ. In this case, we need to determine c1
in (3.15) exactly and there hold

F �n; nþ 1; 1;
te þ 1

2

� �
¼ 1� nðnþ 1Þ

4
e2 þOðe4Þ

and

F �n� 1; nþ 2; 1;
te þ 1

2

� �
¼ 1� ðnþ 1Þðnþ 2Þ

4
e2 þOðe4Þ:

Thus, we see

� cos sþ sin s

nþ 1
eþOðe2Þ

� �
ð3:19Þ

�
"

1� nðnþ 1Þ
4

e2
� �

log
e

2

� �2

þ cð�nÞ þ cðnþ 1Þ � 2cð1Þ þOðe2Þ
#

¼ �cos s

"
1� ðnþ 1Þðnþ 2Þ

4
e2

� �
log

e

2

� �2

þ cð�n� 1Þ þ cðnþ 2Þ � 2cð1Þ þOðe2Þ
#
;

which implies
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� sin s

nþ 1
eþOðe2Þ

� �

� 1� nðnþ 1Þ
4

e2
� �

log
e

2

� �2
þ cð�nÞ þ cðnþ 1Þ � 2cð1Þ þOðe2Þ

" #

¼
(
ðnþ 1Þðnþ 2Þ

2
e2 log

e

2

� �2
� cð�n� 1Þ þ cð�nÞ

� cðnþ 2Þ þ cðnþ 1Þ þOðe2Þ
)

cos s:

Using

cð�nÞ ¼ cð�n� 1Þ � 1

nþ 1
; cðnþ 2Þ ¼ cðnþ 1Þ þ 1

nþ 1
;

we obtain

� sin s

nþ 1
eþOðe2Þ

� �
ð3:20Þ

�
"

1� nðnþ 1Þ
4

e2
� �

log
e

2

� �2
þ cð�nÞ

þ cðnþ 1Þ � 2cð1Þ þOðe2Þ
#

¼ � 2 cos s

nþ 1
þ ðnþ 1Þðnþ 2Þ cos s

2
e2 log

e

2

� �2
þOðe2Þ:

Thus, we see that

� e sin s

nþ 1
cð�nÞ ¼ � 2 cos s

nþ 1
þ oð1Þ:

As before, since cðzÞ has a pole of order one at a negative integer and there
exists a precise expansion of c (see Lemma 2.2). Substituting n ¼ k þ n�ðeÞ in
Lemma 2.2 as e ! þ0, we see that cð�k � n�ðeÞÞ@ 1=n�ðeÞ. If s A ð0; p=2Þ, we
obtain

lim
e!0

n�ðeÞ
e

¼ tan s

2
¼ ~cck;0;s;2:

We remark the behavior for the Dirichlet boundary condition s ¼ p=2. From
(3.20), we have

log
e

2

� �2
þ cð�nÞ ¼ Oð1Þ:
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Then we have

n�ðeÞ ¼ 1

�2 log e
ð1þ oð1ÞÞ;

which is the same result as [11, 13].
We conclude that n ¼ nðeÞ ¼ k þ ~cck;m;s;2e

2m þ oðe2mÞ for some constant
~cck;m;s;2 and that for each m A ½1; k�,

Pm
nðk;m; eÞðcos yÞðc1 cos mfþ c2 sin mfÞ

are a pair of the eigenfunctions corresponding to the eigenvalue

l ¼ nðeÞðnðeÞ þ 1Þ ¼ kðk þ 1Þ þ ð2k þ 1Þ~cck;m;s;2e
2m þOðe2mþ2Þ

with m ¼ 1; 2; 3; . . . ; k.
In case of m ¼ 0, P0

nðk;0; eÞðcos yÞ is the eigenfunction corresponding to

l ¼ nðeÞðnðeÞ þ 1Þ ¼ kðk þ 1Þ þ ð2k þ 1Þ~cck;0;s;2eþ oðeÞ:
The multiplicity of eigenvalues is obvious from the expressions above. Thus, we
take ck;m;s;2 ¼ ð2k þ 1Þ~cck;m;s;2 and the conclusion follows. r

4. In case of n ¼ 3

As in Section 3, we also use the polar coordinates:

x1 ¼ cos f sin j sin y;

x2 ¼ sin f sin j sin y;

x3 ¼ cos j sin y;

x4 ¼ cos y:

8>><
>>:

Here the domain We is expressed as

We ¼ fðy; j; fÞ j 0a y < p� e; 0a ja p; 0a fa 2pg
and so is Lv as

Lv ¼ 1

sin2 y

q

qy
sin2 y

qv

qy

� �
þ 1

sin2 y sin j

q

qj
sin j

qv

qj

� �
þ 1

sin2 y sin2 j

q2v

qf2
:

Then separating variables

vðy; j; fÞ ¼ UðyÞVðjÞWðfÞ;
we get

1

U

q

qy
sin2 y

qU

qy

� �
þ l sin2 y ¼ l;

� 1

V sin j

q

qj
sin j

qV

qj

� �
� 1

W sin2 j

q2W

qf2
¼ l;

8>>><
>>>:

ð4:1Þ
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for some constant l. Again, the second equation of (4.1) is reduced to

sin j
q

qj
sin j

qV

qj

� �
þ lðsin2 jÞV ¼ LV ;

� q2W

qf2
¼ LW ;

8>>><
>>>:

ð4:2Þ

for some constant L. Since W is periodic, L ¼ m2 with m ¼ 0; 1; 2; . . . and thus

W ¼ c1 cos mfþ c2 sin mf:

We set W 1 1 when m ¼ 0. Then V satisfies

V 00ðjÞ þ ðcot jÞV 0ðjÞ þ l� m2

sin2 j

� �
V ¼ 0:ð4:3Þ

Put t ¼ cos j and PðtÞ ¼ VðjÞ. It is a solution of the associated Legendre
di¤erential equation (2.6). Let l ¼ n̂nðn̂nþ 1Þ. Then its solution is expressed as
PðtÞ ¼ Pm

n̂n ðtÞ. Since the solutions are regular at t ¼ 1, n̂n is a positive integer q and

qbm:ð4:4Þ
By (4.1) with l ¼ qðqþ 1Þ, U satisfies

U 00ðyÞ þ 2ðcot yÞU 0ðyÞ þ l� qðqþ 1Þ
sin2 y

� �
U ¼ 0;ð4:5Þ

which is called the ‘‘hyper-sphere di¤erential equation’’. As in Section 3, (4.5) is
equivalent to

fðsin2 yÞF 0g0 þ lðsin2 yÞF� qðqþ 1ÞF ¼ 0:ð4:6Þ
Let t ¼ cos y and UðyÞ ¼ ~UUðtÞ=ð1� t2Þ1=4. Then ~UUðtÞ satisfies the associ-

ated Legendre di¤erential equation

ð1� t2Þ ~UU 00ðtÞ � 2t ~UU 0ðtÞ þ lþ 3

4
� qðqþ 1Þ þ 1=4

1� t2

� �
~UUðtÞ ¼ 0:ð4:7Þ

We see that ~UUðtÞ is expressed as ~UUðtÞ ¼ Pa
n ðtÞ with

nðnþ 1Þ ¼ lþ 3

4
; a2 ¼ qðqþ 1Þ þ 1

4
¼ qþ 1

2

� �2
:

Then U can be written as

UðyÞ ¼ P
�ðqþ1=2Þ
n ðcos yÞffiffiffiffiffiffiffiffiffiffi

sin y
p :

Thus the eigenfunctions of (1.1) are of the form

F ¼ P
�ðqþ1=2Þ
n ðcos yÞffiffiffiffiffiffiffiffiffiffi

sin y
p Pm

q ðcos jÞðc1 cos mfþ c2 sin mfÞ:ð4:8Þ
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Similarly to (3.4), we determine n ¼ nðeÞ as a function of e so that the Robin
boundary condition is satisfied, i.e.

cos s
d

dy
UðyÞjy¼p�e þ sin sUðp� eÞ ¼ 0:

Consequently, we have

�cos s sin2ðp� eÞ d
dt
P�ðqþ1=2Þ
n ðtÞjt¼cosðp�eÞ

� cos s

2
P�ðqþ1=2Þ
n ðcosðp� eÞÞ cosðp� eÞ

þ sin s sinðp� eÞP�ðqþ1=2Þ
n ðcosðp� eÞÞ sinðp� eÞ ¼ 0:

From this relation and the recursion formula (2.7) with m ¼ �ðqþ 1=2Þ, we get

nþ 3

2

� �
cos s cosðp� eÞ � sin s sinðp� eÞ

� �
P�ðqþ1=2Þ
n ðcosðp� eÞÞð4:9Þ

¼ nþ qþ 3

2

� �
cos sP

�ðqþ1=2Þ
nþ1 ðcosðp� eÞÞ:

We express Pm
n in terms of the Gauss hypergeometric functions as

eðqþ1=2ÞpiP�ðqþ1=2Þ
n ðtÞð4:10Þ

¼ 1

Gðqþ 3=2Þ
1þ t

1� t

� ��ðqþ1=2Þ=2
F �n; nþ 1; qþ 3

2
;
1� t

2

� �
;

using (2.4) with m ¼ �ðqþ 1=2Þ. As in Section 3, we first show the existence of
eigenvalues. Parallel to Lemma 3.1, we have the following.

Lemma 4.1. For each k A N, there exists a unique eigenvalue le;k;m;s to (4.6)
with (3.5) near kðk þ 2Þ for any small e > 0.

Proof. As in the proof of Lemma 3.1, we use the Prüfer transform

F ¼ rðyÞ cos sðyÞ;
�ðsin2 yÞF 0 ¼ rðyÞ sin sðyÞ:

�
ð4:11Þ

Substituting (4.11) for (4.6), we have

�r 0 sin s� rðcos sÞs 0 þ lr sin2 s cos s� qðqþ 1Þr cos s ¼ 0ð4:12Þ
and

r 0 cos s� rðsin sÞs 0 ¼ � r sin s

sin2 y
:ð4:13Þ
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Multiplying (4.12) by cos s and (4.13) by sin s, we obtain

ds

dy
¼ l sin2 y cos2 sðyÞ þ sin2 sðyÞ

sin2 y
� qðqþ 1Þ cos2 sðyÞ:ð4:14Þ

The boundary condition yields

cos s sin sðp� eÞ ¼ sin s sin2ðp� eÞ cos sðp� eÞ:

The Prüfer comparison theorem is applicable to (4.14) and the rest part of proof
is proved as in the proof of Lemma 3.1. r

Proof of Theorem 1.2. As in the proof of Theorem 1.1, the existence of
eigenvalues is ensured by Lemma 4.1. We consider the asymptotic behavior.
From (4.9) and (4.10) we deduce that

� nþ 3

2

� �
cos s cos e� sin s sin e

� �
F �n; nþ 1; qþ 3

2
;
1� te

2

� �
ð4:15Þ

¼ nþ qþ 3

2

� �
cos sF �ðnþ 1Þ; nþ 2; qþ 3

2
;
1� te

2

� �
:

Since the hypergeometric functions in the above equation are singular at t ¼ �1,
we use the following identity (see (2.3) in Section 2)

F �n; nþ 1; qþ 3

2
;
1� te

2

� �
ð4:16Þ

¼
G
�
qþ 3

2

	
G
�
qþ 1

2

	
G
�
qþ nþ 3

2

	
G
�
q� nþ 1

2

	F �n; nþ 1;�qþ 1

2
;
te þ 1

2

� �

þ
G
�
qþ 3

2

	
G
�
�q� 1

2

	
Gð�nÞGðnþ 1Þ

te þ 1

2

� �qþ1=2

� F qþ nþ 3

2
; q� nþ 1

2
; qþ 3

2
;
te þ 1

2

� �
:

Assume that nðeÞ ¼ nð0Þ þ oð1Þ and let us take the limit as e ! þ0 in (4.16).

Since F
�
�nð0Þ; nð0Þ þ 1;�qþ 1

2 ; 0
	
¼ 1, F

�
qþ nð0Þ þ 3

2 ; q� nð0Þ þ 1
2 ; qþ 3

2 ; 0
	
¼ 1

and qþ 3=2� f�nþ ðnþ 1Þg ¼ qþ 1=2 > 0; we find

F ð�nð0Þ; nð0Þ þ 1; qþ 3=2; 1Þ ¼
G
�
qþ 3

2

	
G
�
qþ 1

2

	
Gðqþ nð0Þ þ 3=2ÞGðq� nð0Þ þ 1=2Þ :

If q� nð0Þ þ 1=2 is not a negative integer, then we will have a contradiction.
Indeed, suppose that q� nð0Þ þ 1=2 is not a negative integer. The second term
in (4.16) vanishes as e ! þ0 and (4.16) leads to
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� nð0Þ þ 3

2

� �
G
�
qþ 3

2

	
G
�
qþ 1

2

	
G
�
qþ nð0Þ þ 3

2

	
G
�
q� nð0Þ þ 1

2

	
¼ nð0Þ þ qþ 3

2

� �
G
�
qþ 3

2

	
G
�
qþ 1

2

	
G
�
qþ nð0Þ þ 5

2

	
G
�
q� nð0Þ � 1

2

	 :
for e ¼ 0. The formula (2.12) implies

nð0Þ þ 3

2
¼ nð0Þ þ 1

2
� q

provided Gðq� nð0Þ þ 1=2Þ0y and thus q ¼ �1, which contradicts (4.4). Thus
the only possibility for the above equation to hold is that Gðq� nð0Þ þ 1=2Þ ¼ y,
namely, q� nð0Þ þ 1=2 is a non-positive integer. We may take

nð0Þ ¼ k þ 1

2

where k A NU f0g and qa k. Combining (4.15) and (4.16), we obtain

� nþ 3

2

� �
cos s cos e� sin s sin e

� �
ð4:17Þ

�
"

G
�
qþ 3

2

	
G
�
qþ 1

2

	
G
�
qþ nþ 3

2

	
G
�
q� nþ 1

2

	F �n; nþ 1;�qþ 1

2
;
te þ 1

2

� �

þ
G
�
qþ 3

2

	
G
�
�q� 1

2

	
Gð�nÞGðnþ 1Þ

te þ 1

2

� �qþ1=2

� F qþ nþ 3

2
; q� nþ 1

2
; qþ 3

2
;
te þ 1

2

� �#

¼ nþ qþ 3

2

� �
cos s

�
"

G
�
qþ 3

2

	
G
�
qþ 1

2

	
G
�
qþ nþ 5

2

	
G
�
q� n� 1

2

	F �ðnþ 1Þ; nþ 2;�qþ 1

2
;
te þ 1

2

� �

þ
G
�
qþ 3

2

	
G
�
�q� 1

2

	
Gð�n� 1ÞGðnþ 2Þ

te þ 1

2

� �qþ1=2

� F qþ nþ 5

2
; q� n� 1

2
; qþ 3

2
;
te þ 1

2

� �#

with te ¼ cosðp� eÞ. Note that both sides become small as e ! þ0. If qb 1,
then dividing the two sides of (4.17) by e2qþ1, we obtain
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� nþ 3

2

� �
cos s cos eþ sin s sin e

� �
ð4:18Þ

�
(
ð�1Þk�qþ1G

�
qþ 3

2

	
G
�
qþ 1

2

	
ðk � qÞ!~cck;q;s;3ðeÞ

Gðqþ k þ 2Þ

þ
G
�
qþ 3

2

	
G
�
�q� 1

2

	
G
�
�k � 1

2

	
G
�
k þ 3

2

	
22qþ1

þOðeÞ
)

¼ nþ qþ 3

2

� �
cos s

�
(
ð�1Þk�qþ2G

�
qþ 3

2

	
G
�
qþ 1

2

	
ðk þ 1� qÞ!~cck;q;s;3ðeÞ

Gðqþ k þ 3Þ

þ
G
�
qþ 3

2

	
G
�
�q� 1

2

	
G
�
�k � 3

2

	
G
�
k þ 5

2

	
22qþ1

þOðeÞ
)
;

where

n ¼ nðeÞ ¼ k þ 1

2
þ ~cck;q;s;3ðeÞe2qþ1 þOðe2qþ2Þ:

Substituting these relation for (4.18), we have

nþ 3

2

� �
cos s cos eþ sin s sin e

� �
f~cck;q;s;3ðeÞ � AþOðeÞgð4:19Þ

¼ nþ qþ 3

2

� �
cos s

k þ 1� q

qþ k þ 2
~cck;q;s;3ðeÞ � AþOðeÞ

� �
;

where

A ¼
ð�1Þk�qþ2G

�
�q� 1

2

	
Gðqþ k þ 2Þ

Gðqþ 1
2Þðk � qÞ!22qþ1p

:

Here we used the recursion relation (2.13). Applying the recursion formula
(2.12) several times and Gð1=2Þ ¼ ffiffiffi

p
p

, we have

G �m� 1

2

� �
¼ ð�1Þmþ1 2

2ðmþ1Þðmþ 1Þ!
f2ðmþ 1Þg!

ffiffiffi
p

p
; G mþ 1

2

� �
¼ ð2mÞ!

22mm!

ffiffiffi
p

p
ð4:20Þ

for any nonnegative integer m. This implies that

A ¼ 22qþ1ðqþ 1Þðqþ k þ 1Þ!ðq!Þ2

ðk � qÞ!f2ðqþ 1Þg!ð2qÞ!p :
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By (4.19), we have

nþ 3

2

� �
cos s cos eþ sin s sin e�

ðk þ 1� qÞ
�
nþ qþ 3

2

	
cos s

qþ k þ 2

� �
~cck;q;s;3ðeÞ

¼ nþ 3

2

� �
cos s cos eþ sin s sin e� nþ qþ 3

2

� �
cos s

� �
AþOðeÞ;

which implies

~cck;q;s;3ðeÞð4:21Þ

¼
nþ 3

2

� �
cos sþ sin s sin e� nþ qþ 3

2

� �
cos s

nþ 3

2

� �
cos sþ sin s sin e�

ðk þ 1� qÞ
�
nþ qþ 3

2

	
cos s

qþ k þ 2

AþOðeÞ:

Thus we obtain

~cck;q;s;3 ¼ lim
e!þ0

~cck;q;s;3ðeÞ ¼
� 22qþ1qðk þ qþ 1Þ!ðq!Þ2

ðk � qÞ!fð2ðqþ 1Þg!ð2qÞ!p ; s A 0;
p

2

� �
;

22qþ1ðqþ 1Þðqþ k þ 1Þ!ðq!Þ2

ðk � qÞ!f2ðqþ 1Þg!ð2qÞ!p ; s ¼ p

2
:

8>>><
>>>:

ð4:22Þ

If q ¼ 0, then formally we have ~cck;0;s;3 ¼ 0 for s A ½0; p=2Þ and ~cck;0;s;3 0 0
for s ¼ p=2. Thus, the order must be smaller than e if s A ½0; p=2Þ and q ¼ 0.
In this case, (4.17) yields

�cos s cos e� sin s sin e

nþ 3
2

 !"
G
�
3
2

	
G
�
1
2

	
G
�
nþ 3

2

	
G
�
�nþ 1

2

	F �n; nþ 1;� 1

2
;
te þ 1

2

� �
ð4:23Þ

þ
G
�
3
2

	
G
�
� 1

2

	
Gð�nÞGðnþ 1Þ

te þ 1

2

� �1=2
F nþ 3

2
;�nþ 1

2
;
3

2
;
te þ 1

2

� �#

¼
G
�
3
2

	
G
�
1
2

	
cos s

G
�
nþ 5

2

	
G
�
�n� 1

2

	F �ðnþ 1Þ; nþ 2;
1

2
;
te þ 1

2

� �

þ
G
�
3
2

	
G
�
� 1

2

	
cos s

Gð�n� 1ÞGðnþ 2Þ
te þ 1

2

� �1=2
F nþ 5

2
;�n� 1

2
;
3

2
;
te þ 1

2

� �
:

and we need more exact calculations.
Now we write n ¼ k þ 1

2 þ n�ðeÞ. In this case, we use the approximation
cos e ¼ 1� e2=2þOðe4Þ. Since Gð�nþ 1=2Þ and Gð�n� 1=2Þ has a zero of
order n�ðeÞ at e ¼ 0, we only need
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F �n; nþ 1;� 1

2
;
te þ 1

2

� �
¼ 1þOðe2Þ;

F �ðnþ 1Þ; nþ 2;
1

2
;
te þ 1

2

� �
¼ 1þOðe2Þ:

However, for other F ’s, we use the following expansions:

F nþ 3

2
;�nþ 1

2
;
3

2
;
te þ 1

2

� �
¼ F k þ 2þ n�ðeÞ;�k � n�ðeÞ; 3

2
;
te þ 1

2

� �

¼ 1� kðk þ 2Þ
6

e2 þOðe4Þ

F nþ 5

2
;�n� 1

2
;
3

2
;
te þ 1

2

� �
¼ F k þ 3þ n�ðeÞ;�k � 1n�ðeÞ; 3

2
;
te þ 1

2

� �

¼ 1� ðk þ 1Þðk þ 3Þ
6

e2 þOðe4Þ:

Using (2.12) and (2.13), we have

G nþ 3

2

� �
G �nþ 1

2

� �
¼ nþ 1

2

� �
G nþ 1

2

� �
G �nþ 1

2

� �
¼

�
nþ 1

2

	
p

sin
�
nþ 1

2

	
p
:

Similarly we obtain

G
�
3
2

	
G
�
1
2

	
G
�
nþ 3

2

	
G
�
�nþ 1

2

	 ¼ sin
�
nþ 1

2

	
p

2nþ 1
;

G
�
3
2

	
G
�
� 1

2

	
Gð�nÞGðnþ 1Þ ¼ sin np;

G
�
3
2

	
G
�
1
2

	
G
�
nþ 5

2

	
G
�
�n� 1

2

	 ¼ �
sin
�
nþ 1

2

	
p

2nþ 3
;

G
�
3
2

	
G
�
� 1

2

	
Gð�n� 1ÞGðnþ 2Þ ¼ �sin np:

Then the following part of (4.23) can be calculated as

�cos s cos e� sin s sin e

nþ 3
2

 !
G
�
3
2

	
G
�
� 1

2

	
Gð�nÞGðnþ 1ÞF nþ 3

2
;�nþ 1

2
;
3

2
;
te þ 1

2

� �
ð4:24Þ

�
G
�
3
2

	
G
�
� 1

2

	
cos s

Gð�n� 1ÞGðnþ 2ÞF nþ 5

2
;�n� 1

2
;
3

2
;
te þ 1

2

� �

¼
"
cos s

�
F nþ 5

2
;�n� 1

2
;
3

2
;
te þ 1

2

� �

� F nþ 3

2
;�nþ 1

2
;
3

2
;
te þ 1

2

� �
cos e

�

� sin s sin e

nþ 3
2

F nþ 3

2
;�nþ 1

2
;
3

2
;
te þ 1

2

� �#
sin k þ 1

2
þ n�ðeÞ

� �
p
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¼
"
cos s

�
1� ðk þ 1Þðk þ 3Þ

6
e2 þOðe4Þ

� 1� kðk þ 2Þ
6

e2 � 1

2
e2 þOðe4Þ

� ��

� sin s sin e

nþ 3
2

1� kðk þ 2Þ
6

e2 þOðe4Þ
� �#

ð�1Þk sin 1

2
þ n�ðeÞ

� �
p

¼ �ð�1Þke sin s

k þ 2
þOðe2Þ

 !

On the other hand, the rest of (4.23) becomes

G
�
3
2

	
G
�
1
2

	
cos s

G
�
nþ 5

2

	
G
�
�n� 1

2

	F �ðnþ 1Þ; nþ 2;
1

2
;
te þ 1

2

� �
ð4:25Þ

� �cos s cos e� sin s sin e

nþ 3
2

 !
G
�
3
2

	
G
�
1
2

	
G nþ 3

2

� 	
G
�
�nþ 1

2

	
� F �n; nþ 1;� 1

2
;
te þ 1

2

� �

¼ �
cos s sin

�
nþ 1

2

	
p

2nþ 3
F �ðnþ 1Þ; nþ 2;

1

2
;
te þ 1

2

� �

� �cos s cos e� sin s sin e

nþ 3
2

 !
sin
�
nþ 1

2

	
p

2nþ 1

� F �n; nþ 1;� 1

2
;
te þ 1

2

� �

¼ cos s
1

2ðk þ 1Þðk þ 2Þ þOðeÞ
� �

ð�1Þkþ1 sin n�p:

Substituting the above terms (4.24) and (4.25) for (4.23), we have

ð�1Þkþ1
e sin s

k þ 2
þOðe2Þ

 !
e

2
¼ cos s

ð�1Þkþ1

2ðk þ 1Þðk þ 2Þ þOðeÞ
" #

sin n�p:ð4:26Þ

Thus we get

~cck;0;s;3 ¼ lim
e!þ0

e�2n�ðeÞ ¼ ðk þ 1Þ tan s

p
:

Finally, as in Section 3, we have

l ¼ nðeÞ2 þ n� 3

4
¼ nðeÞ þ 3

2

� �
nðeÞ � 1

2

� �
¼ ðk þ 2þ n�ðeÞÞðk þ n�ðeÞÞ:
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Thus the desired constant in Theorem 1.2 is determined by ck;q;s;3 ¼
2ðk þ 1Þ~cck;q;s;3.

The multiplicity of the eigenvalue comes from the construction of eigen-
functions. That is, in (4.8), m varies from 0 to q. If m ¼ 0, we see

F ¼ c1
P

�ðqþ1=2Þ
n ðcos yÞffiffiffiffiffiffiffiffiffiffi

sin y
p P0

qðcos jÞ

and this has a one dimensional space and for each mb 1, the set of the eigen-
functions in (4.8) is two dimensional. Hence, 1þ

Pq
m¼1 2 ¼ 2qþ 1 is the total

multiplicity. r

Remark 4.1. The order of n�ðeÞ is also obtained by the following way. Let
the eigenvalue l be determined as

l ¼ nðeÞ2 þ nðeÞ � 3

4
¼ nðeÞ þ 3

2

� �
nðeÞ � 1

2

� �
:

Now take x > 0 so that

x2 � 1 ¼ l ¼ nðeÞ þ 3

2

� �
nðeÞ � 1

2

� �
:

Then it follows that x ¼ k þ 1þ n�ðeÞ. Hence

XðyÞ ¼ sin xy

sin y

is a regular solution to

LXþ lX ¼ 0

in We HS3. We seek the condition of n�ðeÞ so that

ðcos sÞX 0ðp� eÞ þ ðsin sÞXðp� eÞ ¼ 0:

By the direct calculations, we see that

ðk þ 1þ n�ðeÞÞ tanðp� eÞ ¼ ð1� tan s tan eÞ tanfðk þ 1þ n�ðeÞÞðp� eÞgð4:27Þ

is the condition for n�ðeÞ. Expanding the both sides in the Taylor series and we
pick up the order up to e2, we have

�ðk þ 1þ n�ðeÞÞðeþOðe2ÞÞ ¼ �ðk þ 1Þeþ pn�ðeÞ � tan s tan e tanðk þ 1Þe

þOðe3 þ n�ðeÞeÞ:

Then, the e order terms vanish and we obtain

pn�ðeÞ ¼ ðk þ 1Þðtan sÞe2 þOðe3Þ:

Thus, we obtain the same order and the same coe‰cient as above.
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