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ON THE GROWTH OF HOLOMORPHIC CURVES

Nan Wu and Zuxing Xuan

Abstract

In this paper, we deduce some results which are generalizations of Petrenko, Fuchs,

Niino, Bergweiler, Eremenko and Marchenko’s work. We will estimate the deviation

bða;GÞ of a holomorphic curve GðzÞ with respect to a small holomorphic curve aðzÞ and
give an estimation of Lðr; a;GÞ.

1. Introduction

In 1935, Valiron proved

Paley’s conjecture. An entire function gðzÞ of order l satisfies

lim inf
r!y

log Mðr; gÞ
Tðr; gÞ aBðlÞ :¼

pl

sin pl
; la

1

2
;

pl; l >
1

2
:

8><
>:

The first complete proof for entire functions was given by Govorov in 1969.
Petrenko [20] proved this conjecture for meromorphic functions of finite lower
order.

D. F. Shea (presented by Fuchs [7]) used the Valiron deficiency to give an
improvement of Petrenko’s theorem.

Shea’s theorem ([7]). Let f ðzÞ be a meromorphic function of finite lower
order m and let D ¼ Dða; f Þ be the Valiron deficiency of f at a. Then for each
a A C, we have

lim inf
r!y

maxjzj¼rflogþj f ðzÞ � aj�1g
Tðr; f Þ aBðm;DÞ;
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where Bðm;DÞ is a constant number depending only on m and D and is defined
as

Bðx;DÞ ¼

px
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð2� DÞ

p
; if xb

1

2
or if 0 < x <

1

2

and sin
px

2
b

ffiffiffiffi
D

2

r
;

px D � cot pxþ tan
px

2

� �
; if 0a x <

1

2
and sin

px

2
<

ffiffiffiffi
D

2

r
:

8>>>>>>><
>>>>>>>:

Remark 1. Paley’s conjecture is a special case of Shea’s theorem since
Bðm;DÞaBðmÞ.

In 1973, Niino [18] extended Shea’s theorem to n-valued algebroid functions
of finite lower order.

Theorem 1.1 ([18]). Let f ðzÞ be an n-valued transcendental algebroid func-
tion with its j-th determination fjðzÞ of finite lower order m and let DðyÞ ¼ D be
the Valiron deficiency of f ðzÞ at y. Then, we have

lim inf
r!y

maxjzj¼r max1ajanflogþj fjðzÞjg
Tðr; f Þ aBðm;DÞ:

In 1976, Petrenko [24] proved the the extension of Shea’s theorem for a
p-dimensional integral curve.

Theorem 1.2 ([24]). If a p-dimensional integral curve ~GGðzÞ has finite lower
order m, then

lim inf
r!y

maxjzj¼r log
k~GGðzÞk k~aak
j~GGðzÞ �~aaj

( )

Tðr; ~GGÞ
aBðm;DÞ;

for any fixed p-vector ~aa, where D ¼ Dð~aa; ~GGÞ.

In 1993, Bergweiler and Bock [5] studied the following analogue of Paley’s
conjecture for meromorphic functions of infinite lower order.

Theorem 1.3 ([5]). For a meromorphic function f ðzÞ of infinite lower order,
we have

lim inf
r!y

maxjzj¼rflogþj f ðzÞjg
rT 0

�ðr; f Þ
a p:
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In 1997, Eremenko [6] introduced the following quantity

bða; f Þ ¼ lim
r!y

maxjzj¼rflogþj f ðzÞ � aj�1g
Aðr; f Þ

and proved an analogue of the defect relation.

Theorem 1.4 ([6]). Let f ðzÞ be a meromorphic function such that the set
fa : bða; f Þ > 0g contains more than one point. Then

X
a A ĈC

bða; f Þa 2p:

In 1998, Marchenko [12] proved the analogue of Shea’s theorem for
bða; f Þ.

Theorem 1.5 ([12]). Let f ðzÞ be a meromorphic function of lower order m,
where 0 < may. Then, for each a A ĈC,

bða; f Þa Bðm;DÞ
m

;

where D ¼ Dða; f Þ is the Valiron deficiency of a for f ðzÞ.

In 2000, Marchenko [15] proved the following

Theorem 1.6 ([15]). Let f ðzÞ be a meromorphic function of lower order
0 < m < y and order 0 < lay. For 0 < g < y, put

E0ðgÞ ¼ r : max
y A ½0;2pÞ

logþj f ðreiyÞ � aj�1 < Bðg;Dða; f ÞÞTðr; f Þ
� �

:

Then,

log dens E0ðgÞ :¼ lim sup
R!y

1

log R

ð
E0ðgÞV½1;R�

dt

t
b 1� m

g
;

log dens E0ðgÞ :¼ lim inf
R!y

1

log R

ð
E0ðgÞV½1;R�

dt

t
b 1� l

g
:

The purpose of this paper is to extend Theorems 1.5 and 1.6 to the case of
holomorphic curves dealing with small holomorphic curves.

The paper is arranged as follows. In Section 2, we give some notations and
our results. In Section 3, we collect together some lemmas and auxiliary results.
In Section 4, we prove Theorem 2.1 and then, in Section 5, we prove Theorem
2.2.
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2. Notations and results

We denote complex projective n-space by PnC and the dual complex pro-

jective n-space by ðPnCÞ�. Let G : C ! PnC be a holomorphic curve and ~GG ¼
ðg0; g1; . . . ; gnÞ : C ! Cnþ1nf0g be its reduced representation, i.e., g0ðzÞ; g1ðzÞ; . . . ;
gnðzÞ have no common zeros.

We define the characteristic function Tðr;GÞ of G by

Tðr;GÞ ¼ 1

2p

ð2p
0

logk~GGðreiyÞk dy� logk~GGð0Þk;ð2:1Þ

where k~GGðzÞk ¼ ð
Pn

j¼0 jgjðzÞj
2Þ1=2. The order and lower order of a holomorphic

curve GðzÞ are defined as

lðGÞ :¼ lim sup
r!y

log Tðr;GÞ
log r

; mðGÞ :¼ lim inf
r!y

log Tðr;GÞ
log r

:

For a holomorphic curve a : C ! ðPnCÞ� and ~aa ¼ ða0; a1; . . . ; anÞ : C !
Cnþ1nf0g, which is its reduced representation, ~GGðzÞ �~aaðzÞ is said to be free if
~GGðzÞ �~aaðzÞ2 0. Let nðr; a;GÞ denote the number of zeros (counting multiplic-
ities) of the entire function

F ðzÞ :¼ ~GGðzÞ �~aaðzÞ ¼
Xn
j¼0

gjðzÞajðzÞ2 0

in the disk fjzja rg. We denote by Nðr; a;GÞ the counting function of zeros of
the entire function F ðzÞ, that is, Nðr; a;GÞ ¼ Nðr; 0;F Þ.

Under the assumption that ~GGðzÞ �~aaðzÞ2 0, we define the approximating
function mðr; a;GÞ of G and a by

mðr; a;GÞ ¼ 1

2p

ð 2p
0

log
k~GGðreifÞk k~aaðreifÞk
j~GGðreifÞ �~aaðreifÞj

df:

Put

Tðr; a;GÞ ¼ mðr; a;GÞ þNðr; a;GÞ:
Applying the Jensen formula to the entire function FðzÞ, we have

Nðr; 0;F Þ ¼ 1

2p

ð2p
0

logjFðreiyÞj dy� logjF ð0Þj:ð2:2Þ

This gives

Tðr; a;GÞ ¼ mðr; a;GÞ þNðr; a;GÞð2:3Þ

¼ 1

2p

ð2p
0

logðk~GGðreifÞk k~aaðreifÞkÞ df� logj~GGð0Þ �~aað0Þj

¼ Tðr;GÞ þ Tðr; aÞ þ log
k~GGð0Þk k~aað0Þk
j~GGð0Þ �~aað0Þj

:
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The Nevanlinna deficiency dðaÞ ¼ dða;GÞ of a respect to G is defined by

dða;GÞ ¼ lim inf
r!y

mðr; a;GÞ
Tðr;GÞ ¼ 1þ lim sup

r!y

Tðr; aÞ �Nðr; a;GÞ
Tðr;GÞ :ð2:4Þ

If dða;GÞ > 0 then we say that a is a Nevanlinna deficient curve. We notice that
if a satisfies

Tðr; aÞ ¼ oðTðr;GÞÞ; r ! y;ð2:5Þ

i.e., aðzÞ is a small holomorphic curve of GðzÞ, then (2.4) is reduced to

dða;GÞ ¼ 1� lim sup
r!y

Nðr; a;GÞ
Tðr;GÞ :ð2:6Þ

The Valiron deficiency DðaÞ ¼ Dða;GÞ of a respect to G is defined by

Dða;GÞ ¼ lim sup
r!y

mðr; a;GÞ
Tðr;GÞ ¼ 1þ lim inf

r!y

Tðr; aÞ �Nðr; a;GÞ
Tðr;GÞ :ð2:7Þ

If Dða;GÞ > 0 then we say that a is a Valiron deficient curve. We notice that if
aðzÞ is a small holomorphic curve of GðzÞ, then (2.7) is reduced to

Dða;GÞ ¼ 1� lim inf
r!y

Nðr; a;GÞ
Tðr;GÞ :ð2:8Þ

The Petrenko deviation bðaÞ ¼ bða;GÞ of a respect to G is defined by

bða;GÞ ¼ lim inf
r!y

Lðr; a;GÞ
Tðr;GÞ ;ð2:9Þ

where

Lðr; a;GÞ ¼ max
jzj¼r

log
k~GGðzÞk k~aaðzÞk
j~GGðzÞ �~aaðzÞj

:

The Bergweiler deviation bðaÞ ¼ bða;GÞ of a respect to G is defined by

bða;GÞ ¼ lim inf
r!y

Lðr; a;GÞ
rT 0

�ðr;GÞ ;ð2:10Þ

where T 0
�ðr;GÞ is the left derivative of Tðr;GÞ at r.

If Tðr; aÞ ¼ oðTðr;GÞÞ, then 0a dða;GÞaDða;GÞa 1, dða;GÞa bða;GÞ:
Petrenko [21, 22, 24] once studied the deviation of the entire curve ~GGðzÞ at a

vector ~aa, but he did not study the deviation of the entire curve ~GGðzÞ to a small
entire curve ~aaðzÞ. In this paper we consider that aðzÞ is a small holomorphic
curve with respect to GðzÞ, i.e., aðzÞ satisfies Tðr; aÞ ¼ oðTðr;GÞÞ, and we estimate
the Bergweiler deviation bða;GÞ of a holomorphic curve GðzÞ from a small
holomorphic curve aðzÞ.
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Theorem 2.1. Let GðzÞ be a holomorphic curve of lower order 0 < may
and let aðzÞ be a small holomorphic curve of GðzÞ. Then, we have

bða;GÞa Bðm;Dða;GÞÞ
m

:

From Theorem 2.1, if Dða;GÞ ¼ 0, then bða;GÞ ¼ 0, which is Corollary
2.1.

Corollary 2.1. Let GðzÞ be a holomorphic curve of lower order 0 < may
and let aðzÞ be a small holomorphic curve of GðzÞ. Then, we have

BðGÞ ¼ fa : bða;GÞ > 0gHEV ðGÞ ¼ fa : Dða;GÞ > 0g:

From the proof of Theorem 2.1, we can obtain the following.

Corollary 2.2. Let GðzÞ be a holomorphic curve of lower order 0 < may
and let aðzÞ be a small holomorphic curve of GðzÞ. Then, we have

bða;GÞaBðm;Dða;GÞÞ:

Using Marchenko’s method [15], we establish Theorem 2.2.

Theorem 2.2. Let GðzÞ be a holomorphic entire curve of lower order 0 < m <
y and order 0 < lay and let aðzÞ be a small holomorphic curve of GðzÞ. For
0 < g < y, put

EðgÞ ¼ fr : Lðr; a;GÞ < Bðg;Dða;GÞÞTðr;GÞ þ oðTðr;GÞÞg:

Then we have

log dens EðgÞ :¼ lim sup
R!y

1

log R

ð
EðgÞV½1;R�

dt

t
b 1� m

g
;

log dens EðgÞ :¼ lim inf
R!y

1

log R

ð
EðgÞV½1;R�

dt

t
b 1� l

g
:

The method in this paper was firstly used by Fuchs [7] and Marchenko [15,
11, 13] to investigate the growth of meromorphic functions.

3. Some lemmas and auxiliary results

Fuchs [7] amended the Petrenko’s formula in [20] and established Lemma
3.1. We should notice that Lemma 3.1 is the Possion-Jensen formula in annulus.

Lemma 3.1 ([7]). Let f ðzÞ be a meromorphic function in the complex plane
with its poles fbkg. Then, for any g > 1 and 2S < r < R=2, we have
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logj f ðreifÞja g2

2p

ðR
S

rgtg�1

ðrg þ tgÞ2
dt

ð fþp=g

f�p=g

logj f ðteiyÞj dyð3:1Þ

þ
X

Sajbk jaR

log
rg þ jbkjg

rg � jbkjg
����

����
þ gK

S

r

� �g
Tð2S; f Þ þ r

R

� �g
TðR; f Þ

� �

where f A ½0; 2pÞ, K is an absolute constant number.

We also need the definition of the second kind of Pólya peaks.

Definition 3.1. Let TðrÞ be an increasing function in r > r0, frmg is
called a sequence of Pólya peaks of the second kind of order m for TðrÞ, if
rm ! y, and there exist two sequences fKmg and f�mg, with Km ! y, �m ! 0,
such that

TðrÞ > ð1� �mÞðr=rmÞmTðrmÞ ðrm=Km < r < KmrmÞ:

Petrenko [19] gave an equality to treat with the error term, and Marchenko
[10] amended his equality and established Lemma 3.2.

Lemma 3.2 ([10, 19]). Let TðrÞ be a real function with finite lower order m,
fSmg and fRmg be two sequences of real numbers such that

lim
m!y

Sm ¼ lim
m!y

Rm ¼ lim
m!y

Rm=Sm ¼ y;

f4Smg, f4Rmg be two Pólya peaks of second kind of order m for TðrÞ. Then for
any e > 0, there exits m0ðeÞ > 0, such that for each m > m0,

Tð4SmÞS�m
m þ Tð4RmÞR�m

m < e

ðRm=12

2Sm

TðtÞt�m�1 dt:

Bergweiler [5] introduced some sequences generalizing Pólya peaks for
a function TðrÞ of infinite lower order. We recall the corresponding defini-
tion.

For all sequences Mj ! y, ej ! 0, there exist sequences rj ! y, mj ! y
such that for all r satisfying the inequality jlogðr=rjÞjaMj=mj, we have the
estimate

TðrÞa ð1þ ejÞ
r

rj

� �mj
TðrjÞ:ð3:2Þ

We can choose the sequences mj, Mj such that (see [5])

mj ¼ oðlog3=2 TðrjÞÞ; Mj ¼ oðlog TðrjÞÞ; j ! y:ð3:3Þ
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We set

Pj ¼ rje
�Mj=mj ; Qj ¼ rje

Mj=mj :

Then (3.2) holds for all r A ½Pj;Qj�. We shall assume that Mj > 1.
We consider the sets

Aj ¼ r A ½rj;Qj � : TðrÞa 1ffiffiffiffi
mj

p
r

rj

� �mj
TðrjÞ

( )
;

Bj ¼ r A ½Pj; rj� : TðrÞa 1ffiffiffiffi
mj

p
r

rj

� �mj
TðrjÞ

( )
:

Let

Rj ¼
min Aj; if Aj 0j;

Qj; if Aj ¼ j;

�
tj ¼

max Bj; if Bj 0j;

Pj; if Bj ¼ j;

�
ð3:4Þ

Sj ¼ e�1=mjRj; Tj ¼ e�2=mjRj :ð3:5Þ
Then

tj < rj < Tj < Sj < Rj :

It is proved in [5] that

TðRjÞ
R

mj
j

þ TðtjÞ
t
mj
j

¼ o mj

ðTj

tj

TðrÞ
rmjþ1

dr

 !
:ð3:6Þ

Moreover, it follows from inequality ð19Þ in [5] that

TðrjÞaT 3=2ðtjÞ; j ! y:ð3:7Þ

4. Proof of Theorem 2.1

The proof results from the idea of Fuchs [7] and Marchenko [11].

Case I. mðGÞ < y.
By the definition of Lðr; a;GÞ, there exists a point y0 A ½0; 2pÞ such that

Lðr; a;GÞ ¼ log
k~GGðreiy0Þk k~aaðreiy0Þk
j~GGðreiy0Þ �~aaðreiy0Þj

:

For z ¼ reiy0 , there exist two integers kz, lz such that 1a kz a p, 1a lz a p,
and

Lðr; a;GÞ ¼ log
k~GGðreiy0Þk k~aaðreiy0Þk
j~GGðreiy0Þ �~aaðreiy0Þj

ð4:1Þ

a logþðnþ 1Þ þ logþ
jgkzðreiy0Þj � jalzðreiy0Þj
j~GGðreiy0Þ �~aaðreiy0Þj

:
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Applying (3.1) to the meromorphic function ðgkzðxÞalzðxÞÞ=ð~GGðxÞ �~aaðxÞÞ and
combining with (4.1), we have

Lðr; a;GÞ ¼ log
k~GGðreiy0Þk k~aaðreiy0Þk
j~GGðreiy0Þ �~aaðreiy0Þj

ð4:2Þ

a
g2

2p

ðR
S

rgtg�1

ðrg þ tgÞ2
dt

ð y0þp=g

y0�p=g

logþ
gkzðteiyÞalzðteiyÞ
~GGðteiyÞ �~aaðteiyÞ

�����
����� dy

þ
X

Sajbk jaR

log
rg þ jbkjg

rg � jbkjg
����

����
þ gK

S

r

� �g
T 2S;

gkzalz
~GG �~aa

� �
þ r

R

� �g
T R;

gkzalz
~GG �~aa

� �� �
þ logþðnþ 1Þ;

where fbkg are the roots of ~GGðxÞ �~aaðxÞ. Here and in the below K is a posi-
tive constant, which may have di¤erent values at di¤erent places. It is obvious
that

ð y0þp=g

y0�p=g

logþ
gkzðteiyÞalzðteiyÞ
~GGðteiyÞ �~aaðteiyÞ

�����
����� dyamðt; a;GÞ;

T t;
gkzalz
~GG �~aa

� �
am t;

gkzalz
~GG �~aa

� �
þNðt; a;GÞamðt; a;GÞ þNðt; a;GÞ

¼ Tðt; aÞ þ Tðt;GÞ þOð1Þ:

Combining the above two equalities with (4.2), we have

Lðr; a;GÞa g2
ðR
S

rgtg�1

ðrg þ tgÞ2
mðt; a;GÞ dtþ

X
Sajbk jaR

log
rg þ jbkjg

rg � jbkjg
����

����ð4:3Þ

þ gK

�
S

r

� �g
ðTð2S;GÞ þ Tð2S; aÞÞ

þ r

R

� �g
ðTðR;GÞ þ TðR; aÞÞ

�
þ logþðnþ 1Þ:

We take g > maxð1; 2mÞ and divide the two sides of (4.3) by rmþ1 and integrate
from 2S to R=2, for �g < p < g; r > 0, by

g2
ðy
0

tg�p�1

ðtg þ rgÞ2
dt ¼

pp

rgþp sinðpp=gÞ ; if p0 0

gr�g; if p ¼ 0;

8<
:ð4:4Þ

and
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ðy
0

log
tg þ jbjg

tg � jbjg
����

����t�p�1 dt ¼

p

p
jbj�p tan

pp

2g
; if p0 0

p2

2g
; if p ¼ 0;

8>><
>>:ð4:5Þ

we can see thatðR=2
2S

Lðr; a;GÞ
rmþ1

dr <
pm

sinðpm=gÞ

ðR
S

mðr; a;GÞ
rmþ1

drþ pm tan
pm

2g

ðR
S

Nðr; a;GÞ
rmþ1

drð4:6Þ

þ KðS�mðTð2S;GÞ þ Tð2S; aÞÞ
þ R�mðTð2R;GÞ þ Tð2R; aÞÞÞ:

By the first fundamental theorem, namely (2.3), we have

mðr; a;GÞ ¼ Tðr; aÞ þ Tðr;GÞ �Nðr; a;GÞ þOð1Þð4:7Þ
¼ ð1þ oð1ÞÞTðr;GÞ �Nðr; a;GÞ þOð1Þ:

On the other hand, by the definition of Valiron deficiency, we get

Nðr; a;GÞ > ð1� Dða;GÞ � eÞTðr;GÞ þ Tðr; aÞð4:8Þ
¼ ð1� Dða;GÞ � eþ oð1ÞÞTðr;GÞ:

By the choice of g; g > 2m, we have

tan
pm

2g
� sin

pm

g

� ��1

¼ �cot
pm

g
< 0:

It follows from (4.6), (4.7) and (4.8) thatðR=2
2S

Lðr; a;GÞ
rmþ1

dr < pm ðDða;GÞ þ eÞ cot pm
g
þ tan

pm

2g
þ oð1Þ

� � ðR
S

Tðr;GÞ
rmþ1

drð4:9Þ

þ Kð1þ oð1ÞÞ Tð2S;GÞ
S m

þ Tð2R;GÞ
Rm

� �
:

In particular, we choose S ¼ Sm, R ¼ Rm, where Sm and Rm are described in
Lemma 3.2. And we notice that the quantityð 2Sm

Sm

½Tðr;GÞ=rmþ1� drþ
ðRm

Rm=2

½Tðr;GÞ=rmþ1� dr

can be absorbed into the error term

Tð2Sm;GÞ=S m
m þ Tð2Rm;GÞ=Rm

m:

In view of Lemma 3.2, we obtain
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ðRm=2

2Sm

Lðr; a;GÞ
rmþ1

dr < pm ðDða;GÞ þ eÞ cot pm
g
þ tan

pm

2g
þ oð1Þ

� � ðRm=2

2Sm

Tðr;GÞ
rmþ1

dr

þ Kð1þ oð1ÞÞe
ðRm=2

2Sm

Tðr;GÞ
rmþ1

dr

¼ pm ðDða;GÞ þ eÞ cot pm
g
þ tan

pm

2g
þ oð1Þ

� �
þ Kð1þ oð1ÞÞe

� �

� 1þ e

m

ðRm=2

2Sm

rT 0
�ðr;GÞ
rmþ1

dr:

Therefore, we have

bða;GÞ < p Dða;GÞ cot pm
g
þ tan

pm

2g

� �
:

Taking the maximum of the function f ðgÞ ¼ Dða;GÞ cot pm
g
þ tan

pm

2g
, we can

obtain the result.

Case II. mðGÞ ¼ y.
Set

m�ðreiy; a;GÞ ¼ sup
measðEÞ¼2y

1

2p

ð
E

log
k~GGðreijÞk k~aaðreijÞk
j~GGðreijÞ �~aaðreijÞj

dj;

T �ðreiy; a;GÞ ¼ m�ðreiy; a;GÞ þNðr; a;GÞ;

where r A ð0;yÞ, y A ½0; p�, EH ½0; p� is a Lebesgue measurable set. For any
0 < tay, consider the set [9]

Ft ¼ reij : log
k~GGðreijÞk k~aaðreijÞk
j~GGðreijÞ �~aaðreijÞj

> t

( )
; ~uuðreijÞ ¼ supft : reij A F �

t g;

where F �
t is the symmetric rearrangement of the set Ft. The function

~uuðreijÞ is non-negative and non-increasing in the interval ½0; p�, even in j
and for each fixed r equimeasurable with uðreijÞ. Moreover, it satisfies the
relations:

~uuðr; 0Þ ¼ max
jzj¼r

log
k~GGðzÞk k~aaðzÞk
j~GGðzÞ �~aaðzÞj

; m�ðreiy; a;GÞ ¼ 1

p

ð y
0

~uuðreijÞ dj:

From a result of Goldberg [8], we know that logk~GGðzÞk and logk~aaðzÞk are
subharmonic functions, thus logðk~GGðzÞk � k~aaðzÞkÞ is a subharmonic function.
Since logj~GGðzÞ �~aaðzÞj is a subharmonic function, from Theorem A 0 in [2] and
(2.2), the function T �ðreiy; a;GÞ is subharmonic in the domain K ¼ freij : 0 <
r < y; 0 < j < pg, continuous in K ¼ K U ð�y; 0ÞU ð0;yÞ and convex in log r
for each fixed j A ½0; p�. Moreover,
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T �ðr; a;GÞ ¼ Nðr; a;GÞ; T �ð�r; a;GÞ ¼ Tðr;GÞ þ oðTðr;GÞÞ;
q

qy
T �ðreiy; a;GÞ ¼ ~uuðreiyÞ

p
; 0 < y < p:

Suppose that aðrÞ is a real function. Set

LaðrÞ :¼ lim inf
h!0

aðrehÞ þ aðre�hÞ � 2aðrÞ
h2

:

If aðrÞ is twice di¤erentiable, then LaðrÞ ¼ r
d

dr
r
d

dr
aðrÞ

� �
.

Since T �ðreij; a;GÞ is a subharmonic function, we have

LT �ðreij; a;GÞ þ q2

qj2
T �ðreij; a;GÞb 0:ð4:10Þ

Set

sðrÞ ¼
ð a
0

T �ðreij; a;GÞ cos mjðjþ cÞ dj;

where 0 < a < p=ð2mjÞ, 0aca p=ð2mjÞ � a, mj is defined as in (3.3). As
T �ðreij; a;GÞ is a convex function of log r, applying Fatou’s lemma, we obtain

LsðrÞ ¼ L

ð a
0

T �ðreij; a;GÞ cos mjðjþ cÞ djð4:11Þ

b

ð a
0

LT �ðreij; a;GÞ cos mjðjþ cÞ djb 0:

It follows that sðrÞ is a convex function of log r. Then, rs 0
�ðrÞ is increasing on

ð0;yÞ. Thus, for almost all r A ð0;yÞ, we have

LsðrÞ ¼ r
d

dr
rs 0

�ðrÞ:

Operating sðrÞ by L, and by (4.10), for almost all r A ð0;yÞ, we have

LsðrÞ ¼ r
d

dr
ðrs 0

�ðrÞÞ ¼
ð a
0

LT �ðreij; a;GÞ cos mjðjþ cÞ dj

b�
ð a
0

q2

qj2
T �ðreij; a;GÞ cos mjðjþ cÞ dj

¼ � q

qj
T �ðreij; a;GÞ cos mjðjþ cÞja0

� mjT
�ðreij; a;GÞ sin mjðjþ cÞja0 þ m2

j sðrÞ:

We divide this by rmjþ1 and integrate from tj to Tj (where tj and Tj are described
by (3.4) and (3.5)):
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ðTj

tj

�
q

qj
T �ðreij; a;GÞjj¼0 cos mjc� q

qj
T �ðreij; a;GÞjj¼a cos mjðaþ cÞð4:12Þ

� mjT
�ðreij; a;GÞ sin mjðaþ cÞ þ mjT

�ðr; a;GÞ sin mjc

�
dr

rmjþ1

a
s 0
�ðTjÞ
T

mj�1

j

þ mj
sðTjÞ
T

mj
j

0
@

1
A� s 0

�ðtjÞ
t
mj�1

j

þ mj
sðtjÞ
t
mj
j

0
@

1
A:

By the definition of sðrÞ, we obtain

sðrÞa 1

mj
ð1þ oð1ÞÞTðr;GÞ:

Since rs 0
�ðrÞ is non-decreasing in ½tj;Tj�,

sðSjÞ � sðTjÞb
ðSj

Tj

s 0
�ðrÞ drbTjs

0
�ðTjÞ log

S 0
j

Tj

¼ 1

mj
Tjs

0
�ðTjÞ;

where Sj is described as in (3.5). Thus,

Tjs
0
�ðTjÞa mjsðSjÞa ð1þ oð1ÞÞTðSj ;GÞ:

On the other hand, by rs 0
�ðrÞb s 0

�ð1Þ, rb 1, we substitute the above inequality
to (4.12), and in view of (3.6),ðTj

tj

�
q

qj
T �ðreij; a;GÞjj¼0 cos mjc� q

qj
T �ðreij; a;GÞjj¼a cos mjðaþ cÞ

� mjT
�ðreij; a;GÞ sin mjðaþ cÞ þ mjT

�ðr; a;GÞ sin mjc

�
dr

rmjþ1

< emj

ðTj

tj

Tðr;GÞ
rmjþ1

dr; j ! y:

Set c ¼ p

2mj
� a in the above inequality,

ðTj

tj

Lðr; a;GÞ sin mja

p
� mjT

�ðreia; a;GÞ þ mjNðr; a;GÞ cos mja
� �

dr

rmjþ1

< emj

ðTj

tj

Tðr;GÞ
rmjþ1

dr; j ! y:

On the other hand, by the definition of Valiron deficiency, i.e., (4.8) and
T �ðreia;~aa; ~GGÞ < ð1þ oð1ÞÞTðr;GÞ, we haveðTj

tj

Lðr; a;GÞ
rmjþ1

dr <
pmj

sin mja
ð1þ e� ð1� Dða;GÞÞ cos mjaÞ

ðTj

tj

Tðr;GÞ
rmjþ1

dr:
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Integrate the right side of the above by parts:ðTj

tj

Lðr; a;GÞ
rmjþ1

dr<
p

ð1� eÞ sin mja
ð1þ e� ð1�Dða;GÞ� eÞ cos mjaÞ

ðTj

tj

rT 0
�ðr;GÞ
rmjþ1

dr:

There exists a sequence rj A ½tj;Tj� such that

Lðrj; a;GÞ < p

ð1� eÞ sin mja
½1þ e� ð1� Dða;GÞ � eÞ cos mja�rjT 0

�ðrj;GÞ

Hence,

bða;GÞ < p

ð1� eÞ sin mja
½1þ e� ð1� Dða;GÞ � eÞ cos mja�:

Take a ¼ aj such that cos mja ¼ 1� Dða;GÞ � e:

bða;GÞ < pð1þ e� ð1� Dða;GÞ � eÞ2Þ

ð1� eÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� Dða;GÞ � eÞ2

q :

Letting e ! 0, we have

bða;GÞa p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dða;GÞð2� Dða;GÞÞ

p
:

This completes the proof of Theorem 2.1.

5. Proof of Theorem 2.2

The proof results from the idea of Marchenko [15, 13]. We put the same
significance on the same notations in the proof of Theorem 2.1. If ga m, the
theorem is obviously true. Suppose that g > m, t > 0 is a real number satisfying
that m < t < g. Choose a, c such that

0 < aamin p;
p

2t

� �
; � p

2t
aca

p

2t
� a:

Put

sðrÞ ¼
ð a
0

T �ðreij; a;GÞ cos tðjþ cÞ dj:

For almost all r A ð0;yÞ, (4.10) implies that

r
d

dr
rs 0

�ðrÞb�
ð a
0

1

p

q~uuðreiyÞ
qy

cos tðyþ cÞ dy:

Integrating twice by parts, we obtain

r
d

dr
rs 0

�ðrÞb� 1

p
~uuðr; aÞ cos tðaþ cÞ þ 1

p
Lðr; a;GÞ cos tcð5:1Þ

� tT �ðreia; a;GÞ sin tðaþ cÞ þ tNðr; a;GÞ sin tcþ t2sðrÞ

:¼ htðrÞ þ t2sðrÞ;
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Since ~uuðreiyÞ is decreasing in y, it follows that

htðrÞ þ t2sðrÞb 0:ð5:2Þ

Dividing (5.1) by rtþ1 and integrating by parts over the interval ½r;R�, we haveðR
r

htðtÞ
ttþ1

dta
Rs 0

�ðRÞ
Rt

þ t
sðRÞ
Rt

� �
� rs 0

�ðrÞ
rt

þ t
sðrÞ
rt

� �
; r0 a raR;ð5:3Þ

where r0 is a constant number. Next we apply the method of Barry [3, 4]. Put

FðrÞ :¼ �
ðR
r

htðtÞ
ttþ1

dt; r0 a raR:

By (5.3), we deduce that

FðrÞb� s 0
�ðRÞ
Rt�1

� t
sðRÞ
Rt

þ s 0
�ðrÞ
rt�1

þ t
sðrÞ
rt

:ð5:4Þ

Put

CðrÞ ¼ rt FðrÞ þ s 0
�ðRÞ
Rt�1

þ t
sðRÞ
Rt

� �
:

Combining (5.3) with (5.4), we derive that

CðrÞb rs 0
�ðrÞ þ tsðrÞ; r0 a raR:ð5:5Þ

And combining (5.2) with (5.5), we derive that

rC 0ðrÞ ¼ tCðrÞ þ htðrÞb trs 0
�ðrÞ þ t2sðrÞ þ htðrÞb trs 0

�ðrÞ; r0 < r < R:

We notice that for fixed y, T �ðreiy; a;GÞ is an increasing function in r,
so s 0

�ðrÞb 0. Set A1ðtÞ ¼ fr A ½r0;yÞ : htðrÞ > 0g. For r A A1ðtÞV ½r0;R�,
rC 0ðrÞ > tCðrÞ > 0, that is

C 0ðrÞ
CðrÞ >

t

r
:

We deduce that

t

ð
A1ðtÞV½r0;R�

dr

r
a

ð
A1ðtÞV½r0;R�

C 0ðrÞ
CðrÞ dra

ðR
r0

C 0ðrÞ
CðrÞ dr ¼ log

CðRÞ
Cðr0Þ

:ð5:6Þ

The definition of CðrÞ yields

CðRÞ ¼ Rs 0
�ðRÞ þ tsðRÞ:ð5:7Þ

And the definition of sðrÞ implies that

sðRÞa
ð a
0

ð1þ oð1ÞÞTðR;GÞ cos tðyþ cÞ dya pð1þ oð1ÞÞTðR;GÞ:
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The monotonicity of rs 0
�ðrÞ gives

sð2RÞ � sðRÞ ¼
ð2R
R

s 0
�ðrÞ dr ¼

ð 2R
R

rs 0
�ðrÞ
r

drbRs 0
�ðRÞ log 2:

This leads to

Rs 0
�ðRÞa

sð2RÞ
log 2

a
pð1þ oð1ÞÞTð2R;GÞ

log 2
:

From (5.7) we can have a estimation:

CðRÞa tpþ p

log 2

� �
ð1þ oð1ÞÞTð2R;GÞ:

The inequality (5.6) gives

t

ð
A1ðtÞV½r0;R�

dr

r
a log tpþ p

log 2

� �
ð1þ oð1ÞÞTð2R;GÞ

� �
:

Thus log dens A1ðtÞa
l

t
, log dens A1ðtÞa

m

t
. Put E1ðtÞ ¼ fr A ½r0;yÞ : htðrÞa

0g, then E1ðtÞ ¼ ½r0;yÞnA1ðtÞ, and

log dens E1ðtÞb 1� m

t
; log dens E1ðtÞb 1� l

t
:

Taking c ¼ p

2t
� a in htðrÞ gives

htðrÞ ¼
1

p
Lðr; a;GÞ sin ta� tT �ðreia; a;GÞ þ tNðr; a;GÞ cos ta:

From the definition of Valiron deficiency and the relation T �ðreia; a;GÞa
ð1þ oð1ÞÞTðr;GÞ; it follows that

htðrÞb
1

p
fLðr; a;GÞ sin ta� pt½1� ð1� Dða;GÞ � eÞ cos ta�Tðr;GÞg � oðTðr;GÞÞ:

For r A E1ðtÞ, htðrÞa 0, we have

Lðr; a;GÞa pt

sin ta
½1� ð1� Dða;GÞ � eÞ cos ta�Tðr;GÞ þ oðTðr;GÞÞ; r A E1ðtÞ:

By the definition of Bðt;DÞ, we can prove that for r A E1ðtÞ, the following
holds:

Lðr; a;GÞaBðt;Dða;GÞÞTðr;GÞ þ oðTðr;GÞÞ < Bðg;Dða;GÞÞTðr;GÞ þ oðTðr;GÞÞ:

Hence we deduce that E1ðtÞJEðgÞ. By the arbitrariness of t, we can obtain the
desired result.
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