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THE BEST CONSTANT OF THREE KINDS OF THE DISCRETE

SOBOLEV INEQUALITIES ON THE COMPLETE GRAPH

Hiroyuki Yamagishi, Kohtaro Watanabe and Yoshinori Kametaka

Abstract

We introduce a discrete Laplacian A on the complete graph with N vertices,

that is, KN . We obtain the best constants of three kinds of discrete Sobolev in-

equalities on KN . The background of the first inequality is the discrete heat oper-

ator ðd=dtþ Aþ a0IÞ � � � ðd=dtþ Aþ aM�1IÞ with positive distinct characteristic roots

a0; . . . ; aM�1. The second one is the di¤erence operator ðAþ a0IÞ � � � ðAþ aM�1IÞ and

the third one is the discrete polyharmonic operator AM . Here A is an N �N real

symmetric positive-semidefinite matrix whose eigenvector corresponding to zero eigen-

value is 1 ¼ tð1; 1; . . . ; 1Þ. A discrete heat kernel, a Green’s matrix and a pseudo

Green’s matrix are obtained by means of A.

1. Introduction

For any fixed M ¼ 1; 2; 3; . . . , we put a ¼ ða0; . . . ; aM�1Þ and assume
0 < a0 < a1 < � � � < aM�1. We introduce the characteristic polynomial

PðzÞ ¼
YM�1

j¼0

ðzþ ajÞ

and the function

eðtÞ ¼
XM�1

j¼0

bje
�ajt; bj ¼

1

P 0ð�ajÞ
¼ 1QM�1

k¼0;k0j

ð�aj þ akÞ
:ð1:1Þ

The coe‰cients bj appear in the partial fraction expansion

1

PðzÞ ¼
XM�1

j¼0

bj
1

zþ aj
:ð1:2Þ
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We assume N ¼ 2; 3; 4; . . . . We set the indices of vertices as Figure 1 and
introduce the discrete Laplacian A as

A ¼ AðNÞ ¼ ðaðN; i; jÞÞ ð0a i; jaN � 1Þ;

aðN; i; jÞ ¼ N � 1 ði ¼ jÞ;
�1 ði0 jÞ:

�

Here A is an N �N real symmetric positive-semidefinite matrix which has an
eigenvalue 0 and whose eigenvector is 1 ¼ tð1; 1; . . . ; 1Þ. We introduce the con-
stants C0, C0ðaÞ and C1ðaÞ as

C0 ¼
N � 1

NMþ1
; C0ðaÞ ¼

XM�1

j¼0

bj
aj þ 1

ajðaj þNÞ ;

C1ðaÞ ¼
XM�1

i; j¼0

bibj
ai þ aj þ 2

ðai þ ajÞðai þ aj þ 2NÞ :

For any u ¼ tðuð0Þ; uð1Þ; . . . ; uðN � 1ÞÞ A CN and uðtÞ ¼ tðuð0; tÞ; uð1; tÞ; . . . ;
uðN � 1; tÞÞ A CN on the complete graph KN , we define three kinds of the
Sobolev energy:

EðuÞ ¼ u�AMu; Eða; uÞ ¼ u�
YM�1

j¼0

ðAþ ajIÞu;

F ða; uðtÞÞ ¼
ðy
�y

YM�1

j¼0

d

dt
þ Aþ ajI

� �
uðtÞ

�����
�����
2

dt;

where kuðtÞk2 ¼ ðuðtÞÞ�uðtÞ. We introduce the following three matrices

Figure 1. Complete graph K6.
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Discrete heat kernel: HðtÞ ¼ expð�tAÞ;ð1:3Þ

Green’s matrix: GðaÞ ¼
YM�1

j¼0

ðAþ ajIÞ
 !�1

¼
ðy
0

eðtÞHðtÞ dt;ð1:4Þ

Pseudo Green’s matrix: G� ¼ lim
a!þ0

GðaÞ �
YM�1

j¼0

a�1
j E0

 !
;ð1:5Þ

where E0 ¼ N�11 t1 is a projection matrix to the eigenspace associated with the
eigenvalue 0 of A. In this paper, we obtain the best constants of three kinds of
discrete Sobolev inequalities on KN as the following theorems.

Theorem 1.1. For any u A CN with t1u ¼ 0, there exists a positive constant
C which is independent of u, such that the discrete Sobolev inequality

max
0a jaN�1

juð jÞj
� �2

aCEðuÞð1:6Þ

holds. Among such C, the best constant is C0. If we replace C by C0 in (1.6),
the equality holds i¤ u is parallel to any column of G�.

Theorem 1.2. For any u A CN , there exists a positive constant C which is
independent of u, such that the discrete Sobolev inequality

max
0a jaN�1

juð jÞj
� �2

aCEða; uÞð1:7Þ

holds. Among such C, the best constant is C0ðaÞ. If we replace C by C0ðaÞ in
(1.7), the equality holds i¤ u is parallel to any column of GðaÞ.

Theorem 1.3. For any uðtÞ A CN , there exists a positive constant C which is
independent of uðtÞ, such that the discrete Sobolev-type inequality

sup
0a jaN�1;�y<s<y

juð j; sÞj
 !2

aCF ða; uðtÞÞð1:8Þ

holds. Among such C, the best constant is C1ðaÞ. If we replace C by C1ðaÞ in
(1.8), the equality holds i¤ uðtÞ is parallel to any column ofðy

jtj

1

2
e

tþ s

2

� �
e

t� s

2

� �
HðsÞ ds ð�y < t < yÞ:ð1:9Þ

Research on discrete Sobolev inequalities was performed in [1] on graphs, in
our previous papers [3, 5] on periodic one-dimensional lattices and in [2, 4] on
regular polyhedra.
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2. Di¤erence equations

First, we explain three di¤erence equations concerning the discrete heat
kernel (1.3), the Green’s matrix (1.4) and the pseudo Green’s matrix (1.5).

Proposition 2.1. For any f ðtÞ A CN , the discrete heat equation

YM�1

j¼0

d

dt
þ Aþ ajI

� �
u ¼ f ðtÞ ð�y < t < yÞð2:1Þ

has the unique solution given by

uðtÞ ¼
ðy
�y

H�ðt� sÞ f ðsÞ ds ð�y < t < yÞ;ð2:2Þ

H�ðtÞ ¼ YðtÞeðtÞHðtÞ ð�y < t < yÞ;ð2:3Þ

where YðtÞ ¼ 1 ð0a t < yÞ, 0 ð�y < t < 0Þ is the Heaviside step function and
eðtÞ is defined in (1.1).

Proof of Proposition 2.1. By the Fourier transform

uðtÞ !̂ ûuðoÞ ¼
ðy
�y

e�
ffiffiffiffiffi
�1

p
otuðtÞ dt;

(2.1) is transformed into

YM�1

j¼0

ð
ffiffiffiffiffiffiffi
�1

p
oþ Aþ ajIÞûuðoÞ ¼ f̂f ðoÞ ð�y < o < yÞ:

Solving this and remarking the formula (1.2), we have ûuðoÞ ¼ ĤH�ðoÞ f̂f ðoÞ,
where

ĤH�ðoÞ ¼
YM�1

j¼0

ð
ffiffiffiffiffiffiffi
�1

p
oI þ Aþ ajIÞ

 !�1

¼
XM�1

j¼0

bjð
ffiffiffiffiffiffiffi
�1

p
oI þ Aþ ajIÞ�1 ¼

ðy
�y

e�
ffiffiffiffiffi
�1

p
otYðtÞeðtÞHðtÞ dt:

From the inverse Fourier transform, we have (2.2) and (2.3). It should be noted
that H�ðtÞ satisfies the relations:

d

dt
þ Aþ aI

� �
H� ¼ O;

H�ðt� sÞjs¼t�0 �H�ðt� sÞjs¼tþ0 ¼ I ð�y < t < yÞ;

where O is zero matrix. This completes the proof of Proposition 2.1. 9
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Let us put o as o ¼ expð
ffiffiffiffiffiffiffi
�1

p
2p=NÞ and âaðkÞ ¼ 0 ðk ¼ 0Þ, N ð1a ka

N � 1Þ be the eigenvalues of A. Then, the Jordan canonical form of A is given
by

ÂA ¼ diagfâað0Þ; âað1Þ; . . . ; âaðN � 1Þg ¼ diagf0;N; . . . ;Ng:

Further, jk ð0a kaN � 1Þ denote the eigenvectors of A as follows:

jk ¼
1ffiffiffiffiffi
N

p tð1;ok;o2k; . . . ;oðN�1ÞkÞ A CN ð0a kaN � 1Þ:

These eigenvectors are chosen to satisfy the relation j�
kjl ¼ dðk � lÞ, where

dðkÞ ¼ 1 ðk ¼ 0Þ, 0 ðk0 0Þ. We introduce a unitary N �N matrix W ¼
ðj0; . . . ; jN�1Þ and orthogonal projection matrices Ek ¼ jkj

�
k ð0a kaN � 1Þ.

It is easy to see that the relations,

W �W ¼ WW � ¼ I ; EkEl ¼ dðk � lÞEk; E �
k ¼ Ek;

hold. Using Ek, we have the spectral decomposition of I and A as

I ¼ WW � ¼
XN�1

k¼0

jkj
�
k ¼

XN�1

k¼0

Ek;ð2:4Þ

A ¼ WÂAW � ¼
XN�1

k¼0

âaðkÞjkj�
k ¼

XN�1

k¼0

âaðkÞEk ¼ N
XN�1

k¼1

Ek

¼ NðI � E0Þ:

Using EkE l ¼ dðk � lÞEk, we have

AM ¼ NM
XN�1

k¼1

Ek ¼ NMðI � E0Þ;ð2:5Þ

YM�1

j¼0

ðAþ ajIÞ ¼
YM�1

j¼0

XN�1

k¼0

ðâaðkÞ þ ajÞEk ¼
XN�1

k¼0

PðâaðkÞÞEk:ð2:6Þ

Proposition 2.2. For any f A CN , the di¤erence equation

YM�1

j¼0

ðAþ ajIÞu ¼ f

has the unique solution given by u ¼ Gf , where G ¼ GðaÞ is the Green’s matrix
expressed as

G ¼
XM�1

j¼0

bj
1

aj þN
I þ 1

aj
� 1

aj þN

� �
E0

� �
:ð2:7Þ
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Proof of Proposition 2.2. From (2.4) and (2.6), we have

XN�1

k¼0

Ek f ¼ If ¼ f ¼
YM�1

j¼0

ðAþ ajIÞu ¼
XN�1

k¼0

PðâaðkÞÞEku:

Multiplying El from the left to both sides of the above relation and using
the relation EkE l ¼ dðk � lÞEk, we obtain Elu ¼ ðPðâaðlÞÞÞ�1El f . Then, we see
that

u ¼ Iu ¼
XN�1

l¼0

Elu ¼
XN�1

l¼0

1

PðâaðlÞÞEl f ¼ Gf ;

G ¼
XN�1

l¼0

1

PðâaðlÞÞEl ¼
1

Pð0ÞE0 þ
1

PðNÞ
XN�1

l¼1

El

¼ 1

PðNÞ I þ
1

Pð0Þ �
1

PðNÞ

� �
E0:

Using (1.2), we have (2.7). This completes the proof of Proposition 2.2. 9

Proposition 2.3. For any f A CN with the solvability condition t1 f ¼ 0,
the di¤erence equation AMu ¼ f with the orthogonality condition t1u ¼ 0 has
the unique solution given by u ¼ G� f , where G� is the pseudo Green’s matrix
expressed as

G� ¼
1

NM
ðI � E0Þ ¼

1

NM

XN�1

k¼1

Ek:ð2:8Þ

G� satisfies AMG� ¼ G�A
M ¼ I � E0, G�E0 ¼ E0G� ¼ O.

Proof of Proposition 2.3. From (2.4), (2.5) and E0 f ¼ N�11 t1 f ¼ 0, where
0 is zero vector, we have

XN�1

k¼1

Ek f ¼
XN�1

k¼0

Ek f ¼ If ¼ f ¼ AMu ¼ NM
XN�1

k¼1

Eku:

Multiplying El from the left to both sides of the above relation and using the
relation EkEl ¼ dðk � lÞEk, we obtain Elu ¼ N�MEl f ð1a laN � 1Þ. Then,
using E0u ¼ N�11 t1u ¼ 0, we see that

u ¼ Iu ¼
XN�1

l¼0

Elu ¼
XN�1

l¼1

Elu ¼ 1

NM

XN�1

l¼1

El f ¼ G� f :

So we have (2.8). Moreover, using (2.8) and EkEl ¼ dðk � lÞEk, we have
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AMG� ¼
XN�1

k; l¼1

NMEk

1

NM
El ¼

XN�1

k¼1

Ek ¼ I � E0;

G�E0 ¼
XN�1

k¼1

1

NM
EkE0 ¼ O:

From the above relations, we see that G� is a Penrose-Moore generalized inverse
matrix of AM . This completes the proof of Proposition 2.3. 9

Next, we compute H , G and G� which represent the best constants of
Sobolev inequalities. We introduce the N-dimension vector

dj ¼ tð dði � jÞ Þ0aiaN�1:

Lemma 2.1. For any fixed j ð0a jaN � 1Þ, we have the following rela-
tions:

tdjHðtÞdj ¼
1

N
ð1þ ðN � 1Þe�NtÞ:ð2:9Þ ðy

�y
kH�ðtÞdjk2 dt ¼ C1ðaÞ:ð2:10Þ

tdjGdj ¼ C0ðaÞ:ð2:11Þ
tdjG�dj ¼ C0:ð2:12Þ

Proof of Lemma 2.1. Applying A j ¼ N jðI � E0Þ ð j ¼ 1; 2; 3; . . .Þ in (2.5) to
(1.3), we have

HðtÞ ¼ expð�tAÞ ¼
Xy
j¼0

1

j!
ð�tÞ jA j ¼ I þ

Xy
j¼1

1

j!
ð�tÞ jA j

¼ I þ
Xy
j¼1

1

j!
ð�tNÞ j

 !
ðI � E0Þ ¼ I þ ð�1þ e�NtÞðI � E0Þ:

From the relation above, we have

HðtÞ ¼ e�NtI þ ð1� e�NtÞE0

and (2.9). Noting tHðtÞ ¼ HðtÞ, ðHðtÞÞ2 ¼ Hð2tÞ and (2.3), we haveðy
�y

kH�ðtÞdjk2 dt ¼
ðy
�y

tðH�ðtÞdjÞðH�ðtÞdjÞ dt

¼
ðy
�y

tdjðH�ðtÞÞ2dj dt ¼
ðy
0

e2ðtÞ tdjHð2tÞdj dt
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¼
ðy
0

XM�1

i; j¼0

bibje
�ðaiþajÞt 1

N
ð1þ ðN � 1Þe�2NtÞ dt

¼ 1

N

XM�1

i; j¼0

bibj

ðy
0

½e�ðaiþajÞt þ ðN � 1Þe�ðaiþajþ2NÞt� dt

¼ 1

N

XM�1

i; j¼0

bibj
1

ai þ aj
þ ðN � 1Þ 1

ai þ aj þ 2N

� �
¼ C1ðaÞ:

So we have (2.10). Since the proofs of (2.11) and (2.12) are standard and easy,
we omit it. This completes the proof of Lemma 2.1. 9

3. Reproducing relation

For u; v A CN , we introduce the inner products

ðu; vÞ ¼ v�u;

kuk2 ¼ ðu; uÞ;

ðu; vÞH ¼
YM�1

j¼0

ðAþ ajIÞu; v
 !

¼ v�
YM�1

j¼0

ðAþ ajIÞu;

kuk2H ¼ ðu; uÞH ¼ Eða; uÞ:

For u; v A CN
0 :¼ fx j x A CN and t1x ¼ 0g, we introduce the inner product

ðu; vÞA ¼ ðAMu; vÞ ¼ v�AMu;

kuk2A ¼ ðu; uÞA ¼ EðuÞ:

First, we show the positive definiteness of ð� ; �ÞH and ð� ; �ÞA.

Lemma 3.1.
(1) For u; v A CN , ðu; vÞH is defined as an inner product.
(2) For u; v A CN

0 , ðu; vÞA is defined as an inner product.

Proof of Lemma 3.1. (1) is obvious since ðAþ a0IÞ � � � ðAþ aM�1IÞ is
positive definite. We show only ð2Þ. For u A CN

0 , we have

u ¼ Iu ¼
XN�1

k¼0

Eku ¼
XN�1

k¼1

Eku;

kuk2 ¼
XN�1

k; l¼0

u�E �
l Eku ¼

XN�1

k¼1

kEkuk2:
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From the relation Ek ¼ EkEk ¼ E �
kEk, we have

kuk2A ¼ u�AMu ¼ NM
XN�1

k¼1

u�E �
kEku ¼ NM

XN�1

k¼1

kEkuk2 ¼ NMkuk2:

Since N > 0, we have kuk2A b 0, and kuk2A ¼ 0 holds i¤ u ¼ 0. This completes
the proof of Lemma 3.1. 9

Next, we show that G and G� are a reproducing matrix for the inner
products ð� ; �ÞH and ð� ; �ÞA, respectively.

Lemma 3.2. For any u A CN
0 and fixed j ð0a jaN � 1Þ, we have the

following reproducing relations:
(1) uð jÞ ¼ ðu;G�djÞA.
(2) C0 ¼ tdjG�dj ¼ kG�djk2A ¼ EðG�djÞ:

Proof of Lemma 3.2. Noting G �
� ¼ G�, we have (1) as follows:

ðu;G�djÞA ¼ tdjG�A
Mu ¼ tdjðI � E0Þu ¼ tdju�

1

N
1 t1u ¼ uð jÞ:

Putting u ¼ G�dj in (1) and using (2.12), we obtain (2). 9

Lemma 3.3. For any u A CN and fixed j ð0a jaN � 1Þ, we have the
following reproducing relations:

(1) uð jÞ ¼ ðu;GdjÞH .
(2) C0ðaÞ ¼ tdjGdj ¼ kGdjk2H ¼ Eða;GdjÞ.

The proof of Lemma 3.3. Noting G � ¼ G , we have (1) as follows:

ðu;GdjÞH ¼ tdjG
YM�1

j¼0

ðAþ ajIÞu ¼ tdjIu ¼ uð jÞ:

Putting u ¼ Gdj in (1) and using (2.11), we obtain (2). 9

4. Proof of theorems

This section is devoted to the proof of main theorems.

Proof of Theorem 1.1. Applying the Schwarz inequality to Lemma 3.2 (1)
and using Lemma 3.2 (2), we have

juð jÞj2 a kuk2AkG�djk2A ¼ C0EðuÞ:
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Taking the maximum with respect to j on both sides, we obtain the discrete
Sobolev inequality

max
0a jaN�1

juð jÞj
� �2

aC0EðuÞ:ð4:1Þ

For any fixed number j0 ð0a j0 aN � 1Þ, if we take u ¼ G�dj0 in (4.1), then we
have

max
0a jaN�1

j tdjG�dj0 j
� �2

aC0EðG�dj0Þ ¼ ðC0Þ2:

Combining this with the trivial inequality

ðC0Þ2 ¼ j tdj0G�dj0 j
2
a max

0a jaN�1
j tdjG�dj0 j

� �2
;

we have

max
0a jaN�1

j tdjG�dj0 j
� �2

¼ C0EðG�dj0Þ:

This shows that C0 is the best constant of (4.1) and the equality holds for any
column of G�. This completes the proof of Theorem 1.1. 9

Proof of Theorem 1.2. Applying the Schwarz inequality to Lemma 3.3 (1)
and using Lemma 3.3 (2), we have

juð jÞj2 a kuk2HkGdjk2H ¼ C0ðaÞEða; uÞ:

Taking the maximum with respect to j on both sides, we have the discrete
Sobolev inequality

max
0a jaN�1

juð jÞj
� �2

aC0ðaÞEða; uÞ:ð4:2Þ

For any fixed number j0 ð0a j0 aN � 1Þ, if we take u ¼ Gdj0 in (4.2), then we
have

max
0a jaN�1

j tdjGdj0 j
� �2

aC0ðaÞEða;Gdj0Þ ¼ ðC0ðaÞÞ2:

Combining this with the trivial inequality

ðC0ðaÞÞ2 ¼ j tdj0Gdj0 j
2
a max

0a jaN�1
j tdjGdj0 j

� �2
;

we have

max
0a jaN�1

j tdjGdj0 j
� �2

¼ C0ðaÞEða;Gdj0Þ:
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This shows that C0ðaÞ is the best constant of (4.2) and the equality holds for any
column of G . This completes the proof of Theorem 1.2. 9

Proof of Theorem 1.3. Replacing t with s in (2.2), we have

uðsÞ ¼
ðy
�y

H�ðs� tÞ f ðtÞ dt;

or equivalently

uð j; sÞ ¼ tdjuðsÞð4:3Þ

¼
ðy
�y

tdjH�ðs� tÞ f ðtÞ dt ¼
ðy
�y

tðH�ðs� tÞdjÞ f ðtÞ dt:

Applying the Schwarz inequality to (4.3), we have

juð j; sÞj2 a
ðy
�y

kH�ðs� tÞdjk2 dt
ðy
�y

k f ðtÞk2 dt

¼
ðy
�y

kH�ðtÞdjk2 dt
ðy
�y

YM�1

j¼0

d

dt
þ Aþ ajI

� �
uðtÞ

�����
�����
2

dt

¼ C1ðaÞFða; uðtÞÞ;

where we use (2.1) and (2.10). Taking the supremum with respect to j and s, we
obtain the discrete Sobolev-type inequality

sup
0a jaN�1;�y<s<y

juð j; sÞj
 !2

aC1ðaÞF ða; uðtÞÞ:ð4:4Þ

For any fixed number j0 ð0a j0 aN � 1Þ, we introduce the vector UðtÞ defined
by

UðtÞ ¼
ðy
�y

H�ðt� sÞH�ð�sÞdj0 ds;ð4:5Þ

Uð j; tÞ ¼ tdjUðtÞ ¼
ðy
�y

tdjH�ðt� sÞH�ð�sÞdj0 ds:

Then we have

sup
0a jaN�1;�y<s<y

jUð j; sÞj
 !2

aC1ðaÞFða;UðtÞÞ

¼ C1ðaÞ
ðy
�y

YM�1

j¼0

d

dt
þ Aþ ajI

� �
UðtÞ

�����
�����
2

dt

¼ C1ðaÞ
ðy
�y

kH�ð�tÞdj0k
2
dt ¼ ðC1ðaÞÞ2:
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Combining this with the trivial inequality

ðC1ðaÞÞ2 ¼ jUð j0; 0Þj2 a sup
0a jaN�1;�y<s<y

jUð j; sÞj
 !2

;

we have

sup
0a jaN�1;�y<s<y

jUð j; sÞj
 !2

¼ C1ðaÞFða;UðtÞÞ:

This shows that C1ðaÞ is the best constant of (4.4) and the equality holds for
uðtÞ ¼ UðtÞ. From (4.5), we have (1.9) as follows:

UðtÞ ¼
ðy
�y

H�ðt� sÞH�ð�sÞdj0 ds

¼
ðy
�y

Yðt� sÞeðt� sÞHðt� sÞYð�sÞeð�sÞHð�sÞdj0 ds

¼
ð05t

�y
eðt� sÞeð�sÞHðt� 2sÞdj0 ds

¼
ðy
jtj

1

2
e

tþ s

2

� �
e

t� s

2

� �
HðsÞdj0 ds:

This completes the proof of Theorem 1.3. 9
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