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ON THE PROFILE OF SOLUTIONS WITH TIME-DEPENDENT

SINGULARITIES FOR THE HEAT EQUATION

Toru Kan and Jin Takahashi

Abstract

Let Nb 2, T A ð0;y� and x A Cð0;T ;RNÞ. Under some regularity condition for x,

it is known that the heat equation

ut � Du ¼ 0; x A RNnfxðtÞg; t A ð0;TÞ

has a solution behaving like the fundamental solution of the Laplace equation as

x ! xðtÞ for any fixed t. In this paper we construct a singular solution whose behavior

near x ¼ xðtÞ suddenly changes from that of the fundamental solution of the Laplace

equation at some t.

1. Introduction

This paper is concerned with the following inhomogeneous linear heat
equation.

ut � Du ¼ wðtÞdxðtÞ in RN � ð0;TÞ:ð1:1Þ

Here Nb 2, T A ð0;y�, w is a weight function satisfying w A L1ð0; tÞ for each
t A ð0;TÞ, x : ð0;TÞ ! RN is a continuous curve and dxðtÞ is the Dirac distribution
concentrated at xðtÞ A RN . The main purpose of this paper is to investigate the
behavior of a solution of (1.1) near x ¼ xðtÞ.

Removability of singularities and existence of singular solutions in partial
di¤erential equations have been studied as interesting problems. As a simple
example, let us consider the Laplace equation in Wnf0g, where W is a neigh-
borhood of 0 in RN . It is known that the singularity of a solution u at 0 is
removable, which means that u can be extended as a solution in W, if uðxÞ ¼
oðjxj2�NÞ for Nb 3 and uðxÞ ¼ oðlogjxjÞ for N ¼ 2 as x ! 0. We immediately
see that this condition is optimal since a fundamental solution of the Laplace
equation is given by
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CðxÞ :¼

1

NðN � 2ÞoN

jxj2�N ¼ GðN=2� 1Þ
4pN=2

jxj2�N if Nb 3;

1

2p
log

1

jxj if N ¼ 2;

8>>><
>>>:

where oN is the volume of the unit ball in RN and G denotes the gamma
function. For nonlinear elliptic equations, this kind of problems were examined
by many authors, see, e.g., [1, 12, 8, 2, 13] and references therein.

In the recent works by [5, 6, 4], a condition for removability of singularities
was considered in a certain class of nonlinear parabolic equations including the
Fujita equation

ut ¼ Duþ jujp�1
uð1:2Þ

with Nb 3 and 0a p < N=ðN � 2Þ. More precisely, it was shown that a solu-
tion u of (1.2) in ðWnf0gÞ � ð0;TÞ can be extended as a solution in W� ð0;TÞ if
u satisfies uðx; tÞ ¼ oðjxj2�NÞ locally uniformly for t A ð0;TÞ as x ! 0.

An interesting problem on singular solutions of parabolic equations is the
existence of solutions with a time-dependent singularity. Here, by time-dependent
singularity, we mean a singularity with respect to the space variable whose position
depends on the time variable. The existence of such solutions were revealed in
[9, 10] for the equation (1.2) with Nb 3 and p in a certain range. Recently,
solutions with a time-dependent singularity were constructed also in the Navier-
Stokes equation [7].

In this paper, we focus on the linear heat equation

ut � Du ¼ 0; x A RNnfxðtÞg; t A ð0;TÞ:ð1:3Þ

For this equation, the following were shown in [11, 7]. A condition for the
removability of singularities is given by uðx; tÞ ¼ oðCðx� xðtÞÞÞ locally uniformly
for t A ð0;TÞ as x ! xðtÞ, if x is 1=2-Hölder continuous. At the same time,
under the condition that x has a-Hölder continuity with a > 1=2, there is a
solution ~uu satisfying

~uuðx; tÞ ¼ ð1þ oð1ÞÞCðx� xðtÞÞ for every t A ð0;TÞ as x ! xðtÞ:

These results are analogous to the case of the Laplace equation. Our interest
here is a solution which has a singularity at x ¼ xðtÞ but does not always behave
like Cðx� xðtÞÞ as x ! xðtÞ. In order to construct such a solution, we consider
the equation (1.1). Then a desired solution can be found by considering two
e¤ects. One is due to the quick movement of x. We will observe that the
profile of a solution of (1.1) is distorted when x loses a-Hölder continuity with
a > 1=2. The other one is the weight w. We will show that if w is forced to
vanish or diverge as t " t0, then the strength of a singularity suddenly changes
at t0.

This paper is organized as follows. In the next section, we set up our
problem precisely and state main results. Section 3 is devoted to proving the
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results. In Section 4, we discuss the precise behavior at x ¼ xðtÞ in the case
where wðtÞ1 1 and x is a-Hölder continuous with a > 1=2.

2. Main results

We introduce some definitions and notation before stating our results. Let
F be defined by

Fðx; tÞ :¼
ð t

0

wðsÞFðx� xðsÞ; t� sÞ ds;ð2:1Þ

where F is the heat kernel, that is, Fðx; tÞ ¼ ð4ptÞ�N=2
e�jxj2=4t. Note that F can

be defined for x A RNnfxðtÞg and t A ð0;TÞ, since

sup
s A ð0; tÞ

Fðx� xðsÞ; t� sÞ < þy

provided x0 xðtÞ. Moreover,

kF ð�; tÞkL1ðRN Þ a

ð t

0

jwðsÞj
ð
RN

Fðx� xðsÞ; t� sÞ dx
� �

ds ¼
ð t

0

jwðsÞj ds;

and so F A Lyð0; t;L1ðRNÞÞ for any t A ð0;TÞ. We will prove that F satisfies
(1.1) in the distributional sense, that is, the equalityðT

0

ð
RN

F ðx; tÞð�jtðx; tÞ � Djðx; tÞÞ dxdt ¼
ðT

0

wðtÞjðxðtÞ; tÞ dtð2:2Þ

holds for all j A Cy
0 ðRN � ð0;TÞÞ (see Proposition 3.1 in Section 3). In par-

ticular, by the Weyl lemma for the heat equation (see, e.g., [3, Section 6]), we see
that F satisfies (1.3) in the classical sense. For the same reason, we also find that
if u A L1

locðRN � ð0;TÞÞ satisfies (1.1) in the distributional sense, then u� F is
smooth in RN � ð0;TÞ. This implies that the singularity of any solution of (1.1)
is determined by F , and therefore our focus is on the behavior of F as x ! xðtÞ.

Let t0 A ð0;TÞ be fixed. As instantaneous quickness of xðtÞ and weight of
wðtÞ at t ¼ t0, we define

va :¼ lim
s"t0

xðt0Þ � xðsÞ
ðt0 � sÞa ða > 0Þ; wb :¼ lim

s"t0

wðsÞ
ðt0 � sÞb

ðb > �1Þ

if their respective limits exist. Throughout this paper, we suppose that

va and wb exist for some a > 0 and b > �1:

The goal of this study is to describe how the magnitude and the direction of va
and the weight wb influence the singularity of F ðx; t0Þ.

Set p :¼ N=2� b. If wb exists for some b with p < 1, then we have

jwðsÞFðx� xðsÞ; t0 � sÞja ð4pÞ�N=2jwðsÞjðt0 � sÞ�N=2
aCðt0 � sÞ�p
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for all x A RN and s A ð0; t0Þ. Here C > 0 is a constant. This shows that the
value of F ðx; t0Þ at x ¼ xðt0Þ can be defined as a finite value. Furthermore,
Lebesgue’s dominated convergence theorem yields

lim
x!xðt0Þ

Fðx; t0Þ ¼ Fðxðt0Þ; t0Þ:

Therefore, in what follows, we only consider the case pb 1.
We perform the change of variables z ¼ x� xðt0Þ and t ¼ t0 � s. Then

Fðx; t0Þ ¼ ð4pÞ�N=2

ð t0

0

wðt0 � tÞt�N=2 exp � 1

4t
jzþ tagaðtÞj

2

� �
dt;

where we write xðt0Þ � xðt0 � tÞ ¼ tagaðtÞ. Put ra :¼ jvaj and na :¼ va=jvaj. We
write r ¼ jzj, o ¼ z=jzj and denote y A ½0; p� by the angle between o and �na,
that is, cos y ¼ �o � na. With this notation, we have the decomposition o ¼
�ðcos yÞna þ ðsin yÞn for some n A RN with jnj ¼ 1 and n � na ¼ 0.

The e¤ect of va is considerably di¤erent depending on a. When a ¼ 1=2, the
e¤ect of va appears in the coe‰cient of the leading term and F ðx; t0Þ can lose
asymptotic radial symmetry as x ! xðt0Þ.

Theorem 2.1. Let a ¼ 1=2. Then the following (i) and (ii) hold as z ¼
x� xðt0Þ ! 0.

(i) If p ¼ 1,

Fðx; t0Þ ¼ 21�Np�N=2wbe
�r2

a=4 log
1

r
þ o log

1

r

� �
:

(ii) If p > 1,

Fðx; t0Þ ¼ ð4pÞ�N=2
wb

ðy
0

sp�2e�ð1=4Þj
ffiffi
s

p
oþvaj2 ds

� �
r�2ð p�1Þ þ oðr�2ðp�1ÞÞ:

Remark 2.1. Suppose that wb ¼ 1 and v1=2 ¼ 0. Then Theorem 2.1 implies
that, as x ! xðt0Þ,

Fðx; t0Þ ¼
ð2pÞ�1 log

1

r
þ o log

1

r

� �
ðN ¼ 2Þ

ð4pÞ�N=2

ðy
0

sN=2�2e�ð1=4Þs ds

� �
r2�N þ oðr2�NÞ ðNb 3Þ

8>>><
>>>:

¼ ð1þ oð1ÞÞCðzÞ:

Next, let us consider the case a < 1=2. We remark that if va 0 0 with some
a < 1=2, the integralð t0

0

jwðsÞjðt0 � sÞ�N=2
e�jxðt0Þ�xðsÞj2=4ðt0�sÞ ds ¼

ð t0

0

jwðt0 � tÞjt�N=2e�ð1=4Þt�ð1�2aÞjgaðtÞj2 dt
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is finite, because the integrand is bounded by Cjwðt0 � tÞj for some constant
C > 0. Therefore the value of Fðx; t0Þ at x ¼ xðt0Þ can be defined as a finite
value. This fact suggests that there is some region N containing the point xðt0Þ
such that F ð�; t0Þ is bounded in N. The problems in this case are to find such
a region N and to determine the asymptotic behavior of Fðx; t0Þ as x B N,
x ! xðt0Þ. In order to state our result, we define, for e > 0 and M > 0,

Se :¼ z A RNnf0g; 1� cos yb 2r�1=a
a

2p� 3

2a
þ 1þ e

� �
r1=a�2 log

1

r

� �
;

TM :¼ fz A RNnf0g; 1� cos yaMr1=a�2g:

Theorem 2.2. Let a A ð0; 1=2Þ and va 0 0. Then the following (i) and (ii)
hold.

(i) Suppose that 1a p < 3=2� a and

xðt0Þ � xðsÞ ¼ ðt0 � sÞava þ oððt0 � sÞaþp�1Þð2:3Þ

as s " t0. Then, as z ¼ x� xðt0Þ ! 0,

F ðx; t0Þ ¼ F ðxðt0Þ; t0Þ þ oð1Þ:

(ii) Suppose that pb 3=2� a and

xðt0Þ � xðsÞ ¼ ðt0 � sÞava þ ðt0 � sÞ1=2v̂vþ oððt0 � sÞ1=2Þð2:4Þ

for some v̂v A RN as s " t0. Then, for any e > 0 and M > 0,

Fðx; t0Þ ¼ Fðxðt0Þ; t0Þ þ oð1Þð2:5Þ

as z ¼ x� xðt0Þ A Se, z ! 0, and

Fðx; t0Þ ¼

Fðxðt0Þ; t0Þ þ ð4pÞ�ðN�1Þ=2
wba

�1r�1
a if p ¼ 3

2 � a;

� e�ð1=4Þca�ð1=4ÞJðzÞ þ oð1Þ
ð4pÞ�ðN�1Þ=2

wba
�1r

ð2p�3Þ=2a
a e�ð1=4Þca�ð1=4ÞJðzÞ if p > 3

2 � a

� r�ð2p�3Þ=2a�1 þ oðr�ð2p�3Þ=2a�1Þ

8>>>><
>>>>:

ð2:6Þ

as z ¼ x� xðt0Þ A TM , z ! 0. Here JðzÞ :¼ 2r
1=a
a r�ð1=a�2Þð1� cos yÞþ

2r
1=2a
a ðn � v̂vÞr�ð1=2a�1Þ sin y and ca :¼ jv̂vj2 � ðna � v̂vÞ2. Furthermore,

lim inf
x!xðt0Þ

Fðx; t0Þ ¼ Fðxðt0Þ; t0Þ;ð2:7Þ

lim sup
x!xðt0Þ

ðrð2p�3Þ=2aþ1Fðx; t0ÞÞð2:8Þ

¼
Fðxðt0Þ; t0Þ þ ð4pÞ�ðN�1Þ=2

wba
�1r�1

a if p ¼ 3
2 � a;

ð4pÞ�ðN�1Þ=2
wba

�1r
ð2p�3Þ=2a
a if p > 3

2 � a:

(
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Remark 2.2. We can also discuss a solution which has a singularity for
all t A R. Let W A L1

locðRÞ satisfy ð�tÞ�N=2
WðtÞ A L1ð�y;�1Þ and let X be a

continuous curve in R. We set

Gðx; tÞ :¼
ð t

�y
WðsÞFðx� XðsÞ; t� sÞ ds:

Then it can be shown that G satisfies Gt � DG ¼ WðtÞdXðtÞ in RN � ð�y;yÞ and
the same assertions as in Theorems 2.1 and 2.2 hold by replacing F with G. We
note that in the special case Nb 3, W 1 1 and X1 0, G coincides C.

3. Proofs of theorems

First of all, we show that the function F defined by (2.1) is a solution of
(1.1). Although this fact is essentially proved in [11, Section 4], we give a proof
for the completion.

Proposition 3.1. F satisfies ð1:1Þ in the distributional sense.

Proof. We fix j A Cy
0 ðRN � ð0;TÞÞ and take 0 < t < t < T such that the

support of j is contained in RN � ðt; tÞ. It is enough to verify (2.2) under
the assumption that w is smooth. Indeed, choosing fwngyn¼1 HCy

0 ðRÞ such that
wn ! w in L1ð0; tÞ as n ! y and putting ~FFnðx; tÞ :¼

Ð t

0 wnðsÞFðx� xðsÞ; t� sÞ ds,
we have

sup
t A ðt; tÞ

kFð�; tÞ � ~FFnð�; tÞkL1ðRN Þ a sup
t A ðt; tÞ

ð t

0

jwðsÞ � wnðsÞj kFð� � xðsÞ; t� sÞkL1ðRN Þ ds

a kw� wnkL1ð0; tÞ ! 0 ðn ! yÞ:

Therefore once we show that ~FFn satisfies (2.2), the proof is finished by letting
n ! y.

From now on we assume w A Cy
0 ðRÞ. Let h > 0 and define

Fhðx; tÞ :¼
ð t�h

0

wðsÞFðx� xðsÞ; t� sÞ ds:

Then we easily see that Fh satisfies ðFhÞt � DFh ¼ wðt� hÞFðx� xðt� hÞ; hÞ in the
classical sense in RN � ðh;TÞ. Hence integration by parts yieldsðT

0

ð
RN

Fhð�jt � DjÞ dxdt ¼
ðT

0

wðt� hÞ
ð
RN

jðx; tÞFðx� xðt� hÞ; hÞ dx
� �

dt

provided h < t. Let us take the limit as h # 0. Then the left-hand side con-
vergences to

Ð T

0

Ð
RN Fð�jt � DjÞ dxdt, because

sup
t A ðt; tÞ

kF ð�; tÞ � Fhð�; tÞkL1ðRN Þ a sup
t A ðt; tÞ

ð t

t�h

jwðsÞj kFð� � xðsÞ; t� sÞkL1ðRN Þ ds

a kwkLyðRÞh ! 0 ðh # 0Þ:
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It is straightforward to show that wðt� hÞ ! wðtÞ and
Ð
RN jðx; tÞFðx�

xðt� hÞ; hÞ dx ! jðxðtÞ; tÞ locally uniformly for t A ð0;TÞ as h # 0. Hence we

see that the right-hand side tends to
Ð T

0 wðtÞjðxðtÞ; tÞ dt. Thus the proof is
complete. 9

3.1. The case a ¼ 1=2. Let us consider the case a ¼ 1=2 and prove
Theorem 2.1.

Proof of Theorem 2.1. We fix d A ð0; 1Þ and take t0 > 0 such that
ðwb � dÞtb awðt0 � tÞa ðwb þ dÞtb and r2a � da jgaðtÞj

2
a r2a þ d for t A ð0; t0�.

Then

ðwb � dÞIðzÞa ð4pÞN=2
Fðx; t0ÞaC þ ðwb þ dÞIðzÞ;ð3:1Þ

where C > 0 is a constant and

IðzÞ :¼
ð t0

0

t�pe�ð1=4tÞjzþtagaðtÞj
2

dt:

First, we assume p ¼ 1 and prove (i). Since

r2 � 2ðr2a þ 1Þrt1=2 þ ðr2a � dÞta zþ tagaðtÞj j2 a r2 þ 2ðr2a þ 1Þrt1=2 þ ðr2a þ dÞt

for t A ð0; t0�, we have

e�ðr2aþdÞ=4
ð t0

0

t�1e�r2=4t�ðr2aþ1Þr=2
ffiffi
t

p
dtð3:2Þ

a IðzÞa e�ðr2
a�dÞ=4

ð t0

0

t�1e�r2=4tþðr2
aþ1Þr=2

ffiffi
t

p
dt:

By the change of variables s ¼ r2=t and integration by parts, we deduce thatð t0

0

t�1e�r2=4tGðr2aþ1Þr=2
ffiffi
t

p
dtð3:3Þ

¼
ðy
r2=t0

s�1e�ð1=4ÞsGð1=2Þðr2
aþ1Þ

ffiffi
s

p
ds

¼ log
t0

r2

� �
exp � r2

4t0
G

ðr2a þ 1Þr
2

ffiffiffiffiffi
t0

p
� �

�
ðy
r2=t0

� 1

4
G

r2a þ 1

4
ffiffiffi
s

p
� �

e�ð1=4ÞsGð1=2Þðr2
aþ1Þ

ffiffi
s

p
log s ds

¼ 2 log
1

r
þOð1Þ ðz ! 0Þ:

Thus, combining (3.1)–(3.3), we obtain (i).
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Next, we show (ii). In the case p > 1, the change of variables s ¼ r2=t
yields

jr2ðp�1ÞIðzÞja
ðy
r2=t0

sp�2e�ð1=4Þj
ffiffi
s

p
oþgaðr2=sÞj

2

dsaCð3:4Þ

for all r > 0 with some constant C > 0, and

r2ðp�1ÞIðzÞ �
ðy
0

sp�2e�ð1=4Þj
ffiffi
s

p
oþvaj2 ds

¼
ðy
0

sp�2ðe�ð1=4Þj
ffiffi
s

p
oþgaðr2=sÞj

2

w½r2=t0;yÞðsÞ � e�ð1=4Þj
ffiffi
s

p
oþvaj2Þ ds;

where wA denotes the indicator function of a set A. The integrand of the
right-hand side convergences to 0 for each s A ð0;yÞ and is bounded by
Csp�2e�ð1=8Þs. Lebesgue’s dominated convergence theorem, (3.1) and (3.4) show

lim sup
z!0

ð4pÞN=2
Fðx; t0Þ

r�2ðp�1Þ � wb

ðy
0

sp�2e�ð1=4Þj
ffiffi
s

p
oþvaj2 ds

�����
�����aCd:

This gives (ii). 9

3.2. The case a < 1=2. Under the assumption that a A ð0; 1=2Þ and va 0 0
(ra > 0), we separate F ðx; t0Þ into two parts as follows.

ð4pÞN=2
F ðx; t0Þ ¼

ð
ð0; tþÞUðt�; t0Þ

þ
ð t�

tþ

wðt0 � tÞt�N=2e�ð1=4tÞjzþtagaðtÞj2 dt

¼: I1ðzÞ þ I2ðzÞ;

where tG :¼ frð1G dÞ�1r�1
a g1=a and d A ð0; 1Þ.

To prove Theorem 2.2, we prepare some lemmas. The first one gives the
behavior of I1.

Lemma 3.1. For any fixed d A ð0; 1Þ,

lim
z!0

I1ðzÞ ¼ ð4pÞN=2
Fðxðt0Þ; t0Þ:ð3:5Þ

Proof. Note that tþ a ta t� is equivalent to rað1� dÞta a ra rað1þ dÞta.
Hence, taking t0 > 0 so that rað1� d=2Þa jgaðtÞja rað1þ d=2Þ for t A ð0; t0�, we
have

jzþ tagaðtÞj
2
b ðr� tajgaðtÞjÞ

2
b

r2ad
2

4
t2a
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provided that t A ð0; tþ�U ½t�; t0�. This implies that for all z A RN and t A ð0; t0Þ,

jwðt0 � tÞjt�N=2e�ð1=4tÞjzþtagaðtÞj
2

wð0; tþÞUðt�; t0ÞðtÞaCjwðt0 � tÞjt�N=2e�ðr2a d2=16Þt�ð1�2aÞ

aCjwðt0 � tÞj:

Here C > 0 is a constant independent of z and t. Since wðt0 � �Þ A L1ð0; t0Þ, we
obtain (3.5) by Lebesgue’s dominated convergence theorem. 9

Next we consider I2 for 1a p < 3=2� a.

Lemma 3.2. Assume 1a p < 3=2� a and (2.3). Then limz!0 I2ðzÞ ¼ 0.

Proof. For t A ½tþ; t�� and q > 0,

rq=a
a ð1� dÞq=ar�q=a

a t�q
a rq=a

a ð1þ dÞq=ar�q=a;

and so

jI2ðzÞjaC

ð t�

tþ

t�p exp � 1

4
t�1þ2ajt�azþ gaðtÞj

2

� �
dt

aCr�p=a

ð t�

tþ

exp �C�1r�ð1=a�2Þjt�azþ gaðtÞj
2

� �
dt;

where C > 0 denotes a generic constant independent of z and t. Putting

hðrÞ :¼ max sup
t A ½tþ; t��

jgaðtÞ � vaj; r1=2a�1

( )
;

we have

jt�azþ gaðtÞjb ðjt�azþ vaj � jgaðtÞ � vajÞwfjt�ar�rajb hðrÞgðtÞ

b ðjt�ar� raj � hðrÞÞwfjt�ar�rajb hðrÞgðtÞ

for all t A ½tþ; t��. Therefore, by the change of variables t ¼ frðra þ hðrÞsÞ�1g1=a,

jI2ðzÞjaCr�p=a

ð t�

tþ

expð�C�1r�ð1=a�2Þðjt�ar� raj � hðrÞÞ2wfjt�ar�rajbhðrÞgðtÞÞ dt

aCr�ðp�1Þ=ahðrÞ
ð ra d=hðrÞ

�ra d=hðrÞ
ðra þ hðrÞsÞ�1=a�1

� expð�C�1r�ð1=a�2ÞhðrÞ2ðjsj � 1Þ2wfjsjb1gðsÞÞ ds

aCr�ðp�1Þ=ahðrÞ
ðy
�y

expð�C�1ðjsj � 1Þ2wfjsjb1gðsÞÞ ds:
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Conditions 1a p < 3=2� a and (2.3) yield ð2p� 3Þ=ð2aÞ þ 1 < 0 and
limt#0 ðt�ðp�1ÞjgaðtÞ � vajÞ ¼ 0, and hence

r�ð p�1Þ=ahðrÞa r�ðp�1Þ=a tp�1
� sup

t A ½tþ; t��
ðt�ðp�1ÞjgaðtÞ � vajÞ þ r1=2a�1

( )

aC sup
t A ½tþ; t��

ðt�ðp�1ÞjgaðtÞ � vajÞ þ r�ð2p�3Þ=2a�1

( )

! 0 ðr ! 0Þ:

Thus the lemma follows. 9

We prepare another estimate of I2.

Lemma 3.3. Assume that

xðt0Þ � xðsÞ ¼ ðt0 � sÞava þOððt0 � sÞ1=2Þ as s " t0:ð3:6Þ

Then, for any d A ð0; 1Þ, there exists a constant C > 0 such that

I2ðzÞaCr�ð2p�3Þ=2a�1 exp � 1

2
r1=aa ð1� dÞ1=ar�ð1=a�2Þð1� cos yÞ

� �
ð3:7Þ

for all z A RNnf0g.

Proof. One can easily show that the inequality jaþ bj2 b ð1� cÞðjaj2 �
jbj2=cÞ holds for a; b A RN and c > 0. From this and (3.6), we have

1

t
jzþ xðt0Þ � xðt0 � tÞj2 b 1� d

t
jzþ tavaj2 �

1� d

dt
jxðt0Þ � xðt0 � tÞ � tavaj2

b
1� d

t
fðr� taraÞ

2 þ 2tararð1� cos yÞg � C

for some constant C > 0 independent of z and t. Moreover, if ta t�,

t�1þarb t�1þa
� r ¼ r1=a�1

a ð1� dÞ1=a�1
r�ð1=a�2Þ:

Thus

jI2ðzÞjaC exp � 1

2
r1=aa ð1� dÞ1=ar�ð1=a�2Þð1� cos yÞ

� �

�
ð t�

tþ

t�p exp � 1� d

4t
ðr� taraÞ

2

� �
dt:

Making the substitution t ¼ fr�1
a rð1þ rmsÞ�1g1=a (m :¼ 1=ð2aÞ � 1Þ yields
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ð t�

tþ

t�p exp � 1� d

4t
ðr� taraÞ

2

� �
dt

¼ a�1rðp�1Þ=a
a r�ð2p�3Þ=2a�1

ð d=rm

�d=rm
ð1þ rmsÞðp�1Þ=a�1

� exp � 1� d

4
r1=aa ð1þ rmsÞ1=a�2s2

� �
ds

aCr�ð2p�3Þ=2a�1

ðy
�y

exp �C�1s2
	 


ds:

Therefore we obtain (3.7). 9

Let k A ðm; 2mÞ ðm :¼ 1=ð2aÞ � 1Þ and define a set ~TT by

~TT :¼ z A RNnf0g; 1� cos ya rk
� �

:

When x satisfies (2.4), we write xðt0Þ � xðt0 � tÞ ¼ tava þ t1=2v̂vþ t1=2zðtÞ and
define dðzÞ :¼ minfsupt A ½tþ; t�� jzðtÞj; 1=2g. Then (2.4) yields dðzÞ ! 0 as z ! 0.

In the next lemma, we examine the behavior of I2 on ~TT .

Lemma 3.4. Under the condition (2.4), the following hold.

lim inf
z A ~TT ; z!0

½rð2p�3Þ=2aþ1eð1=4Þð1þdðzÞÞJðzÞI2ðzÞ�b ð4pÞ1=2wba
�1rð2p�3Þ=2a

a e�ð1=4Þca ;

lim sup
z A ~TT ; z!0

½rð2p�3Þ=2aþ1eð1=4Þð1�dðzÞÞJðzÞI2ðzÞ�a ð4pÞ1=2wba
�1rð2p�3Þ=2a

a e�ð1=4Þca :

Here J and ca are defined in Theorem 2.2.

Proof. From the inequality ð1� cÞðjaj2 � jbj2=cÞa jaþ bj2 a ð1þ cÞðjaj2 þ
jbj2=cÞ ða; b A RN ; c > 0Þ, we have

1

t
jzþ xðt0Þ � xðt0 � tÞj2

¼ 1

t
jroþ tarana þ t1=2v̂vþ t1=2zðtÞj2

b
1� dðzÞ

t
jroþ tarana þ t1=2v̂vj2 � 1� dðzÞ

dðzÞ jzðtÞj2

b ð1� dðzÞÞfðt�1=2r� t�1=2þara � na � v̂vÞ2

þ 2t�1þararð1� cos yÞ þ 2t�1=2ðn � v̂vÞr sin yg

þ ð1� dðzÞÞfjv̂vj2 � ðna � v̂vÞ2g

þ 2ð1� dðzÞÞt�1=2ðna � v̂vÞrð1� cos yÞ � ð1� dðzÞÞdðzÞ
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and, in a similar way,

1

t
jzþ xðt0Þ � xðt0 � tÞj2

a ð1þ dðzÞÞfðt�1=2r� t�1=2þara � na � v̂vÞ2

þ 2t�1þararð1� cos yÞ þ 2t�1=2ðn � v̂vÞr sin yg

þ ð1þ dðzÞÞfjv̂vj2 � ðna � v̂vÞ2g

þ 2ð1þ dðzÞÞt�1=2ðna � v̂vÞrð1� cos yÞ þ ð1þ dðzÞÞdðzÞ:

Since the inequality

t�1=2rð1� cos yÞa t
�1=2
þ r1þk ¼ r1=2aa ð1þ dÞ1=2ark�m

holds for any z A ~TT and tb tþ, we deduce that

lim inf
z A ~TT ; z!0

ðI2ðzÞ=Iþ3 ðzÞÞbwbe
�ð1=4Þca ; lim sup

z A ~TT ; z!0

ðI2ðzÞ=I�3 ðzÞÞawbe
�ð1=4Þca ;ð3:8Þ

where

IG3 ðzÞ :¼
ð t�

tþ

t�p exp

�
� 1

4
ð1G dðzÞÞfðt�1=2r� t�1=2þara � na � v̂vÞ2

þ 2t�1þararð1� cos yÞ þ 2t�1=2ðn � v̂vÞr sin yg
�

dt:

By the change of variables t ¼ fr�1
a rð1þ rmsÞ�1g1=a, we have

IG3 ðzÞ ¼ a�1rðp�1Þ=a
a r�ð2p�3Þ=2a�1e�ð1=4Þð1GdðzÞÞJðzÞ

�
ð d=rm

�d=rm
ð1þ rmsÞðp�a�1Þ=a

e�ð1=4Þð1GdðzÞÞðJ1þJ2Þ ds;

J1 ¼ J1ðz; sÞ :¼ fr1=2aa ð1þ rmsÞms� na � v̂vg2;

J2 ¼ J2ðz; sÞ :¼ 2r1=aa fð1þ rmsÞ1=a�1 � 1gr�2mð1� cos yÞ

þ 2r1=2aa ðn � v̂vÞfð1þ rmsÞ1=2a � 1gr�m sin y:

We easily see that limz!0 J1ðz; sÞ ¼ ðr1=2aa s� na � v̂vÞ2 for each s A R and

J1ðz; sÞb
1

2
r1=aa ð1þ rmsÞ2ms2 � ðna � v̂vÞ2 b

1

2
r1=aa ð1� dÞ2ms2 � ðna � v̂vÞ2

provided that sb�d=rm. For z A ~TT and s A ½�d=rm; d=rm�, J2 is estimated as
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jJ2ðz; sÞjaCrmjsj � r�2mð1� cos yÞ þ Crmjsj � r�mjsin yj

aCfr�mð1� cos yÞ þ ð1� cos yÞ1=2gjsj

aCðrk�m þ rk=2Þjsj;

where C > 0 is a constant. This particularly implies that limz A ~TT ; z!0 J2ðz; sÞ ¼ 0
for fixed s A R, and furthermore, there is a constant C > 0 such that

ð1þ rmsÞðp�a�1Þ=a
e�ð1=4Þð1GdðzÞÞðJ1ðz;sÞþJ2ðz;sÞÞw½�d=rm; d=rm�ðsÞaCe�C�1ðs2�sÞ

for all z A ~TT with ra 1 and s A R. The right-hand side is integrable on R, and
so Lebesgue’s dominated convergence theorem gives

lim
z A ~TT
z!0

frð2p�3Þ=2aþ1eð1=4Þð1GdðzÞÞJðzÞIG3 ðzÞg

¼ a�1rðp�1Þ=a
a

ðy
�y

exp � 1

4
r1=2aa s� na � v̂v

� �2� �
ds

¼ ð4pÞ1=2a�1rð2p�3Þ=2a
a :

From this and (3.8), the lemma follows. 9

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2. (i) is a direct consequence of Lemmas 3.1 and 3.2,
and therefore it su‰ces to consider (ii).

In what follows, we suppose pb 3=2� a and (2.4). First we derive
(2.5). For given e > 0, we take d so that ð1� dÞ1=aðð2p� 3Þ=ð2aÞ þ 1þ eÞb
ð2p� 3Þ=ð2aÞ þ 1þ e=2. Then, by Lemma 3.3,

jI2ðzÞjaCr�ð2p�3Þ=2a�1 exp � 1

2
r1=aa ð1� dÞ1=ar�ð1=a�2Þð1� cos yÞ

� �

aCr�ð2p�3Þ=2a�1 exp � 2p� 3

2a
þ 1þ e

2

� �
log

1

r

� �

¼ Cre=2

for all z A Se. From this and Lemma 3.1, we conclude (2.5).
Next we show (2.6). Since sin ya f2ð1� cos yÞg1=2, we have supz ATM

jJðzÞj
< þy. Note that TM V fjzja hgH ~TT provided that h > 0 is small. Hence we
see from Lemma 3.4 that

I2ðzÞ ¼ ð1þ oð1ÞÞð4pÞ1=2wba
�1rð2p�3Þ=2a

a e�ð1=4Þca�ð1=4ÞJðzÞr�ð2p�3Þ=2a�1ð3:9Þ

as z A TM , z ! 0. This and Lemma 3.1 give (2.6).
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(2.7) immediately follows from Fatou’s lemma and (2.5), and so we only

have to show (2.8). It is easily seen that for any e > 0, ðRNn ~TTÞV fjzja hgHSe

provided that h is small. Therefore (2.5) and (3.5) yield

lim sup
x!xðt0Þ

ðrð2p�3Þ=2aþ1Fðx; t0ÞÞð3:10Þ

¼ lim sup
x�xðt0Þ A ~TT
x!xðt0Þ

ðrð2p�3Þ=2aþ1F ðx; t0ÞÞ

¼

Fðxðt0Þ; t0Þ þ ð4pÞ�N=2 lim sup
z A ~TT ; z!0

I2ðzÞ if p ¼ 3
2 � a;

ð4pÞ�N=2 lim sup
z A ~TT ; z!0

ðrð2p�3Þ=2aþ1I2ðzÞÞ if p > 3
2 � a:

8>>><
>>>:

Let us first consider the estimate of the above quantity from below. Set
na :¼ �fv̂v� ðna � v̂vÞnag=jv̂v� ðna � v̂vÞnaj. This is defined unless ca ¼ 0 and satisfies

jnaj ¼ 1, na � na ¼ 0 and na � v̂v ¼ �c
1=2
a . We define

T� :¼ fz A RNnf0g; n ¼ na; 2r
1=a
a ð1� cos yÞ ¼ car

1=a�2g if ca 0 0;

fz A RNnf0g; y ¼ 0g ¼ fz A RNnf0g;o ¼ �nag if ca ¼ 0:

(

Then it is easy to see that T� HTM for large M and T� V fjzja hgH ~TT for small
h. Furthermore, since limf!0 f2ð1� cos fÞ=sin2fg ¼ 1, we have

lim
z A T�
z!0

JðzÞ ¼ ca þ 2ðna � v̂vÞc1=2a ¼ �ca:

From this and (3.9), we deduce that

lim sup
z A ~TT ; z!0

ðrð2p�3Þ=2aþ1I2ðzÞÞð3:11Þ

b lim
z AT�; z!0

ðrð2p�3Þ=2aþ1I2ðzÞÞ ¼ ð4pÞ1=2wba
�1rð2p�3Þ=2a

a :

Next we derive an upper bound. It is elementary to show that n � v̂vb
�c

1=2
a ð¼ na � v̂vÞ and that a cos fþ b sin fa ða2 þ b2Þ1=2 for a; b; f A R. Hence we

have

JðzÞb 2r1=aa r�ð1=a�2Þð1� cos yÞ � 2c1=2a r1=2aa r�ð1=2a�1Þ sin y

b 2r1=aa r�ð1=a�2Þf1� ð1þ car
�1=a
a r1=a�2Þ1=2g

! �ca ðr ! 0Þ:

This and Lemma 3.4 give
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lim sup
z A ~TT ; z!0

ðrð2p�3Þ=2aþ1I2ðzÞÞa eð1=4Þca lim sup
z A ~TT ; z!0

ðrð2p�3Þ=2aþ1eð1=4Þð1�dðzÞÞJðzÞI2ðzÞÞð3:12Þ

a ð4pÞ1=2wba
�1rð2p�3Þ=2a

a :

Combining (3.10)–(3.12), we obtain (2.8). Thus the proof is complete.
9

4. The profile of F for a > 1=2

In this section we discuss the e¤ect of va for a > 1=2. As mentioned in
Section 1, it is known that if wðtÞ1 1 and a > 1=2, the leading term of the
expansion of F ðx; t0Þ as x ! xðt0Þ is Cðx� xðt0ÞÞ. The aim in this section is to
obtain the second-order term. More precisely, we prove the following theorem.

Theorem 4.1. Assume wðtÞ1 1 and a A ð1=2; 1�. Then the following (i), (ii)
and (iii) hold as z ¼ x� xðt0Þ ! 0.

(i) If N ¼ 2,

Fðx; t0Þ ¼ CðzÞ þ ð4pÞ�1

� logð4t0Þ þ G 0ð1Þ �
ð t0

0

t�1ð1� e�ð1=4Þt2a�1jgaðtÞj
2

Þ dt
� �

þ oð1Þ:

(ii) If N ¼ 3 and a ¼ 1,

F ðx; t0Þ ¼ CðzÞ þ ð4pÞ�3=2

� � 2ffiffiffiffi
t0

p þ G
1

2

� �
ra cos y�

ð t0

0

t�3=2ð1� e�ð1=4Þtjg1ðtÞj
2

Þ dt
 �

þ oð1Þ:

(iii) If N ¼ 3 and a0 1, or Nb 4,

Fðx; t0Þ ¼ CðzÞ þ 4�ðaþ1=2Þp�N=2G
N

2
� a

� �
raðcos yÞr2aþ1�N þ oðr2aþ1�NÞ:

Proof. We write

ð4pÞN=2
Fðx; t0Þ ¼

ð t0

0

t�N=2e�r2=4t dt�
ð t0

0

t�N=2e�r2=4tð1� e�ð1=4Þt2a�1jgaðtÞj2Þ dt

þ
ð t0

0

t�N=2e�r2=4t�ð1=4Þt2a�1jgaðtÞj
2

ðe�ð1=2Þrta�1ðo�gaðtÞÞ � 1Þ dt

¼: I1ðzÞ � I2ðzÞ þ I3ðzÞ:

We first consider I1ðzÞ. The change of variables t ¼ r2=s and integration by
parts show that as z ! 0,
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I1ðzÞ ¼
ðy
r2=t0

s�1e�ð1=4Þs ds ¼ log
t0

r2

� �
e�r2=4t0 þ 1

4

ðy
r2=t0

e�ð1=4Þs log s dsð4:1Þ

¼ 2 log
1

r
þ log t0 þ G 0ð1Þ þ log 4þO r2 log

1

r

� �

if N ¼ 2, and

I1ðzÞ ¼
ðy
0

t�N=2e�r2=4t dt�
ðy
t0

t�N=2e�r2=4t dtð4:2Þ

¼ r2�N

ðy
0

sN=2�2e�ð1=4Þs ds� 2

ðN � 2ÞtN=2�1
0

þOðr2Þ

if Nb 3.
Next we examine I2ðzÞ. Since the integrand of I2ðzÞ is positive and

monotone decreasing with respect to r, we have,

lim
z!0

I2ðzÞ ¼
ð t0

0

t�N=2ð1� e�ð1=4Þt2a�1jgaðtÞj
2

Þ dtð4:3Þ

by the monotone convergence theorem. The right-hand side of the above is
finite if N ¼ 2, or N ¼ 3 and a > 3=4. If this is not the case, we have
N=2� 2a� 1b�1, and so

jI2ðzÞjaC

ð t0

0

t�N=2þ2a�1e�r2=4t dt ¼ Cr�Nþ4a

ðy
r2=t0

sN=2�2a�1e�ð1=4Þs dsð4:4Þ

aCr�Nþ4a 1þ log
1

r

� �
;

where C denotes a positive constant independent of z. In particular, I2ðzÞ ¼
oðr�Nþ2aþ1Þ as z ! 0 if Nb 3 and a0 1, or Nb 4.

Finally let us consider I3ðzÞ. We derive

lim
z!0

rN�2a�1I3ðzÞ �
1

2
ra cos y

ðy
0

sN=2�a�1e�ð1=4Þs ds

� �
¼ 0ð4:5Þ

unless N ¼ 2 and a ¼ 1. By the change of variables, we rewrite

I3ðzÞ ¼ � 1

2
r

ð t0

0

t�N=2þa�1e�r2=4t�ð1=4Þt2a�1jgaðtÞj
2

ð1

0

e�ðh=2Þrta�1o�gaðtÞ dh

� �
o � gaðtÞ dt

¼ � 1

2
r�Nþ2aþ1

ðy
r2=t0

sN=2�a�1e�ð1=4Þs�ð1=4Þgðs; zÞ

�
ð1

0

e�ðh=2Þ f ðs; zÞ dh

� �
o � ga

r2

s

� �
ds;
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where f ðs; zÞ :¼ r2a�1s1�ao � gaðr2=sÞ and gðs; zÞ :¼ jgaðr2=sÞj
2
r4a�2s1�2a. Then,

rN�2a�1I3ðzÞ �
1

2
ra cos y

ðy
0

sN=2�a�1e�ð1=4Þs ds

¼ 1

2

ðy
0

sN=2�a�1e�ð1=4Þs

� �e�ð1=4Þgðs; zÞ
ð1

0

e�ðh=2Þ f ðs; zÞ dh

� �
o � ga

r2

s

� �
w½r2=t0;yÞðsÞ þ o � va

� �
ds:

Since limz!0 f ðs; zÞ ¼ limz!0 gðs; zÞ ¼ 0 and limz!0 gaðr2=sÞ ¼ va, the integrand
of the right-hand side convergences to 0 for any s A ð0;yÞ as z ! 0. Moreover,
one easily see that j f ðs; zÞjaCs1�a and gðs; rÞb 0 for r A ð0; 1Þ and s A ð0;yÞ,
and therefore the integrand is bounded by CsN=2�a�1e�ð1=4ÞsðeCs1�a þ 1), which is
integrable on ð0;yÞ unless N ¼ 2 and a ¼ 1. Thus, by applying Lebesgue’s
dominated convergence theorem, we obtain (4.5).

In the case N ¼ 2 and a ¼ 1, I3ðzÞ is estimated as

jI3ðzÞjaCr

ðy
r2=t0

s�1e�ð1=4ÞsþCs1�a

dsaCr 1þ log
1

r

� �
ð4:6Þ

with some constant C > 0. In particular, we see from (4.5) and this computation
that limz!0 I3ðzÞ ¼ 0 provided that N ¼ 2.

(i), (ii) and (iii) follow from (4.1)–(4.6). Thus the proof is complete. 9
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