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PARTIAL GENERALIZATIONS OF SOME

CONJECTURES IN LORENTZIAN MANIFOLDS
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Abstract

In this paper, we mainly investigate complete or compact spacelike hypersurfaces

with constant mean curvature or constant scalar curvature in Lorentzian manifolds

Lnþ1
1 . We give a new estimate of the Laplacian sS of the squared length S of the

second fundamental form of such spacelike hypersurfaces. Finally, we give partial

generalizations of some Conjectures in Lorentzian manifolds Lnþ1
1 .

1. Introduction

In 1981, S. Stumbles [19] pointed out that spacelike hypersurfaces with
constant mean curvature in arbitrary spacetimes are interesting in the relativity.
Therefore, complete spacelike hypersurfaces with constant mean curvature in
a Lorentz space form Mnþ1

1 ðcÞ are studied by many geometers. For example,
A. J. Goddard [8] proposed the following Conjecture:

Conjecture 1. If Mn is a complete spacelike hypersurface of de Sitter space
Snþ1
1 ðcÞ with constant mean curvature H, then is Mn totally umbilical?

When H 2 c c if n ¼ 2 or when n2H 2 < 4ðn� 1Þc if nd 3, K. Akutagawa [1]
and J. Ramanathan [18] proved that Goddard’s conjecture is true. S. Montiel
[13] solved Goddard’s problem without restriction over the range of H provided
that Mn is compact. For further study in this direction, there are many results
such as [10, 14].

In 2004, J. Ok Baek, Q. M. Cheng and Y. Jin Suh [15] studied complete
spacelike hypersurfaces with constant mean curvature in a locally symmetric
Lorentzian manifold Lnþ1

1 and obtained some rigidity theorems.
On the other hand, concerning the study of spacelike hypersurfaces with

constant scalar curvature in a de Sitter space Snþ1
1 ðcÞ, H. Li proposed an

interesting problem:
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Conjecture 2. If Mn ðnd 3Þ is a complete spacelike hypersurface in de
Sitter space Snþ1

1 ð1Þ with constant normalized scalar curvature R satisfying
n� 2

n
cRc 1, then is Mn totally umbilical?

Recently, F. E. C. Camargo et al. [4] proved that Li’s question is true if Mn

has bounded mean curvature H. For further study in this direction, there are
many results such as [3, 5] and [9].

In 2010, J. C. Liu and Z. Y. Sun [12] studied complete or compact spacelike
hypersurfaces with constant normalized scalar curvature R in a locally symmetric
Lorentzian manifold Lnþ1

1 and obtained some rigidity theorems.
It is natural to study complete or compact spacelike hypersurfaces with con-

stant mean curvature or constant scalar curvature in Lorentzian manifolds Lnþ1
1 .

In Section 3, we give generalizations of [15, Theorem 1 (1)] and [1, Theorem]
in Lorentzian manifolds Lnþ1

1 . Thus, we obtain Theorems 3.2 and 3.3.
In Section 4, we give generalizations of [12, Theorems 1.1–1.2(i)] in

Lorentzian manifolds Lnþ1
1 . Thus, we get Theorems 4.4 and 4.5.

In order to prove our results, we need some basic facts and notations. First
we recall that, for some constants c1, c2 and c3, Jin Ok Baek et al. [15] introduced
the class of ðnþ 1Þ-dimensional Lorentz spaces Lnþ1

1 which satisfy the following
conditions:

(i) for any spacelike vector u and any timelike vector v

Kðu; vÞ ¼ � c1

n
;ð1:1Þ

(ii) for any spacelike vectors u and v

Kðu; vÞd c2;ð1:2Þ
(iii)

j‘Rjc c3

n
;ð1:3Þ

where ‘, K and R denote semi-Riemannian connection, sectional curvature and
the curvature tensor on Lnþ1

1 , respectively.
When Lnþ1

1 satisfies conditions (1.1) and (1.2), we will say that Lnþ1
1 satisfies

condition (*).
When Lnþ1

1 satisfies conditions (1.1) and (1.2) and (1.3), we will say that
Lnþ1
1 satisfies condition (**).

Remark 1.1. It can be easily seen that c3 ¼ 0, then the Lorentzian manifold
Lnþ1
1 is locally symmetric.

Remark 1.2. The Lorentz space form M
nþ1

1 ðcÞ A Lnþ1
1 satisfies the condition

(*), where c ¼ � c1

n
¼ c2.

This class of Lorentzian manifolds Lnþ1
1 contains several examples. For

example, semi-Riemannian product manifold Hk
1 ð�c1=nÞ � Nnþ1�kðc2Þ, c1 > 0,
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and Rk
1 � Snþ1�kð1Þ. Particularly, R1

1 � Snð1Þ is the so-called Einstein Static
Universe. Of course, it is not a Lorentz space form. For more details, we refer
the readers to [6, 15] and [20].

2. Preliminaries

In this section, we give a new estimate of the Laplacian sS of the squared
length S of the second fundamental form for spacelike hypersurfaces in
Lorentzian manifolds Lnþ1

1 satisfying (**). We will use the following convention
for the indices throughout this paper: 1cA;B;C; . . .c nþ 1; 1c i; j; k; . . .c n.

We assume that Mn is a spacelike hypersurface in Lorentzian manifolds
Lnþ1
1 . Choose a local field of pseudo-Riemannian orthonormal frames

fe1; . . . ; enþ1g in Lnþ1
1 such that, restricted to Mn, fe1; . . . ; eng are tangent to

Mn and enþ1 is normal to Mn. That is, fe1; . . . ; eng are spacelike vectors
and enþ1 is a timelike vector. Let foAg and foABg be the fields of dual frames
and the connection forms of Lnþ1

1 , respectively. Let ei ¼ 1, enþ1 ¼ �1, then the
structure equations of Lnþ1

1 are given by

doA ¼ �
X
B

eAoAB5oB; oAB þ oBA ¼ 0;

doAB ¼ �
X
C

eCoAC5oCB � 1

2

X
C;D

eCeDRABCDoC5oD:

Here the components RCD of the Ricci tensor and the scalar curvature R of
Lorentzian manifolds Lnþ1

1 are given, respectively, by

RCD ¼
X
B

eBRBCDB; R ¼
X
A

eARAA:

Let RCD be the components of the Ricci tensor of Lnþ1
1 satisfying (*), then

the scalar curvautre R of Lnþ1
1 is given by

R ¼
Xnþ1

A¼1

eARAA ¼ �2
Xn
i¼1

Rðnþ1Þiiðnþ1Þ þ
Xn
i; j¼1

Rijji ¼ 2c1 þ
Xn
i; j¼1

Rijji:ð2:1Þ

It is well known that R is constant when the Lorentzian manifold Lnþ1
1 is locally

symmetric. Together with (2.1), we know that
Pn

i; j¼1 Rijji is constant. Hence,
when Mn is a spacelike hypersurface in locally symmetric Lorentzian manifolds
Lnþ1
1 satisfying (*), we conclude from (2.5) in Section 2 that the normalized scalar

curvature R of Mn is constant if and only if P is constant.
The components RABCD;E of the covariant derivative of the Riemannian

curvature tensor R are defined byX
E

eERABCD;EoE

¼ dRABCD �
X
E

eEðREBCDoEA þ RAECDoEB þ RABEDoEC þ RABCEoEDÞ:
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We restrict these forms to Mn in Lnþ1
1 , then onþ1 ¼ 0. Hence, we haveP

i oðnþ1Þi5oi ¼ 0. Using Cartan’s lemma, we know that there are hij such
that oðnþ1Þi ¼

P
j hijoj and hij ¼ hji, where the hij are the coe‰cients of the

second fundamental form of Mn. This gives the second fundamental form of
Mn, h ¼

P
i; j hijoi noj.

The Gauss equation, components Rij of the Ricci tensor and the normalized
scalar curvature R of Mn are given, respectively, by

Rijkl ¼ Rijkl � ðhilhjk � hikhjlÞ;ð2:2Þ

Rij ¼
X
k

Rkijk � nHhij þ
X
k

hikhkj ;ð2:3Þ

nðn� 1ÞR ¼
X
i; j

Rijji � n2H 2 þ S;ð2:4Þ

where H ¼ 1

n

P
j hjj and S ¼

P
i; j h

2
ij are the mean curvature and the squared

length of the second fundamental form of Mn, respectively.
From (2.4), we can define a P such that

nðn� 1ÞP ¼ n2H 2 � S ¼
Xn
i; j¼1

Rijji � nðn� 1ÞR:ð2:5Þ

Let hijk, hijkl denote the first and the second covariant derivatives of hij ,
respectively, so that

X
k

hijkok ¼ dhij �
X
k

hikokj �
X
k

hkjoki;

X
l

hijklol ¼ dhijk �
X
l

hljkoli �
X
l

hilkolj �
X
l

hijlolk:

Thus, we have the Codazzi equation and the Ricci identity

hijk � hikj ¼ Rðnþ1Þijk;ð2:6Þ

hijkl � hijlk ¼ �
X
m

himRmjkl �
X
m

hjmRmikl :ð2:7Þ

Let RABCD;E be the covariant derivative of RABCD. Thus, restricted on Mn,
Rðnþ1Þijk; l is given by

Rðnþ1Þijk; l ¼ Rðnþ1Þijkl þ Rðnþ1Þiðnþ1Þkhjl þ Rðnþ1Þijðnþ1Þhkl þ
X
m

Rmijkhml ;ð2:8Þ
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where Rðnþ1Þijk; l denotes the covariant derivative of Rðnþ1Þijk as a tensor on Mn so
that X

l

Rðnþ1Þijk; lol ¼ dRðnþ1Þijk �
X
l

Rðnþ1Þljkoli

�
X
l

Rðnþ1Þilkolj �
X
l

Rðnþ1Þijlolk:

Next we compute the Laplacian shij ¼
P

k hijkk. From (2.6) and (2.7), we have

shij ¼
X
k

hikjk þ Rðnþ1Þijk;k

¼
X
k

hkikj �
X
l

ðhklRlijk þ hilRlkjkÞ þ Rðnþ1Þijk;k

 !
:

From hkikj ¼ hkkij þ Rðnþ1Þkik; j; we get

shij ¼ ðnHÞij þ
X
k

ðRðnþ1Þijk;k þ Rðnþ1Þkik; jÞ �
X
k; l

ðhklRlijk þ hilRlkjkÞ:ð2:9Þ

From (2.2) and (2.8) and (2.9), we have

shij ¼ ðnHÞij þ
X
k

ðRðnþ1Þijk;k þ Rðnþ1Þkik; jÞ

�
X
k

ðhkkRðnþ1Þijðnþ1Þ þ hijRðnþ1Þkðnþ1ÞkÞ

�
X
k; l

ð2hklRlijk þ hjlRlkik þ hilRlkjkÞ � nH
X
l

hilhlj þ Shij:

According to the above equation, the Laplacian of the squared length S of the
second fundamental form hij of Mn is obtained

1

2
sS ¼

X
i; j;k

h2ijk þ
X
i; j

hijshijð2:10Þ

¼
X
i; j;k

h2ijk þ
X
i; j

ðnHÞijhij þ
X
i; j;k

ðRðnþ1Þijk;k þ Rðnþ1Þkik; jÞhij

�
X
i; j

nHhijRðnþ1Þijðnþ1Þ þ S
X
k

Rðnþ1Þkðnþ1Þk

 !

� 2
X
i; j;k; l

ðhklhijRlijk þ hilhijRlkjkÞ � nH
X
i; j; l

hilhljhij þ S2:

Next, we will estimate the right-hand side of (2.10) by using the curvature
conditions (**). We choose a local orthonormal frame field fe1; . . . ; eng such
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that hij ¼ lidij, where li, 1c ic n, are principal curvatures of Mn. By defi-
nition, we see

l2i cS ¼
X
i

l2i

and hence we have

�
ffiffiffiffi
S

p
c li c

ffiffiffiffi
S

p
:ð2:11Þ

First of all, we treat with the third term of (2.10). It is seen that we haveX
i; j;k

ðRðnþ1Þijk;k þ Rðnþ1Þkik; jÞhij ¼
X
j;k

ljðRðnþ1Þ jjk;k þ Rðnþ1Þkjk; jÞð2:12Þ

d�
X
j;k

jljjðjRðnþ1Þ jjk;kj þ jRðnþ1Þkjk; jjÞ:

From (1.3) and (2.12), we have

X
i; j;k

ðRðnþ1Þijk;k þ Rðnþ1Þkik; jÞhij d�2c3
ffiffiffiffi
S

p
:ð2:13Þ

Next, we consider the forth term of (2.10). From (1.1) and hij ¼ lidij , we
have

� nH
X
i; j

hijRðnþ1Þijðnþ1Þ þ S
X
k

Rðnþ1Þkðnþ1Þk

 !
ð2:14Þ

¼ � nH
X
k

lkRðnþ1Þkkðnþ1Þ � S
X
k

Rðnþ1Þkkðnþ1Þ

 !

¼
X
k

ðS � nHlkÞ
c1

n

¼ c1ðS � nH 2Þ:

Finally, we deal with the fifth term of (2.10). Notice that S � nH 2 ¼
1

2n

P
j;kðlj � lkÞ2 (see Eq. (2.17)). Using (1.2), we also have

�2
X
i; j;k; l

ðhklhijRlijk þ hilhijRlkjkÞ ¼ �2
X
j;k

ðljlk � l2kÞRkjjkð2:15Þ

d c2
X
j;k

ðlj � lkÞ2

¼ 2c2ðnS � n2H 2Þ:
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Now, inserting (2.13), (2.14) and (2.15) into (2.10), we obtain

1

2
sSd

X
i; j;k

h2ijk þ
X
i

liðnHÞii � 2c3
ffiffiffiffi
S

p
ð2:16Þ

þ ncðS � nH 2Þ þ S2 � nH
X
i

l3i

 !
;

where c ¼ 2c2 þ
c1

n
and c1, c2, c3 are given as in (**).

Since we would like to computesS for spacelike hypersurfaces in Lorentzian
manifolds satisfying (**), we need the following algebraic Lemma.

Lemma 2.1 ([2, 16]). Let m1; . . . ; mn be real numbers such that
P

i mi ¼ 0 andP
i m

2
i ¼ B2, where Bd 0 is constant. Then

X
i

m3
i

�����
�����c n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p B3

and equality holds if and only if at least n� 1 of the mi’s are equal.

Let f ¼
P

i; j fijoi noj be a symmetric tensor defined on Mn, where

fij ¼ hij �Hdij. It is easy to check that f is traceless. Choose a local
orthonormal frame field fe1; . . . ; eng such that hij ¼ lidij and fij ¼ midij. Let
jfj2 ¼

P
i m

2
i : A direct computation gets

jfj2 ¼ S � nH 2 ¼ 1

2n

X
i; j

ðli � ljÞ2:ð2:17Þ

Hence, jfj2 ¼ 0 if and only if Mn is totally umbilical. We also get

X
i

l3i ¼ nH 3 þ 3H
X
i

m2
i þ

X
i

m3
i :

By applying Lemma 2.1 to the real numbers m1; . . . ; mn, we obtain

�nH
X
i

l3i ¼ �n2H 4 � 3nH 2
X
i

m2
i � nH

X
i

m3
ið2:18Þ

d 2n2H 4 � 3nSH 2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p jHjðS � nH 2Þ3=2:

Substituting (2.17) and (2.18) into (2.16), we obtain the following lemma.
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Lemma 2.2. Let Mn be a spacelike hypersurface in an ðnþ 1Þ-dimensional
Lorentzian manifold Lnþ1

1 satisfying (**), then

1

2
sSd

X
i; j;k

h2ijk þ
X
i

liðnHÞii � 2c3
ffiffiffiffi
S

p
þ jfj2LjHjðjfjÞ;ð2:19Þ

where jfj2 ¼ S � nH 2 and LjHjðjfjÞ ¼ jfj2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p jHj jfj þ nc� nH 2.

In the proof of main Theorems, we need the well known generalized
Maximum Principle due to H. Omori ½17�.

Lemma 2.3 ([17]). Let Mn be an n-dimensional complete Riemannion man-
ifold whose sectional curvature is bounded from below and F : Mn ! R be a
smooth function which is bounded from above on Mn. Then there exists a
sequence of points fxkg A Mn such that

lim
k!y

F ðxkÞ ¼ sup F ;

lim
k!y

j‘F ðxkÞj ¼ 0;

lim
k!y

sup maxfð‘2F ðxkÞÞðX ;XÞ : jX j ¼ 1gc 0:

3. Spacelike hypersurfaces with constant mean curvature in Lorentzian
manifolds Lnþ1

1 satisfying (**)

In 2004, J. Ok Baek, Q. M. Cheng and Y. Jin Suh [15] studied a complete
spacelike hypersurface with constant mean curvature in locally symmetric
Lorentzian manifolds and proved the following result.

Theorem 3.1. Let Mn ðnd 3Þ be a complete spacelike hypersurface with
constant mean curvature H in an ðnþ 1Þ-dimensional locally symmetric Lorentzian

manifold Lnþ1
1 satisfying (*). If n2H 2 < 4ðn� 1Þc, c ¼ 2c2 þ

c1

n
, where c1 and

c2 are given as in (*), then c > 0 and Mn is totally umbilical.

In this Section, first we give a generalization of Theorem 3.1 and prove the
following result.

Theorem 3.2. Let Mn ðnd 3Þ be a complete spacelike hypersurface with
constant mean curvature H in an ðnþ 1Þ-dimensional Lorentzian manifold Lnþ1

1

satisfying (**). If n2H 2 < 4ðn� 1Þc, c ¼ 2c2 þ
c1

n
and c3 d 0, where c1, c2 and c3
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are given as in (**), then c > 0 and the squared length S of the second fundamental
form of Mn satisfies

nH 2
c sup Sc

4ðn� 1Þc3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16ðn� 1Þ2c23 þ n3H 2 4ðn� 1Þc� n2H 2½ �2

q
n 4ðn� 1Þc� n2H 2½ �

2
4

3
5
2

:

On the other hand, when n ¼ 2, we obtain the following theorem.

Theorem 3.3. Let M 2 be a complete spacelike hypersurface with constant
mean curvature H in a 3-dimensional Lorentzian manifold L3

1 satisfying (**).

(i) If H 2 < c, c ¼ 2c2 þ
c1

2
and c3 d 0, where c1, c2 and c3 are given as in

(**), then

2H 2
c sup Sc

c3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ 8H 2ðc�H 2Þ2

q
2ðc�H 2Þ

2
4

3
5
2

:

(ii) If H 2 ¼ c, c ¼ 2c2 þ
c1

2
and c3 d 0, where c1, c2 and c3 are given as in

(**), then

ðsup S � 2H 2Þ2 c 2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
:

Remark 3.4. When c3 ¼ 0 in Theorem 3.2, we know that the Lorentzian
manifold Lnþ1

1 is locally symmetric and sup S ¼ nH 2. Together with (2.17), we
know that supjfj2 ¼ 0 which shows Mn is totally umbilical. Hence, Theorem 3.2
is a generalization of Theorem 3.1. Furthermore, if Lnþ1

1 is the de Sitter space

Snþ1
1 ðcÞ in Theorem 3.2, then � c1

n
¼ c2 ¼ c and c3 ¼ 0. Therefore, Theorem 3.2

is also a generalization of the result due to K. Akutagawa [1, Theorem (ii)],
saying that a complete spacelike hypersurface Mn ðnd 3Þ in a de Sitter space

Snþ1
1 ðcÞ with constant mean curvature H satisfying n2H 2 < 4ðn� 1Þc must be

totally umbilical.
On the other hand, S. Montiel [13] exhibited examples of complete space-

like hypersurfaces in Snþ1
1 ð1Þ with constant mean curvature H satisfying n2H 2 d

4ðn� 1Þ and being non-totally umbilical, the so-called hyperbolic cylinders
(cf. [1] and [10]), which are isometric to the Riemannian product H1ðsinh rÞ�
Sn�1ðcosh rÞ of a hyperbolic line and an ðn� 1Þ-dimensional sphere of constant
sectional curvatures 1� coth2 r and 1� tanh2 r, respectively. Hence, when nd 3,
the assumption n2H 2 < 4ðn� 1Þc in Theorem 3.2 is essential.

Remark 3.5. When c3 ¼ 0 in Theorem 3.3, we know that the Lorentzian
manifold L3

1 is locally symmetric and sup S ¼ 2H 2. Together with (2.17), we
know that supjfj2 ¼ 0 which shows Mn is totally umbilical. Furthermore, if

L3
1 is the de Sitter space S3

1ðcÞ in Theorem 3.3, then � c1

2
¼ c2 ¼ c and c3 ¼ 0.

Therefore, theorem 3.3 is a generalization of [1, Theorem (i)].
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On the other hand, K. Akutagawa [1] constructed, for any constant H
satisfying H 2 > c, complete, noncompact embedded spacelike surfaces in S3

1ðcÞ,
which have constant mean curvature H and which are not totally umbilical.
Hence, when n ¼ 2, the assumption H 2 c c in Theorem 3.3 is essential.

Proof of Theorem 3.2. Since H is constant, it follows from (2.19) that

1

2
sjfj2 ¼ 1

2
sSd�2c3

ffiffiffiffi
S

p
þ jfj2 jfj2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p jHj jfj þ nc� nH 2

 !
:ð3:1Þ

Choose a local orthonormal frame field fe1; . . . ; eng such that hij ¼ lidij . By a
similar reasoning as in the proof of [15, Theorem 1], we obtain that there is a
sequence of points fxkg A Mn such that

lim
k!y

jfj2ðxkÞ ¼ supjfj2;

lim
k!y

SðxkÞ ¼ sup S;

lim
k!y

supðsjfj2ÞðxkÞc 0:

ð3:2Þ

Evaluating (3.1) at the points xk of the sequence, taking the limit and using (2.17)
and (3.2), we obtain that

0d lim
k!y

sup
1

2
sjfj2

� �
ðxkÞð3:3Þ

d�2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
þ ðsup S � nH 2ÞLjHjðsup SÞ;

where LjHjðsup SÞ ¼ sup S � 2nH 2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p jHj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sup S � nH 2

p
þ nc.

Since ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p
s

jHj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p
nðn� 2Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S � nH 2

p
0
@

1
A
2

d 0;

we have

�jHj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S � nH 2

p
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p
s

jHj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p
nðn� 2Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S � nH 2

p
ð3:4Þ

d�

nðn� 2Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p H 2 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p
nðn� 2Þ ðS � nH 2Þ

2
:

From (3.3) and (3.4), we have

0d
n½4ðn� 1Þc� n2H 2�

4ðn� 1Þ sup S � 2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
� n2H 2½4ðn� 1Þc� n2H 2�

4ðn� 1Þ :ð3:5Þ
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Since n2H 2 < 4ðn� 1Þc, it follows from (3.5) and (2.17) that

nH 2
c sup Sc

4ðn� 1Þc3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16ðn� 1Þ2c23 þ n3H 2½4ðn� 1Þc� n2H 2�2

q
n½4ðn� 1Þc� n2H 2�

2
4

3
5
2

and c > 0. This completes the proof of Theorem 3.2. r

Proof of Theorem 3.3. (i) When n ¼ 2, it follows from (3.3) that

0d�2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
þ ðsup S � 2H 2Þðsup S � 2H 2 þ 2c� 2H 2Þð3:6Þ

d�2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
þ 2ðsup S � 2H 2Þðc�H 2Þ

¼ 2ðc�H 2Þ sup S � 2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
� 4H 2ðc�H 2Þ:

Since H 2 < c, it follows from (3.6) and (2.17) that

2H 2
c sup Sc

c3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ 8H 2ðc�H 2Þ2

q
2ðc�H 2Þ

2
4

3
5
2

and c > 0.
(ii) When n ¼ 2 and H 2 ¼ c, it follows from (3.3) that

ðsup S � 2H 2Þ2 c 2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
:

This completes the proof of Theorem 3.3. r

4. Spacelike hypersurfaces with constant scalar curvature in Lorentzian
manifolds Lnþ1

1 satisfying (**)

According to Cheng and Yau’s definition in [7], we introduce the self-adjoint
operator k acting on any C2-function f by

kð f Þ ¼
X
i; j

ðnHdij � hijÞ fij :ð4:1Þ

In this Section, in order to prove Theorems 4.4–4.5, first we give a new
estimate of kðnHÞ for spacelike hypersurfaces in Lorentzian manifolds Lnþ1

1 .

Proposition 4.1. Let Mn ðnd 3Þ be a spacelike hypersurface with constant
P defined by ð2:5Þ in an ðnþ 1Þ-dimensional Lorentzian manifold Lnþ1

1 satisfying
(**). Suppose that the constant Pd 0. Then

kðnHÞd�2c3
ffiffiffiffi
S

p
þ jfj2LjHjðjfjÞ;ð4:2Þ

where jfj2 ¼ S � nH 2 and LjHjðjfjÞ ¼ jfj2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p jHj jfj þ nc� nH 2.
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Proof. Choose a local orthonormal frame field fe1; . . . ; eng such that hij ¼
lidij . In view of (4.1), kðnHÞ is given by

kðnHÞ ¼ nHsðnHÞ �
X
i; j

hijðnHÞij :ð4:3Þ

Notice that

nHsðnHÞ ¼ 1

2
sðnHÞ2 � n2j‘Hj2:ð4:4Þ

Thus, it follows from (4.3) and (4.4) that

kðnHÞ ¼ 1

2
sðnHÞ2 � n2j‘Hj2 �

X
i; j

hijðnHÞij:ð4:5Þ

Moreover, as P is constant, by (2.5), we have sS ¼sðnHÞ2. Therefore, it
follows from (2.19) and (4.5) that

kðnHÞd
X
i; j;k

h2ijk � n2j‘Hj2 � 2c3
ffiffiffiffi
S

p
þ jfj2LjHjðjfjÞ:ð4:6Þ

Next, we claim that X
i; j;k

h2ijk d n2j‘Hj2:ð4:7Þ

Indeed, since P is a constant, di¤erentiating formula (2.5) exteriorly yields
n2HHk ¼

P
i; j hijhijk, then by using Cauchy-Schwarz inequality we have

X
k

n4H 2ðHkÞ2 ¼
X
k

X
i; j

hijhijk

 !2
c

X
i; j

h2ij

 ! X
i; j;k

h2ijk

 !
:

That is, n4H 2j‘Hj2 cS
P

i; j;k h
2
ijk: Together with the fact n2H 2 � Sd 0 since

Pd 0; we obtain that
P

i; j;k h
2
ijk d n2j‘Hj2 which proves our claim. Conse-

quently, (4.2) follows from (4.6) and (4.7). Finally, Proposition 4.1 is proved.
r

In 2010, J. C. Liu and Z. Y. Sun [12] studied a complete or compact
spacelike hypersurface with constant normalized scalar curvature R in a locally
symmetric Lorentzian manifold Lnþ1

1 and proved Theorems 4.2–4.3.

Theorem 4.2. Let Mn ðnd 3Þ be a complete spacelike hypersurface with
constant normalized scalar curvature R in an ðnþ 1Þ-dimensional locally symmetric
Lorentzian manifold Lnþ1

1 satisfying (*). Suppose that Mn has bounded mean

curvature H. If 0cPc
2c

n
and c > 0, where the constant P defined by ð2:5Þ,

c ¼ 2c2 þ
c1

n
and c1, c2 are given as in (*), then Mn is totally umbilical.
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Theorem 4.3. Let Mn ðnd 3Þ be a compact spacelike hypersurface with
constant normalized scalar curvature R in an ðnþ 1Þ-dimensional locally symmetric

Lorentzian manifold Lnþ1
1 satisfying (*). If 0cPc

2c

n
and c > 0, where the

constant P defined by ð2:5Þ, c ¼ 2c2 þ
c1

n
and c1, c2 are given as in (*), then Mn

is totally umbilical.

In this Section, we give generalizations of Theorems 4.2–4.3 and obtain the
following results.

Theorem 4.4. Let Mn ðnd 3Þ be a complete spacelike hypersurface with
constant P defined by ð2:5Þ in an ðnþ 1Þ-dimensional Lorentzian manifold Lnþ1

1
satisfying (**). Suppose that Mn has bounded mean curvature H.

(i) If 0cP <
2c

n
, c ¼ 2c2 þ

c1

n
and c3 d 0, where c1, c2 and c3 are given as in

(**), then c > 0 and the squared length S of the second fundamental form of Mn

satisfies

nPc sup Sc

c3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ nPðn� 1Þ2 c� n

2
P

� �2s

ðn� 1Þ c� n

2
P

� �
2
66664

3
77775

2

:

(ii) If P ¼ 2c

n
, c ¼ 2c2 þ

c1

n
> 0 and c3 d 0, where c1, c2 and c3 are given as in

(**), then

n� 1

n
ðsup S � 2cÞLðsup SÞc 2c3

ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
and Lðsup SÞ > 0;

where

Lðsup SÞ ¼ n� 2

n
½ðn� 2Þcþ sup S �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ðn� 1Þcþ sup SÞðsup S � 2cÞ

p
�:

Theorem 4.5. Let Mn ðnd 3Þ be a compact spacelike hypersurface with
constant P defined by ð2:5Þ in an ðnþ 1Þ-dimensional Lorentzian manifold Lnþ1

1
satisfying (**).

(i) Suppose that

Sd

c3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ nPðn� 1Þ2 c� n

2
P

� �2s

ðn� 1Þ c� n

2
P

� �
2
66664

3
77775

2

:

520 zhongyang sun



If 0cP <
2c

n
, c ¼ 2c2 þ

c1

n
and c3 d 0, where c1, c2 and c3 are given as in (**),

then c > 0 and

S ¼
c3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ nPðn� 1Þ2 c� n

2
P

� �2s

ðn� 1Þ c� n

2
P

� �
2
66664

3
77775

2

:

(ii) Suppose that

n� 1

n
ðS � 2cÞLðSÞd 2c3

ffiffiffiffi
S

p
:

If P ¼ 2c

n
, c ¼ 2c2 þ

c1

n
> 0 and c3 d 0, where c1, c2 and c3 are given as in (**),

then

n� 1

n
ðS � 2cÞLðSÞ ¼ 2c3

ffiffiffiffi
S

p
and LðSÞ > 0;

where

LðSÞ ¼ n� 2

n
½ðn� 2Þcþ S �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ðn� 1Þcþ SÞðS � 2cÞ

p
�:

Remark 4.6. When c3 ¼ 0 in Theorem 4.4, we know that the Lorentzian
manifold Lnþ1

1 is locally symmetric and sup S ¼ nP. Together with (4.9), we
know that supjfj2 ¼ 0 which shows Mn is totally umbilical provided that Mn

has bounded mean curvature H. Hence, Theorem 4.4 is a generalization of
Theorem 4.1. Furthermore, if Lnþ1

1 is the de Sitter space Snþ1
1 ðcÞ in Theorem 4.4,

then � c1

n
¼ c2 ¼ c, c3 ¼ 0 and P ¼ c� R following from (2.5). At the same time,

the assumption 0cPc
2c

n
in Theorem 4.4 becomes

n� 2

n
ccRc c. Hence,

Theorem 4.4 is also a generalization of the result due to F. E. C. Camargo
et al. in [4], saying that a complete spacelike hypersurface Mn ðnd 3Þ in the

de Sitter space Snþ1
1 ðcÞ with constant normalized scalar curvature R satisfying

n� 2

n
ccRc c must be totally umbilical provided that Mn has bounded mean

curvature H.
On the other hand, consider the spacelike hypersurface immersed into

Snþ1
1 ð1Þ defined by Tk; r ¼ fx A Snþ1

1 ð1Þ j �x2
0 þ x2

1 þ � � � þ x2
k ¼ �sinh2 rg, where

r is a positive real number and 1c kc n� 1. Tk; r is complete and isometric to
the Riemannian product Hkð1� coth2 rÞ � Sn�kð1� tanh2 rÞ of a k-dimensional
hyperbolic space and an ðn� kÞ-dimensional sphere of constant sectional curva-
tures 1� coth2 r and 1� tanh2 r, respectively. It follows from [9] that if k ¼ 1,
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then R satisfies 0 < R ¼ n� 2

n
ð1� tanh2 rÞ < n� 2

n
; similarly, if k ¼ n� 1d 2,

we see that R ¼ n� 2

n
ð1� coth2 rÞ < 0. Thus, for any R satisfying 0 < R <

n� 2

n
and for any R < 0, we can choose r such that the hypersurfaces T1; r and

Tn�1; r, respectively, are complete, non-totally umbilical and have constant

normalized scalar curvature R. Hence, the assumption 0cPc
2c

n
in Theorem

4.4 is essential.

Remark 4.7. When c3 ¼ 0 in Theorem 4.5, we know that the Lorentzian
manifold Lnþ1

1 is locally symmetric and S ¼ nP. Together with (4.9), we know
that jfj2 ¼ 0 which shows Mn is totally umbilical. Hence, Theorem 4.5 is
a generalization of Theorem 4.2. Theorem 4.5 reduces to Li’s result [11,
Theorem 4.3].

Proof of Theorem 4.4. (i) By using Lemma 2.3 and taking the similar
method as in the proof of [12, Lemma 2.4 (ii)], we obtain that there is a sequence
of points fxkg A Mn such that

lim
k!y

nHðxkÞ ¼ supðnHÞ;

lim
k!y

j‘ðnHÞðxkÞj ¼ 0;

lim
k!y

supðkðnHÞðxkÞÞc 0:

ð4:8Þ

From (2.5) and (2.17), we have

jfj2 ¼ nðn� 1ÞðH 2 � PÞ ¼ n� 1

n
ðS � nPÞ:ð4:9Þ

Since limk!yðnHÞðxkÞ ¼ supðnHÞ and P is a constant, it follows from (4.9) that

lim
k!y

jfj2ðxkÞ ¼ supjfj2; lim
k!y

SðxkÞ ¼ sup S:ð4:10Þ

Evaluating (4.2) at the points xk of the sequence, taking the limit and using (4.8)
and (4.9) and (4.10), we obtain that

0d lim
k!y

supðkðnHÞðxkÞÞð4:11Þ

d�2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
þ supjfj2 supjfj2 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p supjHj supjfj þ nc� n sup H 2

 !

¼ �2c3
ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
þ n� 1

n
ðsup S � nPÞLPðsup SÞ;
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where

LPðsup SÞ ¼ nc� 2ðn� 1ÞPþ n� 2

n
sup S

� n� 2

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnðn� 1ÞPþ sup SÞðsup S � nPÞ

p
:

Since

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1ÞPþ S

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S � nP

p
Þ2 d 0;

we have

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnðn� 1ÞPþ SÞðS � nPÞ

p
d� nðn� 1ÞPþ S þ S � nP

2
:ð4:12Þ

From (4.11) and (4.12), we have

0d ðn� 1Þ c� n

2
P

� �
sup S � 2c3

ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
� nPðn� 1Þ c� n

2
P

� �
:ð4:13Þ

Since 0cP <
2c

n
, it follows from (4.13) and (4.9) that

nPc sup Sc

c3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ nPðn� 1Þ2 c� n

2
P

� �2s

ðn� 1Þ c� n

2
P

� �
2
66664

3
77775

2

and c > 0.
(ii) Since P ¼ 2c

n
, it follows from (4.11) that

n� 1

n
ðsup S � 2cÞLðsup SÞc 2c3

ffiffiffiffiffiffiffiffiffiffiffiffi
sup S

p
;

where

Lðsup SÞ ¼ n� 2

n
½ðn� 2Þcþ sup S �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ðn� 1Þcþ sup SÞðsup S � 2cÞ

p
�:

As c > 0, a direct computation gets

Lðsup SÞ > 0:

This completes the proof of Theorem 4.4. r

Proof of theorem 4.5. (i) From (4.2) and (4.9), we have

kðnHÞd�2c3
ffiffiffiffi
S

p
þ n� 1

n
ðS � nPÞLPðSÞ;ð4:14Þ
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where

LPðSÞ ¼ nc� 2ðn� 1ÞPþ n� 2

n
S � n� 2

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnðn� 1ÞPþ SÞðS � nPÞ

p
:

Since

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1ÞPþ S

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S � nP

p
Þ2 d 0;

we have

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnðn� 1ÞPþ SÞðS � nPÞ

p
d� nðn� 1ÞPþ S þ S � nP

2
:ð4:15Þ

From (4.14) and (4.15), we have

kðnHÞd ðn� 1Þ c� n

2
P

� �
S � 2c3

ffiffiffiffi
S

p
� nPðn� 1Þ c� n

2
P

� �
:ð4:16Þ

Since Mn is compact and k is self-adjoint operator, we haveð
Mn

kðnHÞ dvM n ¼ 0:ð4:17Þ

Thus, it follows from (4.16) and (4.17) that

0d

ð
Mn

ðn� 1Þ c� n

2
P

� �
S � 2c3

ffiffiffiffi
S

p
� nPðn� 1Þ c� n

2
P

� �� �
dvM n :ð4:18Þ

Since Sd

c3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ nPðn� 1Þ2 c� n

2
P

� �2s

ðn� 1Þ c� n

2
P

� �
2
66664

3
77775

2

and 0cP <
2c

n
, we obtain that

c > 0 and

ðn� 1Þ c� n

2
P

� �
S � 2c3

ffiffiffiffi
S

p
� nPðn� 1Þ c� n

2
P

� �
d 0:ð4:19Þ

Hence, it follows from (4.18) and (4.19) that

S ¼
c3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c23 þ nPðn� 1Þ2 c� n

2
P

� �2s

ðn� 1Þ c� n

2
P

� �
2
66664

3
77775

2

:

(ii) Since P ¼ 2c

n
, it follows from (4.14) and (4.17) that

0d

ð
Mn

�2c3
ffiffiffiffi
S

p
þ n� 1

n
ðS � 2cÞLðSÞ

� �
dvM n ;ð4:20Þ
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where

LðSÞ ¼ n� 2

n
½ðn� 2Þcþ S �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ðn� 1Þcþ SÞðS � 2cÞ

p
�:

Since
n� 1

n
ðS � 2cÞLðSÞd 2c3

ffiffiffiffi
S

p
, it follows from (4.20) that

n� 1

n
ðS � 2cÞLðSÞ ¼ 2c3

ffiffiffiffi
S

p
:

As c > 0, a direct computation gets LðSÞ > 0. This completes the proof of
Theorem 4.5. r
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