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POSITIVE PERIODIC SOLUTIONS FOR A NONLINEAR DENSITY-

DEPENDENT MORTALITY NICHOLSON’S BLOWFLIES MODEL*

Bingwen Liu

Abstract

This paper is concerned with a class of Nicholson’s blowflies model with a nonlinear

density-dependent mortality term. Under appropriate conditions, we establish some

criteria to ensure that the solutions of this model converge globally exponentially to a

positive periodic solution. Moreover, we give an example and its numerical simulation

to illustrate our main results.

1. Introduction

In the classic study of biological and ecological dynamics, Nicholson’s
blowflies equation was introduced by Nicholson [8] to model laboratory fly
population. Its dynamics was later studied in [5] and [9], where this model was
referred to as the Nicholsons blowflies equation [5]. Recently, as pointed out
by L. Berezansky et al. [2], a linear model of density-dependent mortality will
be most accurate for populations at low densities, and marine ecologists are
currently constructing new fishery models with nonlinear density-dependent mor-
tality rates. Therefore, L. Berezansky et al. [2] and Wang [13] proposed the
following Nicholson’s blowflies model with a nonlinear density-dependent mor-
tality term

x 0ðtÞ ¼ � aðtÞxðtÞ
bðtÞ þ xðtÞ þ PðtÞxðt� tðtÞÞe�gðtÞxðt�tðtÞÞ;ð1:1Þ

where the variable coe‰cients and delays are continuous functions. More details
on biological explanation to coe‰cients and delays of model (1.1) can be found
in [2, 13]. Moreover, the periodical variation of the environment plays an
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important role in many biological and ecological dynamical systems. Conse-
quently, there have been extensive results on existence of positive periodic solu-
tions for Nicholson’s blowflies model with nonlinear density-dependent mortality
terms. We refer the reader to [2, 3, 4, 7, 13, 14] and the references cited therein.
However, to the best of our knowledge, there is no much work on the global
exponential stability of the positive periodic solution for model (1.1). On the
other hand, the real biological applications of Nicholson’s blowflies model heavily
depend on the global exponential convergence behaviors, because the exponential
convergent rate can be unveiled. Hence, it is worthwhile continuing to inves-
tigate the existence and global exponential stability of positive periodic solutions
of (1.1).

Motivated by the above discussions, in this paper, we are devoted to the
global exponential stability of positive periodic solutions for a general nonlinear
density-dependent mortality Nicholson’s blowflies model given by

x 0ðtÞ ¼ � aðtÞxðtÞ
bðtÞ þ xðtÞ þ

Xm
j¼1

bjðtÞxðt� tjðtÞÞe�gjðtÞxðt�tjðtÞÞ;ð1:2Þ

where a; b; bj; gj : R ! ð0;þyÞ and tj : R ! ½0;þyÞ are continuous T-periodic
functions for j ¼ 1; 2; . . . ;m and T > 0. Obviously, (1.1) is a special case of
(1.2) with m ¼ 1.

For convenience, we introduce some notations. In the following part of this
paper, given a bounded continuous function g defined on R, let gþ and g� be
defined as

gþ ¼ sup
t AR

gðtÞ; g� ¼ inf
t AR

gðtÞ:ð1:3Þ

It will be assumed that

r ¼ max
1ajam

tþj ; g�j b 1; j ¼ 1; 2; . . . ;m:ð1:4Þ

Throughout this paper, let Rþ denote nonnegative real number space, C ¼
Cð½�r; 0�;RÞ be the continuous functions space equipped with the usual supremun
norm k � k, and let Cþ ¼ Cð½�r; 0�;RþÞ. If xðtÞ is continuous and defined on
½�rþ t0; sÞ with t0; s A R, then we define xt A C where xtðyÞ ¼ xðtþ yÞ for all
y A ½�r; 0�.

It is biologically reasonable to assume that only positive solutions of model
(1.2) are meaningful and therefore admissible. Much can be learned by con-
sidering admissible initial conditions

xt0 ¼ j; j A Cþ and jð0Þ > 0:ð1:5Þ

Define a continuous map f : R� Cþ ! R by setting

f ðt; jÞ ¼ � aðtÞjð0Þ
bðtÞ þ jð0Þ þ

Xm
j¼1

bjðtÞjð�tjðtÞÞe�gjðtÞjð�tjðtÞÞ:
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Then, f is a locally Lipschitz map with respect to j A Cþ, which ensures the
existence and uniqueness of the solution of (1.2) with admissible initial conditions
(1.5).

We denote xtðt0; jÞðxðt; t0; jÞÞ for an admissible solution of the admissible
initial value problem (1.2) and (1.5). Also, let ½t0; hðjÞÞ be the maximal right-
interval of existence of xtðt0; jÞ.

Since the function
1� x

ex
is decreasing with the range ½0; 1�, it follows easily

that there exists a unique k A ð0; 1Þ such that

1� k

ek
¼ 1

e2
:ð1:6Þ

Obviously,

sup
xbk

1� x

ex

����
����¼ 1

e2
:ð1:7Þ

Moreover, since xe�x increases on ½0; 1� and decreases on ½1;þyÞ, let ~kk be the
unique number in ð1;þyÞ such that

ke�k ¼ ~kke�~kk:ð1:8Þ
The remaining of this paper is organized as follows. In Section 2, we give

some lemmas, which tell us some kinds of solutions to (1.2) are bounded. These
results play an important role in Section 3 to establish the existence of positive
periodic solutions of (1.2). Here we also study the global exponential stability
of positive periodic solutions. The paper concludes with an example to illustrate
the e¤ectiveness of the obtained results by numerical simulation.

2. Preliminary results

In this section, some lemmas will be presented, which are of importance in
proving our main results in Section 3.

Lemma 2.1. Suppose that there exists a positive constant M such that

aðtÞM
bðtÞ þM

>
1

e

Xm
j¼1

bjðtÞ
gjðtÞ

; 0 < min
t A ½0;T �; s A ½0;k�

� aðtÞ
bðtÞ þ s

þ
Xm
j¼1

bjðtÞ
gjðtÞ

e�s

( )
;ð2:1Þ

gþj a
~kk

M
;

where j ¼ 1; 2; . . . ;m: Let

C 0 ¼ fj j j A C; k < jðtÞ < M; for all t A ½�r; 0�g:
Then, the set of fxtðt0; jÞ : t A ½t0; hðjÞÞg with j A C0 is bounded, and hðjÞ ¼ þy.
Moreover, k < xðt; t0; jÞ < M for all tb t0.
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Proof. Let xðtÞ ¼ xðt; t0; jÞ, where j A C0. We first claim:

xðtÞ < M for all t A ½t0; hðjÞÞ:ð2:2Þ

Suppose, for the sake of contradiction, there exists t1 A ðt0; hðjÞÞ such that

xðt1Þ ¼ M; xðtÞ < M for all t A ½t0 � r; t1Þ:ð2:3Þ

Calculating the derivative of xðtÞ, together with the fact that supx AR xe�x ¼ 1

e
,

(1.2), (2.1) and (2.3) imply that

0a x 0ðt1Þ

¼ � aðt1ÞM
bðt1Þ þM

þ
Xm
j¼1

bjðt1Þ
gjðt1Þ

gjðt1Þxðt1 � tjðt1ÞÞe�gjðt1Þxðt1�tjðt1ÞÞ

a� aðt1ÞM
bðt1Þ þM

þ 1

e

Xm
j¼1

bjðt1Þ
gjðt1Þ

< 0;

which is a contradiction and implies that (2.2) holds.
We next show that

xðtÞ > k; for all t A ½t0; hðjÞÞ:ð2:4Þ

Assume, by way of contradiction, that (2.4) does not hold. Then, there exists
t2 A ðt0; hðjÞÞ such that

xðt2Þ ¼ k and xðtÞ > k for all t A ½t0 � r; t2Þ:ð2:5Þ
Hence,

ka gjðt2Þxðt2 � tjðt2ÞÞa gjðt2ÞMa ~kk;

which, together with ke�k ¼ ~kke�~kk, (1.2), (2.1), (2.2) and (2.5) imply that

0b x 0ðt2Þ

¼ � aðt2Þk
bðt2Þ þ k

þ
Xm
j¼1

bjðt2Þ
gjðt2Þ

gjðt2Þxðt2 � tjðt2ÞÞe�gjðt2Þxðt2�tjðt2ÞÞ

b� aðt2Þk
bðt2Þ þ k

þ
Xm
j¼1

bjðt2Þ
gjðt2Þ

ke�k

b k min
t A ½0;T �; s A ½0;k�

� aðtÞ
bðtÞ þ s

þ
Xm
j¼1

bjðtÞ
gjðtÞ

e�s

( )

> 0;
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which is a contradiction and implies that (2.4) holds. This implies that xðtÞ is
bounded on ½t0; hðjÞÞ. From Theorem 2.3.1 in [6], we easily obtain hðjÞ ¼ þy.
This ends the proof of Lemma 2.1.

Lemma 2.2. Suppose ð2:1Þ holds, and

aðtÞbðtÞ
ðbðtÞ þMÞ2

>
Xm
j¼1

bjðtÞ
1

e2
; for all t A R:ð2:6Þ

Moreover, let

x�ðtÞ ¼ xðt; t0; j�Þ; xðtÞ ¼ xðt; t0; jÞ; where j; j� A C0:

Then, there exists a positive constant l such that

xðtÞ � x�ðtÞ ¼ Oðe�ltÞ:ð2:7Þ

Proof. Define a continuous function GðuÞ by setting

GðuÞ ¼ sup
t AR

� aðtÞbðtÞ
ðbðtÞ þMÞ2

� u

" #
þ
Xm
j¼1

bjðtÞ
1

e2
eur

( )
; u A ½0; 1�:ð2:8Þ

Then, from (2.6), we have

Gð0Þ ¼ sup
t AR

� aðtÞbðtÞ
ðbðtÞ þMÞ2

þ
Xm
j¼1

bjðtÞ
1

e2

( )
< 0;

which, together with the periodicity of coe‰cient functions, implies that there
exist two constants h > 0 and l A ð0; 1� such that

GðlÞ ¼ sup
t AR

� aðtÞbðtÞ
ðbðtÞ þMÞ2

� l

" #
þ
Xm
j¼1

bjðtÞ
1

e2
elr

( )
< �h < 0; Et A R:ð2:9Þ

Set yðtÞ ¼ xðtÞ � x�ðtÞ, where t A ½t0 � r;þyÞ. Then

y 0ðtÞ ¼ � aðtÞxðtÞ
bðtÞ þ xðtÞ �

aðtÞx�ðtÞ
bðtÞ þ x�ðtÞ

� �
ð2:10Þ

þ
Xm
j¼1

bjðtÞ½xðt� tjðtÞÞe�gjðtÞxðt�tjðtÞÞ � x�ðt� tjðtÞÞe�gjðtÞx �ðt�tjðtÞÞ�:

It follows from Lemma 2.1 that

k < xðtÞ; x�ðtÞ < M; for all t A ½t0 � r;þyÞ:ð2:11Þ
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We consider the Lyapunov functional

VðtÞ ¼ jyðtÞjelt:ð2:12Þ

Calculating the upper left derivative of VðtÞ along the solution yðtÞ of (2.10), we
have

D�ðVðtÞÞa� aðtÞxðtÞ
bðtÞ þ xðtÞ �

aðtÞx�ðtÞ
bðtÞ þ x�ðtÞ

� �
sgnðxðtÞ � x�ðtÞÞeltð2:13Þ

þ
Xm
j¼1

bjðtÞjxðt� tjðtÞÞe�gjðtÞxðt�tjðtÞÞ

� x�ðt� tjðtÞÞe�gjðtÞx �ðt�tjðtÞÞjelt þ ljyðtÞjelt; for all t > t0:

We claim that

VðtÞ ¼ jyðtÞjeltð2:14Þ

< elt0 max
t A ½t0�r; t0�

jxðtÞ � x�ðtÞj þ 1

� �

¼ elt0 max
y A ½�r;0�

jjðyÞ � j�ðyÞj þ 1

� �

:¼ K ; for all t > t0:

Contrarily, there must exist t� > t0 such that

Vðt�Þ ¼ K and VðtÞ < K for all t A ½t0 � r; t�Þ:ð2:15Þ

Since xðtÞb k and x�ðtÞb k for all tb t0 � r. Together with (1.7), (1.8), (2.13),
(2.15) and the inequalities

� aðtÞA
bðtÞ þ A

� aðtÞB
bðtÞ þ B

� �
sgnðA� BÞð2:16Þ

¼ � aðtÞbðtÞ
ðbðtÞ þ Aþ yðA� BÞÞ2

jA� Bj

a� aðtÞbðtÞ
ðbðtÞ þMÞ2

jA� Bj; where A;B A ½k;M�; 0 < y < 1;

and

jse�s � te�tj ¼ 1� ðsþ yðt� sÞÞ
esþyðt�sÞ

����
����js� tjð2:17Þ

a
1

e2
js� tj; where s; t A ½k;þyÞ; 0 < y < 1;

we obtain
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0aD�ðVðt�ÞÞð2:18Þ

a� aðt�Þxðt�Þ
bðt�Þ þ xðt�Þ

� aðt�Þx�ðt�Þ
bðt�Þ þ x�ðt�Þ

� �
sgnðxðt�Þ � x�ðt�ÞÞelt�

þ
Xm
j¼1

bjðt�Þjxðt� � tjðt�ÞÞe�gjðt�Þxðt��tjðt�ÞÞ

� x�ðt� � tjðt�ÞÞe�gjðt�Þx �ðt��tjðt�ÞÞjelt� þ ljyðt�Þjelt�

a� aðt�Þbðt�Þ
ðbðt�Þ þMÞ2

jyðt�Þjelt� þ
Xm
j¼1

bjðt�Þjxðt� � tjðt�ÞÞe�gjðt�Þxðt��tjðt�ÞÞ

� x�ðt� � tjðt�ÞÞe�gjðt�Þx �ðt��tjðt�ÞÞjelt� þ ljyðt�Þjelt�

¼ � aðt�Þbðt�Þ
ðbðt�Þ þMÞ2

� l

" #
jyðt�Þjelt�

þ
Xm
j¼1

bjðt�Þ
gjðt�Þ

jgjðt�Þxðt� � tjðt�ÞÞe�gjðt�Þxðt��tjðt�ÞÞ

� gjðt�Þx�ðt� � tjðt�ÞÞe�gjðt�Þx �ðt��tjðt�ÞÞjelt�

a� aðt�Þbðt�Þ
ðbðt�Þ þMÞ2

� l

" #
jyðt�Þjelt�

þ
Xm
j¼1

bjðt�Þ
1

e2
jyðt� � tjðt�ÞÞjelðt��tjðt�ÞÞeltjðt�Þ

a � aðt�Þbðt�Þ
ðbðt�Þ þMÞ2

� l

" #
þ
Xm
j¼1

bjðt�Þ
1

e2
elr

( )
K :

Thus,

0a� aðt�Þbðt�Þ
ðbðt�Þ þMÞ2

� l

" #
þ
Xm
j¼1

bjðt�Þ
1

e2
elr;

which contradicts with (2.9). Hence, (2.14) holds. It follows that

jyðtÞj < Ke�lt for all t > t0:ð2:19Þ
This completes the proof.

3. Existence and exponential stability of positive periodic solutions

In this section, we establish su‰cient conditions on the existence and global
exponential stability of positive T-periodic solutions of equation (1.2).
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Theorem 3.1. Suppose that all conditions in Lemma 2.2 are satisfied. Then
equation (1.2) has at least one positive T-periodic solution x�ðtÞ.

Proof. Let xðtÞ ¼ xðt; t0; jÞ, where j A C0. By Lemma 2.1, we get

k < xðtÞ < M; for all tb t0 � r:

By the periodicity of coe‰cients and delays for (1.2), we have, for any natural
number h,

½xðtþ ðhþ 1ÞTÞ�0ð3:1Þ

¼ � aðtþ ðhþ 1ÞTÞxðtþ ðhþ 1ÞTÞ
bðtþ ðhþ 1ÞTÞ þ xðtþ ðhþ 1ÞTÞ

þ
Xm
j¼1

bjðtþ ðhþ 1ÞTÞxðtþ ðhþ 1ÞT � tjðtþ ðhþ 1ÞTÞÞ

� e�gjðtþðhþ1ÞTÞxðtþðhþ1ÞT�tjðtþðhþ1ÞTÞÞ

¼ � aðtÞxðtþ ðhþ 1ÞTÞ
bðtÞ þ xðtþ ðhþ 1ÞTÞ

þ
Xm
j¼1

bjðtÞxðtþ ðhþ 1ÞT � tjðtÞÞe�gjðtÞxðtþðhþ1ÞT�tjðtÞÞ;

tþ ðhþ 1ÞT A ½t0;þyÞ:

Thus, for any natural number h, we obtain that xðtþ ðhþ 1ÞTÞ is a solution of
system (1.2) for all tþ ðhþ 1ÞT b t0. Hence, xðtþ TÞ (t A ½t0 � r;þyÞ) is also a
solution of (1.2) with initial values

cðsÞ ¼ xðsþ t0 þ TÞ; s A ½�r; 0�:

Then, by the proof of Lemma 2.2, there exists a constant

K ¼ elt0 max
y A ½�r;0�

jjðyÞ � cðyÞj þ 1

� �

such that for any natural number h,

jxðtþ ðhþ 1ÞTÞ � xðtþ hTÞjð3:2Þ
¼ jxðtþ hT þ TÞ � xðtþ hTÞj

aKe�lðtþhTÞ

¼ Ke�lt 1

elT

� �h

; tþ hT b t0:

Now, we show that xðtþ qTÞ is convergent on any compact interval as q ! y.
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Let ½a; b�HR be an arbitrary subset of R. Choose a nonnegative integer q0 such
that tþ q0T b t0 for t A ½a; b�. Then for t A ½a; b� and q > q0 we have

xðtþ qTÞ ¼ xðtþ q0TÞ þ
Xq�1

h¼q0

½xðtþ ðhþ 1ÞTÞ � xðtþ hTÞ�:ð3:3Þ

Then xðtþ qTÞ will converge uniformly to a continuous function, say x�ðtÞ, on
½a; b�. Because of arbitrariness of ½a; b�, we see that xðtþ qTÞ ! x�ðtÞ as q ! y
for t A R. Then, (3.1) leads to

ka x�ðtÞaM; for all t A R:ð3:4Þ
It remains to show that x� is a T-periodic solution of (1.2). The periodicity

is obvious since

x�ðtþ TÞ ¼ lim
q!y

xððtþ TÞ þ qTÞ ¼ lim
qþ1!y

xðtþ ðqþ 1ÞTÞ ¼ x�ðtÞ

for all t A R.
Noting that the right side of (1.2) is continuous, together with (3.1) and (3.4),

we know that fx 0ðtþ ðhþ 1ÞTÞg converges uniformly to a continuous function
on any compact set of R. Therefore, letting h ! þy on both sides of (3.1), we
get

d

dt
fx�ðtÞg ¼ � aðtÞx�ðtÞ

bðtÞ þ x�ðtÞ þ
Xm
j¼1

bjðtÞx�ðt� tjðtÞÞe�gjðtÞx �ðt�tjðtÞÞ:ð3:5Þ

Therefore, x�ðtÞ is a solution of is a positive T-periodic solution of (1.2). This
completes the proof.

Theorem 3.2. Suppose that all conditions in Lemma 2.2 are satisfied. Then
equation (1.2) has exactly one positive T-periodic solution x�ðtÞ. Moreover, x�ðtÞ
is globally exponentially stable. That is

xðtÞ � x�ðtÞ ¼ Oðe�ltÞ; where xðtÞ ¼ xðt; t0; jÞ:

Proof. From Theorem 3.1, we should show the global exponential stability
for positive T-periodic solution x�ðtÞ of equation (1.2). Since j A Cþ, using
Theorem 5.2.1 in [10, p. 81], we have xtðt0; jÞ A Cþ for all t A ½t0; hðjÞÞ. Let

xðtÞ ¼ xðt; t0; jÞ. From (1.2) and the fact that
aðtÞx

bðtÞ þ x
a

aðtÞx
bðtÞ for all t A R,

xb 0, we get

x 0ðtÞ ¼ � aðtÞxðtÞ
bðtÞ þ xðtÞ þ

Xm
j¼1

bjðtÞxðt� tjðtÞÞe�gjðtÞxðt�tjðtÞÞð3:6Þ

b� aðtÞ
bðtÞ xðtÞ þ

Xm
j¼1

bjðtÞxðt� tjðtÞÞe�gjðtÞxðt�tjðtÞÞ:
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In view of xðt0Þ ¼ jð0Þ > 0, integrating (3.6) from t0 to t, we have

xðtÞb e
�
Ð t

t0
ðaðuÞ=bðuÞÞ du

xðt0Þð3:7Þ

þ e
�
Ð t

t0
ðaðuÞ=bðuÞÞ du

ð t

t0

e
Ð s

t0
ðaðvÞ=bðvÞÞ dv Xm

j¼1

bjðsÞxðs� tjðsÞÞe�gjðsÞxðs�tjðsÞÞ ds

> 0; for all t A ½t0; hðjÞÞ:

We next show that there is t3 A ½t0; hðjÞÞ such that

k < xðtÞ < M for all t A ½t3; hðjÞÞ; and hðjÞ ¼ þy:ð3:8Þ

We first prove that there exists t4 A ½t0; hðjÞÞ such that

xðt4Þ < M:ð3:9Þ
Otherwise,

xðtÞbM for all t A ½t0; hðjÞÞ;ð3:10Þ

which together with (2.1), implies that

x 0ðtÞ ¼ � aðtÞxðtÞ
bðtÞ þ xðtÞ þ

Xm
j¼1

bjðtÞ
gjðtÞ

gjðtÞxðt� tjðtÞÞe�gjðtÞxðt�tjðtÞÞð3:11Þ

a� aðtÞM
bðtÞ þM

þ 1

e

Xm
j¼1

bjðtÞ
gjðtÞ

< 0; for all t A ½t0; hðjÞÞ:

This yields that xðtÞ is bounded and monotone decreasing on ½t0; hðjÞÞ. Again
from Theorem 2.3.1 in [6], we easily obtain hðjÞ ¼ þy. Then, (3.11) leads to

xðtÞ ¼ xðt0Þ þ
ð t

t0

x 0ðsÞ ds

a xðt0Þ þmax
t AR

� aðtÞM
bðtÞ þM

þ 1

e

Xm
j¼1

bjðtÞ
gjðtÞ

( )
ðt� t0Þ; Etb t0;

and

lim
t!þy

xðtÞ ¼ �y;

which contradicts with (3.7). Hence, (3.9) holds. We claim:

xðtÞ < M for all t A ½t4; hðjÞÞ; and hðjÞ ¼ þy:ð3:12Þ

Suppose, for the sake of contradiction, there exists t5 A ðt4; hðjÞÞ such that

xðt5Þ ¼ M; xðtÞ < M for all t A ½t4; t5Þ:ð3:13Þ
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Calculating the derivative of xðtÞ, together with the fact that supx AR xe�x ¼ 1

e
,

(1.2), (2.1) and (3.13) imply that

0a x 0ðt5Þ

¼ � aðt5ÞM
bðt5Þ þM

þ
Xm
j¼1

bjðt5Þ
gjðt5Þ

gjðt5Þxðt5 � tjðt5ÞÞe�gjðt5Þxðt5�tjðt5ÞÞ

a� aðt5ÞM
bðt5Þ þM

þ 1

e

Xm
j¼1

bjðt5Þ
gjðt5Þ

< 0;

which is a contradiction and implies that (3.12) holds.
Furthermore, we prove that there exists a positive constant l such that

lim inf
t!þy

xðtÞ ¼ l:ð3:14Þ

Otherwise, we assume that lim inf t!þy xðtÞ ¼ 0. For each tb t0, we define

mðtÞ ¼ max x : xa t; xðxÞ ¼ min
t0asat

xðsÞ
� �

:

Observe that mðtÞ ! þy as t ! þy and that

lim
t!þy

xðmðtÞÞ ¼ 0:ð3:15Þ

However, xðmðtÞÞ ¼ mint0asat xðsÞ, and so x 0ðmðtÞÞa 0 for all mðtÞ > t0.
According to (1.2), we have

0b x 0ðmðtÞÞ

¼ � aðmðtÞÞxðmðtÞÞ
bðmðtÞÞ þ xðmðtÞÞ þ

Xm
j¼1

bjðmðtÞÞxðmðtÞ � tjðmðtÞÞÞe�gjðmðtÞÞxðmðtÞ�tjðmðtÞÞÞ

b� aðmðtÞÞxðmðtÞÞ
bðmðtÞÞ þ

Xm
j¼1

bjðmðtÞÞxðmðtÞ � tjðmðtÞÞÞe�gjðmðtÞÞxðmðtÞ�tjðmðtÞÞÞ;

and consequently,

aðmðtÞÞxðmðtÞÞ
bðmðtÞÞ b

Xm
j¼1

bjðmðtÞÞxðmðtÞ � tjðmðtÞÞÞe�gjðmðtÞÞxðmðtÞ�tjðmðtÞÞÞð3:16Þ

b bjðmðtÞÞxðmðtÞ � tjðmðtÞÞÞe�gjðmðtÞÞxðmðtÞ�tjðmðtÞÞÞ;
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where mðtÞ > t0, j ¼ 1; 2; . . . ;m: This, together with (3.15), implies that

lim
t!þy

xðmðtÞ � tjðmðtÞÞÞ ¼ 0; j ¼ 1; 2; . . . ;m:ð3:17Þ

Noting that the continuities and boundedness of the functions aðtÞ, bðtÞ and bjðtÞ,
we can select a sequence ftngþy

n¼1 such that

lim
n!þy

tn ¼ þy; lim
n!þy

xðmðtnÞÞ ¼ 0;ð3:18Þ

lim
n!þy

bjðmðtnÞÞbðmðtnÞÞ
aðmðtnÞÞ

¼ a�
j ; j ¼ 1; 2; . . . ;m:

In view of (3.16), we get

aðmðtnÞÞ
bðmðtnÞÞ

b
Xm
j¼1

bjðmðtnÞÞ
xðmðtnÞ � tjðmðtnÞÞÞe�gjðmðtnÞÞxðmðtnÞ�tjðmðtnÞÞÞ

xðmðtnÞÞ

b
Xm
j¼1

bjðmðtnÞÞ
xðmðtnÞ � tjðmðtnÞÞÞe�gþ

j
xðmðtnÞ�tjðmðtnÞÞÞ

xðmðtnÞ � tjðmðtnÞÞÞ

¼
Xm
j¼1

bjðmðtnÞÞe�gþ
j
xðmðtnÞ�tjðmðtnÞÞÞ;

and

1b
Xm
j¼1

bjðmðtnÞÞbðmðtnÞÞ
aðmðtnÞÞ

e�gþ
j
xðmðtnÞ�tjðmðtnÞÞÞ:ð3:19Þ

Letting n ! þy, (3.17), (3.18) and (3.19) imply that

1b
Xm
j¼1

lim
n!þy

bjðmðtnÞÞbðmðtnÞÞ
aðmðtnÞÞ

lim
n!þy

e�gþ
j
xðmðtnÞ�tjðmðtnÞÞÞð3:20Þ

¼ lim
n!þy

Xm
j¼1

bjðmðtnÞÞbðmðtnÞÞ
aðmðtnÞÞ

b lim inf
t!þy

Xm
j¼1

bjðtÞbðtÞ
aðtÞ :

From (2.1), we get

0 < min
t A ½0;T �; s A ½0;k�

� aðtÞ
bðtÞ þ s

þ
Xm
j¼1

bjðtÞ
gjðtÞ

e�s

( )

a min
t A ½0;T �

� aðtÞ
bðtÞ þ

Xm
j¼1

bjðtÞ
gjðtÞ

( )
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¼ min
t AR

� aðtÞ
bðtÞ þ

Xm
j¼1

bjðtÞ
gjðtÞ

( )

a min
t AR

� aðtÞ
bðtÞ þ

Xm
j¼1

bjðtÞ
( )

;

and

1 <
Xm
j¼1

bjðtÞbðtÞ
aðtÞ ; for all t A R;

which contradicts to (3.20). Hence, (3.14) holds.
To prove (3.8), it is su‰ciently to show l > k: If not, we assume that la k:
Then, for fixed e > 0; there is J ¼ JðeÞ such that

xtðt0; jÞ > le :¼ l � e for all tb J:ð3:21Þ

By the fluctuation lemma [11, Lemma A.1.], there exists a sequence ftkgþy
k¼1

such that

tk % þy; xðtk; t0; jÞ ! l; andð3:22Þ
x 0ðtkÞ ¼ f ðtk; xtk ðt0; jÞÞ ! 0; as k ! þy:

For tb J, ð3:7Þ and ð3:12Þ leads to that there is a constant B > 0 such that

jx 0ðt; t0; jÞj ¼ j f ðt; xtðt0; jÞÞj

¼ � aðtÞxðt; t0; jÞ
bðtÞ þ xðt; t0; jÞ

þ
Xm
j¼1

bjðtÞxðt� tijðtÞ; t0; jÞe�gjðtÞxðt�tijðtÞ; t0;jÞ

�����
�����

< B:

It follows that xðt; t0; jÞ and x 0ðt; t0; jÞ are uniformly bounded on ½t0;þyÞ, thus
fxtk ðt0; jÞg

þy
k¼1 is bounded and equicontinuous. By Ascoli-Arzelà Theorem, for a

subsequence, still denoted by fxtk ðt0; jÞg
þy
k¼1, we have

xtk ðt0; jÞ ! j� for some j� A Cð½�r; 0�; ð0;þyÞÞ:
Since

xtðt0; jÞ > le for tb J and e > 0 is arbitrary;

then j�ðsÞb l for t A ½�r; 0�. From (3.12), we get

j�ð0Þ ¼ la j�ðsÞaM for t A ½�r; 0�:ð3:23Þ

By the boundedness of ftjðtkÞgþy
k¼1, there is a subsequence of ftkgþy

k¼1, still
denoted by ftkgþy

k¼1, which converges to a point t�j A ½t�j ; tþj � with j ¼ 1; 2; . . . ;m:
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Similarly, we can also suppose that

lim
k!þy

aðtkÞ ¼ a� A ½a�; aþ�; lim
k!þy

bðtkÞ ¼ b� A ½b�; bþ�

and

lim
k!þy

bj ¼ b�
j A ½b�

j ; b
þ
j �; lim

k!þy
gj ¼ g�j A ½g�j ; gþj �; j ¼ 1; 2; . . . ;m:

Hence,

f ðtk; xtk ðt0; jÞÞ ! L; as k ! þy;ð3:24Þ
with

L ¼ � a�j�ð0Þ
b� þ j�ð0Þ þ

Xm
j¼1

b �
j j

�ð�t�j Þe
�g �j j

�ð�t �j Þ:ð3:25Þ

According to (1.7), (1.8), (1.9), (2.1) and the fact that

0 < la k; la g�j j
�ð�t�j Þa gþj Ma ~kk; j ¼ 1; 2; . . . ;m;

we obtain

L ¼ � a�l

b� þ l
þ
Xm
j¼1

b�
j

g�j
g�j j

�ð�t�j Þe
�g �j j

�ð�t �j Þ

b� a�l

b� þ l
þ
Xm
j¼1

b�
j

g�j
le�l

¼ l � a�

b� þ l
þ
Xm
j¼1

b �
j

g�j
e�l

" #

b l min
t A ½0;T �; s A ½0;k�

� aðtÞ
bðtÞ þ s

þ
Xm
j¼1

bjðtÞ
gjðtÞ

e�s

( )

> 0;

which contradicts (3.22) and implies l > k:
The notations in Lemma 2.2 are still used as follows. With a similar

argument as that in the proof of Lemma 2.2, we can prove that

VðtÞ ¼ jyðtÞjeltð3:26Þ

¼ jxðtÞ � x�ðtÞjelt

< elt3 max
t A ½t0�r; t3�

jxðtÞ � x�ðtÞj þ 1

� �

:¼ K ; for all t > t3;
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which yields

xðtÞ � x�ðtÞ ¼ Oðe�ltÞ;

and hence the proof is complete.

4. An example

In this section, we present an example to check the validity of our results we
obtained in the previous sections.

Example 4.1. Consider the following Nicholson’s blowflies model with a
nonlinear density-dependent mortality term:

x 0ðtÞ ¼ � 0:6951934xðtÞ
0:7537127þ xðtÞ þ

100þ sin t

100þ cos t
xðt� 2esin

4 tÞe�xðt�2e sin
4 tÞ:ð4:1Þ

Obviously, r ¼ 2e, a� ¼ aþ ¼ 0:6951934, b� ¼ bþ ¼ 0:7537127, b�
1 b 99

101 ,
bþ
j a 101

99 , g�1 ¼ gþ1 ¼ 1: From (1.6), (1.8), ~kk > 1 and ke�k ¼ ~kke�~kk, we obtain

kA0:7215355; ~kkA1:342276:

Let M ¼ 1:087308, we get

a�M

bþ þM
¼ 0:6951934� 1:087308

0:7537127þ 1:087308
A0:4105817;

bþ
1

g�1

1

e
a

101

99

1

e
A0:3753113;

min
t A ½0;T �; s A ½0;k�

� aðtÞ
bðtÞ þ s

þ b1ðtÞ
g1ðtÞ

e�s

� �

b min
t A ½0;T �; s A ½0;k�

� 0:6951934

0:7537127þ s
þ 99

101
e�s

� �

¼ min
s A ½0;k�

� 0:6951934

0:7537127þ s
þ 99

101
e�s

� �
A0:005143492;

a�b�

ðbþ þMÞ2
¼ 6951934 � 0:7537127

ð0:7537127þ 1:087308Þ2
A0:1545945;

bþ
1

1

e2
a

101

99

1

e2
A0:1380693;

which implies that the Nicholson’s blowflies model (4.1) satisfies (2.1) and (2.6).
Hence, from Theorems 3.2, equation (4.1) has exactly one positive 2p-periodic
solution x�ðtÞ. Moreover, x�ðtÞ is globally exponentially stable. This fact is
verified by the numerical simulation in Fig. 1.
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Remark 4.1. As is known to us, there is no literature concerning the global
exponential stability of the positive periodic solution of Nicholson’s blowflies

model with a nonlinear density-dependent mortality term
aðtÞxðtÞ

bðtÞ þ xðtÞ . Thus, all

the results in the references [3, 4, 7, 13, 14] cannot be applied to prove that all
the solutions of (4.1) converge exponentially to the positive 2p-periodic solution.
Moreover, in [1, 12], the authors only proved the existence of positive periodic
solutions for the first order functional di¤erential equations with no conclusions
about the globally exponential stability. This implies that all the results obtained
in [13–14] also fail for (4.1).
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