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THE DIXMIER-DOUADY CLASS IN THE
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Abstract

On the basis of A. L. Carey, D. Crowley, M. K. Murray’s work, we exhibit a

cocycle in the simplicial de Rham complex which represents the Dixmier-Douady class.

1. Introduction

In [5, Carey, Crowley, Murray], they proved that when a Lie group G
admits a central extension 1 ! Uð1Þ ! ĜG ! G ! 1, there exists a characteristic
class of principal G-bundle p : Y ! M which belongs to a cohomology group
H 2ðM;Uð1ÞÞGH 3ðM;ZÞ. Here Uð1Þ stands for a sheaf of continuous Uð1Þ-
valued functions on M. This class is called a Dixmier-Douady class associated
to the central extension ĜG ! G.

On the other hand, we have a simplicial manifold fNGð�Þg for any Lie
group G. It is a sequence of manifolds fNGðpÞ ¼ Gpgp¼0;1; ... together with face

maps ei : NGðpÞ ! NGðp� 1Þ for i ¼ 0; . . . ; p satisfying relations the eiej ¼ ej�1ei
for i < j. (The standard definition also involves degeneracy maps but we do not
need them here.) Then the n-th cohomology group of classifying space BG
is isomorphic to the total cohomology of a double complex fWqðNGðpÞÞgpþq¼n.
See [3] [6] [9] for details.

In this paper we will exhibit a cocycle on W�ðNGð�ÞÞ which represents the
Dixmier-Douady class due to Carey, Crowley, Murray. Such a cocycle is also
studied in a general setting by K. Behrend, J.-L. Tu, P. Xu and C. Laurent-
Gengoux [1] [2] [13] [14], and G. Ginot, M. Stiénon [7] but our construction of
the cocycle is di¤erent from theirs, and the proof is more simple. Stevenson [12]
also exhibited a cocycle which represents the Dixmier-Douady class in singular
cohomology group instead of the de Rham cohomology. As a consequence of
our result, we can show that if G is given a discrete topology, the Dixmier-
Douady class in H 3ðBG d;RÞ is 0. Furthermore, we can exhibit the ‘‘Chern-
Simons form’’ of Dixmier-Douady class on W�ðNGð�ÞÞ. Here NG is a simplicial
manifold which plays the role of universal bundle.
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The outline is as follows. In section 2, we briefly recall the notion of
simplicial manifold NG and construct a cocycle in W�ðNGð�ÞÞ. In section 3,
we recall the definition of a Dixmier-Douady class and prove the main theorem.
In section 4, we give the Chern-Simons form of the Dixmier-Douady class.

2. Cocycle on the double complex

In this section first we recall the relation between the simplicial manifold NG
and the classifying space BG, then we construct the cocycle on W�;�ðNGÞ.

2.1. The double complex on simplicial manifold
For any Lie group G, we define simplicial manifolds NG, NG and a

simplicial G-bundle g : NG ! NG as follows:

NGðpÞ ¼ G � � � � � G
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{p�times

C ðg1; . . . ; gpÞ:
face operators ei : NGðpÞ ! NGðp� 1Þ

eiðg1; . . . ; gpÞ ¼
ðg2; . . . ; gpÞ i ¼ 0

ðg1; . . . ; gigiþ1; . . . ; gpÞ i ¼ 1; . . . ; p� 1

ðg1; . . . ; gp�1Þ i ¼ p

8><
>:

NGðpÞ ¼ G � � � � � G
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{pþ1�times

C ðh1; . . . ; hpþ1Þ:
face operators ei : NGðpÞ ! NGðp� 1Þ

eiðh1; . . . ; hpþ1Þ ¼ ðh1; . . . ; hi; hiþ2; . . . ; hpþ1Þ i ¼ 0; 1; . . . ; p

And we define g : NG ! NG as gðh1; . . . ; hpþ1Þ ¼ ðh1h�1
2 ; . . . ; hph

�1
pþ1Þ.

To any simplicial manifold X ¼ fX�g, we can associate a topological space
kXk called the fat realization. Since any G-bundle p : E ! M can be realized as
the pull-back of the fat realization of g, kgk is an universal bundle EG ! BG [11].

Now we construct a double complex associated to a simplicial manifold.

Definition 2.1. For any simplicial manifold fX�g with face operators fe�g,
we define double complex as follows:

Wp;qðX Þ ¼def WqðXpÞ
Derivatives are:

d 0 :¼
Xpþ1

i¼0

ð�1Þ ie�i ; d 00 :¼ derivatives on Xp � ð�1Þp r

For NG and NG the following holds ([3] [6] [9]).
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Theorem 2.1. There exists a ring isomorphism

HðW�ðNGÞÞGH �ðBGÞ; HðW�ðNGÞÞGH �ðEGÞ

Here W�ðNGÞ and W�ðNGÞ means the total complexes. r

For a principal G-bundle Y ! M and an open covering fUag of M, the
transition functions ðga0a1 ; ga1a2 ; . . . ; gap�1apÞ : Ua0a1���ap ! NGðpÞ induce the coho-
mology map H �ðNGÞ ! H �

�CCech�deRham
ðMÞ. The elements in the image are the

characteristic class of Y [9].

2.2. Construction of the cocycle
Let r : ĜG ! G be a central extension of a Lie group G and we recognize it

as a Uð1Þ-bundle. Using the face operators feig : NGð2Þ ! NGð1Þ ¼ G, we can
construct the Uð1Þ-bundle over NGð2Þ ¼ G � G as dĜG :¼ e�0 ĜGn ðe�1 ĜGÞn�1 n e�2 ĜG.
Here we define the tensor product SnT of Uð1Þ-bundles S and T over M as

SnT :¼ 6
x AM

ðSx � Tx=ðs; tÞ@ ðsu; tu�1Þ; ðu A Uð1ÞÞ

Lemma 2.1. dĜG ! G � G is a trivial bundle.

Proof. We can construct a bundle isomorphism f : e�0 ĜGn e�2 ĜG ! e�1 ĜG as
follows. First we define f to be the map sending ½ððg1; g2Þ; ĝg2Þ; ððg1; g2Þ; ĝg1Þ� s.t.
rðĝg2Þ ¼ g2, rðĝg1Þ ¼ g1 to ððg1; g2Þ; ĝg1ĝg2Þ. Then we have the inverse f �1 that
sends ððg1; g2Þ; ĝgÞ s.t. rðĝgÞ ¼ g1g2 to ½ððg1; g2Þ; ĝg2Þ; ððg1; g2Þ; ĝgĝg�1

2 Þ� s.t. rðĝg2Þ ¼ g2.
r

For any connection y on ĜG, there is the induced connection dy on dĜG
[4, Brylinski].

Proposition 2.1. Let c1ðyÞ denote the 2-form on G which hits
�1

2pi

� �
dy A

W2ðĜGÞ by r�, and ŝs any global section of dĜG. Then the following equation holds.

ðe�0 � e�1 þ e�2 Þc1ðyÞ ¼
�1

2pi

� �
dðŝs�ðdyÞÞ A W2ðNGð2ÞÞ:

Proof. Choose an open cover V ¼ fVlgl AL of G such that there exist

local sections hl : Vl ! ĜG of r. Then fe�1
0 ðVlÞV e�1

1 ðVl 0 ÞV e�1
2 ðVl 00 Þgl;l 0;l 00 AL

is an open cover of G � G and there are the induced local sections e�0hl n
ðe�1hl 0 Þn�1 n e�2hl 00 on that covering.

If we pull back dy by these sections, the induced form on
e�1
0 ðVlÞV e�1

1 ðVl 0 ÞV e�1
2 ðVl 00 Þ is e�0 ðh�

l yÞ � e�1 ðh�
l 0yÞ þ e�2 ðh�

l 00yÞ. We restrict
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ðe�0 � e�1 þ e�2 Þc1ðyÞ on e�1
0 ðVlÞV e�1

1 ðVl 0 ÞV e�1
2 ðVl 00 Þ then it is equal to

�1

2pi

� �
dðe�0 ðh�

lyÞ � e�1 ðh�
l 0yÞ þ e�2 ðh�

l 00yÞÞ, because c1ðyÞ ¼
P �1

2pi

� �
dðh�

l yÞ.

Also dðe�0 ðh�
l yÞ � e�1 ðh�

l 0yÞ þ e�2 ðh�
l 00yÞÞ ¼ dðŝs�ðdyÞÞje�1

0
ðVlÞVe�1

1
ðVl 0 ÞVe�1

2
ðVl 00 Þ since

dy is a connection form. This completes the proof. r

Proposition 2.2. For the face operators feigi¼0;1;2;3 : NGð3Þ ! NGð2Þ,
ðe�0 � e�1 þ e�2 � e�3 Þðŝs�ðdyÞÞ ¼ 0:

Proof. We consider the Uð1Þ-bundle dðdĜGÞ over NGð3Þ ¼ G � G � G and
the induced connection dðdyÞ on it. Composing feig : NGð3Þ ! NGð2Þ and
feig : NGð2Þ ! G, we define the maps frigi¼0;1;...;5 : NGð3Þ ! G as follows.

r0 ¼ e0 � e1 ¼ e0 � e0; r1 ¼ e0 � e2 ¼ e1 � e0; r2 ¼ e0 � e3 ¼ e2 � e0
r3 ¼ e1 � e2 ¼ e1 � e1; r4 ¼ e1 � e3 ¼ e2 � e1; r5 ¼ e2 � e3 ¼ e2 � e2

Then f7 r�1
i ðV

lðiÞ Þg is a covering of NGð3Þ. Since each 7 r�1
i ðV

lðiÞ Þ is equal to

e�1
0 ðe�1

0 ðVlÞV e�1
1 ðVl 0 ÞV e�1

2 ðVl 00 ÞÞV e�1
1 ðe�1

0 ðVlÞV e�1
1 ðV

lð3Þ ÞV e�1
2 ðV

lð4Þ ÞÞ

V e�1
2 ðe�1

0 ðVl 0 ÞV e�1
1 ðV

lð3Þ ÞV e�1
2 ðV

lð5Þ ÞÞ

V e�1
3 ðe�1

0 ðVl 00 ÞV e�1
1 ðV

lð4Þ ÞV e�1
2 ðV

lð5Þ ÞÞ

there are the following induced local sections on that.

e�0 ðe�0hl n ðe�1hl 0 Þn�1 n e�2hl 00 Þn e�1 ðe�0hl n ðe�1hlð3Þ Þ
n�1 n e�2hlð4Þ Þ

n�1

n e�2 ðe�0hl 0 n ðe�1hlð3Þ Þn�1 n e�2hlð5Þ Þn e�3 ðe�0hl 00 n ðe�1hlð4Þ Þ
n�1 n e�2hlð5Þ Þ

n�1:

From direct computations we can check that the pull-back of dðdyÞ by this section
is equal to 0. This means dðdyÞ is the Maurer-Cartan connection. Hence if we
pull back dðdyÞ by the induced section e�0 ŝsn ðe�1 ŝsÞ

n�1 n e�2 ŝsn ðe�3 ŝsÞ
n�1, it is also

equal to 0 and this pull-back is nothing but ðe�0 � e�1 þ e�2 � e�3 Þðŝs�ðdyÞÞ. r

The propositions above give the cocycle c1ðyÞ �
�1

2pi

� �
ŝs�ðdyÞ A W3ðNGÞ be-

low.

0x???d

c1ðyÞ A W2ðGÞ ������!e�
0
�e�

1
þe �

2
W2ðG � GÞx???�d

� �1

2pi

� �
ŝs�ðdyÞ A W1ðG � GÞ ������!e�

0
�e �

1
þe �

2
�e�

3
0
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Proposition 2.3. The cohomology class c1ðyÞ �
�1

2pi

� �
ŝs�ðdyÞ

� �
A H 3ðWðNGÞÞ

does not depend on y.

Proof. Suppose y0 and y1 are two connections on ĜG. Consider the Uð1Þ-
bundle ĜG � ½0; 1� ! G � ½0; 1� and the connection form ty0 þ ð1� tÞy1 on it.

Then we obtain the cocycle c1ðty0 þ ð1� tÞy1Þ �
�1

2pi

� �
ŝs�ðdðty0 þ ð1� tÞy1ÞÞ

on W3ðNG � ½0; 1�Þ. Let i0 : NG � f0g ! NG � ½0; 1� and i1 : NG � f1g !
NG � ½0; 1� be the natural inclusion map. When we identify NG � f0g with
NG � f1g, ði�0 Þ

�1
i�1 : HðW�ðNG � f0gÞÞ ! HðW�ðNG � f1gÞÞ is the identity map.

Hence c1ðy0Þ �
�1

2pi

� �
ŝs�ðdy0Þ

� �
¼ c1ðy1Þ �

�1

2pi

� �
ŝs�ðdy1Þ

� �
. r

3. Dixmier-Douady class on the double complex

First, we recall the definition of Dixmier-Douady classes, following [5]. Let
p : Y ! M be a principal G-bundle and fUag a Leray covering of M. When G
has a central extension r : ĜG ! G, the transition functions gab : Uab ! G lift to
ĜG. i.e. there exist continuous maps ĝgab : Uab ! ĜG such that r � ĝgab ¼ gab. This
is because each Uab is contractible so the pull-back of r by gab has a
global section. Now the Uð1Þ-valued functions cabg on Uabg are defined as

cabg :¼ ĝgbgĝg
�1
ag ĝgab. Note that here they identify g�

bgĜGn ðg�
agĜGÞn�1 n g�

abĜG with

Uabg �Uð1Þ. Then it is easily seen that fcabgg is a Uð1Þ-valued Čech-cocycle
on M and hence define a cohomology class in H 2ðM;Uð1ÞÞGH 3ðM;ZÞ. This
class is called the Dixmier-Douady class of Y .

Here G can be infinite dimensional, but we require G to have a partition of
unity so that we can consider a connection form on the Uð1Þ-bundle over G. A
good example which satisfies such a condition is the loop group of a finite
dimensional Lie group [4] [10].

Secondly, we fix any trivialization dĜGG ĜG �Uð1Þ. Then since g�
bgĜGn

ðg�
agĜGÞn�1 n g�

abĜG is the pull-back of dĜG by ðgab; gbgÞ : Uabg ! G � G, there is

the induced trivialization g�
bgĜGn ðg�

agĜGÞn�1 n g�
abĜGGUabg �Uð1Þ. So we have

the Dixmier-Douady cocycle by using this identification.
Now we are ready to state the main theorem.

Definition 3.1. For the global section ŝs : G � G ! 1, we call the sum

of c1ðyÞ A W2ðNGð1ÞÞ and � �1

2pi

� �
ŝs�ðdyÞ A W1ðNGð2ÞÞ the simplicial Dixmier-

Douady cocycle associated to y and the trivialization dĜGG ĜG �Uð1Þ.

Theorem 3.1. The simplicial Dixmier-Douady cocycle represents the univer-
sal Dixmier-Douady class associated to r.

483the dixmier-douady class in the simplicial de rham complex



Proof. We show that the ½C2;1 þ C1;2� below is equal to
�1

2pi

� �
d log cabg

� �� �
as a Čech-de Rham cohomology class of M ¼ 6Ua.

C2;1 A
Q

W2ðUabÞx???�d

Q
W1ðUabÞ ����!�dd

C1;2 A
Q

W1ðUabgÞ

C2;1 ¼ fðg�
abc1ðyÞÞg; C1;2 ¼ � �1

2pi

� �
ðgab; gbgÞ�ŝs�ðdyÞ

� �

Since g�
abc1ðyÞ ¼ ĝg�

abr
�ðc1ðyÞÞ ¼ d

�1

2pi

� �
ĝg�
aby, we can see ½C2;1 þ C1;2� ¼

�dd
�1

2pi

� �
ĝg�
aby

� �
þ C1;2

� �
. By definition ðŝs � ðgab; gbgÞÞðpÞ � cabgðpÞ ¼ ðĝgbg n

ĝgn�1
ag n ĝgabÞðpÞ for any p A Uabg. Hence ðgab; gbgÞ�ŝs�ðdyÞ þ d log cabg ¼ �ddfĝg�

abyg.
r

Corollary 3.1. If the principal G-bundle over M is flat, then its Dixmier-
Douady class is 0 in H 3ðM;RÞ.

Proof. This is because the cocycle in Theorem 3.1 vanishes when G is given
a discrete topology. r

Corollary 3.2. If the first Chern class of r : ĜG ! G is not 0 in H 2ðG;RÞ,
then the corresponding Dixmier-Douady class of the universal G-bundle is not
0.

Proof. In that situation, any di¤erential form x A W1ðNGð1ÞÞ does not hit

c1ðyÞ A W2ðNGð1ÞÞ by d : W1ðNGð1ÞÞ ! W2ðNGð1ÞÞ. r

4. Chern-Simons form

As mentioned in section 2.1, NG plays the role of the universal G-bundle
and NG, the classifying space BG. Then, the pull-back of the cocycle in
Definition 3.1 to W�ðNGÞ by g : NG ! NG should be a coboundary of a
cochain on NG. In this section we shall exhibit an explicit form of the cochain,
which can be called Chern-Simons form for the Dixmier-Douady class.

Recall NGð1Þ ¼ G � G and g : NGð1Þ ! NG is defined as gðh1; h2Þ ¼ h1h
�1
2 .

Then we consider the Uð1Þ-bundle dgĜG :¼ e�0 ĜGn g�ĜGn ðe�1 ĜGÞn�1 over G � G and
the induced connection dgy on it. We can check dgĜG is trivial using the same
argument as that in Lemma 2.1, so there is a global section sg : G � G ! dgĜG.

484 naoya suzuki



Theorem 4.1. If we take sg ¼ 1, the cochain c1ðyÞ �
�1

2pi

� �
s�g ðdgyÞ A W2ðNGÞ

is a Chern-Simons form of c1ðyÞ �
�1

2pi

� �
ŝs�ðdyÞ A W3ðNGÞ.

0x???d

c1ðyÞ A W2ðGÞ ����!e �
0
�e �

1
W2ðNGð1ÞÞx???�d

� �1

2pi

� �
s�g ðdgyÞ A W1ðNGð1ÞÞ ����!e�

0
�e�

1
þe �

2
W1ðNGð2ÞÞ

Proof. Repeating the same argument as that in Proposition 2.1, we can

see ðe�0 þ g� � e�1 Þððc1ðyÞÞ ¼
�1

2pi

� �
dðs�g ðdgyÞÞ A W2ðNGð1ÞÞ. Because ðe0; e1; e2Þ � g

¼ ðg � e0; g � e1; g � e2Þ, ðe�0dgĜGÞn ðe�1dgĜGÞn�1 n ðe�2dgĜGÞ is g�ðdĜGÞ. Hence
ðe�0 � e�1 þ e�2 Þs�g ðdgyÞ ¼ g�ðŝs�ðdyÞÞ. r

By restricting the Chern-Simons form on W�ðNGÞ to the edge W�ðNGð0ÞÞ,
we obtain the cocycle on W�ðGÞ. So there is the induced map of the coho-
mology class H �ðBGÞGHðW�ðNGÞÞ ! H ��1ðGÞ. This map coincides with the
transgression map for the universal bundle EG ! BG in the sense of J. L. Heitsch
and H. B. Lawson in [8]. Hence as a corollary of theorem 4.1, we obtain an
alternative proof of the following theorem from [5] [12].

Theorem 4.2. The transgression map of the universal bundle EG ! BG
maps the Dixmier-Douady class to the first Chern class of r : ĜG ! G.

Remark 4.1. Here the meaning of the terminology ‘‘transgression map’’ is
di¤erent from those in [5] [12], but the statement is essentially same.
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